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2un2 + E1vn2∇hE
2un2



≤
du

8
∇h E

2un2
2
+

2C 2
uv

du
E1un2

2
+

du

8
∇hE

2un22 +
2C 2

uv

du
E1vn22,

where 

 

 

 

 

 

 

 

 the 

 

 

 

 

 

 

 

 constant 

 

 

 

 

 

 

 

 Cuv is 

 

 

 

 

 

 

 

 related 

 

 

 

 

 

 

 

 to 

 

 

 

 

 

 

 

 C̄ V 

 

 

 

 

 

 

 

 and 

 

 

 

 

 

 

 

   L∞( ,[0 T 

 

 

 

 

 

 

 

 ;W 1,∞]). 

 

 

 

 

 

 

 

 Again, 

 

 

 

 

 

 

 

 we 

 

 

 

 

 

 

 

 have 

 

 

 

 

 

 

 

 used 

 

 

 

 

 

 

 

 the 

 

 

 

 

 

 

 

 assumption 

 

 

 

 

 

 

 

 (2.7) in the 

 

 

 

 

 

 

 

 first 

 

 

 

 

 

 

 

 inequal-

ity. By 

 

 

 

 

 

 

 

 the 

 

 

 

 

 

 

 

 truncation 

 

 

 

 

 

 

 

 error 

 

 

 

 

 

 

 

 expansion 

 

 

 

 

 

 

 

 (2.5), 

 

 

 

 

 

 

 

 we 

 

 

 

 

 

 

 

 get

RU 

 

 

 

 

 

 

 

 n, +1 2/ , 

 

 

 

 

 

 

 

 E2un ≤ E2un22 +
1

4
t2 f U 

 

 

 

 

 

 

 

 n, +1 2/ + h2gU 

 

 

 

 

 

 

 

 n, +1 2/ 2
2 ≤ E2un2

2 + 

 

 

 

 

 

 

 

 C R
u


t4 + h4


,

where 

 

 

 

 

 

 

 

 CR
u is 

 

 

 

 

 

 

 

 a 

 

 

 

 

 

 

 

 constant 

 

 

 

 

 

 

 

 related 

 

 

 

 

 

 

 

 to 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 f U 

 

 

 

 

 

 

 

 n, +1 2/ ∞ and 

 

 

 

 

 

 

 

 g U 

 

 

 

 

 

 

 

 n, +1 2/ ∞ . 

 

 

 

 

 

 

 

 Combining 

 

 

 

 

 

 

 

 all 

 

 

 

 

 

 

 

 the 

 

 

 

 

 

 

 

 estimates 

 

 

 

 

 

 

 

 above, 

 

 

 

 

 

 

 

 we 

 

 

 

 

 

 

 

 arrive 

 

 

 

 

 

 

 

 at


1

2
un+12

2 +
1

8
un+1− un2

2


−


1

2
un22 +

1

8
un −un−122



≤ −t


Duu(E1un , 

 

 

 

 

 

 

 

 E1vn)∇hE
2un + 

 

 

 

 

 

 

 

 Duv (E1un, 

 

 

 

 

 

 

 

 E1vn)∇hE
2vn, 

 

 

 

 

 

 

 

 ∇h E
2un



+ t
du

2
∇h E

2un2
2 + 2t


C2
uu + 

 

 

 

 

 

 

 

 C2
uv



du


E1un22 + E1vn22


+ t E 2un22

+ tCR
u


t4 + h4


.

(2.9)

Similarly, 

 

 

 

 

 

 

 

 it 

 

 

 

 

 

 

 

 follows 

 

 

 

 

 

 

 

 from 

 

 

 

 

 

 

 

 the 

 

 

 

 

 

 

 

 second 

 

 

 

 

 

 

 

 equation 

 

 

 

 

 

 

 

 of 

 

 

 

 

 

 

 

 (2.6) 

 

 

 

 

 

 

 

 that


1

2
vn+122 +

1

8
vn+1− v n22


−


1

2
vn2

2 +
1

8
vn−vn−122



≤ −t


Dvu(E1un, 

 

 

 

 

 

 

 

 E1vn)∇h E
2un + 

 

 

 

 

 

 

 

 Dvv(E1un, 

 

 

 

 

 

 

 

 E1vn )∇h E
2vn, 

 

 

 

 

 

 

 

 ∇h E
2vn



+ t
dv

2
∇h E

2vn2
2 + 2t


C2
vu + 

 

 

 

 

 

 

 

 C2
vv



dv


E1un2

2 + E1vn2
2


+ t E 2vn2

2

+ tCR
v


t4 + h4


,

(2.10)

where 

 

 

 

 

 

 

 

 the 

 

 

 

 

 

 

 

 constants 

 

 

 

 

 

 

 

 dv , 

 

 

 

 

 

 

 

 Cvu , 

 

 

 

 

 

 

 

 Cvv , 

 

 

 

 

 

 

 

 and 

 

 

 

 

 

 

 

 C R
v are 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 and 

 

 

 

 

 

 

 

 analogously 

 

 

 

 

 

 

 

 defined. 

