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and mechanical features, such as high strength, stiffness, and toughness. The synthesis
of MIL composites involves annealing reaction of multiple metallic elements at high
temperatures. In this work, we propose, analyze, and implement a second-order semi-

Keywords: implicit scheme for the annealing of a ternary metallic reaction system. The robustness
Second-order accuracy of such a numerical scheme is demonstrated by various numerical experiments, as well as
Convergence analysis the expected accuracy tests. At the theoretical level, we provide a detailed convergence
Microstructure evolution analysis, which confirms the second-order accuracy in both the temporal and spatial
Growth kinetics discretization. Moreover, this numerical scheme is used to study the annealing process of

Ternary phase diagram

the Al-Fe-Ni ternary system. The computation reproduces the formation of the Al-rich and
Interface morphology

Ni-rich layers in the annealing process. We present the computational results as diffusion
paths in a ternary phase diagram, with a nice agreement with that of experimental data.
We also study the growth kinetics of the two layers by calculating the rate constant and
kinetic exponent of the reaction. The morphology of interfaces between different layers
is thoroughly investigated as well. The computational results indicate that the numerical
scheme is an effective, useful tool for predicting the microstructure evolution in the
annealing process of a ternary reaction system.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Metal-intermetallic-laminate (MIL) composites are laminate structures designed to optimize unique properties of inter-
metallics by incorporating layers of ductile reinforcement in efforts to increase toughness. The synthesis of MIL composites
is processed at high temperatures by pressing alternatively stacked metallic foils of two different kinds in a composite syn-
thesis
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apparatus, as shown in Fig. 1. Reactive diffusion between the metallic foils does not stop until one_kind of the foils
are fully consumed to form intefmetallic layers, while the other is remained as the residual metal layer. The physical and
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Fig. 1. Schematic view of MIL composite synthesis apparatus.

mechanical performance of the MIL composites can be significantly improved for specific applications by simply optimizing
the width, stacking sequence, and compositions of the metallic foils [49].

The most extensively studied MIL composites are based on the Al-Ti system, in which the evolution of the microstructure
of intermetallic phase, fracture behavior, and fatigue crack resistance have been systematically investigated in the litera-
ture [1,36,38]. The MIL composites based on Al-Ti system have shown great advantages in many mechanical properties, e.g.,
toughness [45]. To lower the production cost, it is desirable to replace the expensive Ti by other lower cost metallic material,
such as Fe-based sheet metals. The MIL composites that are fabricated by pure iron and stainless steel have been system-
atically reported in the works [45,46,48,49]. The results have revealed that the microstructure, phase formation sequences,
and growth kinetics of the intermetallic layer are highly related to the diffusional reaction between the stainless steel and
Al foils, since the diffusion of the Fe, Al, Ni, and Cr elements in the system causes the chemical composites changing in the
intermetallic layer of the iron-based MIL composites.

A theoretical model based on the diffusion equations of aluminum in pure iron has been proposed in the work [16]. Ef-
fective diffusion coefficients estimated from experimental data were used in the diffusion equations to compute aluminium
composition profiles as a function of time, evaluate the coating growth rate, and calculate the morphology during aluminiza-
tion. The assumption that diffusion coefficients are constant over entire concentration ranges may not apply effectively to
the Al-Fe system, because the diffusion coefficients are more like functions of concentrations of different elements [25,33].
As a refinement to the model, diffusion equations with concentration-dependent diffusion coefficients were developed to
analyze the kinetics of aluminization process [32]. Later, such equations have been successfully applied to qualitatively pre-
dict the growth kinetics and Al concentration during high-temperature annealing reactions [49]. However, the calculated
concentration profiles exhibited discrepancies from the measured profile at the Al-rich intermetallic layer, in which the
Al Fe intermetallic phase coexists with the AlgCrs intermetallic phase when Cr presents in the system. To consider the
impact of a third metal element on the aluminization, a cross-diffusion system have been derived to describe the annealing
reactions in a ternary system [33].

In this work, we consider the diffusion of two solute elements in an Fe-based system with the equations [32,49]

ur=—V- Ju,
vVe=-=V- ]y,

where ], and J, are the fluxes of two components in the system:
Ju=— D""(u,v)Vu(x,y,z, t) + D" (u, v)Vv(x, y,z,t) ,
Jv=— D" (u,v)Vu(x,y,z,t) + D"V (u, v)Vv(x, ¥, z,t) .

Taking fan Al—NLiEFe system as an example, u and v are the co%entrations of Al and Ni, respectively, and D ““(u, v),
D"V (u,lv), DV*(d, v), and D"" (u, v) are given concentration-dependént diffusion coefficients in an Fe-based reaction system.
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Altogether, we have the following diffusion equations
u=V- [D““(u, VVu(x,y,z,t) + D" (u, v)Vv(x, y, z, D], *y.2)€R,

(1.1)
ve=V-[D"(u,v)Vulx, y,z,t) + D"V (u, »Vv(x,y,z, 1], x,2) €,
where © =[—Lx, Lx] x [-Ly, Ly] x [—-Lz, Lz]. The initial and boundary conditions are given by
ui,y,z,0)=uyx,y,2), vix,y,z,0) =vg(x, y,2) in, (1.2)
Ju-n=0, J, - n=0 onad x (0, T]. (1.3)

Here zero-flux boundary conditions are imposed to describe that there is no further supply of the material on the boundary.
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The initial-boundary value problem of (1.1), (1.2), and (1.4) describes the evolution of each metal element under the
influence of both self and cross diffusion. The nonlinear dependence of diffusion coefficients on concentrations poses a
challenging task in the analysis of cross diffusion. Mathematical analysis on similar diffusion systems with cross diffusion
has been well established in the literature, especially in the area of population dynamics [2-5,9,12,28-31,34,42]. For in-
stance, the local and global-in-time existence of bounded weak solutions to cross-diffusion systems has been systematically
studied with entropy methods [12,28,29]. In this work, we focus on numerically solutions of the problem to understand
the evolution of the microstructure, growth kinetics, and interfacial morphology of intermetallic layers in a ternary reaction
system.

