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Abstract The porous medium equation (PME) is a nonlinear degenerate equation
with the finite speed and possible waiting time. Based on an energetic variational
approach, a structure-preserving numerical scheme for the one-dimensional PME has
been constructed in [12], which preserves the positivity of the solution and the mass
conservation, the energy dissipation law, as well as an efficient calculation of the finite
speed and the waiting time. In this paper, we use a similar approach to numerically
solve a radially symmetric solution of PME in R¢, d > 2. It is proved that the numerical
scheme is uniquely solvable on an admissible convex set and satisfies the original
discrete energy dissipation law. Moreover, the optimal rate convergence analysis and
error estimate is theoretically established. The two and three dimensional simulation
results indicate that the numerical method is effective in solving the axisymmetric
solutions of the PME equation, and compute the finite speed and the waiting time
effectively. As another advantage, we give the convergence order of the radially
symmetric solution with a support and the waiting time numerically in two dimension.
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1 Introduction

The porous medium equation (PME) is an important class of nonlinear partial differ-
ential equations. These equations have important applications in various areas, such
as groundwater hydrology, image processing [44], the viscous gravity currents [20],
the flow of fluids through porous media [28], etc. The main focus of this research is a
radially symmetric solution of porous medium equation:

O f=M(f),xeQCRY m>1,1>0,
f(x%,0) = fo(x) 20,x€ Q, (1.1
Vf-n=0,x€0Q, >0,

where f is a non-negative radially symmetric function, Q is a bounded domain and n

is the external normal direction, and d stands for the dimension.
Equation (1.1) satisfies the following energy dissipation law

f(x1) 2
_/f(x £)In £(x,1)dx = / e gy (1.2)
where u s the velocity, fgf(x,t) In f (X, 1) dx is the total energy and[b % lu? dx

is the dissipation term [12].
Since f is aradially symmetric function, the polar coordinates version of equation
(1.1) becomes [19]:

0 arm
a,fzrl‘da—(rd‘laL),rchRl,m>1,t>0,
r r

f(r,0)=fo(r) 20, r e Q,
Vfon,=0,redQ, t>0,

(1.3)

where n, is the external normal direction in the polar coordinates.

The theoretical properties and behaviors of the PME have been extensively studied
in many works. The monograph of Vazquez [44] introduces the mathematical theory
of the PME. In [3], the regularity properties of flows through porous media are proved.
More theoretical analyses are presented in the works by Shmarev [42], Oleinik et al.
[37], Kalasnikov [26], Barenblatt [4], etc. Furthermore, some issues related to radial
symmetry have been studied in many works, such as the local solutions for the exterior
domain problem [19], the focusing problem of the radially symmetric PME [2] and
the radially symmetric solution of the tempered diffusion equation [1]. Additional
research regarding radial symmetry problems could be found in [6,23,22], etc.

Various numerical schemes have been proposed for the PME, such as the finite dif-
ference method [21], tracking algorithm [10], and Haar wavelet collocation method
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[47]. On the other hand, many classical numerical solutions may contain artificial
oscillation, such as moving mesh finite element method [36]. This method is used
to handle complex free boundaries, including their emergence and splitting, while
the computed solutions exhibiting minor oscillations around these free boundaries.
Meanwhile, a local discontinuous Galerkin (LDG) finite element method [48] and vari-
ational particle scheme [46] are able to obtain stable numerical solution, eliminating
non-physical oscillation in the computational solution near free boundaries. However,
there is no theoretical proof regarding the convergence of these numerical methods.
Recently, a quarter-sweep finite difference method and the explicit four-points group
technique have been proposed in [9]. Numerical experiments have indicated that this
method reduces computational complexity while providing an accurate approximation
to the porous medium equation. On the other hand, the theoretical analysis of energy
dissipation and mass conservation have not been reported.

Based on the energetic variational approach, structure-preserving schemes can be
constructed [12]. A remarkable advantage is associated with the fact that the numerical
scheme could naturally maintain physical laws such as the mass conservation, energy
dissipation, and force balance. Additionally, the waiting time and the finite speed
of the free boundary can be effectively computed. A variational Lagrangian scheme
for porous medium type generalized diffusion equations was established in [31] via
a discrete energetic variational approach, which can capture the free boundary and
estimate the waiting time. On the other hand, a rigorous convergence proof was not
provided therein. In recent years, neural network-based methods have been applied
to solving porous medium equations, such as Physics-Informed Neural Networks
(PINNs)[24], a deep JKO scheme[27], a deep minimizing movement scheme[41]
and so on. However, when dealing with free boundary evolution, finite speed of
propagation and waiting time phenomena, the limited approximation accuracy and
the lack of rigorous mathematical convergence proofs constitute the main challenges.

In comparison with the one-dimensional PME by an Energy Variational Approach
[12], the mass conservation, energy dissipation law, and trajectory equation for the
axisymmetric case should be re-derived. The main challenges in the radially symmetric
setting arise from the geometric weight 7¢~!, especially in terms of its behavior near
r = 0. For instance, the necessity of imposing a boundary condition at r = 0, and
the behavior of the solution f involving r¢~! at the origin point, need a careful
consideration. Furthermore, the convergence analysis must account for the singularity
introduced by the geometric weight at » = 0.

In this paper, we focus on the structure-preserving numerical method for the
radially symmetric solution of PME by an Energy Variational Approach in R?, d > 2.
Firstly, the original problem is converted from Cartesian to the polar coordinates.
Based on the energetic variational approach, the trajectory equation in the polar
coordinates could be obtained. Afterward, we construct a numerical scheme, which is
uniquely solvable on an admissible convex set and satisfies the corresponding discrete
energy dissipation law at a theoretical level. The first order temporal convergence and
the second order spatial convergence are proved as well. The computational results
demonstrate that the two and three dimensional numerical solutions are stable without
oscillation. The free boundary and the waiting time of the radially symmetric could
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be effectively computed. Moreover, we are able to obtain the optimal convergence of
the solutions with a support and the waiting time numerically.

The organization of this paper is as follows. In Section 2, the trajectory equation for
the porous medium equation in the polar coordinate system is derived by the energetic
variational approach. In Section 3, the numerical scheme of the trajectory equation
is constructed. The theoretical proof of uniqueness, energy stability and optimal rate
convergence is provided in Section 4. Finally, some numerical results are presented
in Section 5.

2 Energetic Variational Approach

An Energy Variational Approach (EnVarA) was introduced by Onsager [39,40] ini-
tially, and was refined and extended by J.W. Strutt [43]. In recent years, it has been
widely applied to the mathematical models of the complex fluid [30,25,29] and numer-
ical simulation for nonlinear degenerate equations, including nonlocal Fokker-Planck
equation [15], porous medium equation [12]. More details could be found in [12,11,
13,15,33,32,14,16,34].

Based on EnVarA, we derive the trajectory equation for the d-dimensional porous
medium equation in the polar coordinates. We first introduce the different coordinate
systems.

Definition 2.1 Suppose that QX QF C R4, d € N*, are domains with smooth bound-
ary and time ¢ > 0, and u = (uy,...,uy) is a smooth vector field in R%. The flow map
x(X,1): Qé‘ — QF is defined as a solution of:

%x(X,t) =u(x(X,1),1), t>0,
x(X,0) =X,

where X = (X1,...,Xy) € Qé‘ and x = (x1,...,x4) € Q. In turn, the coordinate system
X is called the Lagrangian coordinate and the coordinate system x is called Eulerian
coordinate [11,14].