 

 

 

 

 

 

 

 A 

 

 

 

 

 

 

 

 )combination 

 

 

 

 

 

 

 

 of 

 

 

 

 

 

 

 

 (2.9 (2.10) yields

1052 

 

 

 

 

 

 

 

 S. 

 

 

 

 

 

 

 

 Zhou 

 

 

 

 

 

 

 

 et 

 

 

 

 

 

 

 

 al. 

 

 

 

 

 

 

 

 / 

 

 

 

 

 

 

 

 Journal 

 

 

 

 

 

 

 

 of 

 

 

 

 

 

 

 

 Computational 

 

 

 

 

 

 

 

 Physics 

 

 

 

 

 

 

 

 374 

 

 

 

 

 

 

 

 (2018) 

 

 

 

 

 

 

 

 1044–1060


1

2
un+1 22 +

1

8
un+1 −un22 +

1

2
vn+12

2 +
1

8
vn+1 −vn22



−

1

2
un2

2
+

1

8
un −un−1 2

2
+

1

2
vn2

2
+

1

8
vn − vn−12

2



≤
t

2


du ∇hE

2



un22 + dv∇hE
2



vn22


−t



Duu(E1un , 

 

 

 

 

 

 

 

 E1vn)∇h E
2



un, 

 

 

 

 

 

 

 

 ∇hE
2



un



− t



Dvv (E 1un , 

 

 

 

 

 

 

 

 E1 vn)∇hE
2



vn, 

 

 

 

 

 

 

 

 ∇h E
2



v n



+
t


Duv(E1un, 

 

 

 

 

 

 

 

 E1vn

) 

 

 

 

 

 

 

 

 + 

 

 

 

 

 

 

 

 D

vu(E1un, 

 

 

 

 

 

 

 

 E1vn )
∇

hE
2


vn

, 

 

 

 

 

 

 

 

 ∇
h E

2


un

 +
t


E2


un



2
2

+ E

2


vn



2
2

 2 2 2 2     
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       

+ 
) + 

 

 

 

 

 

 

 

 D ∇  ,∇   +    + E   

+2t
C2uu + 

 

 

 

 

 

 

 

 C 2
uv

du
+ C 2

vu + 

 

 

 

 

 

 

 

 C2vv
d v


E1un22 + E1vn22


+ t


C R
u + 

 

 

 

 

 

 

 

 C R
v


t4 + h4

≤ −
t

2


du∇h E

2un2
2 + dv∇h E

2vn22


+t


E2un22 + E2vn22



+2t


C2uu + 

 

 

 

 

 

 

 

 C 2
uv

du
+

C 2
vu + 

 

 

 

 

 

 

 

 C2vv
d v


E1un2

2 + E1vn2
2


+ t


C R
u + 

 

 

 

 

 

 

 

 C R
v


t4 + h4



≤ − 3

16
t


du∇hun+12

2 + dv∇hvn+12
2


+ 1

16
t


du∇hun−12

2 + dv∇hvn−12
2



+tCu


un+12

2
+ un22 + un−12

2


+ tCv


vn+12

2
+ vn2

2
+ vn−12

2



+t


C R
u + 

 

 

 

 

 

 

 

 CR
v


t4+ h4


,

where 

 

 

 

 

 

 

 

 the 

 

 

 

 

 

 

 

 constants 

 

 

 

 

 

 

 

 Cu = 

 

 

 

 

 

 

 

 {max 3

3

3

3

3

3

3

3

3
4 , 

6C2

2

2

2

2

2

2

2

2
uu

uu

uu

uu

uu

uu

uu

uu

uu+

+

+

+

+

+

+

+

+6C2

2

2

2

2

2

2

2

2
uv

uv

uv

uv

uv

uv

uv

uv

uv
du , 1

1

1

1

1

1

1

1

1
4 + 2C2

2

2

2

2

2

2

2

2
uu

uu

uu

uu

uu

uu

uu

uu

uu +

+

+

+

+

+

+

+

+2C2

2

2

2

2

2

2

2

2
uv

uv

uv

uv

uv

uv

uv

uv

uv
du } 

 

 

 

 

 

 

 

 and 

 

 

 

 

 

 

 

 C v = 

 

 

 

 

 

 

 

 {max 3

3

3

3

3

3

3

3

3
4 , 

6C 2

2

2

2

2

2

2

2

2
vu

vu

vu

vu

vu

vu

vu

vu

vu+

+

+

+

+

+

+

+

+6C2

2

2

2

2

2

2

2

2
vv

vv

vv

vv

vv

vv

vv

vv

vv
dv , 1

1

1

1

1

1

1

1

1
4 + 2C2

2

2

2

2

2

2

2

2
vu

vu

vu

vu

vu

vu

vu

vu

vu +

+

+

+

+

+

+

+

+2C2

2

2

2

2

2

2

2

2
vv

vv

vv

vv

vv

vv

vv

vv

vv
dv }. 

