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Abstract

In this paper, we consider the Cahn-Hilliard-Hele-Shaw (CHHS) system with the dynamic boundary conditions, in which
both the bulk and surface energy parts play important roles. The scalar auxiliary variable (SAV) approach is introduced
for the physical system; the mass conservation and energy dissipation is proved for the CHHS system. Subsequently, a
fully discrete SAV finite element scheme is proposed, with the mass conservation and energy dissipation laws established
at a theoretical level. In addition, the convergence analysis and error estimate is provided for the proposed SAV numerical
scheme.
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1. Introduction

The Cahn-Hilliard-Hele-Shaw system (CHHS) has attracted more and more attentions in recent years, since this
model describes two phase flows in a simple way. This system turns out to be the basic diffusion interface model for
incompressible binary fluids confined in a Hele-Shaw cell [42, 43, 50], and it has been proposed to simplify the well-
known Cahn-Hilliard-Navier-Stokes model, where the Navier-Stokes system is coupled with the convective Cahn-Hilliard
equation [19, 38, 39, 59]. This model has also been used to describe spinodal decomposition of a binary fluid in a Hele-
Shaw cell [33], tumor growth and cell sorting [25, 64], and two phase flows in porous media [17], etc.

The CHHS system with Neumann boundary conditions has been extensively studied in the existing literature [8, 9, 12,
31, 33, 49, 63]. On the other hand, the homogeneous Neumann boundary condition turns out to unsatisfactory in some
cases, due to the fact that this simple boundary condition set-up ignores the effects of certain process on the boundary
to the bulk dynamics; in other words, separate chemical reactions on the boundary are not taken into consideration.
Nevertheless, in certain applications such as fluid dynamics and contact line problems, a more accurate description of the
short-range interaction of the binary mixture with the solid wall of the vessel turns out to be necessary. At present, various
dynamic boundary conditions have been derived and analyzed for the Cahn-Hilliard equation [5, 40, 41, 52], while the
associated analysis for the CHHS system is very limited.

Let Q c RY (where d = 2,3) be a bounded domain with a boundary I' := dQ. The unit outer normal vector on I" will
be denoted by n = n(x). The standard CHHS system is formulated as

%Jrv.@u)_d#:o, inQx (0,T], (1)
L+ b — f(d) =0, in Qx (0,T], 2)
u+Vp+ypVu =0, inQx(0,T], 3)
V.ou=0, in Q% (0,T], @)

where v > 0 is a dimensionless surface tension parameter, u is the advective velocity, and p is the pressure. To describe
a mixture of two materials, the phase field variable ¢ stands for the difference of two local relative concentrations. In
more details, ¢(x) (x € Q) takes the distinct values, 1 and -1, in the respective pure phases of the materials, while
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{x € Q: -1 < ¢(x) < 1} matches with the diffuse interface between them, whose thickness is proportional to the very
small positive constant €. The variable u stands for the chemical potential in the bulk, which can be derived from the
Fréchet derivative [16] of the following Ginzburg-Landau free energy

€102
Ep, = =V F dx,
butk[¢] fg(2| ¢ + (¢)) x

where the functional F' denotes the bulk potential and f(¢) = F’(¢). Typically, F has a double well form, which reaches
its global minima at ¢ = +1 and a local maximum at ¢ = 0.
The homogeneous Neumann boundary conditions corresponding to the system (1)-(4) are given by

0,0=0, onTx(0,T], 5)
Ou=0, onlx(0,T], (6)
u-n=0 onI'x(0,T]. 7

However, especially for certain materials in the bounded region, boundary condition (5) is not well-pleasing, since certain
additional effects of the boundary to the bulk dynamics are ignored. Meanwhile, several dynamic boundary conditions
have been proposed in the existing literatures [18, 46, 47, 53, 65], to replace the homogeneous Neumann condition. In
order to improve this phenomenon and to better describe the whole system, physicists put forward a surface free energy

Emrf[(ﬁl"] = fr(%E|VF¢F|2 + G(¢F)) das,

where Vi denotes the surface gradient operator on I' and G is a surface potential. Furthermore, x > 0 is related to the
effects of surface diffusion. Some numerical works [2, 3, 52] have been reported as well.
The total free energy corresponding to the dynamic boundary conditions becomes

E= Ebulk[¢] + Esurf[¢l"]~ ®)

In this paper, we consider the CHHS system with dynamic boundary conditions

W v w—etu =0, in Q@ (0.T], ©)
u+€eAg - f(¢) =0, inQx(0,T], (10)
u+Vp+ypVu =0, in Qx(0,T], (11
V-u=0, in Qx(0,T], (12)
% + Vr - (¢rur) — €Arpr =0, onT x(0,T], (13)
ur + keArér + €6,¢ — g(¢r) = 0, onT'x(0,T], (14)
ur + Vrpr + yérVrur = 0, onT x(0,T], (15)
Vr-ur =0, onT x(0,T], (16)

where Ar denote the surface Laplace-Beltrami operator on I' and g(¢r) = G’(¢r). In addition, this system is endowed with
initial conditions

