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pseudo-spectral approximation in space. Due to the wave equation nature of the model,
we have to rewrite it as a system of two equations, for the original variable u and
v = uy, respectively. In turn, the second order operator splitting method could be efficiently

Keywords: designed. A careful Taylor expansion indicates the second order truncation error of such
“good” Boussinesq equation a splitting approximation, and a linearized stability analysis for the numerical error
Operator splitting function yields the desired convergence estimate in the energy norm. In more details, the
Fourier pseudo-spectral method convergence in the energy norm leads to an £°(0, T*; H%) convergence for the numerical
Aliasing error solution u and £°°(0, T*; £2) convergence for v = u. And also, the presented convergence
Stability and convergence analysis is unconditional for the time step in terms of the spatial grid size, in comparison with a

severe time step restriction, At < Ch2, required in many existing works.
© 2017 IMACS. Published by Elsevier B.V. All rights reserved.

1. Introduction

In this article we study a commonly used soliton-producing nonlinear wave equation, the so-called “good” Boussinesq
(GB) equation:

Ugr = —Unxxx + Uxx + (UP)x,  with an integer p > 2. (11)

In comparison with the well-known Korteweg-de Vries (KdV) equation, the wave equation form of (1.1) introduces the
second order temporal derivative. The GB equation and its various extensions have been extensively analyzed in the existing
literature, such as a closed form solution for the two soliton interaction in [46], a highly complicated mechanism for the
solitary waves interaction in [47], and the nonlinear stability and convergence of some simple finite difference schemes
in [49]. Many other analytical and numerical works related to GB equations could also be found, for example, in [1,8,7,14,
15,25,16,37,48,50,58].

For simplicity, a periodic boundary condition over a 1-D domain Q = (0, L) is considered in this article. This L-periodicity
assumption is reasonable, since the solution to (1.1) decays exponentially outside [0, L] over a finite time interval (0, T).
Because of the assumed periodic boundary condition, the Fourier collocation (pseudo-spectral) formulation turns out to be
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a natural choice to obtain the optimal spatial accuracy. The development of spectral and pseudo-spectral schemes has had a
long history. At the theoretical side, the stability analysis for linear time-dependent problems has been available in [26,45],
etc, based on eigenvalue estimates. For the nonlinear problems, the readers are referred to the pioneering works by Maday
and Quarteroni [40-42] for steady-state spectral solutions. Many more numerical analysis works for nonlinear equations
have been reported since then, such as [12,29,44,55,56] for one-dimensional conservation laws, [21,22] for semi-discrete
viscous Burgers’ and Navier-Stokes equations, [19,28,30] for the Galerkin spectral method to the Navier-Stokes equations,
[9,27] for the fully discrete method applied to viscous Burgers’ equation, [43,52] for the Korteweg-de Vries equation, and
[17,18] for the Benjamin-Ono equation or related non-local models, etc.

For the GB equation (1.1), we like to review a related work of the nonlinear stability and convergence analysis for
the pseudo-spectral schemes. In [16], a second order temporal discretization was proposed and analyzed, and a full order
convergence was proved in a weak energy norm: an L2 norm of u combined with an H=2 norm of v = u;. This energy norm
is much weaker than the one reported in [38], where the linear part was analyzed: an H? norm of u combined with an L2
norm of v =u;. Such a theoretical weakness turns out to be a technical issue, due to the lack of a useful tool to control the
discrete L2 norm of the nonlinear error term, associated with (uP)y, in the pseudo-spectral space. Moreover, due to certain
technical difficulties, a severe time step restriction: At < Ch? (with C a fixed constant), had to be imposed in the earlier
analysis work [16].

In this article, we propose and analyze a second order operator splitting scheme applied to the GB equation (1.1). There
have been many existing works of operator splitting numerical approximation to nonlinear PDEs, such as [3,39,53,57] for
the nonlinear Schrodinger equation, [2] for the incompressible magnetohydrodynamics system, [4,5] for the delay equa-
tion, [23] for the nonlinear evolution equation, [24] for the Vlasov-type equation, [33] for a generalized Leland’s mode,
[34] for Allen—-Cahn equation, [36] for the molecular beamer epitaxy (MBE) equation, [62] for nonlinear solvation problem,
etc. On the other hand, a theoretical analysis for the nonlinear operator scheme turns out to be very challenging, due to
its multi-stage nature. Among the above-mentioned references, the second order and higher order convergence analyses
for the nonlinear Schrodinger equation, given by [39,57], respectively, are worthy of discussion. In these two theoretical
works, the authors made use of the special form of the nonlinear term appearing in the Gross-Pitaevskii model, so that
an unconditional stability estimate is available, and the desired convergence result could be derived in an appropriate way.
A similar idea was applied in Shen [53] to obtain the second order (in time) convergence for the Gross-Pitaevskii equation,
in conjunction with Hermite collocation spectral accuracy in space. And also, a second order convergence analysis [36] for
the operator splitting applied to the MBE equation is very interesting.

Meanwhile, it is observed that, all these existing operator splitting numerical schemes were applied to equations involved
with only the first order temporal derivative. For a nonlinear wave equation in which a second order temporal derivative ap-
pears, such as the GB equation (1.1), there has been no theoretical analysis for the operator splitting approach. To overcome
this difficulty, we have to rewrite this equation into the following system:

Ur=v, (1.2)
Ve = —Uyox + Uxx + (UP)xx. (1.3)

By setting u = (u, v)T, the above first order system is reformulated as

. v 0
u; = Lu+ F(u), with Lu= (_uxxxx . ) , F(u)= ( (up)xx> . (1.4)
Based on this equivalent reformulation, we are able to derive the second order Strang splitting in three stages. It is remark-
able that the both the linear wave equation and nonlinear stages could be exactly updated. In particular, the exact solver
for the nonlinear stage becomes available due to the fact that the nonlinear term turns out to be a constant, which comes
from the splitting form of (1.2)-(1.3). In addition, a detailed Taylor expansion indicates a full second order accurate tempo-
ral truncation error, combined with the spectral accuracy in space. And also, we introduce a discrete energy norm similar
to [38], and a careful linearized stability analysis for the numerical error function yields the desired convergence result in
the energy norm: an H? convergence of u combined with an L? convergence of v = u¢, with the full order convergence rate
in both time and space.

In particular, we directly analyze the numerical error associated with the nonlinear error term D,z\,(up), with the help
of aliasing error control technique in the pseudo-spectral space developed in [27]. In the nonlinear error estimate, we
set an a-priori H? assumption of the numerical error at the previous time steps, and a careful analysis indicates an H?
convergence result at the next time step, based on the L* and H? bound of the numerical solution. In turn, these bounds
could be obtained at the next time step, because of the H? error estimate and the corresponding Sobolev embedding.
Therefore, the inverse inequality in the stability analysis is not needed and any scaling law between At and h is avoided,
compared with the At < Ch? constraint reported in [16].