Many numerical methods have been developed to solve a cross-diffusion system. Finite volume schemes that can pre-
serve certain physical properties of the analytical solution have gained much attention. A convergent finite volume scheme
of second order was developed to numerically solve a cross-diffusion model in population dynamics [5]. The scheme was
applied to simulate pattern formation in cross-diffusion systems [39]. A finite volume scheme that preserves entropy struc-
ture in discrete level was proposed to solve a Keller-Segel model with cross diffusion [11]. Recently, an unconditionally
stable, linear finite volume method was proposed for general nonlinear cross-diffusion systems. Error estimates in L 2 norm
were also established rigorously [35]. Other numerical methods, based on finite element [6] and finite difference approxi-
mations [10], were also developed for cross diffusion models.

In this work, we propose a linear, semi-implicit finite difference scheme for a nonlinear cross-diffusion system with
concentration-dependent diffusion coefficients. Based on the technique of linearized stability analysis [23,40,43], a theo-
retical justification of the convergence analysis is presented. Such analysis confirms that the numerical scheme is both
second-order accurate in the spatial and temporal discretizations. The proposed numerical scheme is further applied to
characterize the annealing process of a ternary reaction system that consists of Al, Ni, and Fe. Numerical simulations cap-
ture the formation of an Al-rich layer and Ni-rich layer. The growth kinetics of such two layers is analyzed by finding the
rate constant and kinetic exponent of the reaction. The diffusion paths displayed in a ternary phase diagram show that
simulation results are in a reasonable agreement with experimental data. In addition, we investigate the evolution of the
morphology of interfaces between layers, starting from a randomly perturbed initial cross-section interface between Al layer
and stainless steel layer. Overall, comparison between our simulation results and experimental data shows that our numeri-
cal scheme is an effective and useful method in predicting the microstructure of the annealing process of a ternary reaction
system.

We use standard notation for Sobolev spaces [22]. Unless otherwise stated, we make the following assumptions through-
out the rest of the paper:

(A1) The domain €2 c R3 is a bounded and open cuboid with a boundary I' = 9<2.

(A2) The exact solution U (x,t) and V (x,t) has the regularity C (0, T; %) N C2(0, T; C%) N L>(0, T; C*) for some positive T.

(A3) The diffusion coefficients D “¥(u, v) and D"V (u, v) are given positive functions. Also, for any bounded u and v, we have
|9y DB (u,v)|| o <C for a, B, y =u or v, where C is a positive constant. Moreover,

| puv vu [ Inuv u |
D¥(u, v) — D (u,v)—zi-D (u, v) > d" and D (u, v) — D (u,v);LD (u, v) L

hold for any bounded u and v, where d * and dV are two positive constants.
| | | |

Remark 1.1. We assume that the self-diffusion coefficients are greater than the average of the other two cross-diffusion
u v
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coefficients by lower bounds d = and d . This assumption is justified by the fact that the diffusion coefficient of a species in
1ts own env1r¥)nment IS Parger than that o tllﬁe enylrgnment J()L%Sot er species [25]. From the activation fenergy pomtpofc view,

the self diffusion of atomsonly involves overcoming the lattice bondings between the same species of atoms in the crystal

structure. In addition, the activation energy of self diffusion can be lowered by atoms substitution due to the imperfection
in the structure. In contrast, cross diffusion in heterogeneous crystal structure needs to break the lattice bondings between

atoms of different species, leading to higher activation energies.

This paper is organized as follows. In Section 2 we propose a second order finite difference scheme, and provide a
detailed convergence analysis. In Section 3 we present the numerical convergence test and a few numerical simulation
results, as well as the comparison with experimental data. Some concluding remarks are made in Section 4. Also, the error
estimate in the first time step is given in Appendix A.1.

2. Numerical scheme and convergence analysis

2.1. Finite difference scheme

S. Zhou et al. / Journal of Computational Physics 374 (2018) 1044-1060 1047

(xi,yj,2) = (—=Ly +ih,—Ly, + jh, =L, +kh), i=0,...,Ny; j=0,...,Ny; k=0,...,N,.
We denote by t, =nAt (n=0,1,...,N;). For any function f = f(x,y,z,t) : 2 x [0,T] — R, we denote by f{,‘j’k ap-
proximations of f(x, y;j,zk,tn), and define fich/z,j,k = %fi'fj’k + %f{;l’j’k fori=1,...,Nx—1, j=1,...,Ny =1, k=

1,...,N; —1,and n=1,..., N¢. Subsequently, the following discrete operators are introduced:
fivt,jk— fijk fijk— fim1,jk
Sxfiv1/2,jk = — Sefic1y2,jk = — 5

We notice that the first order difference approximation is evaluated at the staggered mesh points, instead of the regular
vertex points. Similarly, 6y and §; can be analogously defined. The discrete gradient operator becomes

Vi fi.jk = Oxfix1/2,j,k Sy fi j+1/2.00 02fi j ks1/2)s

and the discrete Laplacian operator is given by

5. f =8 Fi . S f . — 8 f S.f: — 8 fi i
Vh‘vhfi,j,k — xfz+1/2,],kh Xfl 1/2,],k+ yfz,]+1/2,kh yfl,] 1/2,k+ zfz,],l<+1/2h zfl,],k 1/2.

Also, the following discrete operators (in time) are introduced:
3 1 3 1
Elf.—_fm_ _ nfl’ E2 f .= _ fntl 4 - n—1
fl=ft=2f fr= M o f

The averaging operator E! keeps the linear nature of the proposed numerical scheme, while the averaging operator E 2
will greatly facilitate the convergence analysis, since more weights has been placed at the implicit level f "*1, as will be
demonstrated in later sections.