Theorem 2.1 Let F be the Jacobian matrix of the map X — x(X,t) defined by

ox(X.,t)
0X

which is called the deformation gradient. Then for the radial symmetry in polar
coordinates, the determinant of deformation gradient F(R,t) becomes
r or

F=———.
det R IR

Proof We present a detailed proof in the two-dimensional case. Assume the polar
coordinates of the reference coordinate (X, X») and the deformed coordinate (x;,x7)
are given by (R,®) and (r,6), respectively. In turn, in Lagrangian coordinate, x;, x,
become

F(X,1) =

b}

x1 =r(R,t)cosb, x, =r(R,t)sind, r(0,t) =0,
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with
X =Rcos0O, X, = Rsin0®, R(0)=0.

An application of the chain rule yields the computation of the differentials:
dx; =cos@dr—rsinfdo,

. (2.1)
dxy =sinf@dr+rcos0do.

Meanwhile, the differentials of the reference coordinates turn out to be
dX| =cos®dR—-Rsin®dO,
dX, =sin®dR+ Rcos®dO,
ie.,
dR =cos0dX; +sinf dX>,

ing 0 (2.2)
do =% x, + 2% ux,.
R R

Substituting the radial deformation conditions dr = (dr/dR)dR, 6 = ® and df = d®
into (2.1), we obtain

dx; = cosé(ﬂ)dR—rsinedG,
dR

g 2.3)
dx, =sin@ & dR +rcosfdO.
dR
With a careful simplification, a substitution of (2.2) into (2.3) leads to
d sin” 6 d in@cos @
dx| = cos’ @ @ +r§1n dXi+|cosfsiné 4ar| _rsmucos? dXs,
dR R dR R
d inf cos 6 d 20
dxy = [sianosG (#) - %} dX;+ sin% @ (#) + rC(;: ] axs.

Therefore, the matrix form of the deformation gradient F' becomes

2 dr rsin® 6 : dr )\ _ rsinfcosé
cos H(dR)+ R cos@sm&(dR) =

F =
: dr rsin 6 cos 6 -2 dr rcos® 0
sm@cos&(ﬁ)—T sin g(ﬁ)‘*T

Introducing the unit vectors e, = (cosf,sinf) and ey = (—sinf,cosf), F could be
rewritten as

- IR r r 0 a-
dr

In the orthogonal basis {e,,eg}, F is a diagonal matrix with diagonal entries $% and
%; thus its determinant turns out to be

dr r r or

F=[Z). (—) Lo

det (dR) R/ ROR

This conclusion also holds for the d-dimensional case:
rd=19pr

detF = R



6 Qingqing Zhang et al.

Then we derive the mass conservation law in the polar coordinate.

Theorem 2.2 In the polar coordinate, mass conservation law becomes

1 _
0uf +—50r (fur~rd 1) =0. 2.4)

where f is the radially symmetric density function, u, is the velocity in the r direction
and d is the dimension number [5].
The detail proof can be found in [5].

rd=19pr
Rd-1

Theorem 2.3 In the Lagrangian coordinate, the mass conservation leads to

So(R)RY™!
rd=10gr ’

Assume the determinant of deformation gradient > 0 in this paper.

f(r(R,0),1) = (2.5)

d-1
where fo(R) is the positive initial data, “—2&"

ga-1— is the determinant of deformation
gradient, assumed to be positive.

Proof We consider the mass contained within any subregion Eg)( C Qg)( given by
mo = m(O) = / f()(X)dX.
Ex

Since the mass is conservative, the mass of any deformed configuration Ef c Qf
must be equal to my, i.e.,

/E; f(x,t)dx = /E0 fo(X)dX.

Subsequently, the above formula could be converted into a polar coordinate system
frord~tdr = / F(r(R,t),0)r" ' grdR = / fo(R)RY™dR.
e £, £,

Because of the arbitrariness of E%, we see that

So(R)RI™!
rd=10gr -

f(r(R,10),1) =
]

Now we revisit the initial-boundary value problem (1.3) for the porous medium
equation, which is equivalent to

atf+rdL_lar (fu,.rd-l) =0,7reQ, >0, (2.6)
frup==0,f"reQl,t>0, 2.7
f(r,0)=fo(r) >0, reQ, (2.8)
Vin =0,redQ, >0, 2.9)

where u, is the radial velocity in the polar coordinate system, and n,- denotes the unit
outward normal vector to the boundary Q...
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Theorem 2.4 If f(r,t) is the solution of (1.3), then f(r,t) satisfies the corresponding
energy dissipation law

%/gt f(r,t)lnf(r,t)rd’ldrz—/g _SED Ry, (2.10)

emf(r, 1)1

where u, is the velocity, d is the dimension number.
Conversely, if f(r,t) satisfies the corresponding energy dissipation law (2.10)
and a zero-flux boundary condition, then f(r,t) is the solution of (1.3).

The total energy is defined as

Etotal ::/ f(r,0)Inf(r,0)r?'dr,
o

and the dissipation term turns out to be

A:=/ EAGUES luy > -r?=tdr.
Q

e mf(r,r)"1

Proof Multiplying both sides of the first equation in (1.3) by r¢~'In f +r¢-!, and
integrating both sides over €,, we obtain

/ (rd_llnf+rd_1)-6tfdr=‘/ 4 nf4rdly. rl_‘li rd_l—af dr.
QL QL or or

An application of integration by parts gives

m
/(rd_llnf+rd_1)~6,fdr=—/ _6f -rd_ld(lnf+l)=—/ f lup)?-r?Ydr,
QL QL or Q

-1
pomfm

where equation (2.7) has been used.
In turn, the following identity becomes valid
d
- Etotal = _A.
dt
Next, we prove that if f(r,7) satisfies the corresponding energy dissipation law
(2.10), then f(r,?) is a solution to (1.3) by the energetic variational approach.

— Least Action Principle
Based on Least Action Principle, the conservative force could be obtained by
taking the variation of the action functional A (r) with respect to r, where r (R, t)
is the flow map.
The action functional is defined as

A(r) :=—/t/ fo(R)Rd‘lln(M)det,
0 Jab

rd=19pr

where ¢* > 0 is a positive number.
Then we obtain the conservation force
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Foon = ‘56—3‘ = (d= D) f(r.t)r2 =6, (f (runyrd")
= 6, (f (),

and

o = 4= ) I (R

6Rr
in the Eulerian and Lagrangian coordinates, respectively.
— Maximum Dissipation Principle
The Maximum Dissipation Law (Onsager’s Principle) means that by taking the
variation of %A with respect to the velocity u,, the dissipation force can be obtained
[43].
The energy dissipation function is defined as

A :=/ —f(r,t) lu, |? -4 dr,
a mf(r,rym-!

_/ SRy
(LGB

and
So(R)R41 1
rd T or

in the Eulerian and Lagrangian coordinate systems, respectively, and the dissipa-
tion forces turn out to be

J(5A t
Fais = G800 pordh
Su,  mfm-1(r, t)
_9GN _ HRRT!
dis +— 61'[ fo(R)Rd 1 _r Tt
( rd laRr )
— Force Balance Law
Based on Newton’s force balance law
Fcon = Fdix,
we obtain
7t —_
AGL) ~O,(f(ro0)rdl, 2.11)

—U
mfm=t(r,t) "
in the Eulerian coordinate., and

fo(R)R4™!
(BB 1

rd=-1orr

=(d-1)

fo(li’)er_1 _on (fo(R)Rd_1 ) 2.12)

6Rr
in the Lagrangian coordinate, which also called as the trajectory equation.