This paper is outlined as follows. In Section 2 we review the Fourier pseudo-spectral formulation, and an aliasing error
control lemma (proved in [27]). In Section 3 we present the second order (in time) operator splitting scheme for the
GB equation (1.1), with the Fourier pseudo-spectral approximation in space. The detailed consistency analysis is studied
in Section 4, and the stability and convergence analysis is reported in Section 5. The numerical results are presented in
Section 6. Finally, some concluding remarks are made in Section 7.
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2. Review of Fourier spectral and pseudo-spectral approximations

For any f(x) € L2(2), 2 = (0, L), its Fourier series are formulated as

o0
foo=> Fie?m L with f = / f(x)e2Tix/Lgy. (2.5)
I=—00 Q
In turn, the projection of f(x) onto BN, the space of trigonometric polynomials in x of degree up to N, becomes
N
Pufo =" fie ™. (2.6)
I=—N

In the practical computations, a pseudo-spectral approximation at a given set of points is more preferred, due to the com-
putational efficiency. To obtain such a pseudo-spectral approximation, an interpolation operator Zy has to be introduced.
Given a uniform numerical grid with (2N 4 1) points and a discrete vector function f where f; = f(x;), 0 < j < 2N, the
(2N 4+ 1) pseudo-spectral coefficients (ch), could be computed based on the interpolation condition f(x;) = (Zn f) (xi), over
the 2N + 1 equidistant points [6,11,31]:

2N
FMi=nY"fe 2/l withfj = f(xj), h= 355, Y—N<I<N. (2.7)
j=0

In turn, the Fourier interpolation of the periodic function f is defined as

N
@)=Y (Fyem L, (2.8)

I=—N

It is well-known that an efficient algorithm using the fast Fourier transform (FFT) is available to compute the collocation
coefficients given by (2.7). In general, the pseudo-spectral coefficients may not be equal to the actual Fourier coefficients,
due to the appearance of the aliasing error. In other words, Py f(x) # Zn f (x), and Py f (x;) # Zn f (x;), except in the case
that f e BN; see [54] for more details.

Based on the interpolation formula (2.8), one can easily take derivative by simply multiplying the appropriate Fourier
coefficients (]‘CN )1 by 2Ii/L. Moreover, the higher order derivatives could be computed in the same way, so that differenti-
ation in physical space is accomplished via multiplication in Fourier space. As long as f and all its derivatives (up to m-th
order) are continuous and periodic on €2, the convergence of the derivatives of the projection and interpolation is given by

8% f(x) — *Pn f @)l < CIL F™ K™ ¥, for 0<k<m,

d
18 f 0 — 0"y FX) | < Cll fllumh™ ™, for 0 <k <m,m> ., (2.9)
in which || - || denotes the L2 norm. The more detailed discussions of approximation theory could be found in [10] by Canuto

and Quarteroni.
For any periodic function f, we denote its collocation approximation as

N
fap=@nfri= Y (FIne?™i, vo<j<2N. (210)
I=—N

In turn, the discrete differentiation operator Dy could be defined on the vector of grid values f= f(x;), 0 < j <2N. In

more details, the collocation coefficients ( fCN), are computed via FFT, as given by (2.7), and one could multiply them by
the corresponding eigenvalues (given by 2Ii) and perform the inverse FFT. Of course the differentiation operator Dy could
be viewed as a matrix, so that the pseudo-spectral differentiation process becomes a matrix-vector multiplication. The
same process is performed for the second and fourth derivatives 82, 37, with the collocation coefficients multiplied by
(—4m212/1%) and (16m41*/L%), respectively. In turn, the differentiation matrix can be applied for multiple times, i.e. the
vector f is multiplied by D and Dy, respectively.

Since the pseudo-spectral differentiation is taken at a point-wise level, a discrete L? norm and inner product need to
be introduced to facilitate the analysis. Given any periodic grid functions f and g (over the numerical grid), the discrete L2
inner product and norm are defined as

2N

1
Ifly=VIED, with (f.g)=51—=> fig: (211)

i=0
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The following summation by parts formulas are valid (see [13,27]):

(f, Dng) = — (DNf, 8), (f,D,z\,g):—(DNf,DNg), (f,p‘;, >=<D§,f,z>,zv > 212)

In addition, an aliasing error control estimate in Fourier pseudo-spectral approximation, established in [27], is necessary
for the nonlinear analysis. For any function ¢(x) in the space BPN, its collocation coefficients é}\’ are computed based on
the 2N + 1 equidistant points. In turn, Zyg(x) is given by the continuous expansion based on these coefficients:

N
Ing(x) =Y §)'e> L, (213)
I=—N
Note that the interpolation operator Zy maps a periodic function into another periodic function: the computation for-
mula (2.7) for the discrete Fourier coefficients is based on the periodic grid function f, the interpolation value of the
continuous function f, while formula (2.8) maps f to a periodic function in BN. Since ¢(x) € BPN, we conclude that
IN@(X) # Pne(x) due to the aliasing error.
This following estimate is able to bound the aliasing error for the nonlinear term, which will play a critical role in the
numerical analysis; the detailed proof can be found in [27].

Lemma 2.1. For any ¢ € BPN (with p an integer) in dimension d, we have
d
IZn@ e < (VD) @l g - (214)
3. The second order operator splitting scheme

. - 1 1 -
Following the second order Strang splitting formula u™*! = ez2tFeAtLezAFyn e formulate the splitting scheme for

the GB equation (1.4) as: given (u", v"), the numerical solution (u"*!, v"*1) is obtained through the following three stages.

Stage 1: nonlinear part: linear advance for v, with %At advance

d:u1 =0, over (t",t"1/2), (315)
drvi=DF(n)P), over (t",t"+1/2), (3.16)
ur(t =u", viE" =v". (3.17)

The key point for this stage is that, D,zv((ul)p) becomes a constant (in time) term in (3.16), due to the splitting form (1.4).
In more details, we denote u™® = yq (t"t1/2), v = y;(¢t"+1/2), and the numerical solutions are explicitly given by

1
ut® =yt Myt EAtDlz\, (@hHP). (318)

Stage 2: linear wave equation, with At advance

dup = vy, over (t", t"H1), (3.19)
d vy =—Dyuz + Diuy, over (", t"), (3.20)
U =u™D, vyt = v D, (3.21)

We denote u™ = uy(t"t1), v™ = v (t"1). Clearly u; satisfies the linear wave equation
82uy = —Dfuy + Duy,  over (t", t"1), (3.22)
up (™ =u™ M, Gy (") = v D, (3.23)

and this wave equation could be exactly solved via FFT over the 1-D domain Q2 = (0, L).