To solve the problem (1.1) to (1.4), we propose a fully discrete scheme

un+1 _
i,j.k ijk _ uu(pl,n 1,0 2.1
T_v’“[D (Eui e EVij 0 VR BTG g
uv,r1,n 1,,n 2.n
+Vh- |:D (E uiyj’k,E vl,],k)th vi,j,k]’
n+1 n 21
Vijk” Vigk _ g [pwptyn . Elyn . v Byt
ar o U [P e BV VBT
vw,rpl,n 1,n 2.n
+ Vi DUNE Uy g ETVi ) VRETY] i
Here l
[ D¥ S E*ul ] uu S E%ul
uu 1 n 1 n 2 n 1 X ! 1 X !
TT77 1 F A7 17— 17 =T77 1 I —T177 1k
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Vh - [L) (E uijk, E vijk)VhE ui,j,kJ= e LT e
D?,?+1/2,k8yE2u?,j+l/2,k - D%’l—l/Z,kgyEzuﬁj—l/Z,k
h
DY 1282 E°U] j 1o = DI i1 82U 41 2
n ,
where
12 k= Duu(%51 it %El Uty g %Elv?,j,k+ %Elv?il,j,k)’
Dy ji1/p =D %El uy et %El U g g ;_Elv?,j,k T %Elv?,jjzl,k)’

1 1 1 1
uu uu 1,,n 1,n 1,,n 1,,n
Diikt12=D (55 U jt 5B U e SEVE et SE Vi jker):
The other three terms on the right hand side of (2.1) are analogously defined. We notice that (2.1) is a three-step, semi-
implicit linear scheme, with an implicit treatment for V hEzu", VhEzv”, respectively.
Since three time steps are involved in (2.1), we compute the first time step by the following two-level semi-implicit
scheme

1 0
u..,—u..
[ Chik Tk g Tpuuo . v0 vl 1+ v D@l v vt ]
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We now discuss the discretization of the boundary conditions (1.4). For simplicity of presentation, we only look at the

boundary section where x = —Lx. To implement (2.1), a layer of ghost points, with indices (—1, j, k), has to be introduced.
Such ghost points are eliminated by the following equations obtained from central difference approximations of boundary
conditions:

U_1,jk—U1jk V_1,jk—V1,jk
—_ 0 and —L—_—I%
2h 2h

Analogously, Neumann boundary conditions on the other boundary sections can be imposed in a similar way.

=0.

Remark 2.1. In this article, we use the vertex-centered finite difference grid. i.e., the physical variables (u, v) are evaluated
at the regular grid points (xi, ¥ j, zx). This approach seems more standard to a beginner in numerical analysis. On the other
hand, since Neumann boundary conditions have been imposed for the PDE system, a cell-centered finite difference approach,
i.e., the approach with the physical variables evaluated at cell-centered mesh points (x i+1/2, ¥j+1/2.2Zk+1,2), would enjoy
more advantages than a vertex-centered one. For instance, a careful Taylor expansion reveals a smaller truncation error for
the cell-centered one than the vertex-centered one, although both truncation errors correspond to the same accuracy order.
And also, the summation formula for the cell-centered one takes a simpler form than that of the vertex-centered one, in
the process of discrete energy estimate.

The cell-centered finite difference approximation has been successfully applied to the Cahn-Hilliard—-Hele-Shaw equa-
tion in the existing literature [13,14,50], with homogeneous Neumann boundary condition. Its application to various gradient
flows, such as phase field crystal, epitaxial thin film growth and functionalized Cahn-Hilliard models, has also been exten-
sively studied in recent years [7,8,15,19-21,24,26,37,41,44,51], etc. All the numerical analyses presented in this article could
be naturally extended to the finite difference scheme with cell-centered approximation, and the technical details are left to
interested readers.

The main theoretical result of this article is given by the following theorem.
Theorem 2.1. For any final time T * > 0, assume that the exact solution (U, V) to equations (1.1)-(1.2) satisfies the assumption (A2).

Denote u at,h, V at.h as the fully discrete numerical solution given by the scheme (2.1). There exist two positive constants C p and Cr
such that, when h < C and At < Crh, the following convergence result is valid:

[T TTHoanmcm me oo v 0 Hlaaa a1 YT U annin me o = 7 /A & LN /42 e B

https://reader.elsevier.com/reader/sd/pii/S0021999118305011?t0...30B3269919F10E803B3AA4821B02EAA4341208EF454E5FD18A09BB0O1EAC46 Page 5 of 19



A second order numerical scheme for the annealing of metal-intermetallic laminate composite: A ternary reaction system 9/12/18, 9:32 AM

[UALR — UL~ W, 1758 ) + ||[VALIL — V [[£™(U 1736 ) =~ U (AL 1L r) . (£.9)

*
Note that the convergence constantin (2.3) also depends on the exact solutiorf aswellas T -

Although there have been extensive numerical simulation works for the cross-diffusion system [5,6,10,11,35,39], our
proposed scheme (2.1) is the first numerical algorithm to theoretically justify the second order convergence, both in time
and space.

2.2. Convergence analysis

To facilitate the numerical analysis, we define the discrete inner products for grid functions. For any pair of grid functions
¢ and , which are defined at grid points (xi, y j, zk), the discrete ¢2-inner product is given by

Nx—1

1 1
(@, ¥)xjk=h (E%,j,klﬁo,j,k + Z Gijk¥ijkt+ §¢Nx,j,k¢1vx,j,k) ;

i=1

Ny—1
1 : 1
@ Wy =h| 5@ Vheok+ ; @V )ikt 5 V)enk |
1 Ry 1
(¢, ¥)=h (5 (@ Vhy0+ D0 0 WDyt 5 (9 w>xy,Nz).
k=1

The associated discrete £2-norm is given by ||¢||2 := /{@, ). For any pair of grid functions n* and p*, which are defined at
grid points (Xit1/2, ¥j, Zk), the discrete ¢%-inner product along x direction is given by

S. Zhou et al. / Journal of Computational Physics 374 (2018) 1044-1060 1049

Analogously, (-,-)y and (-, -); can be defined. For any pair of grid functions ¢ and ' on points (x i, y;, z), the discrete inner
product of gradients is given by

(Ve Vulr) := (8x$, 8x¥)x + 8y, 8y ¥)y + (820, 829)z.

The associated discrete norm is given by ||[Vié|2 := +/(Vho, Vo). A careful application of Taylor expansion reveals that,
these discrete £2-inner product and ¢2-norm correspond to O (h?) approximations to the continuous version of the L ?-inner
product and L? norm. In addition, we define discrete ¢ *°-norm

[lloo :=max|d; j kl-
i,j,k

For the discrete inner products, we have the following two lemmas; see the related references [14,40], etc.
Lemma 2.1. If grid functions ¢ and v satisfy the homogeneous Neumann boundary condition (1.4) on 32, we have

(V- Vo, ¥r) == (Vpd, V).