 

 

 

 

 

 

 

 Here 

 

 

 

 

 

 

 

 we 

 

 

 

 

 

 

 

 used 

 

 

 

 

 

 

 

 the 

 

 

 

 

 

 

 

 

assumption 

 

 

 

 

 

 

 

 (A3) 

 

 

 

 

 

 

 

 for 

 

 

 

 

 

 

 

 diffusion 

 

 

 

 

 

 

 

 coefficients 

 

 

 

 

 

 

 

 in 

 

 

 

 

 

 

 

 the 

 

 

 

 

 

 

 

 first 

 

 

 

 

 

 

 

 inequality. 

 

 

 

 

 

 

 

 A 

 

 

 

 

 

 

 

 givessummation 

 

 

 

 

 

 

 

 in 

 

 

 

 

 

 

 

 time 

 

 

 

 

 

 

 

 

un+12
2
+

1

4
tdu

n+1

k=2

∇huk22 + vn+12
2
+

1

4
tdv

n+1

k=2

∇hvk22

≤
1

8
tdu ∇hu12

2+
5

4
u122 + 6tCu

n+1

k=1

uk22 +
1

8
tdv ∇hv122 +

5

4
v12

2 + 6tCv

n+1

k=1

vk22

+ 2n t


C R
u + 

 

 

 

 

 

 

 

 CR
v


t4 + h4


,

where 

 

 

 

 

 

 

 

 the 

 

 

 

 

 

 

 

 fact that 

 

 

 

 

 

 

 

 u0 ≡ 

 

 

 

 

 

 

 

 0 and 

 

 

 

 

 

 

 

 v0 ≡ 

 

 

 

 

 

 

 

 0 have been 

 

 

 

 

 

 

 

 used. 

 

 

 

 

 

 

 

 From the estimates 

 

 

 

 

 

 

 

 of 

 

 

 

 

 

 

 

 the error first 

 

 

 

 

 

 

 

 functions 

 

 

 

 

 

 

 

 at 

 

 

 

 

 

 

 

 the 

 

 

 

 

 

 

 

 time 

 

 

 

 

 

 

 

 step, 

 

 

 

 

 

 

 

 

cf. 

 

 

 

 

 

 

 

 Appendix 

 

 

 

 

 

 

 

 A, 

 

 

 

 

 

 

 

 we 

 

 

 

 

 

 

 

 have

un+12
2
+

1

4
tdu

n+1

k=2

∇huk22 + vn+12
2
+

1

4
tdv

n+1

k=2

∇hvk22

≤ 

 

 

 

 

 

 

 

 6tCu

n+1

k=1

uk 22 + 6tCv

n+1

k=1

vk2
2 +

1

4
C R


t4 + h4


,

where 

 

 

 

 

 

 

 

 C R = 

 

 

 

 

 

 

 

 8T

CR
u + 

 

 

 

 

 

 

 

 CR
v


+ 21

21

21

21

21

21

21

21

21
2

Cτ . 

 

 

 

 

 

 

 

 By 

 

 

 

 

 

 

 

 assuming 

 

 

 

 

 

 

 

 that 

 

 

 

 

 

 

 

 t 

 

 

 

 

 

 

 

 ≤ 

 

 

 

 

 

 

 

 min{
















C−

−

−

−

−

−

−

−

−1
u

u

u

u

u

u

u

u

u
8 , 

















C−

−

−

−

−

−

−

−

−1
v

v

v

v

v

v

v

v

v
8 }, 

 

 

 

 

 

 

 

 we 

 

 

 

 

 

 

 

 have

un+12
2+ tdu

n+1

k=2

∇huk22 + vn+122 + tdv
n+1

k=2

∇hvk22

≤ 

 

 

 

 

 

 

 

 24tCu

n

k=1

uk22 + 24tCv

n

k=1

vk2
2
+CR


t4 + h4


.