Stage 3: nonlinear part: linear advance for v, with % At advance

tuz =0, over (t',t s :
9 0 ( n n+1/2) 3.24
V3 = us , over (t',t s .
3 D% ((u3)P) (", 1/2) (3.25)
us(t )=u", v3(t)=v. .

( n) nx* ( Tl) nx 3.26
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We denote u"t1 = y3(t™t1/2), y"+1 = y5(t"*+1/2), Similar to the first stage, the numerical solutions are explicitly given by
T %Ath\, (W™)P). (3.27)
We recall that the exact solution u, to the GB equation (1.1) is mass conservative, provided that vO(x) = u;(x, t = 0) = 0:

/ue(~,t)dXE/ue(~,0)dx:: Co, with Vt=>0. (3.28)
Q Q

Meanwhile, such a property is also valid for the proposed operator splitting scheme, at a discrete level; see the following
lemma.
Lemma 3.1. The numerical scheme (3.15)—(3.26) is mass conservative at the discrete level, provided that v° = 0:

N-1
uk:=hY uf=u®=p, Vk=0. (3.29)
i=0

Proof. The solution formula (3.18) implies the mass conservation in the first stage:

ut-M =yn, yn.() =y =0, since D3 ((u")P)=0. (3.30)
In addition, a discrete summation of the linear wave equation (3.22) gives

9z =0, since Djuz =0, D3u; =0. (331)
Its combination with the initial condition:

Az (t) = vo(th) = v (D =0, (3.32)
yields the mass conservation of the second stage:

U =y (1) = up () = un (M, Y = yy (¢ = vy (1) = v (D = 0. (3.33)
Similar to the first stage, the solution formula (3.27) indicates the following mass conservation:

urtl =ymx ymtl =yx =0, since D3 ((u™)P) =0. (3.34)

Finally, a combination of (3.30), (3.33) and (3.34) leads to

untl —yn, yntl =y =, (3.35)

which in turn implies the mass conservation identity (3.29). O

Remark 3.2. For many nonlinear wave equations, there are certain invariant quantities, which are constant physical quanti-
ties in time. For example, for the generalized classical Korteweg-de Vries (GKDV) equation

U + (uP)yx + cuxxy =0, with an integer p > 2. (3.36)

There are two invariant quantities, namely the mass and the kinematics energy invariants:

I1,kpv =f u(x)dx, Iz kpy =/ u?(x) dx. (3.37)
Q Q

In a recent work [32], local discontinuous Galerkin (LDG) methods were applied to the GKDV equation (3.36) and analyzed
in details. In particular, the conservative property for the two invariant quantities was proved for the semi-discrete LDG
method (keeping time continuous), and a posteriori error estimate was provided. Also see the related works [35,59-61] for
the LDG methods applied to the KDV-type equations.

The GB equation (1.1) could be viewed as a traveling wave solution of (3.36) in a special form [51]. There are also two
invariant quantities for this model, namely the mass and the functional energy invariants:

1 2 1 +1 1 2 1 2
Il,GB:/ u(x)dx, IZ,GBZEHut”H—l +/ (mup +5U +EUX dx. (3.38)
Q
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Our proposed numerical scheme (3.15)-(3.26) preserves the mass invariant, as shown by Lemma 3.1. Regarding the second
invariant quantity I, g, the semi-discrete version of (3.15)-(3.26) (i.e., by skipping the temporal discretization) also pre-
serves this invariant. For the fully discrete scheme (3.15)-(3.26), such a conservation could not be justified at a theoretical
level, due to the explicit treatment of the nonlinear term.

On the other hand, the convergence analysis (as given by Theorem 3.3) implies that, although an exact conservation of
the functional energy invariant I gp is not available, we are able to obtain an approximate conservation for the fully discrete
scheme. The reason comes from the fact that, the exact solution preserves such a conservation, while an O(At? + h'™)
convergence is valid for the proposed numerical scheme, local in time, with H2 norm for u and L?> norm for v = u;.
A careful calculation indicates such an approximate conservation.

For the linear wave equation (3.22)-(3.23) in the second stage, we have the following identity, by taking an L? inner
product with vy = d;uy:

1d 1d
5 712013 + 5= (IDNu2©1 + 1D3u2013) =0, ve" <e<e™7, (3.39)

with the summation by parts formulas (2.12) repeatedly applied. As a result, the following energy conservation is available,
since u™ = uy (t"t1), v* = v, (t"1):

9 2 ) 2
s, vl = |ar® v )| with i, v)IE = 1Dwul3 + | D+ Ivi3. (3:40)

Note that the numerical solution (u,v) of (3.15)-(3.26) is a vector function evaluated at discrete grid points. Before
the convergence statement of the numerical scheme, its continuous extension in space is introduced, defined by ukAt h= u’fv,

v"At h= v’fv, in which u’,‘v, v’fv e BN, Vk, are the continuous version of the discrete grid functions uk

formula given by (2.10).
The main theoretical result of this article is given by the following theorem.

, vk, with the interpolation

Theorem 3.3. For any final time T* > 0, assume the exact solution u, to the GB equation (1.1) is smooth enough. Denote u a¢ p, V ar,n aS
the continuous (in space) extension of the fully discrete numerical solution given by scheme (3.15)-(3.26). As At, h — 0, the following
convergence result is valid:

”uAt,h - ue”ZOO(O,T*;HZ) + HVAt,h - Ve”Z:’O(O,T*;LZ) =< C (Atz + hm) ) (3'41)

provided that the time step At and the space grid size h are bounded by given constants which are only dependent on the exact solution.
Note that the convergence constant in (3.41) also depends on the exact solution as well as T*.

4. Consistency analysis

We denote U¥ = ue(tk), vk= ve(t") = Btue(tk), for any k > 0. A detailed Taylor expansion for u, (up to the third order)
at time step t" gives

At? A3
U™ = U (") = ue (") + Atdeue(t") + Tafue(t") + ?afue(t”) +0(Ath

At? At3
=UT AV — (—Ulox + Ul + (UMP)xx) + e

with AV'L0 = <p(U")P_1V") , (41)
XX

(— Vi + Vi + NL5) + 0 (ALY,

in which the original GB equation (1.1) was applied. Similarly, the Taylor expansion for v, at time step t" gives
n+1 n+1 n n Atz 2 n 3
% =Ve(t" ) =Ve(t") + At ve(t )+78[ Ve(t") + O(ALY)

AL?
= Ve (t") + Atd2u (") + TaEue(t") +0(A)
n n n n\p Atz n n n 3
=V +At (_Uxxxx + Uy + ((UD) )XX) + T (_Vxxxx + Vi +N[’3) + 0(AL). (4.2)