Lemma 2.2. For any grid functions ¢ in 3D, we have the following inverse inequality

CI
[l <— D2,
h2
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1
where C is a positive coefficient independent of grid size h.

The proof of Lemma 2.2 comes from a straightforward calculation, corresponding to the finite element version of inverse
inequalities; we cite this result from an existing work [40], as Lemma 4.5.
Now we proceed into the proof of Theorem 2.1.

Proof. Given the exact solution U(x,t) and V (x, t) of the problem (1.1), (1.2), and (1.4), it follows from the Taylor expansion
at (x;, yj, z, t"t1/2) that

Un—l—} n. L
i,j.k Lj,k __ . uu 1 1
—Lik Uik, (D" EUL, 4 BV OVAERUL,
1 2y U,n+1/2
DuV(E Ul]k’E Vl]k)VhE l]k) +R1]k ?
(2.4)
V?_]F}( Vln_] k 1 1
AL g (DY BT BTV DVRERU,
vV 1yn V.,n+1/2
+D (E Uz]k’E Vt]k)th Vz]k) +R11k ’
where the truncation errors are given by
1/2 1/2 1/2
R = U gl
o o (2.5)
Von+1/2 V.n+1/2 ;2 V.n+1/2
Riik _Atzfi,j,k +hog i
u, n+1/2 V.n+1/2  _Un+1/2 V,n+1/2

with f S ik &k and g; ik associated with certain high order derivatives of exact solutions U and V.
The error functions are defined over the grid points:

1050 S. Zhou et al. / Journal of Computational Physics 374 (2018) 1044-1060

~n+1 _ ©n
Ui jk — Yijk

—V, (D“”(E !
At

1,1
”k,Ev k)VhE u”k

1~ 1~
—I—<Dqu t. 4+ DYE ln]k)th U1]k>

1]k

1
l]k,E ”k)VhEv

+ V- (D" (E'u "

U,n+1/2

177 ,
+(Dqu W+ DYE'Y l]k)VhE vl]k)+R,.7j,k : 26

Sn+1 _ Sn

i,j.k i,j,k — (Dvu (Elu

E‘v" VLEX N
At k) h

i,j, k>

+DYUEY ;) ThEPUY, )

i,j,k

177
—|—<D MEWT

+ Vi (DY E My BTV ) VRE]

+DJVEW! ) Vi E? V,Jk) +R

V.n+1/2

vvrl
+<D1 E'ui i.j.k

Here the coefficients are given by

~

by =3, pv (B ,]k, E'ni4 ), DY =, D““(Els,,k,lsln;”;- o-

Dlllv_ uD" (E'&" . ni,j,k)’ng DUV(E e EMY D,
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DY* = quD"" (E'&"Y k, E'ni"¥ k), D8 = dvDV*(E &'}k, E'ntY k),
vV _ v, plse vy 1,vv vV __ v plevy 1.,.vv
DY’ = 0uD" (E'€}}} E'n}} ). D3 = 0,D" (E'&} ( E'n}} ).
where gisljsi (for s1,s2 =u or v) are numbers between U l.”j . and u?j v and 771.51].?< (for s1,s2=u or v) are numbers between
VZ ik and v’l?’ ik respectively.

An unconditional £°°(0, T*; £%) stability estimate for the numerical scheme (2.1) could be derived via its inner product
with E2u™, E2v", respectively, under certain appropriate assumptions on the diffusion coefficient matrix. On the other hand,
such an £°°(0, T*; ¢2) bound for the numerical solution is not sufficient to go through the convergence analysis for the
nonlinear equations. A more careful estimate reveals that, an £ °° (0, T*; £°°) bound for the numerical solution is needed in
the £°°(0, T*; 2y g2 0, T*; H1]1) error estimate. To conduct a linearized stability analysis, we make the following numerical
error assumptions at time steps t" and t"1:

oo < 1, 1T Moo <1, VMoo < 1, 17" Ml < 1. (2.7)
As a result, it follows from the regularity assumption (A2) that
UM loo = U™ = 1" [loo < UM loo + 1U" oo < C* +1,

" Moo = U =" Moo < U™ Moo + 0" Moo < C* 41,

n n o5n n >n * (28)
[Villoo =V =V'lloo < IV loo + IV oo < C* +1,
V' oo = IV =V o < VP Hloo + [V Moo < C* 1,
where C* comes from the regularity of the exact solutions U and V.
Taking a discrete [> inner product of the first equation of (2.6) with E %I, we have
[ L ~
(o BT = (V- [D“”(E]u”, Elv”)VhEzu"] ,E20M)
+ (Vi [ (DYUE'E" + DYUE'V") V4E2U" | EAT)
(V- [D”"(E]u“, Elv")thZV”], E%M)
4 (vh I:(DI]JVEI’I)‘H 4 ngE] Vn) VhEZVn] , EZEH) + (R U,TH-]/Z’ EZﬁn)_
The first term could be estimated as follows:
~n-41 ~n )™M ~ni1 ~n 1’,‘7’17_1_1 . 1’,‘:‘n . 1 /~n41 AN . ~n—1\\
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I~

1 1 - 1 ~ 1 ~
> (iuaﬂ“ 12+ 5 [un+1 —“‘“n%) - (5 ™13 + 3 lu" —u" 1||%) :

where we have used Cauchy’s inequality in the last step. For the terms associated with the nonlinear error terms, an
application of the Lemma 2.1 yields