Equation (2.11) is equivalent to (2.7). Therefore, a combination of the boundary
conditions (2.8) and (2.9) completes the proof. m|
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Remark 2.1 1In fact, the energy dissipation law in the radial symmetry could be ex-
pressed as

d _ -
G [ wottar== [ yplufrtta
tJor QL

where ‘W(f) is the density of total energy and y(f) stands for the corresponding

dissipation term with the velocity u,. It suggests that for a given ‘W (f), there is a
corresponding energy dissipation law associated with it. Besides the notation W ( f) =
fIn f used in this paper, alternative forms could be chosen for the porous medium
equation, for example

- W(f) = ﬁ f™, which frequently appears in the porous media equations. The
corresponding dissipation term becomes

y(f)=r.

- W) = %, which is often used to describe the elastic energy. Then the corre-
sponding dissipation term is
1
mfm’
These energy formulations have been discussed in [12]. Based on similar techniques
presented in this paper, radially symmetric solutions under different energy formula-
tions could also be obtained. The advantage of entropy choice of f1n f is that it could
naturally guarantee the positivity of the density function.

y(f) =

If the initial data is positive, the PME becomes non-degenerate. In this case, the
domain Q, = Qg, which is noted as Q uniformly. The initial and boundary conditions
for equation (2.12) should be

r(R,0) =R, Re Q. (2.13)
r(R,t)=R, R€dQ, t>0. (2.14)
r(0,t) =0, t > 0. (2.15)

We obtain the trajectory r(R,¢) by solving (2.12), (2.13), (2.14) and (2.15), and the
solution f(r,t) to the original problem (1.3) by equation (2.5).

Remark 2.2 We observe that the boundary condition (2.15) is reasonable. It is clear
that the radially symmetric solution satisfies

Orf(r.1)|,_y=0.
A substitution of this condition into equation (2.7) gives
mf m=1(r,1) _
f(r’t) r=0 ’

which indicates that r(0,¢) = 0, i.e., equation (2.15) is valid.
Next we provide a justification for the necessity of imposing this boundary condi-
tion.

ur|r:0 =-0,f(r,t)-
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Let d > 2, m > 1. The trajectory equation (2.12) is equivalent to

_@=D) (HRRTNT m RRRTNT ap(fo(R)RT)
=m ( rd=19pr ) fO(R)Rd“( rd=19gr ) Orr
So(R)RT\""" pr
( rd=1ogr ) (Orr)?
_m(d—l)(fo(R)Rd')m_l_(fo(R)Rd])m_l m_Or(fo(R)
h r rd=19pr rd=19pr fo(R)  Orr
AHRRIN" m d=1  (RRRSIN\"T 0
‘(W) Tr R +’"( ra—laRr) e’ R E0r

With an application of L’Hopital’s rule, the coefficient of (912?}" becomes

HRRTN 1
( rd=19gr ) (0rr)?

lim m
R—0

0.

Based on the theory of Fichera-Oleinik, the boundary condition (2.15) turns out to
be necessary.

If the initial data has a compact support, the solution has a free boundary with
a finite speed. In the polar coordinates, the right boundary could be defined as

& =sup{reQ: f(r,t) >0, > 0}.

LetT? :=[0,£"] c Q.
Hence we solve the initial-boundary value problem is

R)R-! R)RA-1 RYRI-!
AR g R (AR 1
m(“ o) K

m_ R [fo(R)R* ™!

(rftogry™ "t r == L R=&%1>0, (2.17)
m—1 6Rr

r(0,6)=0, >0, (2.18)

r(R,0)=R, ReTI", (2.19)

where the boundary evolution equation (2.17) on the free boundary is derived from
equation (2.16) under the condition that fy(£°) = 0.

The detailed derivation is given as follows. The trajectory equation (2.12) is
equivalent to

(rdflé)Rr)m*l -rp=m(d-1)

m(fo(R)RT)"=1  m(fo(R)RI™)"o5r
r (Orr)?
m(fo(R)RY)™ 2 g (fo(R)R™") - Orr
) (rr)?
Considering fy(£°) = 0, where £ denotes the right boundary point at time ¢ = 0,
the first and second terms on the right-hand side of the equation are equal to zero at

. d-1
&9 with - Rd‘?{” > 0.

,R>0€F°,t>0.
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Remark 2.3 The radially symmetric trajectory equations can also be obtained by for-
mulating the higher-dimensional trajectory equations in Cartesian coordinates and
then transforming to polar coordinates. Meanwhile, the higher-dimensional formula-
tion inevitably encounters a difficulty, which is the singularity caused by the deforma-
tion determinant appearing in the denominator of the trajectory equations. In a direct
formulation under axisymmetry, the trajectory equation is one-dimensional, thereby
circumventing this issue.

3 The numerical method for the trajectory equation

In this section, we construct the numerical scheme for the trajectory equation.

3.1 Temporal discretization

The trajectory equation (2.12) could be viewed as a gradient flow associated with the

total energy

fo(R)R!
rd=19gr

Eteoral = / fo(R)RY™! ln( )dR.
&%

The Hessian matrix of the total energy E’°’ al with respect to (r,dgr) is derived

(d-DARET g
0 hRRE! |-
(0rr)?

as

Since the Hessian matrix is a positive definite matrix, £ total g o convex function
with respect to r (R, 1).

To construct an energy stable scheme, the convex splitting methodology [18,11,
7,8,45] could be applied in the temporal discretization. In more details, an implicit
approximation is taken if the associated energy is convex. In turn, a semi-discrete
scheme of equation (2.12) is presented as follows:

R)R4! n+l _n R)R4-! RYR4-!
Q((R)ld_l e - " @-n Lt zﬂ —aR(fU(g )n+1 ) (3.1)
m((rn)d—laan) r RT

where 1 := %, N € N*, is the time step size, T is the final time, and r" = r(R, ") is
the solution at the time step .

Remark 3.1 Infact, the semi-discrete form of the trajectory equation can be expressed
as a gradient flow

n+l _ .n 5(W n+l
,}—/(rn)r T" - _ (r ),n=0,--',N—1. 3.2)

5r”+1
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Given r" for n =0,...,N, the solution "*! is the minimizer of the following cost

functional:

|rn+1 _ rn|2 _

min {/)7(;"")— +W(r"+l) dR} , (3.3)
e | Ja 27

where ‘W (r"*!) is the density of total energy in Lagrangian coordinate at time #+!
and y(r") stands for the corresponding dissipation term with the velocity r, at time
t" in Lagrangian coordinate, n =0,---,T.

As noticed in Remark 2.1, the density of total energy ‘W (f) may have different
forms. For each admissible form of ‘W ( f), there exists a corresponding y(f).

- IfW(f)=fInf,ie.,

(W(rn+l):f0(R)Rd—]ln( fO(R)Rd_l ),

(rn+l )d— 1 aan+l

we have
So(R)RY™!

( Sfo(R)R4-! )m—l'
(rn)d—lﬁan

7o) =

The corresponding (3.2) is the trajectory equation (3.1). Due to the presence
of the logarithmic function in the energy functional, the solution is naturally
positivity-preserving.

- EW() = L5 e,

Wiy = ( fo(R)RT! )"‘

m—1 (rn+1)d—laan+1

we have
y(r") = fo(R)R™.

The cost functional (3.3) corresponds to the common Wasserstein gradient-flow
formulation of PME with internal energy /Q %dx

3.2 The fully discrete scheme with a positive initial state

Let Ry be the first point on the left of Q and h = I—AS}[‘ be the spatial mesh size,
with M € N*. Denote by R; = Ry +ih, where i takes on integer and half integer
values. Let Ep7 and Cys be the spaces of functions, and the domains are given by
{R; |i=0,...,M} and {Ri_% | i=1,..., M}, respectively. In component form, these
functions are identified via [; = [(R;), i =0,...,M, for [ € Epy, and gbl._% = ¢(Ri_%),
i=1,...M, for ¢ € Cy.