On the other hand, we denote the following intermediate, approximate solution, in the first stage, analogous to (3.18), at
the numerical grid points:

1
U =yt VD =V S AR (UT). (43)
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Subsequently, U™, V™ is defined as the solution of the linear wave equation (3.19)-(3.21) at time instant ¢"*1, with
initial data U™, v respectively. In more detail, U,, V5 are the solutions of the following O.D.E. system

89Uy =Va, over (¢, "1, (4.4)
3 Vy=—D}Us+D4Uy, over (", t"1), (4.5)
UM =UmM, vyt =vm @, (4.6)

and U™ = U, (t"t1), V™ = V,(¢"t1). Similar Taylor expansions for U, and V> (in time) imply that
1 AL 3
U™ = Uy (") = Ua (") + At U (6" + U2 + 0(Ar)
n n,(1) A 4 11n 2 n 3
=U"+ AV 4 = (DU+D U)—i—O(At)
n n Atz 4 11n 2 n 2 n\p 3
= U+ A"+ = (—DNU + DU + D% ((U™) ))+0(Ar ) (4.7)
1 N 3
V™ = Vo (™) = Vot + At Va (") + 73[ Va(th) + 0(AL)
n.(1) 4y, 2o, AP 4 un 1) | n2 ) 3
=v™® 4 Ac (-DRU" + DRU )—i—T(—DNV 4 Dvh) +o(ar)
:V"-i—At( D4U"+D2U"+ D N(U )"))

At?
+ 5 ( D4V" + D3V ) +0(AB), (4.8)

in which the numerical approximation (4.3) has been repeatedly applied in the derivation.
Next, we denote the approximate solution (U™®), v*3)) 3s

1
ur® =y, ymB —ynr 5 AtD%, ((U™)P), (4.9)
analogous to the numerical scheme (3.27) in the third stage. A careful comparison between U™®) and U"*! shows that

ymtl —yn® = gt g™ = 0 (A3 + Ath™), (4.10)

in which the Taylor expansions (4.1) and (4.7) were recalled, and the pseudo-spectral approximation estimate (2.9) was
used. For the comparison between V™3 and V"1, we observe that

U™)P = (U" + AtV + 0(AE) = (U + pALU™MP V" + 0(AL). (411)

This in turn implies that

v ,(3) _ Vn*_l_ AtDZ ((Un*)p)

At?
— V" 4+ At < D4U™ + DU + ~ D ((U")P)> 5 <—D4Nv” + D,ZVV")
1 At
+ 5 ADRUMP) + =D (p(U")P—lv") +0(AB) (412)
=V At( D{U™ + D4U" + D? ((U”)p))
At?

— (=p&v"+ DRV + D (pWMP V")) + 0(AE),

Therefore, the following approximation is available

vl _yn® = oA + Ath™), (413)

based on a comparison between (4.2) and (4.12), combined with the pseudo-spectral approximation estimate (2.9).
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Note that the consistency estimates (4.10) and (4.13) could be rewritten as

Un+l _yn*
vl _yme
—ar — 2PN UM+ (415)
in which || 7]'| ;2. I 72ll2 < Co(At2 4+ h™), with the || - ||Hg norm introduced as
h
IfI22 = IIFI3+ IDNFI3 + I1DF FII3. (4.16)
Hh

5. Stability and convergence analysis
The point-wise numerical error grid functions are given by

ﬁk — Uk _ uk’ f;" — Vk _ Vk, ak* — Uk* _ uk*’ \7k* — Vk* _ Vk*, (5_17)

ik = gk _ k@ @ — k@ _ kD), (5.18)
In addition, the following auxiliary error functions are defined

Uy =Up—uy, vi=Vi—vy, ta=Ux—uy, V2=Vy—vs. (5.19)

To facilitate the presentation below, we denote (i}, V) € BN as the continuous version of the numerical solution "
and V", respectively, with the interpolation formula given by (2.8). Similar continuous extensions could be made to obtain
~ ~ ~n,(1) ~n,(1 ~ ~
ane, v an @, O, @, @ e BN

The following preliminary estimate will be used in later analysis. Again, we assume the initial value v°(x) =
ug(x,t =0) = 0. The general case can be analyzed in the same manner, with more details involved.

Lemma 5.1. At any time step t¥, k > 0, we have

il < € (IDFE 2 +h™). (5.20)
Proof. Since U;, 0 <i <2N, is the interpolation of the exact solution, the following estimate is valid:

W:/INU<-,t’<)dx=/U°dx+ O™ = Co+ O(h™), (5.21)
Q Q

in which the interpolation approximation estimate (2.9) was applied in the second step, and the mass conservation (3.28)
for the exact solution U was recalled in the last step. On the other hand, at the initial time step, a similar interpolation
approximation estimate indicates that

/ U%dx = /INUde—i- O(h™) =U%+ 0 (h™) = u® + O (h™) = Bo + O (K™). (5.22)
Q Q
In turn, a combination of (5.21) and (5.22) yields

m:/U’,i,dx:ﬁo—i—O(hm), vk > 0. (5.23)
Q

In comparison with (3.29), the discrete mass conservative property for the numerical scheme, we arrive at an O (h™) order
average for the numerical error function at each time step:

ik = Uk —uk = Uk — uk = 0 (W™), Vk > 0. (5.24)
This is equivalent to

/a’;, dx=1uk=0(™), Vk=>0, (5.25)

Q

with the first step based on the fact that ﬁ’fv € BN, As an application of elliptic regularity, we arrive at
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~k
lunllg2 <C

2u’f\,H + / ik dx | <c (HD,ZVﬁkHZ +h"). (5.26)
Q
in which the fact that ﬁs‘\, e BN was used in the last step. This finishes the proof of Lemma 5.1. O

Next, we proceed into the detailed proof of Theorem 3.3, the main result of this paper.
Subtracting (3.18), (3.19)-(3.21), (3.27) from (4.3), (4.4)-(4.6), (4.14)-(4.15) yields the following system

ﬁn.(l) —an
=0, (5.27)
At
o fDZ ((U™P) — (W™P)) (5.28)
At ’ ’
dily = ¥y, over (t", t"H1), (5.29)
8 ¥y = —Dfiia + D%iip, over (t", t"t1), (5.30)
Ut =a" D, V) ="V, G =0, V"t =", (5.31)
ﬁn+1 — ,
- 5.32
At 1 (5.32)
M = 1D2 ((U™)P) — (@™P)) + 73 (5.33)
At 2N 2 ’

We note a discrete W2 bound for the exact solution

IUN L 0,7, w2ee) < ie. JUN[~ =C [ WUnE] = C7

|(UNl e = €7, (534)
for any n > 0, in which Uy is the continuous version of the interpolation for the exact solution. This estimate comes from

the regularity of the exact solution.