#(0, x) = ¢o(x), a7
¢r(0, x) = ¢ro(x). (18)
The boundary conditions are presented as follows
Ot =0, 9,p=0, onI'x(0,T], 19)
Opeir =0, Oppr =0, ondl' x (0,T], (20)

where nr is the unit outer normal vector on I', and ¢r(:,t) is I'-periodic. For the above system, we have ¢|r = ¢r and
M|y = pr, on T x (0, T'], in which the symbol '|r denotes the trace operator.

Similar to the compactness arguments in [26], since H'(Q) is compactly embedded in L?(Q), the properties of sub-
spaces and other basic definitions, theorems and properties in functional analysis, the existence and uniqueness of the
weak solution of this system can be established. The more detailed procedure for the proof is left to interested readers.

Due to the second law of thermodynamics, dissipative physical systems are everywhere. Maintaining the energy

law allows the numerical solution of the physical model to fit the dynamics correctly for a long time. Therefore, it is
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vital and necessary to design numerical methods to preserve discrete energy dissipation laws. Many efforts have been
devoted to the development of numerical methods for energy stability in this active research field, which include, but are
not limited to, the convex splitting method [4, 23, 28, 29, 30, 33, 45, 54, 56], the average vector field method [6, 55],
exponential time differencing (ETD) method [10, 11, 13, 22, 36, 37, 44, 51] and the invariant energy quadratization (IEQ)
method [34, 66, 67, 68, 70]. In addition, the scalar auxiliary variable (SAV) method [1, 14, 15, 27, 57, 58, 62, 69] has been
successfully developed, inspired by a similar idea of the IEQ method. Meanwhile, it has overcome many shortcomings,
while maintaining the basic advantages of the IEQ approach. The SAV method is not limited to a specific form of the
nonlinear part or the free energy, while it only requires the adoption of scalar variables independent of the spatial variables
to obtain a linear decoupled system with constant coefficients.

Moreover, it is realized that the finite element spatial discretization is more advantageous than the collocation approach
when dealing with problems concerning dynamic boundary conditions. In this paper, we adopt the combination of SAV
method and finite element spatial approximation for the CHHS system with dynamic boundary conditions.

In the process of the numerical design, we adopt the SAV approach for the bulk free energy and the surface free energy
respectively to linearize the nonlinear term. Meanwhile, semi-implicit treatment is applied to the convective and stress
terms. The discrete format of the combined finite element and SAV approach maintains the modified energy dissipation
law, which is theoretically justified in the paper. In addition, an error analysis is performed for the fully discrete numerical
scheme, with dynamic boundary conditions.

Throughout this paper, for s € Z, and 1 < g < oo, let WHP(Q) and W*P(I') stand for the standard Sobolev spaces
of Q and T', respectively, with corresponding norms || - [lwsrq) and || - [lws»qr). For any 1 < p < oo, the Lebesgue spaces
on Q and I' are denoted as LP(Q) and L?(I'), respectively, associated with the norms || - ||z and || - [|z»q). Moreover,
WO can be identified with L”. An alternative notation of Sobolev spaces for p = 2 becomes H*(Q2) and H*(I'), equipped
with the norms || - ||zs) and || - |75, respectively. Let H¥(Q2) = [H'(Q)), HD) = [H' D)9, LP(Q) = [LP(Q)]? and
L7(I') = [LP(IN)]¢ with bold faced letters for Sobolev spaces or Lebesgue spaces of the vector-valued functions with d
components. For a fixed time 7 > 0, the space L”(0, T'; X) represents the L” space on the interval (0, T') with values in the
Banana space X. If X is a Hilbert space, L>(Q)—inner product on X is denoted by (-, -), and L?>(I")—inner product on X is
denoted by (-, -). In addition, we set L3(Q) = {v € LX(Q)| (v, 1) = 0}, and L3I = {vr € L*D)| {vr, 1) = 0}.

The structure of this paper is organized as follows. In Section 2, an equivalent physical system based on the SAV
formulation is introduced, and the corresponding weak form and energy decreasing law are derived as well. In Section
3, the fully discrete numerical scheme with the SAV formulation is constructed and a modified energy stability is proved.
Subsequently, a convergence analysis and error estimate in provided in Section 4, with the help of the regularity assump-
tion for the exact solution, Ritz projection and interpolation estimates, as well as the stability analysis for the numerical
error functions. The convergent order is obtained as O(h? + Ar). Finally, some concluding remarks are given in Section 5.