(V- [D““ (E'u™ E! v”)VhEza“] B2 + (V- [D‘“’(Elu”, E! v”)thZV”], E27)
= — (D" (E'u", BTV VHEAE" 4 DU (E ", ENv") VB2, Vi BT
and
(Vp- DYYE'W" 4 DY E'W" V,E2U" |, E*u")
=— _ DWEW" 4 DU E'W" V4E2U", VyE*u"
Cufi( Elg”~2 hEzg"~2 ]Z" 2 thg) 2
< /1l I nw I IF InnInv4 I\
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— " " " - " 1 1~ "mn on- "
dv % 2~ny2 , 2CHu o1~y , d 2~n 2) 2Chu o1 2
< = |IVLEU"5 + & ET U5 + = | VRE“u™5 + =2 EMV |5,
< 8|| h I3 p l 15 3 Vi ll5 u ll 5
where the constant Cyy is related to C and Ul oo jo.7:w1.00p), and d" is the lower bound of the function D" —

|D”" + D"”}/Z, cf. the assumption (A3). Also notice that we have used the assumption (2.7) in the first inequality. Sim-
ilarly, we have

(V- [(Dﬁ'vl:"lﬂ” + DJVEW) VhEZV”] E2UM)
= — ((Dy" E'a" + DYYE'V™) V) 2V, VB0 )

= Cuy (IE"% Vi B2l + IEY 97 1 4 B2 )

d" 2C2, . i ~ 2C2 .
= 5 IVR B + = IEYUR I3 + I VR X5 + =t | ET V73,

where the constant Cyy is related to C and |V|| [0 ([0, T: W 1.0¢])- Again, we have used the assumption (2.7) in the first inequal-
ity. By the truncation error expansion (2.5), we get

~ ~ 1 ~
(RUMH1/2 25y < | E230 |3 + Z”Atzfu,nﬂ/z 222 < 22 4 cR (At4+h4),
where Cl’f is a constant related to || fY""+1/2 |, and ||g¥""*1/?|| 5. Combining all the estimates above, we arrive at
1 ~ 1, .~ 1 1
+1),2 +1 2 2 —12
(Ellu" 5+ §I|u" —ﬁ"|I2> - <§|Iﬁﬂllz+§llﬁ" —u" |I2>
< —At(D““(Elu”, E'v")V, EZ" 4+ DUV (Eu", Elv") v, E297, thZ’ﬁ”)
d C2, + 2 ~ ~
+ ALV EZIS + 2At(““d—u“) (IE'2"I3 + NE'V'13) + At 213
+ AtcR (At4 +ht).
Similarly, it follows from the second equation of (2.6) that
1 ~ 1, .~ ~ 1 - 1.~ ~
_vn+12 _vn+1_vn2 _ _VnZ _vn_vn—lz
(zll ||2+8I| 5 2|| I|2+8|| 15
< —At(D"”(Elu”, EWWMV, B4 4+ DVV(ENW", EVM) Y, B2V, VhEZV")

(Cu +Cy)
dV

4’ (2.10)
+ At?IIVhEZV” 15 +2At

- 7 - A\

(HEVE"WZ + IE'5"113) + AtIEZV 13
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+2AL (Sl pCd G‘“g’v‘@‘“"‘) (IIElii”H%JJr ||EW"||%) + A/(CL’H &5) <At4—i-h4> /

At ~ ~ ~
< =5 (A IVHERUI3 + d VL E2V3 ) + e (1213 + 1E2973)
c,+c2, 2, +C ~ ~
+2At( e V")(IIElu”II§+IIElv”II§)+At(c5+Cf) (ad+n?)
3 ~ 1 ~
=AM (d" V12 4 dv || V™! II%) + TGN(C’””Vnu”‘lII% +d' V7" I

+ AtCu (I 13+ 1713+ 17" 113) + AG (I 13+ 19713 + 17113

+at(cF+ cF) (ar+n?),

~ 2 2 2 3 2 ~ 2 2 2 2
where the constants Cy = max{%, &“,‘“Tﬁ ,}1 + £‘“‘duzﬁ} and Cy = max{%, GC"“IVGC"“ , le + ZC"“;sz"" }. Here we used the
assumption (A3) for diffusion coefficients in the first inequality. A summation in time gives
1 n+1 1 ™-1
T3+ 2 Ad Y IV IS + I3 + 2 Acd” D1V 13
k=2 k=2
1 5 ~ n+1 1 5 - n+1
< —Atd* ||V u' |13+ a3 + 6AtC T3 + = Atd” IV V3 + 2 1VH12 + 6AtC VK12
g Atd [V 13+ 1" 13 ukzln I3+ gatd IV V3 + 719113 VIZIM 13
— k=

+ 2nAt(C§+ C§) (At4 + h4) :

where the fact that 7° = 0 and ¥° =0 have been used. From the estimates of the error functions at the first time step,
cf. Appendix A, we have

1 n+1 1 -1
T3+ —Atdh Y IV + IV E + ~ At Y 11V VF I
4 k=2 4 k=2
N n+1 N n+1 1~
<6, Y T I3 +6ALC, ) 1713 + 4C* (At4 +h4) ,
k=1 k=1

~ ~ 1 71
where C® = 8T (CE + C‘If) + %CT. By assuming that At < min{ Eg—, %—}, we have

n+1 1
A3+ Atd® D IVRE G + 1T + Ard” Y 1V VI3
k=2 k=2

n n
<24AcC, YOI I3 + 24468, Y I3 + CR (At4 n h4) .
k=1 k=1

An application of the discrete Gronwall inequality implies a numerical convergence in £ *(0, T; £2) N ¢>(0, T; H }11):
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where C = 24max{Eu, EV}. It follows that

1/2 1/2

n+1 n+1
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k=2 k=2

cer( X ) (2 ) ()
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where C =2+ . By Lemmla 2.2, XV]' " ; \ 5 5 /
cl a2 + ||v" [l2 C'C (At* +h
T oo + 77+ oo < —L ) <22 )
h3 h2

By assuming At < C1h with C; being a positive constant, we have the a-priori assumption (2.7) valid at time step t "1, i.e.,

[T+ oo + 17" oo = €' (P +1) VR < 1

. -2 - . . .
for h < Cp, with the constant Cp = [C!C(CZ4-1)] °. The restriction on time step can be summarized as At < C yh with

S
Cr = min{Cy, %‘ih— Eéh—} Therefore, an induction for the assumption (2.7) can be applied. This completes the proof of Theo-
rem 2.1. O

Remark 2.2. An £*° bound for the numerical solution is needed in the ¢ *°(0, T; 0%Hne? 0, T; H,11) error estimate. Meanwhile,
such an £°° bound is not directly available for the numerical solution. To overcome such an essential difficulty, we make an
a-priori assumption (2.7) for the numerical solution at the previous time steps, and recover such an a-priori assumption via
the convergence estimate at the next time step.