An a-priori assumption up to time step t". We also assume a-priori that the numerical error function (for (u, v)) has an
H? bound at time step t":

@, 917 = @R + i + 7% )% <1, (5.35)

so that the H2 and W bounds for the numerical solution u™ are available

[ubille = UK = @]z = [UR e + 3R] 2 = €74+ 1:=Co
[l | 0o < C uf ]2 < CCo:=Cy, (5.36)

with a 1-D Sobolev embedding applied at the final step. This assumption will be recovered later.
For the numerical error evolutionary equation (5.27), its discrete inner product with 2D% ™™ and —2D% ™™ gives
2
s - e

2 2
. HD?V(ﬁ“” -’ =0, (5.37)

[owar |}~ o |2 + [ow@r® —an|” =o. (5.38)

For the numerical error evolutionary equation (5.28), its discrete inner product with 2v™® yields
2
- ~n2
PO -1
oo~ pon2
For the nonlinear error term, we begin with an application of the aliasing error estimate (2.14) in Lemma 2.1:

IDE (U™ — W"P)]l2 < /P | (UR)P)xx — (Wi)P)xx | (5.40)

due to the fact that (U™)P — (u™)? is the interpolation of (U})? — (u})?, and (U)P, (u})? BPN. To analyze a continuous
norm on the right hand side of (5.40), we make the following observation:

2
i = ae(DF P = @), 7m0). (5.39)

(R = (@R = € (JUR[T" + Nkl ) - Nkl e
=G iy]e. withCo=c (P +E57), (5.41)
since |UN||,. =CC* |ul ]y < Co. (5.42)
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with repeated applications of 1-D Sobolev embedding. Then we obtain the following estimate
(DR awm? = @y, 7)< oG - [

1~ (in 2
<56 (11 +|

Therefore, a combination of (5.37), (5.38), (5.39) and (5.43) leads to

ol
2

C . - 2 “n
5;At(H(U”'(”,V”’“))HE+||(u"~V">H§+h2m), (5.44)

2 ~ ~
g H2> . with C3 = \/pCs. (5.43)

a2 = Sone (1 +|

in which the last step was based on the fact that |DZ%a%|* and ||f/"~(”||§ could be absorbed into |(@", v

| @, \7"-“))”;, respectively, and the preliminary estimate (5.20) was also applied. Moreover, it is observed that (5.44)
could be further refined as

H(u'1 D g m)H —|a@", v )HE < Cant(|@", ~")HE +h*), with C4 dependent on C. (5.45)

For the numerical error evolutionary equation (5.29)-(5.31) in the second stage, an energy estimate for the linear wave
equation implies that

”(~n* ~n*)HE_ ||D ~n*“2+HD2 ~nx

+ 713

-J = g«

Next, we analyze the numerical error equation (5.32)-(5.33). Taking a discrete inner product with (5.32) by 2D;‘Vﬁ”+],
—2D% ™1, results in

2 2 2 2 2
| D3+ H - HD,ZVﬂ”* + |pRam —am = |p3zr L+ | D3| iy (5.47)
2 2
| Dyt H [DwiE™ |5 + | Dt — am™) = At[Daey 3+ At |pwiint H2 (5.48)
Taking an inner product with (5.33) by the error function 29™t1 gives
’ G+ H ”vn*“ + ‘ Gl _ pnx 2
2
- At(D,ZV((U”*)p W™P), v *"+1>+ 2At< o "+1> (5.49)
2
with 2(z, 91) < |3 5 + [ (5.50)

To bound the nonlinear error term, we have a similar estimate as (5.40):

IDR(U™)P = @™)P) 2 < /P [(UR)P)ax — (R - (5.51)

In addition, repeated applications of 1-D Sobolev embedding leads to

[ CURYP e = (] = € (R LR+ N 127 ) - e (5.52)
For Uﬁ‘, the following estimate is valid:
2
T N T Y T A (559
Q H2

in which the energy conservation between (U™, V™) and (U™, V") was applied in the second step. Meanwhile, we have
Jo Ui dx = [, U dx= o+ O(h™), by (5.23). This in turn implies that

JUR |2 < C(C* + 1Bol +1™). (5.54)
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For u}, the following estimate could be derived, in a similar fashion as (5.36):

Jud e = UK = 85 [ 42 = UK 2 + 188 2 < [UR 2 + 2™ + CHT

< UK 2 + 8" s + CH™ < C(C* +1Bol + 1), (5.55)
in which the energy conservation ||i"™* |, = ||i"|, was applied in the fourth step. Then we arrive at
[ ((URIP)ax — (WP < Cs | y2s With Cs=C ((CHP1 4 |BolP~ T + 1), (5.56)
which in turn leads to the following estimate
<D%,((U"*)p — W™)P), \7n+1> PCs || P ‘ g+ H 76 (H~n* H + ‘ g+ H )’ (557)
with Cg = ﬁi‘s. Going back to (5.49), (5.50), we arrive at
Cs Cs - 2 2
[t H |71 = S ac @y e + At (7 + 1) [, + ac =53 (5.58)
Moreover, its combination with (5.47) and (5.48) yields
2
H @+, HE _ H @™, ) Hz
ook 2+ fowae 2+ S i + &)
02 n2
+ac (o7 + 15313) - (5.59)

As a consequence, a combination of (5.45), (5.46) and (5.59) results in

H @+, 1~,n+1)”2 _ H ", Gn)”i_

Cant | ", ™) +At(HD ”“H +HDNu”“H +—||u ||H2+(—+1))

| )

+Ar(||rr\|iz+ =53 +r")

. o .2 Cg . . 2 B
<Gacfa, )2+ (2 +nacfat |+ S % a2,
T ac (e + g2+ )
<Gac| @, |+ (% +Dac| @, V““)Hi + At ([ + 5515 +12m). (5.60)
with the preliminary estimates (5.20), (5.45), (5.46) repeatedly recalled. Meanwhile, since the | - || norm of the numerical

error function at time step t"*! has been involved on the right hand side of (5.60), an upper bound for the time step size
is needed to pass through the analysis. Under the constraint

¢ 1 1 ¢ i
(B4 At<=, sothat ———— <1+2(=2 + )At =1+ (Cs + 2)At, (5.61)
2 2 1-($+ DAt 2
we have

H(unﬂ ~n+1)H <e(C7+C6+2)At ” ~n ~n)”

+at(1+ Co+2ae) ([of 5 + [25]5 +h™"). (5.62)
in which the following inequalities are recalled:
14 CrAt <eC780 1 4 (Co+2)At < elCotDAL (5.63)

It is observed that the upper bound for At given by (5.61), i.e., At < c;+2 is not a severe constraint, since Cg = 0(1). In
6
turn, an application of the discrete Gronwall inequality indicates that
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H @, V"“)HE < Cg(At? +h™), (5.64)

with Cg dependent on Cg, C7 and T*, independent of At and h. Note that the local truncation error estimate, | 'L']"HHZ,

T2l < Co(At? + h™), has been used. In turn, an application of the preliminary inequality (5.20) (given by Lemma 5.1)
results in the desired convergence estimate (3.41).

