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Intro outer expansion second order matching

Why second order?

EMRIs

inspiral takes radiation-reaction time trr ∼M2/m

to determine position accurately on that timescale, require
second-order acceleration

IMRIs and equal-mass binaries

second-order self-force could yield highly accurate model for IMRIs
over short times

would fix terms quadratic in mass in Effective One Body theory
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Intro outer expansion second order matching

Reminder: self-consistent expansion

in buffer region, write metric in
coordinates centered on γ

make body at “center” of
coordinates, in that mass dipole
terms vanish
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Intro outer expansion second order matching

Outer expansion

Wave equations

write gµν = gµν + hµν = gµν +
∑
εnh

(n)
µν

impose gauge condition ∇ν h̄µν = 0 to relax EFE, and outside body,
split EFE into sequence of wave equations

Eµν [h̄(n)] ≡ �h̄µν(n) + 2Rµρ
ν
σh̄

ρσ
(n) = Sµν(n),

where Sµν(n) is nth-order term in nonlinear part of Einstein tensor

could impose any condition ∇ν h̄µν = Zµρσh̄
ρσ + Cµν +O(h2)
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Intro outer expansion second order matching

Expansion in buffer region

Recall...
given equation of motion in terms of regular field, singular field in
buffer region m� r � R is all that is required to numerically solve
nth order EFE

Ansatz

in local coordinates (t, xa) centered on γ, I assume a small-r
multipolar expansion

h̄µν(n) =
∑
p≥−n

∑
`,q≥0

rp(ln r)qh̄µνL(npq`)(t)n̂L

ni = xi/r is radial unit vector

note fLn̂
L = fi1···i`n

〈i1 · · ·ni`〉 ∼
∑
m f

`mY `m

logarithms arise due to deformation of light cones
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Intro outer expansion second order matching

Decomposing the solution

Homogeneous modes

for small r, spatial derivatives dominate over time derivatives
⇒ solving wave equation consists of solving sequence of Poisson
equations

the homogeneous solutions are h̄µνL(n,−`−1,0,`)n̂L/r
`+1 and

h̄µνL(n,`,0,`)n̂Lr
`

call h̄µνL(n,−`−1,0,`) and h̄µνL(n,`,0,`) the homogeneous modes

these modes fully characterize solutions to the wave equation

Meaning

h̄µνL(n,−`−1,0,`) ≡ I
µνL
(n) ∼multipole moment of body or correction to it

h̄µνL(n,`,0,`) defines a smooth homogeneous solution to wave equation
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Intro outer expansion second order matching

Singular and regular fields

Defining a regular field

Define h̄Rµν(n) to be solution to

Eµν [h̄R(n)] = Sµν(n)[h̄
R]

containing only the h̄µνL(n,`,0,`)n̂Lr
` modes

the full regular field h̄Rµν =
∑
εnh̄Rµν(n) satisfies vacuum EFE to all

orders

Defining a singular field

h̄Sµν(n) is the rest of the field. It satisfies

Eµν [h̄Sµν(n) ] = Sµν(n)[h̄]− Sµν(n)[h̄
R]

and contains only the h̄µνL(n,−`−1,0,`)n̂L/r
`+1 modes
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Intro outer expansion second order matching

Pieces of second-order field

Regular field

satisfies Eµν [h̄R(2)] = −2δ2Gµν [h̄R(1)]

contains all the homogeneous modes h̄µνL(2,`,0,`)n̂Lr
`

Singular field

solution to Eµν [h̄S(2)] = −2
(
δ2Gµν [h̄(1)]− δ2Gµν [h̄R(1)]

)
split into three pieces: h̄Sµν(2) = h̄µν−2(2) + h̄µν−1(2) + h̄IHµν(2)

h̄IHµν
(2)

inhomogeneous solution made up of terms quadratic in h̄µν(1)

i.e., particular solution containing no homogeneous modes
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Intro outer expansion second order matching

Pieces of second-order field (continued)

h̄µν
−2(2)

homogeneous solution (in buffer region; not at r = 0) made up of
terms linear in body’s dipole moments

has form ∼ ni/r2 +O(1/r)

set mass dipole to zero, leaving only spin terms

h̄µν
−1(2)

homogeneous solution (in buffer region; not at r = 0) made up of
terms linear in δmµν

has form ∼ 1/r +O(r0)

gauge condition/Bianchi identity relates δmµν to mh̄Rµν(1)

could add solution with identical form as first order singular field
(i.e.,

δµνconst
r ); I choose to incorporate it into m
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Intro outer expansion second order matching