LetQ:={l€&Ep|li-1 <l;, 1 <i<M; ly=Ry, lps = Ry} be the admissible set, in
which the particles are arranged in the order without twisting or exchange. Its boundary
setisgivenby 0Q :={l € Ep | i1 <1l;, 1 <i<M, and [; =1;_y, for some 1 <i <
M; Iy =Ry, Ips = Ry} In turn, Q :=QuUdQ is a closed convex set.
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The difference operators Dy, : Epr — Cuyr, dp : Cyr — Er, 5;, :Epm — Ep, and
Dy, : &y — Ep are defined as:

(Dal)_y = (=L ) B i =1, M, G4)

(dh¢)i=(¢[+%_¢[_%)/h’ i:19-~~’M_l, (35)
~ (ll+l_ll*l)/2h7 i=1,"'9M_19

(Dpl)i = § (4liy1 = liso=31;)/2h, i =0, (3.6)

(lizp—4l;_1+31)/2h, i =M.

~ . _ | U =1)/h, i=0,
(Dnl): ‘{ui—zi_l)/h, i=M. G-
— The positive initial state. If the initial function is positive in the domain, we solve
the initial-boundary value problem (2.12), (2.13), (2.14) and (2.15).
The fully discrete scheme is formulated as follows. Given 7" € Q, find r**! € Q
such that

So(RORE! it =y

i [ fO(R)Rd_l)
(LRt T bl et
(@D i
R Rd—l
_dh(%)i’ for 1 <i<M-1(38)

with ri*! = Ry and rif' = Ry, n=0,...,N—1.

To solve the nonlinear equation (3.8), we use Newton’s iteration.
Newton’s iteration. Set r"*'0 =" For k =0,1,2,---, we update r"*1-¥+! =
r*Lk 4§, such that

R;)RI! S
fo( )d—ll O
m( So(R)R4 )fn—l T
(rn)d—thrn 4

___ h@REY e R@RRTY(fo(RRT

=- T wd-n ) -
( fo(R)R )m 1 T rn+1,k Dhrn+1,k ;
(rn)d—lﬁhrni

for 1<i<M-1,

(fo(R)Rd_lfSri) ( fo(R)RI™!
— | g, ==L

(r+1k)2 (Dhrn+1,k)2Dh6r)?'9)

with 6,, = 6,,, = 0. After the implementation of (3.8), we finally obtain the nu-
merical solution f;" := f(r(R;,t"),t") through the discretization of (2.5), i.e.,

Jo(R)RE!
(rm @Y (Dprm);

n .__
[

(3.10)

— The initial function with a support. In this case, the initial-boundary value
problem is described by equations (2.16), (2.17), (2.18) and (2.19). We divide the
interval T into equal subintervals with R; =ih, i =0,1,...,M, where M is the
number of grid points and the spatial step mesh is / := (£°—0)/M.
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Given the initial state f(R) with a compact support I'’ and {r?}?;]w find {r{l+l f‘;’o
that satisfy the fully discrete scheme

PROR ity R i
AT Ry = Al Gl V) el B @G.1D
m( g )i
R)RY!
_dh(M), for 1<i<M-—1,
Dyttt /i
n+l _ .n D) d-11m-1
md-17 nym—1 i i m  Dp[fo(R)R{™'] ,
P D)7 = - Ji=M3.12
(™)™ Dnpri) = — Dt i=M3.12)

with r0*' =Ry, n=0,...,N—1.

Since equations (3.11) and (3.12) are nonlinear, we use Newton’s iteration (3.9)

and
D d-11m-1
(a1t O _m_ DalpRORTT™ 5 o
¢ ' ( ]
i i m—1 (Dhr:‘“’k)Z
n+l,k n _ P
D i —"i D R;)RS
= ()4 Dprrymt A ioom h[fOE DRI o)
T m—1 Dhr?ﬂ,k
ati =M.

4 Theoretical analysis of the numerical scheme

In this section, we provide a theoretical analysis of the numerical scheme (3.8), includ-
ing the existence and uniqueness, energy stability, the optimal rate of convergence.

Letl, g € Ep and ¢, ¢ € Cys. The inner product on spaces &y and Cyy is defined
as

M-1

1 1
(.8 :=h(ilogo+ > ligi+§lMgM), (4.1)
i=1

M-1
(@9 =h ) G101t 4.2)
i=0

[N
[N

The summation by parts formula is available:
(l,dno) =—(Dpl,¢),, withlo=Ipy =0, €Cp, l €Ep. 4.3)

First, we prove that there exists a unique solution within the admissible set Q.

Theorem 4.1 Suppose fy(R) € Eyy is positive for R € Q, then the numerical scheme
(3.8) is uniquely solvable in Q.
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Proof We first focus on the following optimization problem:

o1 SRR >
Ifr?gj(r) _;<m( fo(R)R4~! )m—l(r r), (F=r")
(rn)dithrn

fO(I;);d_l )>e 44

where 7 € Q and r"* € Q represents the position of particles at time ¢”.

A unique minimizer r € Q exists because J(7) is a convex function on the closed
convex set Q. Moreover, we must have r € Q, because for any 7 € 0Q, there exists
some i > 0 such that (Dy7);_1/2 = (7; =7;_1)/h = 0, resulting in J (¥) = +oco. Next we
aim to prove that r € @ is the minimizer of J(7) if and only if it is a solution of scheme
(3.8).

On one hand, assume that r € Q is the solution to scheme (3.8). We shall prove
that r is the minimizer of J(7) on Q.

Since J(7) = +o0, we always have J(7) > J(r), for any 7 € Q. Then for any 7 € Q,
by taking an inner product with equation (3.8) by 7 —r and applying summation by
parts, we obtain

1 fo(R)RY™!
¥< (LRIRTL -]

(rn)d 'Dhr"
So(R)RI™!

_< Dhr

+(d- 1)<fo(R)Rd—1,1n(1)>+<fo(R)Rd—1,1n(

7

(r—r"),F—r> —(d- 1)<—f0(RiRd‘1 ,f—r>

,Dh(;’—r)>e - 0. (4.5)

Subsequently, a direct calculation reveals the following estimate for any 7 € Q

J(F) =J(r+(F=r))

So(R)RI™!
fo(R)Rd—1
m((rn)d—lﬁhrn)
1 So(R)RI™!
+?< ( fo(R)R4-! =
(r"')d’lﬁhr”

> J(r), (4.6)

__ (F—r),f—r)+<f0(R)Rd_1,ln(Dhr)>e

1
—J(V)+;< D_hf"

(r—r"),f—r>+(d— 1)<f0(R)Rd-1,1n(;)>

where the final inequality stems from equation (4.5) and the fact: ln% >—(z-1),
Vz € R*, which in turn leads to

Dh(f—r)> ’

(AR (D)) > (AR 2E

(e 7)), = ~{acr 20)

On the other hand, if » € Q is the minimizer of J(7), then for any 7 € Q, since Q
is a open convex set, there exists a sufficiently small o > O such that r+ o(F —r) € Q .
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Then j (o) :=J(r+ o(7—r)) takes its minimum value at o = 0. Therefore, we see that
j’(0) =0, and an application of summation by parts gives

SRR )

l< ( fO(R)Rd_l (r_r")’f—r>—(d_1)< Fn+l "

A AR T
(rn)d—lﬁhrn

(ap (BB 5 <o,

Dhrn+l
for any 7 € Q. This implies that r € Q satisfies (3.8). O

Next, we demonstrate that the numerical scheme (3.8) satisfies the corresponding
discrete energy dissipation laws.