Recovery of the a-priori bound (5.35). With the help of the error estimate (5.64), £°(0, T; H%) for variable u and
£°(0, T; L?) for variable v, we see that the a-priori bound (5.35) is also valid for the numerical error function (i, V) at
time step t"*1, provided that

- \—1/2 ~ \—1/m .
At < (2C8) , h< (2C8) , with Cg dependent on T*.
This completes the second order convergence analysis, £°(0, T*; H2) for u, and ¢°(0, T*; L?) for v.

Remark 5.2. A severe stability condition At < Ch? reported in the earlier work [16] is more associated with a theoretical
analysis difficulty than an essential constraint in practical computations. In fact, for the following linear scheme, which
corresponds to the linear part and the fourth order diffusion of the numerical method studied in [16]:

un—H —un" + un—l

1
- == Db (w20 ), (5.65)

a careful estimate shows its unconditional stability, by taking inner product by u"*! —u"=!, Also see the related analysis by
Dupont [20].

However, due to certain technical difficulties, for its combination with the nonlinear term, the stability and convergence
could only be justified under a severe constraint At = 0 (h?). This technical difficulty may be able to be overcome, and the
authors will consider this analysis in the future.

Remark 5.3. In a more recent work [13], an alternative second order temporal approximation was proposed and analyzed,
with an intermediate variable to approximate v = u; introduced in the numerical scheme. The convergence analysis in the
stronger energy norm was established without the time step restriction At < Ch2, using similar techniques presented in
this article.

6. Numerical results

In this section we present a numerical experiment for the second order operator splitting scheme (3.15)-(3.26). Similar
to [13,16], we take p =2, and the exact solitary wave solution of the GB equation is given by

P
Ue (X, t) = —Asech? (E(x — cot)> R (6.1)
with 0 < P < 1. The amplitude A, the wave speed cp and the real parameter P have to satisfy
3p2 1/2
A== c0:<1—P2> . (62)

The Fourier pseudo-spectral approximation on an interval (—L, L), with L large enough, is a natural choice, since the
exact profile (6.1) decays exponentially as |x| — oco. We set the computational domain as 2 = (—80, 80), and a moderate
amplitude A =0.5 is taken.

A comparison between the numerical solution and the exact solution of u at a final time T =4 is displayed in Fig. 1;
the time step is taken as At =2 x 1074, and the spatial resolution is given by N = 128. A very good match is clearly
demonstrated in this figure.

6.1. Spectral convergence in space
To investigate the accuracy in space, we fix At =10~% and compute solutions with grid sizes N =32 to N = 160 in
increments of 8. For this fixed time step size, the temporal numerical error becomes negligible. The following numerical

errors at the final time T =4

2
lv—vel,, and HDN(u — Ue)

S (63)

are presented in Fig. 2. The spatial spectral accuracy is apparently observed for both u and v = u;. And also, a saturation of
spectral accuracy appears with an increasing N, since the numerical error is dominated by the temporal one for N > 128.
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Fig. 1. A comparison between the numerical solution and the exact solution. The solid line represents the plot for the exact profile (6.1) at T = 4.0, while
the star line stands for that of the numerical solution, computed by the second order operator splitting scheme (3.15)-(3.26). The time step size is chosen
as At =2 x 107%, and the spatial resolution is given by N = 128.
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Fig. 2. Discrete L2 numerical errors for v =u, and H2 numerical errors for u at T = 4.0, plotted versus N, the number of spatial grid point, for the second
order operator splitting scheme (3.15)-(3.26). The time step size is fixed as At =10~4. An apparent spatial spectral accuracy is observed for both variables.

10° 10°
107 F {1 _10° k|
> =1
S 10°F 1 5107 1
i ]
107 ¢ 1 100 5
—10 L -9 L
10 10
10 107 107 10 107 10°
At At

Fig. 3. Discrete L2 numerical errors for v =u, and H2 numerical errors for u at T = 4.0, plotted versus At, the time step size, for the second order operator
splitting scheme (3.15)-(3.26). The spatial resolution is fixed as N = 128. The data lie roughly on curves CAt?, for appropriate choices of C, confirming the
full second-order temporal accuracy.

6.2. Second order convergence in time

To study the temporal accuracy, we fix the spatial resolution as N = 128 so that the spatial discretization error is
negligible and the numerical error is dominated by the temporal ones. We compute solutions with a sequence of time step
sizes, At = Aty/2X, with Atg=6.4 x 1073 and 0 < K < 6. The discrete L?> and H? norms of the numerical errors, for both
v =u; and u, are reported in Fig. 3. A clear second order accuracy is observed for both variables.

7. Concluding remarks

In this article, we analyze a second order operator splitting scheme for the GB equation (1.1), with Fourier pseudo-
spectral approximation in space. A rewritten form of a system of two equations, for the original variable u and v = uy,
respectively, is used to facilitate the numerical design. Subsequently, the nonlinear stability and convergence analysis are
provided in detail. A careful Taylor expansion for both the exact solution and the constructed approximate solution results
in the second order truncation error in time, and the standard approximation estimate in pseudo-spectral space implies
the spectral accuracy in space. In addition, with the help of an a-priori H? assumption for the numerical solution at the
previous time step and an aliasing error control technique, we perform a linearized stability analysis for the numerical error
function and obtain the convergence estimate in the energy norm: an £°°(0, T*; H?) convergence for u and £°(0, T*; £2)
convergence for v =u;. And also, the presented convergence is unconditional for the time step in terms of the spatial grid
size, in comparison with a severe time step restriction, At < Ch?, required in many existing works. A simple numerical
experiment also verifies the unconditional convergence, second order accuracy in time, and spectral accuracy in space.



192 C. Zhang et al. / Applied Numerical Mathematics 119 (2017) 179-193

Acknowledgements

This work is supported in part by NSF DMS-1217080 (J. Huang), NSF DMS-1418689 (C. Wang) and NSFC 11271281
(X. Yue).