Remark 2.3. In the numerical scheme (2.1), a modified version of Adams-Moulton interpolation formula, with coefficients
(3/4,0,1/4) at t"+1, ¢", "1 respectively, is applied to the diffusion term. In comparison with the standard Crank-Nicolson
approximation, an extra weight has been placed on the implicit time level. This treatment leads to a much improved stability
property than the Crank-Nicolson one. In our numerical analysis, the extra weight on implicit time level plays a key role in
the 42(0, T;H ,]1) error estimate. In comparison, if the standard Crank-Nicolson scheme is used, a theoretical justification of
the analysis will fail to control the terms arising from the linearization process.

Such an improved stability property for the modified (3/4,0, 1/4) Adams-Moulton interpolation formula has been re-
ported for the Cahn-Hilliard and other related gradient flows; see the related works [13,17,18,24], etc.

3. Numerical tests and applications
3.1. Convergence test

To test the convergence, we apply the numerical scheme to solve the diffusion equations
u =V [D"(u, v)Vu + D" (u, v)Vv] + f,
ve=V-[D""(u,v)Vu + D" (u,v)Vv] + f,

with Neumann boundary conditions (1.4). The concentration-dependent diffusion coefficients are given by

D“u,v)=D"Y(u,v)=u®’+v?+1 and D“(u,v)=D""(u,v)=1u?+v2.

Initial conditions and source terms f " and f" are computed with known exact solutions
)2 2 21 21
u=e ’'“cos\ —x—m )cos\ —y—7m Jcos\ —z—m1 ),
Ly Ly L,
_t2 4 2 2
v=e cos| —x—27 Jcos| —y—m ) cos| —z—m ).
LX Ly LZ

Note that the diffusion coefficients satisfy the assumptions listed in (A1). The numerical solutions are compared with
exact solutions in the norms of [2 and I°°. We take At = h/10 and simulate the problem up to time T = 0.5. The linear
system resulting from the discretization is solved by the algebraic multigrid (AMG) method. Table 1 displays errors and
computational orders for various spatial and temporal step sizes. It is clearly demonstrated that numerical errors decrease
as the mesh refines, and that the numerical scheme is convergent with a second-order accuracy in both I 2 and [* norms.
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Lonvergence results of the eme at [ =0 us =10
Grid size FP% 36" =Yg HP Ao~ 80 x 80 x 80 160 x 160 x 160
I°°-Error 1.82E-2 4.42E-3 110E-3 2.84E-4
Order (I°°) - 2.04 2.01 195
[2-Error 1.99E-2 4.54E-3 1.09E-3 2.68E-4
Order (12) - 213 2.06 2.02
Table 2

Convergence results of the scheme with diffusion terms discretized by the Crank-Nicolson method at T = 0.5, using At = 1’%

Grid Size 20 x 20 x 20 40 x 40 x 40 80 x 80 x 80 160 x 160 x 160
1°°-Error 4.60E-2 4.43E-3 1.09E-3 2.84E-4

Order (I°°) - 3.38 2.02 1.94

12-Error 2.03E-2 4,55E-3 1.09E-3 2.68E-4

Order (I?) - 2.16 2.06 2.02

here numerically compare the accuracy of the proposed scheme and the scheme with diffusion terms discretized by the
standard Crank-Nicolson method. We choose time step sizes At =h/10, which is stable for both schemes. Comparing
the errors and convergence orders listed in Tables 1 and 2, one finds that our scheme is more accurate with a coarse
computational mesh, but the accuracy, as well as the convergence order, becomes indistinguishable for both schemes, as the
mesh refines. The results demonstrate that, apart from better time-stepping stability, the treatment with a modified version
of the Adams-Moulton interpolation formula is as accurate as the standard Crank-Nicolson method.

3.2. Applications

The diffusion equations of aluminum in pure iron was proposed in the work [16]; however, constant diffusion coeffi-
cients over entire concentration ranges do not apply well to the Al-Fe system [25,33]. To improve, diffusion equations with
concentration-dependent diffusion coefficients were proposed to analyze the kinetics of aluminization process [32]. Never-
theless, there are still some discrepancies between the calculated concentration and the experimental data at the Al-rich
intermetallic layer, because a third element (Cr) is not explicitly considered in the equations [49]. In the following sections,
we apply the proposed numerical scheme to study the phase formation and evolution of chemical compositions in the
annealing reaction of a ternary system.

We simulate a high-temperature annealing of alternatively stacked metal layers that consist of Al and stainless steel (SS)
foils. We focus on the concentration of elements Al and Ni, and treat other elements in the stainless steel, such as Fe and Cr,
as the diffusion background. We take pum and hour as the characteristic length scale and time scale, respectively. We rescale
all the concentrations to a characteristic concentration value corresponding to one unit atom percent (at.%) of Fe in the
system [49]. Given the symmetry of laminate structures, we choose a computational domain [—150, 150] x [—40.5,40.5] x
[—40.5, 40.5] (in um), in which the left half represents the SS region and the right half represents the Al region. We assume
an ideal initial condition that the concentration of Al is 100 at.% in the Al layer and is 0 at.% in the stainless steel layer,
and the concentration of Ni is 0 at.% in the Al layer and is 30 at.% in the stainless steel layer. There are sharp jumps of the
concentrations across the interface x =0, cf. the initial concentration profile in Fig. 2. The concentration-dependent diffusion
coefficients are extracted from experimental results reported in the literature [25]. Interpolation and extrapolation schemes
are used to compute the diffusion coefficients that are not directly available.