Theorem 4.2 Suppose fy(R) € Epy is positive and bounded for R € Q. Let 1" =
(r(’)‘,...,rb) € Q denote the solution to scheme (3.8) at time t". Then, the discrete
energy dissipation law is satisfied:

4.7

EN(rnH) —EN(Vn) - _< fO(R)Rd—l rn+1 —pt rn+l —V">
( s

fo(R)R4-! )m—l T
(rn)d—lﬁhrn

T

where

So(R)RI™! )>e

En() = fo(RIRIIn D

Observe that (4.7) represents the discrete version of the energy dissipation laws
(2.10).

Proof Because E (x) is a convex function, we see that

4.8)

\%

EN(rn)_EN(rnH) <5EN(F"+1) rn_rn+l>

T or ’ T

R Rd—l R Rd—l n_ .n+l
:<_(d_l)f0(r3+l +dh(fol()h2,n+1 ’r Tr >
B fO(R)Rd—l r"—r"“ r"—r"”
_< ( So(R)R4-! )m—l T ’ T >’
(rn)dflﬁhrn
where
SE R)RY"! R)R4"!
N(r) =—(d—1)f0( ) +dh(fo( ) )
or r Dyr
Therefore, (4.7) holds. ]

Next, we provide an optimal rate of convergence analysis for the scheme (3.8).



Title Suppressed Due to Excessive Length 17

Theorem 4.3 Assume that fo(R) is a positive bounded function, r. is the exact
solution of the trajectory equation (2.12), and ry, € Q is the numerical solution of
scheme (3.9), with d the dimension number. Assume that r, and partialgr, have the
lower bound, i.e, 30|, 03 > 0, s.t. r, > 01 and Orr. > 0. Define the numerical error
function as follows

efl:l’gi—l’Z[,OSiSM,n=0""’N- 4.9)

Then the following error estimate is available, in the £*(0,T;¢?) and € (O,T;H}l)
norms:
lle"|l> :=(e",e") < C(T+h?),

IDre" |2 < C(r+h?).

Moreover, define f, as the exact solution of the problem (1.3), and fy, as the numerical
solution. Then we have

£ = f1l2 < C(x+h?),

where C is a positive constant, n=0,---,N.

The detailed proof is provided in the appendix.

Remark 4.1 Tt is assumed that the initial function fy(R) is positive in the above
fo(R)Rd")

rd=1Dpr
well-defined in the free energy expansion, in Theorems 4.1 and 4.2. In terms of
the optimal rate convergence analysis in Theorem 4.3, the exact solution is always
sufficiently smooth if the initial data is positive. Using a two-stage error analysis,
the first-order temporal convergence and second-order spatial accuracy have been
theoretically justified.

However, in the case where the initial data has a compact support, the regularity of
the solution will be reduced. Due to the lower order regularity, the functional space for
the exact solution is not easy to specify to theoretically justify the convergence analysis,
and the current theoretical technique has not been effective to derive an optimal rate
error estimate. To better investigate this issue, we compute the convergence order
numerically, and demonstrate the variation of the convergence rates, in terms of m, in
Section 5.

theoretical analysis. In particular, the positive fo(R) makes the term 1n(

Remark 4.2 Suppose fo(R) is a positive bounded function for R € Q. To confirm the
convergence of the Newton iteration (3.9) at the theoretical level, we apply the damped
Newton iteration to solve the scheme (3.8). The damped Newton iteration could be
found in references [11,12,35].

5 Numerical results
In this section, some numerical results are presented. In the first example, we study

the solution with a positive bounded function as the initial data to demonstrate the
effectiveness of the numerical schemes. The two-dimensional and three-dimensional



18 Qingqing Zhang et al.

Barenblatt solutions are computed in the second and fourth examples, respectively. In
the third example, we investigate the waiting time problem. These results verify the
advantages of the proposed numerical method in solving free boundary and waiting
time phenomena.

The mass conservation in Lagrangian coordinates is given by equation (2.5). When
r =0, we use L’Hopital’s Rule to take the limit of equation (2.5), i.e.,

£(0.0) = 1im GOBRTY_ fo(R)

R=0 (rd=10gr)"  (0pr)?

5.1

Therefore, the numerical solution f is obtained by discretizing (2.5) and (5.1) as

N\ pd-1
in _ fO(Rl)Ri ’ <i< M, (52)
(rMd1Dyrl!
no SRy, (5.3)
(Dpr)d

Example 1. (Positive initial function)
In this example, we solve the problem with a two-dimensional positive initial
value:

folx,y) = cos(g,/x2+y2)+o.5, (6,y) e®={(x,y) |02 <x?>+y*> < 1} (5.4)

In this example, we apply the fully discrete scheme (3.8) with Newton iteration
(3.9) to solve the initial-boundary value problem (2.12), (2.13), (2.14) and (2.15).
Finally, the numerical solution is obtained by (5.2) and (5.3). The reference “exact”
solution is numerically obtained on a much finer mesh with i = m, T= WIOOO'

Tables 1 and 2 present the numerical errors of f,r and the corresponding conver-
gence rates in both the £? and £® norms with a sequence of spatial mesh and time
step sizes, h = ﬁ,ﬁ,ﬁm and T = fm,ﬁ,ﬁ, at 7 =0.05 form =3 and m = %,
respectively. The results demonstrate that the convergence rate of the density f and
trajectory r is second order in space and first order in time, for both m =3 and m = %
Such a full order accuracy comes from the fact that the solution is smooth in this case.

Figure 1 illustrates the evolution of density f for m = % att=0,r=0.05and = 1.
The density f gradually becomes smoother over time until it reaches a steady state.
Figure 2 displays the evolution of particle position over time for R =0.3 and R =0.5.
It is observed that the particles diffuse outward at a finite speed. Figure 3 describes

the total energy decay over time with 2 =1/1000, 7 = 1/1000 for m =3 and m = %

Table 1 Example 1.The numerical error and convergence order of the numerical solution f and r, with m =3 and
T =0.05.

h T lef Il Order lle] Nl Order lle” lI2 Order lle! lleo Order
1/100 1/100 1.0527e-02 1.8734e-02 2.3064e-03 3.6752e-03
1/200 1/400 2.7348e-03 1.9446 5.1409e-03 1.8656 5.9474e-04 1.9553 9.5378e-04 1.9461
1/400 1/1600 6.8218e-04 2.0032 1.3077e-03 1.9749 1.4805e-04 2.0062 2.3776e-04 2.0042
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density, f

o
~&;
density, f
o
& N
density, f

(a) t=0 (b) t+=0.05 ) t=1

Fig. 1 Example 1. The evolution of the numerical density f for m = %, h=1/1000 and 7 =1/1000 at
t=0,t=0.05and z = 1.