References

[1] B.S. Attili, The Adomian decomposition method for solving the Boussinesq equation arising in water wave propagation, Numer. Methods Partial Differ.
Equ. 22 (2006) 1337-1347.
[2] S. Badia, R. Planas, ].V. Gutiérrez-Santacreu, Unconditionally stable operator splitting algorithms for the incompressible magnetohydrodynamics system
discretized by a stabilized finite element formulation based on projections, Int. ]. Numer. Methods Eng. 93 (2013) 302-328.
[3] W. Bao, S. Jin, P. Markowich, On time-splitting spectral approximations for the Schrodinger equation in the semiclassical regime, J. Comput. Phys. 175
(2002) 487-524.
[4] A. Bétkai, P. Csomds, B. Farkas, Operator splitting for nonautonomous delay equations, Comput. Math. Appl. 65 (2013) 315-324.
[5] A. Bétkai, P. Csomds, B. Farkas, Operator splitting for dissipative delay equations, Proc. Appl. Math. Mech. 14 (2013) 989-990.
[6] J. Boyd, Chebyshev and Fourier Spectral Methods, 2nd edition, Dover, New York, NY, 2001.
[7] A.G. Bratsos, A second order numerical scheme for the improved Boussinesq equation, Phys. Lett. A 370 (2007) 145-147.
[8] A.G. Bratsos, A predictor-corrector scheme for the improved Boussinesq equation, Chaos Solitons Fractals 40 (2009) 2083-2094.
[9] A. Bressan, A. Quarteroni, An implicit/explicit spectral method for Burgers’ equation, Calcolo 23 (3) (1986) 265-284.
[10] C. Canuto, A. Quarteroni, Approximation results for orthogonal polynomials in Sobolev spaces, Math. Comput. 38 (1982) 67-86.
[11] C. Canuto, M.Y. Hussani, A. Quarteroni, T.A. Zang, Spectral Methods: Evolution to Complex Geometries and Applications to Fluid Dynamics, Springer-
Verlag, Berlin, 2007.
[12] G.Q. Chen, Q. Du, E. Tadmor, Super viscosity approximations to multi-dimensional scalar conservation laws, Math. Comput. 61 (204) (1993) 629-643.
[13] K. Cheng, W. Feng, C. Wang, S. Wise, A Fourier pseudospectral method for the “Good” Boussinesq equation with second-order temporal accuracy,
Numer. Methods Partial Differ. Equ. 31 (2015) 202-224.
[14] R. Cienfuegos, E. Barthélemy, P. Bonneton, A fourth-order compact finite volume scheme for fully nonlinear and weakly dispersive Boussinesq-type
equations. Part I: model development and analysis, Int. J. Numer. Methods Fluids 51 (2006) 1217-1253.
[15] R. Cienfuegos, E. Barthélemy, P. Bonneton, A fourth-order compact finite volume scheme for fully nonlinear and weakly dispersive Boussinesq-type
equations. Part II: boundary conditions and validation, Int. ]. Numer. Methods Fluids 53 (2007) 1423-1455.
[16] J. De Frutos, T. Ortega, J.M. Sanz-Serna, Pseudospectral method for the “good” Boussinesq equation, Math. Comput. 57 (1991) 109-122.
[17] Z. Deng, H. Ma, Error estimate of the Fourier collocation method for the Benjamin-Ono equation, Numer. Math., Theory Methods Appl. 2 (2009)
341-352.
[18] Z. Deng, H. Ma, Optimal error estimates of the Fourier spectral method for a class of nonlocal, nonlinear dispersive wave equations, Appl. Numer. Math.
59 (2009) 988-1010.
[19] Q. Du, B. Guo, ]. Shen, Fourier spectral approximation to a dissipative system modeling the flow of liquid crystals, SIAM ]. Numer. Anal. 39 (3) (2001)
735-762.
[20] T. Dupont, Galerkin methods for first order hyperbolics: an example, SIAM ]. Numer. Anal. 10 (2009) 890-899.
[21] W. E, Convergence of spectral methods for the Burgers’ equation, SIAM ]. Numer. Anal. 29 (6) (1992) 1520-1541.
[22] W. E, Convergence of Fourier methods for Navier-Stokes equations, SIAM ]. Numer. Anal. 30 (3) (1993) 650-674.
[23] L. Einkemmer, A. Ostermann, An almost symmetric Strang splitting scheme for nonlinear evolution equations, Comput. Math. Appl. 67 (2014)
2144-2157.
[24] L. Einkemmer, A. Ostermann, Convergence analysis of Strang splitting for Vlasov-type equations, SIAM ]. Numer. Anal. 52 (2014) 140-155.
[25] L. Farah, M. Scialom, On the periodic “good” Boussinesq equation, Proc. Am. Math. Soc. 138 (3) (2010) 953-964.
[26] D. Gottlieb, S.A. Orszag, Numerical Analysis of Spectral Methods, Theory and Applications, SIAM, Philadelphia, PA, 1977.
[27] S. Gottlieb, C. Wang, Stability and convergence analysis of fully discrete Fourier collocation spectral method for 3-D viscous Burgers’ Equation, ]. Sci.
Comput. 53 (2012) 102-128.
[28] B.Y. Guo, A spectral method for the vorticity equation on the surface, Math. Comput. 64 (211) (1995) 1067-1069.
[29] B.Y. Guo, H.P. Ma, E. Tadmor, Spectral vanishing viscosity method for nonlinear conservation laws, SIAM J. Numer. Anal. 39 (2001) 1254-1268.
[30] B.Y. Guo, ]J. Zou, Fourier spectral projection method and nonlinear convergence analysis for Navier-Stokes equations, J. Math. Anal. Appl. 282 (2) (2003)
766-791.
[31] J. Hesthaven, S. Gottlieb, D. Gottlieb, Spectral Methods for Time-Dependent Problems, Cambridge University Press, Cambridge, 2007.
[32] O. Karakashian, Y. Xing, A posteriori error estimate for conservative local discontinuous Galerkin methods for the generalized Korteweg-de Vries
equation, Commun. Comput. Phys. 20 (1) (2016) 250-278.
[33] M. Koleva, L. Vulkov, Operator splitting kernel based numerical method for a generalized Leland’s model, J. Comput. Appl. Math. 275 (2015) 294-303.
[34] H.G. Lee, J.Y. Lee, A second order operator splitting method for Allen-Cahn type equations with nonlinear source terms, Phys. A 432 (2015) 24-34.
[35] D. Levy, C.-W. Shu, J. Yan, Local discontinuous Galerkin methods for nonlinear dispersive equations, . Comput. Phys. 196 (2004) 751-772.
[36] X. Li, Z. Qiao, H. Zhang, Convergence of a fast explicit operator splitting method for the epitaxial growth model with slope selection, SIAM ]. Numer.
Anal. 55 (1) (2017) 265-285.
[37] F. Linares, M. Scialom, Asymptotic behavior of solutions of a generalized Boussinesq type equation, Nonlinear Anal., Theory Methods Appl. 25 (11)
(1995) 1147-1158.
[38] J.C. Lépez-Marcos, J.M. Sanz-Serna, Stability and convergence in numerical analysis. III: linear investigation of nonlinear stability, IMA J. Numer. Anal. 7
(1988) 71-84.
[39] C. Lubich, On splitting methods for Schrodinger-Poisson and cubic nonlinear Schrodinger equations, Math. Comput. 77 (264) (2008) 2141-2153.
[40] Y. Maday, A. Quarteroni, Legendre and Chebyshev spectral approximations of Burgers’ equation, Numer. Math. 37 (1981) 321-332.
[41] Y. Maday, A. Quarteroni, Approximation of Burgers’ equation by pseudospectral methods, RAIRO. Anal. Numér. 16 (1982) 375-404.
[42] Y. Maday, A. Quarteroni, Spectral and pseudospectral approximation to Navier-Stokes equations, SIAM ]. Numer. Anal. 19 (4) (1982) 761-780.
[43] Y. Maday, A. Quarteroni, Error analysis for spectral approximation of the Korteweg-de Vries equation, Math. Model. Numer. Anal. 22 (1988) 499-529.
[44] Y. Maday, S.M. Ould Kaber, E. Tadmor, Legendre pseudospectral viscosity method for nonlinear conservation laws, SIAM J. Numer. Anal. 30 (2) (1993)
321-342.
[45] A. Majda, J. McDonough, S. Osher, The Fourier method for non-smooth initial data, Math. Comput. 32 (1978) 1041-1081.
[46] V.S. Manotanjan, A.R. Mitchell, J.L. Morris, Numerical solutions of the good Boussinesq equation, SIAM J. Sci. Stat. Comput. 5 (1984) 946-957.
[47] V.S. Manotanjan, T. Ortega, .M. Sanz-Serna, Soliton and antisoliton interactions in the “good” Boussinesq equation, J. Math. Phys. 29 (1988) 1964-1968.
[48] S. Oh, A. Stefanov, Improved local well-posedness for the periodic “good” Boussinesq equation, J. Differ. Equ. 254 (10) (2013) 4047-4065.