An 

 

 

 

 

 

 

 

 the 

 

 

 

 

 

 

 

 application 

 

 

 

 

 

 

 

 of 

 

 

 

 

 

 

 

 discrete 

 

 

 

 

 

 

 

 Gronwall 

 

 

 

 

 

 

 

 inequality 

 

 

 

 

 

 

 

 numerical 

 

 

 

 

 

 

 

 convergence 

 

 

 

 

 

 

 

 implies 

 

 

 

 

 

 

 

 a 

 

 

 

 

 

 

 

 in 

 

 

 

 

 

 

 

  ∞( , 

 

 

 

 

 

 

 

 0 T 

 

 

 

 

 

 

 

 ; 2 ) 

 

 

 

 

 

 

 

 ∩ 

 

 

 

 

 

 

 

 2( , 

 

 

 

 

 

 

 

 0 T 

 

 

 

 

 

 

 

 ;H 1
h
):

un+12
2+ tdu

n+1

k=2

∇huk22 + vn+12
2 + tdv

n+1

k=2

∇hvk22 ≤C Re
Ctn


t4 + h4


,

S. 

 

 

 

 

 

 

 

 Zhou 

 

 

 

 

 

 

 

 et 

 

 

 

 

 

 

 

 al. 

 

 

 

 

 

 

 

 / 

 

 

 

 

 

 

 

 Journal 

 

 

 

 

 

 

 

 of 

 

 

 

 

 

 

 

 Computational 

 

 

 

 

 

 

 

 Physics 

 

 

 

 

 

 

 

 374 

 

 

 

 

 

 

 

 (2018) 

 

 

 

 

 

 

 

 1044–1060 

 

 

 

 

 

 

 

 1053

where 

 

 

 

 

 

 

 

 C 

 

 

 

 

 

 

 

 = 24max{Cu , C v}. 

 

 

 

 

 

 

 

 It 

 

 

 

 

 

 

 

 follows 

 

 

 

 

 

 

 

 that





un+12 +
√

√

√

√

√

√

√

√

√
du


t

n+1

k=2

∇h



uk22


1 2/

+ 



vn+12 +
√
dv


t

n+1

k=2

∇h



vk22


1 2/

≤ 

 

 

 

 

 

 

 

 C

t2 + h2


,

where C = 2
√
C Re

CT/2

. ,By Lemma 2.2 we have
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
  




  
  

where 

 

 

 

 

 

 

 

 C 

 

 

 

 

 

 

 

 = 

 

 

 

 

 

 

 

 2
√ 

. 

 

 

 

 

 

 

 

 , 

 

 

 

 

 

 

 

 By 

 

 

 

 

 

 

 

 Lemma 

 

 

 

 

 

 

 

 2.2 we 

 

 

 

 

 

 

 

 have

un+1∞ + vn+1∞ ≤ CI un+12 + vn+12 

h
3

3

3

3

3

3

3

3

3
2

≤ C IC

t2 + h2



h
3

3

3

3

3

3

3

3

3
2

.

By 

 

 

 

 

 

 

 

 assuming 

 

 

 

 

 

 

 

 t 

 

 

 

 

 

 

 

 C≤ 

 

 

 

 

 

 

 

 1h 

 

 

 

 

 

 

 

 Cwith 

 

 

 

 

 

 

 

 1 being 

 

 

 

 

 

 

 

 a 

 

 

 

 

 

 

 

 positive 

 

 

 

 

 

 

 

 constant, 

 

 

 

 

 

 

 

 assumption 

 

 

 

 

 

 

 

 we 

 

 

 

 

 

 

 

 have 

 

 

 

 

 

 

 

 the 

 

 

 

 

 

 

 

 a-priori 

 

 

 

 

 

 

 

 (2.7) valid at 

 

 

 

 

 

 

 

 time 

 

 

 

 

 

 

 

 step 

 

 

 

 

 

 

 

 t n+1, 

 

 

 

 

 

 

 

 i.e.,

un+1∞ + vn+1∞ ≤ 

 

 

 

 

 

 

 

 C IC


C 2
1 + 1

√
h 

 

 

 

 

 

 

 

 ≤ 

 

 

 

 

 

 

 

 1

for h 

 

 

 

 

 

 

 

 ≤ 

 

 

 

 

 

 

 

 Ch, with 

 

 

 

 

 

 

 

 the constant Ch =

C I C


C 2
1 + 1

−2
. The 

 

 

 

 

 

 

 

 restriction on time step can be 

 

 

 

 

 

 

 

 summarized as t 

 

 

 

 

 

 

 

 C< 

 

 

 

 

 

 

 

 rh with 

 

 

 

 

 

 

 

 

Cr = 

 

 

 

 

 

 

 

 {min C1, 
















C−

−

−

−

−

−

−

−

−1
u

u

u

u

u

u

u

u

u
8h , 

















C−

−

−

−

−

−

−

−

−1
v

v

v

v

v

v

v

v

v
8h }. 

 

 

 

 

 

 

 

 Therefore, 

 

 

 

 

 

 

 

 an 

 

 

 

 

 

 

 

 induction 

 

 

 

 

 

 

 

 for 

 

 

 

 

 

 

 

 the 

 

 

 

 

 

 

 

 assumption 

 

 

 

 

 

 

 

 (2.7) can be 
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