3.2.1. Evolution of microstructure

In this case, we focus on the evolution of the microstructure of intermetallic layers during an annealing process. Fig. 2
shows the concentrations of Al and Ni at time T =0, 1, 2, 3,4, 5, and 6 hours, reproducing the formation of the Al-rich layer
and Ni-rich layer. Initially, the domains x < 0 and x > 0 represent the SS layer and Al foil, respectively. As time evolves, the
concentrations of Al and Ni develop sharp jumps, and two intermetallic layers, i.e., the inward growth and outward growth
layers, begin to form on each side of the SS/intermetallic interface. The inward growth layer presents on the right side of
the SS/intermetallic interface with a faster growing speed, while the outward growth layer forms on the left side of the
interface and grows into the SS layer a bit slower. This indicates that the diffusion of heavier elements (Fe and Ni) from the
SS layer toward the Al side contributes more to the growth of the intermetallic layers. Such a formation pattern agrees with
experimental studies reported before [47,49].

The intermetallic layers formed during the annealing can be separated into two parts, based on the percentage of chem-
ical composition of Al in the concentration profiles shown in Fig. 2. One part that contains Al from 100 at.% to 60 at.% is
called an Al-rich layer. There are two stages in such an Al-rich layer. The first stage, from 100 at.% Al to 80 at.% Al, corre-
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Fig. 2. Al and Ni concentration profiles at time T =0, 1,2, 3,4, 5,6 hours.

the same crystal structure as the AlgNip, would form when iron participates the Al-Ni intermetallic formation. The other
stage in the Al-rich layer, from 80 at.% to 60 at.%, corresponds to the Al 3Ni and Al3Niy phases in the Al-Ni phase diagram.
The presence of iron in the system causes the thermodynamic stability of Al 3Ni and Al3Nip phases close to each other. It
is reasonable to believe that both the Al3Ni and Al3Niy phases co-exist in this region, as the concentrations of Al and Ni in
this region are between the stoichiometry of these two phases.

In the Ni-rich layer, the concentration of Al, from 40 at.% to 60 at.%, corresponds to the composition of a NiAl phase,
which is consistent with the formation of a B2 phase layer [47,49]. From the plots shown in Fig. 2, we observe that Fe
also presents in such a B2 phase layer. Previous studies have suggested that, when Fe atoms participate in the formation
of the NiAl phase, they partially substitute the central Al atoms in the lattice and keep the B2 structure more stable.
Furthermore, both the concentration profiles of Ni and Al predict a solid solution layer with gradually decreasing (increasing)
concentrations of Al (Ni) from the B2 phase layer to the stainless steel layer.

Although our numerical simulations can qualitatively reproduce the formation of Al-rich and Ni-rich layers, the calculated
concentration profiles of Al and Ni still exhibit some discrepancies from real concentration evolution in an Al-Fe-Ni system,
especially in the region where more than one equilibrium compound phases exist. As described above, we know that, in
the Al-rich layer, the atom ratio of Al to Ni is between Al 3Ni and AlsNiy phases; however, we only can conclude that
both phases may coexist in the layer. While the real volume percentage of the Al 3Ni and Al3Ni; phases formed in the layer
needs to be calculated based on the stability of thermodynamics of the phases in the same experimental conditions. Despite
such quantitative discrepancies, the present calculation is still useful for estimating the evolution of microstructure during
high-temperature annealing process.

3.2.2. Growth kinetics

As depicted in Fig. 2, an Al-rich layer and Ni-rich layer form during the annealing process. The growth of intermetallic
layers are mainly driven by the diffusion of heavy elements, such as Fe and Ni, to the Al layer. To further characterize the
growth kinetics of each layer, we study the change of the width of each layer with respect to time evolution. It is well
known that, at a given temperature, there is an empirical relationship between the width of a diffusion layer and diffusion
time:

Ax = kt", i.e., InAx=nlint + Ink,

where Ax is the width of the reaction layer, k is the rate constant, t is the elapsed diffusion time, and n is the kinetic
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exponent.

The width, of eaf;:h layer is determined by end points where the concentration has sg}ar changes, cf, Fig. 2. The log-log
plot of the width of intermetallic layers against annealing time is displayed in Fig. 3 (Left). The disCrete datd (shown in"stars

and diamonds) are measured from concentration profiles, and the dash lines are linear fits of the discrete data. The kinetic
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Fig. 3. Left: The log-log plot of the width of intermetallic layers against annealing time.

of intermetallic layers on annealing time.

Fe
-—.- Calculated
diffusion path
A Experimental measured

diffusion path

Fels
FeAl:s
~ FessAlys it
=

(Al)

Right: Estimate of rate constant from the dependence of the width

30

10

N [A) N N N
10 20 O 40 S0 60 70 80 90
Al NiAl; Ni:Al,  at.% Ni NisAl Ni

Fig. 4. The ternary phase diagram for the Al-Fe-Ni system and diffusion paths. The diffusion path measured from experiments is presented for comparison.
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0.47 rpna , and that 8f Ni-rich layer 1s bout 0. m e/ Tlr res ut s are in the same magnitude as the rate constants
reported’ in previous studies on intefmetalli c annea mg actions [16,27,49].

3.2.3. Ternary phase diagram

To reveal the distribution of concentrations of different elements in a ternary system, it is efficient and helpful to present
a diffusion path of different chemical compositions across an intermetallic layer during the annealing process. As displayed
in Fig. 4, we sketch a diffusion path in a ternary phase diagram based on our numerical results. For comparison, we also
show a measured diffusion path from experimental data [46]. Two diffusion paths both connect two endpoints, correspond-
ing to the Al layer and the SS layer. In the low-Al region, the numerically calculated diffusion path agrees perfectly with
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T =0 Hour T = 0.05 Hour T=0.10 Hour T=0.15Hour

Layer 1

Layer 2

Fig. 5. Evolution of the morphology of interfaces in initial stages of the diffusion.

cal calculations. Overall, our numerical results demonstrate that numerical simulations can effectively capture the diffusion
path in the formation process of intermetallic layers in a ternary system.

3.2.4. Layer interface morphology

In real applications, the initial interface between the Al layer and SS layer usually has noises of a small magnitude, rather
than a perfect plane. It has been reported that the growth of intermetallic layer begins with nodules initially formed at the
interface and proceeds to grow into a continuous layer [47,49]. The noisy interface plays a crucial role in the generation of
the nodules. In this case, we study the effect of a noisy interface on the evolution of the interface morphology in the initial
stage. In our 3D simulations, we cover the computational domain with a grid size of 400 x 108 x 108, and randomly perturb
the initial interface with an amplitude of 2 pm.