http://refhub.elsevier.com/S0168-9274(17)30102-2/bib417474s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib417474s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib426164696132303133s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib426164696132303133s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib42616F32303032s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib42616F32303032s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib42434632303133s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib42434632303134s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib426F796432303031s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib42726132s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib42726131s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib425131393836s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib435131393832s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4348515A32303037s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4348515A32303037s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib43445431393933s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4368656E6732303135s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4368656E6732303135s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib43696531s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib43696531s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib43696532s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib43696532s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib467275s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib44656E673230303961s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib44656E673230303961s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib44656E673230303962s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib44656E673230303962s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib44475332303031s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib44475332303031s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4475706F6E7431393733s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib574531393932s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib574531393933s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib454F3230313461s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib454F3230313461s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib454F3230313462s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib46617261683130s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib474F31393737s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib476F74s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib476F74s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib47756F31393935s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib47544D32303031s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib475A32303033s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib475A32303033s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib48474732303037s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4B5832303136s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4B5832303136s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4B5632303135s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4C656532303135s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4C535932303034s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4C6932303137s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4C6932303137s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4C696E6172657331393935s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4C696E6172657331393935s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4C5331393838s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4C5331393838s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4C756269636832303038s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4D5131393831s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4D513139383261s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4D513139383262s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4D5131393838s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4D4F5431393933s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4D4F5431393933s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4D4D4F31393738s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4D616E31s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4D616E32s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4F683133s1

C. Zhang et al. / Applied Numerical Mathematics 119 (2017) 179-193 193

[49] T. Ortega, J.M. Sanz-Serna, Nonlinear stability and convergence of finite difference methods for the “good” Boussinesq equation, Numer. Math. 58 (1990)
215-229.

[50] AK. Pani, H. Saranga, Finite element Galerkin method for the “good” Boussinesq equation, Nonlinear Anal. 29 (1997) 937-956.

[51] R. Pego, M. Weinstein, Convective linear stability of solitary waves for Boussinesq equations, Stud. Appl. Math. 99 (4) (1997) 311-375.

[52] B. Pelloni, V.A. Dougalis, Error estimates for a fully discrete spectral scheme for a class of nonlinear, nonlocal dispersive wave equations, Appl. Numer.
Math. 37 (2001) 95-107.

[53] J. Shen, Z.Q. Wang, Error analysis of the Strang time-splitting Laguerre-Hermite/Hermite collocation methods for the Gross-Pitaevskii equation, Found.
Comput. Math. 13 (2013) 99-137.

[54] E. Tadmor, The exponential accuracy of Fourier and Chebyshev differencing methods, SIAM ]. Numer. Anal. 23 (1986) 1-10.

[55] E. Tadmor, Convergence of spectral methods to nonlinear conservation laws, SIAM ]. Numer. Anal. 26 (1) (1989) 30-44.

[56] E. Tadmor, Shock capturing by the spectral viscosity method, Comput. Methods Appl. Mech. Eng. 80 (1990) 197-208.

[57] M. Thalhammer, Convergence analysis of high-order time-splitting pseudospectral methods for nonlinear Schrédinger equations, SIAM ]. Numer. Anal.
50 (6) (2012) 3231-3258.

[58] M. Tsutsumi, T. Matahashi, On the Cauchy problem for the Boussinesq type equation, Math. Jpn. 36 (2) (1991) 371-379.

[59] Y. Xu, C.-W. Shu, Local discontinuous Galerkin methods for three classes of nonlinear wave equations, J. Comput. Math. 22 (2) (2004) 250-274.

[60] J. Yan, C.-W. Shu, A local discontinuous Galerkin method for KdV type equations, SIAM ]. Numer. Anal. 40 (2002) 769-791.

[61] J. Yan, C.-W. Shu, Local discontinuous Galerkin methods for partial differential equations with higher order derivatives, ]. Sci. Comput. 17 (2002) 27-47.

[62] S. Zhao, Operator splitting ADI schemes for pseudo-time coupled nonlinear solvation simulations, J. Comput. Phys. 257 (2014) 1000-1021.


http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4F7274s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib4F7274s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib50616Es1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib505731393937s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib50656C6C6F6E6932303031s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib50656C6C6F6E6932303031s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib5368656E32303133s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib5368656E32303133s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib455431393836s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib455431393839s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib455431393930s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib5468616C68616D6D657232303132s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib5468616C68616D6D657232303132s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib544D31393931s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib585332303034s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib59533230303261s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib59533230303262s1
http://refhub.elsevier.com/S0168-9274(17)30102-2/bib5A68616F32303134s1