1 1
— = —t=0
1=0.05 1=0.05
—t —t=1
0.5 0.5
o @ o
05 05
4 A
- 0.5 0 05 1 Bl 05 0 05 1
x

(@) R=0.3 () R=0.5

Fig. 2 Example 1. The evolution of particle position at R = 0.3, R =0.5 for m = %, h =1/1000 and
7 =1/1000.

energy, E

-0.025 l -0.025

0 0.2 0.4 0.6 0.8 1

-0.03

0 02 04 06 08 1
time, t time, t
— _5
(@A) m=3 (b) m=3

Fig. 3 Example 1. Total energy of positive initial functions over time with 2 =1/1000, 7 = 1/1000 for
m=3andm= %

Example 2 (Initial state with a two-dimensional support)

In this example, we solve the 2-D Barenblatt solution, which can be expressed by

By (x,1) = (1+ 1)"‘(1 _km=D) Il )1/<m—1)

— LXxER% 120, 55
dm G+ 1) re (5-3)

+
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Table 2 Example 1. The numerical error and convergence order of the numerical solution for f and r, with m = % and
T =0.05.

h T ||e£ Il2 Order ||e£ oo Order lle, Il2 Order ller llo Order
1/100 1/100 1.0380e-02 1.7275e-02 2.2727e-03 3.6467e-03
1/200 1/400 2.7409¢e-03 1.9211 4.6964e-03 1.8790 5.9837e-04 1.9253 9.6301e-04 1.9210
1/400 1/1600 6.8717e-04 1.9959 1.1933e-03 1.9766 1.4988e-04 1.9972 2.4131e-04 1.9967

y
°
density, f
>
2

0 2 4 6 8
particle position, r

density, f
y
o
density,

particle position, r

(b)yr=9

Fig. 4 Example 2. The evolution of the 2-D numerical density f with m =3, M =2000, T = 1/1000.

with [, = max{/,0} and k = % This solution is radially symmetric with a compact
support |x| < £B(z), where

£8(r) = S(t+1)2. (5.6)

4m

k(m—-1)

Define Q=[-9,9] X [-9,9]. We use B,,,(x,0) as the initial condition for equation
(1.1). The fully discrete scheme (3.11) and (3.12) are employed to solve the initial-
boundary value problem (2.16), (2.17), (2.18) and (2.19). Newton’s iteration is applied,
and the numerical solution f is then obtained using formulas (5.2) and (5.3).

Figure 4 illustrates the density f in the polar coordinates at t = 1 and ¢ =9 for
m = 3. From the figure, it is clear that the peak value of the density f decreases over
time and the boundary is expanding outward at a finite speed. The numerical solution
can effectively approximate the exact solution without oscillation. Figure 5 shows the
change in the particle position r over time in the polar coordinates.

Figure 6(a) illustrates the particle boundary at # =1 and 7 =9 for m = 3. The
results show that the particle boundary is expanding outward at a finite speed, and the
numerical boundary £” is able to approximate the exact boundary £¢¥4? effectively.
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time, t

- N @ s o e N ®

0 2 4 6 8
particle position, r

Fig. 5 Example 2. The evolution of the 2-D particle position over time in the polar coordinates for m = 3,
M =2000 and 7 = 1/1000.

N

=)

right interface, r

o

9 -6 3 0 3 6 9 4

0 2 4 6 8
X time, t
(a) The evolution of boundary over (b) The evolution of right inter-
time for m = 3. face for r withm =3 and m=5/3

Fig. 6 Example 2. The evolution of boundary over time (M = 2000 and 7 = 1/1000).

Figure 6(b) shows the evolution of the right interface over time in the polar coordinates
form=3and m=5/3.

Table 3 Example 2. The convergence order of f, in the two-dimensional case, for m = % and T =1.

M T He£ |2 Order He£ loo Order eiatR =0 Order
1000 1/250 3.7768e-05 3.4142e-05 3.4142e-05
2000 1/1000  9.4269¢e-06  2.0023  8.6943e-06  1.9734  8.6943e-06  1.9734
4000 1/4000 2.3558e-06 2.0005 2.2067e-06 1.9782 2.2067e-06 1.9782

Table 4 Example 2. The convergence order of f, in the two-dimensional case, for m =3 and T = 1.

M T HeZHz Order H‘f;,:”oo Order eﬁatR =0 Order
1000 1/250 5.7496¢-04 7.7375e-03 9.6150e-05
2000  1/1000  2.6316e-04  1.1275  5.1591e-03  0.5848  2.4173e-05  1.9919
4000  1/4000  1.2770e-04  1.0432  3.5705e-03 ~ 0.5310  6.0837¢-06  1.9904

Tables 3 and 4 present the convergence rate at T = 1 for m = % and m =3, with a

111 11 1
1000 2000° 3000 ANd T = 555> 100> 2000

respectively. When m = %, the spatial convergence order of the numerical solution f

sequence of spatial sizes and time steps (h =
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is second-order in both the £2 and £* norms. However, when m = 3, the £Z and
L= convergence order of f decreases to 1 and 1, respectively. The reason is that the
regularity of solution decreases as m increases near the boundary. Since R =0 is an
interior point, f remains smooth away from the boundary.
Example 3 (Waiting time phenomenon)

In the polar coordinate system, the trajectory equation of the right interface be-

comes g ]
_m RLABREY
O == rdtymt gy K= 120 (5.7)

Let

B D[ (fo(Ro)RE=1)m1]
" ((rZ,o)d_l)m_l(D_hl’Z,o)m’

where rZ = (rZ 0 rZ M) is the numerical trajectory position attime t",n=0,---, N.
The numerical waiting time #; is determined by the following criterion [15, 12]:

Bn
t,, = min {t" | =2

AE 1}. (5.8)

To get B7, in the above formula, the trajectory rJ, is selected from the given solution
rp, e, r, = (rZ’O,rZ’Z,rZA, S

Next, we consider the waiting time of two-dimensional problem (1.1).

Let Q =[-2.5,2.5] x [-2.5,2.5], and

D= {(x,y) |x24y% < (g)z} cQ,

1/(m-1)
o) = {mT_l [%coslex2+y2+%cos4\/x2+y2]} . (x,y)eD,

0, otherwise in Q.
(5.9)

The fully discrete scheme (3.8), combined with Newton’s iteration solver (3.9),
is used to obtain the numerical solution 7. Then we check whether r" meets the
waiting time criterion (5.8). If the criterion is satisfied, the waiting time is determined
as IZ = t"; otherwise, we proceed to the next time step. After the waiting time, we use
the corresponding Newton iteration of scheme (3.11) and (3.12) to solve the problem.

Figure 7 depicts the density f before and after the waiting time in the polar
coordinate system for m =3, M = 2000 and 7 = 1/2000. The numerical waiting time
is determined as 7, =0.1700. After this time, the boundary interface begins to move
outward at a finite speed. Figure 8 shows the changes of particle domain before and
after the waiting time from a top view perspective. Table 5 presents the convergence
order of the waiting time for m = 3. The refines waiting time is calculated using
M = 10000 and 7 = 1/10000. Therefore, the convergence order of the waiting time is
numerically estimated to be at least %

Example 4 (Initial function with a three-dimensional support)
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Fig. 7 Example 3. Waiting time: Evolution of f in the polar coordinates (m = 3, M = 2000, T = 1/2000).
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Fig. 8 Example 3. The top view of the development of solution f (m =3, M = 2000, T = 1/2000).

The three-dimensional Barenblatt-Pattle solution is given by

,xe€RY d=3,1>0, (5.10)

1_k(m—l) x|? )1/(m—1)

B (x,t) = (t+1)‘k( 6m (14 1)2k/3

+
where I, = max{/,0} and k = (m—1+2/d)~". This solution has compact support
x| < £B(1), where

6m

=D (t+1)4. (5.11)

ER(t) =

We use B,,(x,0) as the initial data for equation (1.1) on Q =[-8, 8]>. The fully
discrete scheme (3.11) and (3.12) is employed to solve the initial-boundary value
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Table 5 Example 3. The convergence rate of waiting time with m =3

M T t, [t =10, ol Order
100 1/100 0.19 0.0219

200 1/200 0.180 0.0119 0.8800
400 1/400  0.1750 0.0069 0.7863
800 1/800  0.1725 0.0044 0.6491
[ 0.1681

1. 1, is the numerical wait time and ¢, , is the exact waiting time.