Singular field

h̄ta−2(2) = −2εaijSjni
r2

+
3εajdSda

in̂ij
r

+
(
1
3S

cEbdεacd − 49
15S

cEadεbcd
)
nb

+ 3aaabSdεbcdn
c + 1

3S
bEcdεbcin̂adi − SbEcdεabin̂cdi + 15

4 a
bacSdεad

in̂bci

+ r
(

1
4S

bεabcad,ttn̂
cd + 1

3S
bεab

cac,tt − 1
18S

bḂcdn̂abcd − 11
63S

aḂbcn̂bc

+ 34
63S

bḂbcn̂ac + 41
63S

bḂacn̂bc + 16
15S

bḂab − 1
2a
bScEdiεcdj n̂abij

+ 5
2a
bScEdiεacj n̂bdij + 3

7a
aSbEcdεbdin̂ci + 2

21a
bScEdiεbcin̂ad

+ 3
7a
bScEbdεcdin̂ai + 13

42a
bScEdiεacin̂bd + 69

14a
bScEadεcdin̂bi

+ 17
21a

bScEdiεabcn̂di + 25
84a

bScEbdεacin̂di − 7
3a
bScEadεbcin̂di

+ 2
15a

bScEbdεacd + 191
45 a

bScEadεbcd + 1
6S

bεbc
jEcdin̂adij

+ 1
6S

bεabiEcdin̂cd + 61
42S

bEaciεbdin̂cd − 35
8 a

bacadSiεai
j n̂bcdj

+ 15
2 a

aabacSdεcdin̂b
i − 1

4S
bεab

jEcdin̂cdij
)

+O(r2),
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Intro outer expansion second order matching

Obtaining a global solution

Puncture scheme

can use and desired effective-source/puncture method

in region effectively covering body, define h
P (n)
µν as small-r expansion

of h
S(n)
µν truncated at highest order available. Solve

Eµν [h̄R(1)] = Tµν(1) − E
µν [h̄P (1)]

Eµν [h̄R(2)] = 2δ2Gµν [h(1)] + Tµν(2) − E
µν [h̄P (2)]

transition to full fields h̄
R(1)
µν using worldtube method, window

function method, etc.

Reminder: stress-energy tensor

can show the homogeneous solutions defined by the multipole
moments are identical to those sourced by

Tµν(n)[γ] =
∑
`

∫
γ
Iµνα1...α`
(n) ∇α1

· · · ∇α1

δ4(xρ−zρ(τ))√
−g dτ
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Intro outer expansion second order matching

Motion at nth order

gauge condition determines relationship between acceleration of
worldline, multipole moments, and h̄Rµν
need to relate the multipole moments to the body and model their
evolution for realistic bodies

need to impose some reasonable “mass-centeredness” condition to
make this into an ODE that can be solved for the trajectory
—best choice not obvious, since gravitational “energy” might not be
centered at same place as unperturbed mass
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Intro outer expansion second order matching

Inner expansion

Change of gears

rather than deriving second-order equation of motion from gauge
condition on h̄µν(3), use method along lines of original Mino, Sasaki,

Tanaka derivation

assume inner expansion is tidally perturbed Schwarzschild, find
unique gauge transformation between inner and outer

Tidally perturbed black hole

Schwarzschild black hole plus tidal fields due to external spacetime
(at orders of interest here, describes tidally perturbed spacetime of
any spherical body)

tidal perturbations begin at quadrupole order; monopole and dipoles
are not included
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Intro outer expansion second order matching

Matching

Metric in schematic form
in inner gauge:

gtt ∼ −1+
m2

r2
+
m

r
+r2e1(m/r)Ẽq+r3[e2(m/r) ˙̃Eq+e3(m/r)Ẽo]+. . .

in outer gauge:

gtt ∼ −1 +
m2

r2
+
m+ δm

r
+ hR + r(ai + ∂hR) + r2(Eq + ∂∂hR)

+ r3(Ėq + Eo) + . . .

Matching condition

both gauges are mass-centered

demand a unique gauge transformation that makes them agree
without translating worldline
(i.e., no spatial translation terms at r = 0 allowed)
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Intro outer expansion second order matching

Results of matching

Tidal moments

Ẽab = Eab + δEab + . . ., where

δEab = −1

2
h
(1)R
tt,〈ab〉 + h

(1)R
tt Eab +

8

3
mĖab − STF

ab
E iah

(1)R
〈bi〉

− Eabδijh(1)Rij + 2 STF
ab
E ia
∫
h
(1)R
t[b,i]dt+ h

(1)R
t〈a,b〉t

+
1

2
Ėab
∫
h
(1)R
tt dt− 1

2
h
(1)R
〈ab〉,tt.

note mĖab term; indicates contribution from singular field
⇒ Ẽab is not made from Riemann tensor of gµν + hRµν

also note potentially growing terms, which arise due to exclusion of
monopole and dipole terms in inner expansion

analogous results for δBab
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Intro outer expansion second order matching

Results of matching (continued)

Geodesic motion in an effective geometry

aµ =
1

2
(gµν + uµuν)

(
gν
ρ − hRν ρ

) (
hRσλ;ρ − 2hRρσ;λ

)
uσuλ +O(ε3)

here aµ = aµ(0) + εaµ(1) + ε2aµ(2) + . . .

this is geodesic equation in gµν + hRµν , which is a smooth solution to
the vacuum EFE
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Intro outer expansion second order matching

Conclusion

Summary

in principle, no major obstacle to going to nth order

at second order, singular field known to sufficient accuracy to
implement puncture scheme

motion through second order (for spherical body) is geodesic in an
effective metric that would be calculated in puncture scheme

Future work

find closed-form expression for h
R(2)
µν and h

S(2)
µν (or some other fields

that agree with my definitions through order r), analogous to
Detweiler-Whiting fields at first order

find equation of motion for spinning body with quadrupole moments
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