We identify three layer interfaces that are between each two of the SS layer, Ni-rich layer, Al-rich layer, and Al layer, by
locating the positions where the concentrations of Al have sharp changes. Such three layers are labeled as “Layer 1”7, “Layer
2”, and “Layer 3", in the following contents. Fig. 5 shows the evolution of the morphology of three interfaces in initial
stages. Since the initial interface is randomly perturbed, we can see noisy interfaces in the first column of the figure. Later,
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Hl?ng isy interfaces develop small islands due to the diffusion with concentration-dependent diffusion coefficients. As men-
<t above, these, islands are reminiscent of intermetallic nodules observed in the experiments [47,49]. As time evglves,
the islands are gradually smoothed to flat surfaces by the diffusion. We observe that the Layer 3 is smoothed much faster

than the Layer 1 because of larger diffusion coefficients in the environment of high Al concentrations. All of these computa-
tional results qualitatively reproduce the morphology of layer interfaces in the formation of the metal-intermetallic-laminate
composites.

4. Conclusions

Metal-intermetallic-laminate (MIL) composites are fabricated to improve physical and mechanical performances of metal
materials by high-temperature annealing reactions. A cross-diffusion system with concentration-dependent diffusion coeffi-
cients have been proposed to describe such as annealing reactions in a ternary system. We have proposed a second-order
accurate numerical scheme, both in time and space discretization, for the cross-diffusion system. We have performed a de-
tailed numerical analysis to confirm its stability and second-order accuracy. The accuracy has also been further verified by
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experiments. The growth kinetics of such two layers have been systematically characterized by finding the rate constant and
kinetic exponent of the diffusion reaction. Further analysis on the diffusion paths, displayed in a ternary phase diagram, has
shown that the simulations are in a reasonable agreement with experimental data. In addition, we have investigated the
evolution of interface morphology of the two layers, by starting from a randomly perturbed initial interface between the Al
layer and stainless steel layer. Overall, comparison of our simulation results with the experimental data has demonstrated
the robustness and effectiveness of our proposed numerical scheme in predicting the annealing process of a ternary system.

We now discuss several issues and possible further improvements of our approach. In the numerical simulation of
the annealing process, the diffusion coefficients, as functions of two concentrations, should be provided before numeri-
cal calculations. However, the diffusion coefficients, measured by experimental techniques, are only available for certain
concentrations of Al and Ni. In our current treatment, we obtain the diffusion coefficients by interpolations, which may
affect the accuracy of numerical predictions. It is desirable that experimental studies can provide better resolution of the
diffusion coefficients when they have large variations with respect to concentrations.

As solutions to a ternary cross-diffusion system, the concentrations of diffusion metal elements should be nonnegative.
Our numerical analysis has shown that our numerical scheme is stable and convergent, but the numerical solutions have
not been rigorously proved to respect the property of nonnegativity. One of the difficulties in proving nonnegativity is the
matrix of the linear system after discretization, whose eigenvalues are hard to estimate. Furthermore, the cross diffusion
terms contribute to matrix entries that are far away from the diagonal, making iterative solvers much less efficient. To
address these issues, numerical schemes based on time-splitting methods will be one of our future works. Corresponding
numerical analysis on the stability, convergence, and nonnegativity is also needed.

In this work, we have applied our numerical scheme to an Al-Fe-Ni system, and reproduce many details in the annealing
process of MIL composites. As a matter of fact, it can be directly applied to any ternary reaction system, such as an Al-Fe-Cr
system. With further refinements on diffusion coefficients, our numerical approach is expected to be a reliable, useful tool
in the commercial design and production of MIL composites.
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Appendix A
A.1. Estimate of the first time step

Given the exact solution U(x,t) and V(x,t) of the problem (1.1) to (1.4), it follows from the Taylor expansion at
(Xi, ¥j, zx, At) that
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where the truncation errors satisfy
i =<CY <At+h2) and 7%, <C; (At+h2), (A2)
fori=1,...,Ny—1; j=1,...,Ny,—1; k=1,...,N,—1. Here Cy and C¥ are associated with certain high order derivatives

of exact solutions U and V. Recall the error functions over the grid points:

~ 1 1
Ui j = and Vi =Vijp— Vi

ul
1 .k i,j,k
We assume that the initial time step u ?j . and v?j . are exact, ie, 'ﬁ?j , =0and V?j i = 0. Subtracting (2.2) from (A.1), we
have s s s s

ul.
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Taking a discrete [? inner product with (A.3) by u" and V", respectively, we obtain

@13 = — At (D" O, VOV Vi) — At (D" U0, VO V) + At i),
(A4)
52 = —At(D"”(UO, VOV, i, vhvl) — At (DVV(UO, VOV, v, VhV]> ATV, 9,

where U and 7V are vectors with components rl ik and r respectively. Notice that we have used Lemma 2.1 in the

i,j.k’
equations (A.4). Without causing any confusion, we omit U © and V© in the arguments of D!, D*V, DV¥, and D"". Adding

these two equations together, we have

1Tt 12 + 1912
= —At[(D"V, !, Vi) + (DY VRV, VR V) 4 ((DYY + DV¥) VRV, Vi )
+ AtV Al + ATV, VY
puv +Dvu - - Duv+ pvu - _
oo P ) (-5 2 )
ut oviE ~
” > 2 IS +Cr (At 4 1%,
where C; are constants related to C y and C X . In the last inequality, we have made a trivial assumption that the time step
size At < 1. By the assumption on the diffusion coefficients, we have
||Fl?i‘1 ”% ”’-‘7‘1 ”% u ~1n2 v ~1 12 = 4
> + Atd* |V U 13 + AtdY| VRV 13 < C (A + hY).
Therefore, the following estimates have been derived:

lul |2+ Iv12 < 2C (At + 1),
AtdU|[Viul |3 + Atd | Vv |3 < Co (At + h).

~ ~

~ ~ ~
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