0.2

0 2 4 6 8 4
particle position, r particle position, r

(@) r=0 (b) t=1

particle position, r particle position, 1

(c)t=5 @ r=9

Fig. 9 Example 4. The evolution of the 3D numerical density f in the polar coordinates (m =3, M =2000
and 7 = 1/1000).

problem (2.16), (2.17), (2.18) and (2.19). Figure 9 illustrates the evolution of the
numerical density and the exact solution in the polar coordinate system for m = 3.
The results indicate that the numerical solution can approximate the exact solution
effectively. Figure 10 depicts the evolution of the domain over time at a finite speed.
Table 6 displays the convergence order of three-dimensional f form =3 and T =1,
which is first order in £2 norm, % order in £, and second order at R = 0.

Table 6 Example 4. The convergence order of three-dimensional f form =3 and T = 1.

M T ||ef: 2 Order ||e£ [loo Order eﬁatR =0 Order
1000 1/250 5.9543e-04 7.2877e-03 1.3747e-04
2000 1/1000 2.6820e-04 1.1506 4.9064e-03 0.5708 3.4648e-05 1.9883
4000 1/4000 1.2995E-04 1.0453 3.4185E-03 0.5213 8.7291E-06 1.9888
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Fig. 10 Example 4. The evolution of the 3-D boundary over time (m = 3, M = 2000 and 7 = 1/1000).

6 Conclusions

In this paper, we have proposed and analyzed a numerical scheme for a radially
symmetric solution of the porous medium equation using an energetic variational
method. The unique solvability of this numerical method on an admissible convex
set is proven, and the numerical scheme satisfies a discrete energy dissipation law.
Moreover, the optimal convergence analysis and error estimate is established. The
numerical results are able to approximate the exact solution without oscillation, and
the waiting time has been effectively computed.

On the other hand, the limitation of this work is associated with the radial symmetry

of the density f in the porous medium equation. For more general cases will be
considered in our future work.
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Appendix: Proof of Theorem 4.3

In this appendix, we give a detail proof of Theorem 4.3 for the numerical scheme
(3.8). First, we introduce a higher-order approximate expansion of the exact solution.

Lemma 6.1 Suppose a higher order approximate solution of the exact solution r,
takes the form of

W= I’e+TW.(,1)+TZW.(rz)+h2Wh, 6.1)
where W(T]), W.(r2), wp € C%(€;[0,T]). Then there exists a sufficiently small o > 0,
such that V1, h < 19, we have Dp,W > 0, i.e., W € Q, where T and h are the time step
and the spatial mesh sizes, respectively.[13]

Then we proceed with the proof of Theorem 4.3.
Proof of Theorem 4.3:
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Proof For 2 <i < M —1, a detailed Taylor expansion of the fully discrete scheme
gives

R;)R4-1 phtl _gn
CLCOL S 62)
( fo(R)RI-! )m‘ T

() Dyrg

i

R)R4-1 R)R4-1

=(d_1)(fo( 3+1 ) _dh(fo; )n+1 )A+Tli(1)+Tzli(2)+T3li(3)+h2gi(1)+h4g§2)’
Te i hle !

with rZ:l = Ry, rg;;l =Ry,

where [[ID[l2, 112, 11312, g V12, llg@ l2 < Ce, and C, relies only on the exact
solution.

The constructed approximation W € Q satisfies the following numerical scheme
with higher-order truncation error:

fo(R)R{™! wyH —wy

fo(®)RI-\m! T
m((Wn)d-lBhw")
fo(R)R! fo(R)R™!
=(d—1)(—) —d (—
Wn+l DhWn+l

with Wit =Ry, Wi =Ry, n=0,1,--- ,N—-1,

i

)'+T3l:~<+h4 5L2<i<M-1,
13

where [*, g* are determined by [(1), [(2) [3) o) 4(2) and W.(rl), w(Tz), Wh.

In fact, the expansion term w(Tl) € C*(Q;0,T) satisfies the following equation:

R)RI™! -1
Jo(R) D = DOre gy g0 et g, (0
fo(R)RA-1\™~1 Jo(R)RIT! o ¢ ¢
(S " o)
R)R?™! R)R4™!
:—(d—l)(—fO( ) )w§‘>+aR(—f°((a) . opw ) =1,
Ve RV e

wlaa=0, wi(,0=0. 6.3)



Title Suppressed Due to Excessive Length 27

The term W(TZ) € C*(Q;0,T) satisfies the following equation:

So(R)RI™! 2 (m—1)0r B ) ~ 5
o ® s (@ w0 )
m(%) ( a9 )
r& ' ORr Rte
(1)
(m=1)0;wx _ ] ~ .
W((fl—l)n‘f 20pre - wi +797 . opwV)
m (BB

()2 (m=1)(d=D)ré>ogre[(m=2)(d 1) +(d - 21,

+(w
! fo(R)RA=1\"~2
2m rg_laRre

Oire

(1) (m—l) (d 1)Vd 2

-1 —=2)0;re _

e R e o,
o (LRIRENTTT a1y fo(R)RA\™™
fo(RR™' () fo(R)R! )

= (d-1)2T @ g (LT e

(@0 a2 e e @rre? *Y )
So(RRI™' (1), So(R)RI~ Wy2) @),

+d-1) 2T ORw

(@-D2= ()2 - gy (LR o - @rw)?) -1

wPlaa=0, w?(,0=0. (6.4)

The term wy, € C*(Q;0,T) satisfies the following equation:

R)RY"! -1)0
Jo(R) ——Gpw + (m lffre ((d—l)rd 20re - wh+r97" pwp)
fo(R)R4-1 &
fo(R) RI! fo(R)RY™! o
—(d-1 AR d g,
( )( e v ( (C()R"'e)2 RWh) §
whloa =0, wp(-,0)=0. (6.5)

Based on the fact that wg), W(T2), wy, are determined solely by W and r., we see
that

2
IW =rellm = Tlw || gm + 22w | gm + B2 || gm < C' (T +h?).

Define &} := W} —r ,0<i<M,n=0,1,---,N. In other word, we evaluate the
numerical error between the numerical solution and the constructed solution W, rather
than performing a direct comparison between the numerical solution and the exact
solution. Next, we focus on the interior grid points, where 2 <i < M — 1. Notice that
1€°]]> = 0 at time step ¢°. The following a-priori assumption is made at the previous
time step ¢":

16", < (v 7 +h3). (6.6)
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Based on the priori assumption, the following estimates become available:

IDe" |2 < C(x7 +h3), (6.7)
D SN
1Dré"|eo < cm”;l%lb < CCp(ti+h?), if h=0(1), (6.8)
DA leo = |DRW™ = Dpé" || < C*+1:=C, (6.9)
with C* = [DaW"||eo, if CCm(ri+h%) <1,
||€n||ooSme < C(ti+h%), if h=0(1), (6.10)
hl/z
7]l = IW" ="l < Cp+1:=CF, if Co(r3+H%) <1, 6.11)
rn_r"—l Wn_Wn—l sn_ sn—1
h”"h H =H _eze H <Cril, (6.12)
T 0 T T =)
n_Wn—l S
with C} = HW—H Jif Cu(rien?) <1,
T [e5)

H Dprt =Dy ” ~ ”thn —DyW"l  Duén— Dyt

. . Hm <Cr+16.13)

p
Dy,Ww" — DhVVn_1
T

with G = H H it CCp(ti+h) <1,

Sincery, W € Q,i.e., 30 > 0,suchthat D, W' > 2075, thenDhrZi >0,>0,0<i<M,
if CCo (73 +h2) < 0.
Next, a subtraction of (6.3) from the numerical scheme (3.8) results in
fo(Ri)RE™! el —gn

L
- (6.14)
m( So(R)RY! )

(r;r:)d_thr;: i

fO(Ri)R"i_l Win+] -wi md-1p nym—1 md-175 .nym—1
e = R T U O
t i
R Rd—l R Rd—l
:_(d_l) fo( ) é-;'t+l+dh fo( ) th€n+l +T31:_<+h4g;<’
Wl pa+l DWW Dpritt ,-

for2<i<M-1, withej™ = e} =0.
Taking a discrete inner product with (6.14) by 2¢™*! yields

So(R)RY! e~n+1) e~n+1>
E—— s
DhW"HDh}’;lH'
fO(R)Rd—l Wn+1 —W"
=-27

m[fo(R)RA-1]m=1

2{an (™! —em), ety —2r <d,,

[((Wn)d—lﬁhwn)m—l _ ((VZ)d_lﬁhrZ)m_1]7én+l>

R Rd—l
27 <(d— 1)%5”“,5”“> +20( "+ higr, e, (6.15)
r
h
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where
fo(R)RI!

pErat \"7
_fo(R)RA1
" ( (r:)d-lbhr;:)

With the assumption that 0 < by < fo(R)RI! < By, a, has the lower and upper
bounds:

b B _
Co = ——5——— <llaulle < — (€)' 1= Con
m( o e;) )

The first term on the left-hand side could be analyzed as follows:

2(an (@™ =&"), ") = anlle™ 5+ anlle™! =5 - anlle |3

n+12 (6.16)
lI5

> anlle —a,le"l3.

Regarding the second term on the left-hand side, it is evident that

d-1
_27<dh fo(R)R D)>

e
DWW+ D!
R Rd—l
=27 LDhé"“,Dhé"“ >0, (6.17)
DWW D+t

e
based on the summation by parts formula, combined with the boundary condition

~n+l _ ~n+l _
e, =éy =0.

The first term on the right-hand side could be bounded by

fO(R)Rd—l Wn+1 —W"
- <m[fo<R>Rd-l]m-1
_ f()(R)Rd71 Wn+] —Wwn
o <m[fo<R>Rd-1]m-1'

[((wn D)™ = (<r2>d-15hr2)m‘11,é"+l>

-(Vye" +V25h§n), el >

~n ~n+1 = oan ~n+l cht*cgl“ Bsz*Cz
<27Crl|e" 211" N2 + 27 ol D™ (121187 T2, (C1 =—my O F )(6.18)
mb mb;

<7Cille"3+7Cille™ 3+ 7CalIDRe™ 13+ 7Calle™ |13,

where C; = ||W; ||, { is between r) and W", and

Villeo = 10m = 1)((¢")* Dag™) " 2(d = 1) (") Dl "l < C}

Walleo = lGm = ()4 Dpg™y™ (¢ o < €2

A bound for the second term on the right-hand side is more straightforward:

fO(R)Rd_l é“""'l sn+1

sn+l)12 :
—2‘r<(d—1) EE >S2‘rDC3||e" 2, withd—1<D. (6.19)
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Meanwhile, an application of standard Cauchy inequality for the local truncation error
term gives

20 (Tl + kgt ey < T||Pr +hig R+ Tllem 3

(6.20)
<tC(+h*)? +1lle"3.

Next, we provide a rough estimate for ||DhrZ+1 |- A substitution of (6.16)-(6.20)
into (6.15) yields

(a0 =T(1+C1+C2+2DC3)) |83 < (an +TC1E" 3 +TCal|Dpe" |3 +7C (77 + h*)?
< Té(T% +h%)2,

where C depends on C, Cj, C; and C,. Subsequently, the following rough error
estimate becomes available:

B ~ 1. 71 s
e |, < Cr2(v7 +h?),

with €= (55

=

) . if 7(14Cy +C>+2DC3) < Ca/2. By choosing h = O(7), it is

clear that

Clle"* I
1

2

16" | < < CyC (77 +h3).
Then it follows that
1D o = 1DAW™! = Dpe™ |l < C* +CuCl(zi +h3) < C* +1:=C,

if C,,C(ti+h3) < 1.
In turn, the diffusion error estimate (6.17) could be refined as

R Rd—l
2T<%Dhén+l,Dhén+l> > 2Cy7||Dpe™ 3, (6.21)
h hrh e
with €y = 2k
(6.15) results in

As a consequence, a substitution of (6.16)-(6.20) and (6.21) into

@nllE™ 15 = anlle" |3 +7Call D™ 3
2

c
<t(1+ @ +Cr20G) I I3+ rCie" 4O (e i),

where we have employed an obvious inequality ||5hr;l'||2 < IDnryll2, as well as the
following estimate

- 1 ~ s+l
2tCi|EMl2- 1" la +27Cal|Dpe" Iz - 118" Iz

~n 2 ~n+12 C22T ~n+112 N 2
<tCille"|l;+Crrlle ||2+—C4 1e"7 |13+ Cat|| D™ |15
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Subsequently, a summation over time results in

n+l
anlle™ B +7Cs )" |1DAS |
k=1
n+l
(@K —@k=1) | g2 N 2
Z—u I13+7 +1+cl+20c3 Dlek 3
k=1
+TC12||e~k||%+CT(TS+h4)2,
C n+l n+l CT
||e"“||2+r—“2||1)h~k||2s—(—+1+zc1+2ch+ca>Z||e 5+ (k")
a k=1 a

where the following estimate has been utilized

et | AR ((rﬁ)d_lﬁhrﬁ)m_l_((rl,i_l)d_lﬁhrﬁ_l)m_lH
T oo T m[fO(R)Rd—l]m—l - .
d-1 ~ .
) ‘m[fﬁg;ii—l]m—l (m=D(@) Do) 2(d = D)) 2B |
fo(R)RY™! s o Dyrk =Dk
+‘ m[fO(R)Rdfl]m—l (m=-1)((D)""Dp®)" 7 (F) f”w
mb- — (i) +CL(Cr 1)) =

In particular, we notice that [0,77] is the time interval, (6.12) and (6.13) are utilized,
with & lying between ry and r}~!, and

| (m = D () Dp)™ 2 (d = 1) () 2Dyl < C,

1(m =1 (' Dp?)™ ()l < C5.
Subsequently, an application of the discrete Gronwall inequality results in

n+l
CcT
||e"+‘||2+r—Z||D e Ak R N [l PESTCaR Y DN
(L’ k 1 (l

Cc: = : qr
where Cp := CLQ & +Ca+1+42C1+2DC3) and y := (g—:)ze ol
Therefore, the a-priori assumption (6.6) also becomes available at #*+!:
6™ ls < y(3+h*) <79 +h1,

where 7 <y 4 h<y™?
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On the other hand, based on the fact that

IDRe™ o = |1Dur! = Dy W5 < Cy (27 + 1),

we obtain

It =i < C(r+ 1),

and

||Dhr;l“r1 - Dhr;’Jr1 |l < C(r+h?).

Finally, we assess the error between the numerical solution f,:‘” and the exact

solution f7+!

||fn+l _fn+l ”2 — H fO(R)Rd_l _ fO(R)Rd_l
e h (rg"'l)d_]aRrZH (rZ+1)d715hrZ+l 2
SRR fH(RRY! SRR f(RRY!
(et D= oprett (g1 Dyrgt - || (24 Dyrgtt (rgt) 1Dyt
Jo(R)R*! So(R)RY™!
(rfe1+1)d—15hrlr:+l (VZ+1)d_15hrZ+l )
<C(t+h?).
m}
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