2. Equivalent physical system in the SAV formulation and its energy dissipation law

The SAV approach is an efficient way to solve a gradient flow, while the energy stability is maintained [7, 27, 35].
The key point is an introduction of the scalar auxiliary variable. More precisely, it is necessary to separately introduce the
auxiliary variables of the bulk and surface parts in this system. First, we set E| and Er; in the following form:

E\l6] = fg F(¢)dx, Eri[ér] = f G(or) dS. @1
I

under assumption that E1[¢] > —c; and Erj[¢r] > —c2, and let C; > ¢y, Cy > ¢, so that E[¢]+C; > 0 and Er 1 [¢r]+C, >
0. For simplicity of presentation, we replace E; by E| + C; without changing the gradient flow. In this setting, E[¢]
always has a positive lower bound C; —c; for any ¢, which we still denote as Cy. Similarly, we substitute Er; by Er; +C>,
and apparently Er;[¢r] is always bounded by a positive lower bound C, — ¢, for any ¢r, which we still denote as C,.
Subsequently, the auxiliary variables of this system take the form of

r(t) = VEi[¢], rr(®) = VErlérl. (22)

In turn, by applying (22), the equations can be equivalently rewritten as

(Z—f + V. (pu) — eAu =0, inQx(0,T], 23)
r
U+ €eAg — f(¢) =0, inQx(0,T], 24)
VEI[4]
u+Vp+ysVu =0, inQx(0,T], (25)
V-u=0, inQx(0,T], (26)
% + Vr . (¢rl]r) — EAr/,tr = 0, onl %X (0, T], (27)



fr + KA + €dyd — ————g(¢r) = 0, onT x (0, T], (28)

Erl¢r]

ur + VFPF + 7¢1“Vr;11" =0, onT X (O, T], (29)
Vr-ur =0, onT x (0,71, (30)
dr 1 (9_¢

i —2 1] Lf((b) £y dx, te(0,T], 31D
drr 1 f (9¢r

r_ 1 s, e (0,T]. 32
o 2B o] rg(¢r) E €(0,T] (32)

It is noticed that the transformed SAV system is exactly identical to the original system (9)-(16), since (22) can be
obtained by integrating (31) and (32) with respect to time, which does not involve spatial derivative, so that the initial
conditions (17),(18) and the boundary conditions (19),(20) are still valid. In addition, the initial conditions of r and rr
turn out to be

r0) = VEi[¢o(0)], rr(0) = VEr[éro(x)].

Inserting (26) into (25), (30) into (29), exploiting the boundary conditions (19),(20), and using integration by parts, a
weak formulation of the system (23)-(32) can be expressed as follows: for any ¢ € (0, T'], find (¢, , p, ér, ur, pr, r> 1),

¢ € L=(0,T; H(Q) N L*0, T; L*(Q)), (33)
o € L*(0,T; H(Q)), (34)
ue LX0,T; H(Q), (35)
p e L*(0,T; H(Q) N L3(Q)), (36)
¢r € L(0,T; H()) N LY0, T; L™(I)), (37)
dipr € L*(0,T; H'(I), (38)
ur € L*(0,T; H\(I), (39)
pr € L*(0,T; H'(T) N L)), (40)
such that
)
G200~ (90,10 + eV, V) =0, Vy € H'(Q), @1)
1, Q) = e(V§, V) — €(0n0, {) + L (f(6). ), V¢ e HY(Q), (42)
VE (4]
(Vp.Vq) +y(¢Vu,Vq) = 0, Vg € H'(Q), (43)
a
(0L 4) = {grur, Ve + (Vrear, Vo) =0, vy € H'(T), (44)
<ﬂr, v) = ke(Vgr, Vv) + €(0,¢,v) + E—(g(aﬁr), ), Vv e H'\(D), (45)
LT
{Vrpr, VFQF> + ¥{¢rVrur, Vrgr) = 0, Vgr € H'(D), (46)
dr 0p
ar 47
i E1[¢ —(f(¢), ) 47)
d d
L —<g(¢r) o), (48)

0t 2.[Er,[¢r]
After solving the above system, u and ur can be defined by the following form

(u, ) =-(Vp, ) —y(@Vu, 1) =0, YA e LZ(Q), 49)
(ur, Ar) = =(Vrpr, Ar) = ¥{¢rVrur, Ar) = 0, Yar € LA(ID). (50

The above weak formulation (41)-(50) still preserves two significant features, mass conservation and energy dissipa-
tion.

Theorem 2.1. Let (¢, i, p, ¢r, ur, pr, 1, rr) be the smooth solution of the weak formulation (41)-(48). Then the solution
satisfies the mass conservation identity:

f¢(t,x) dx:fflﬁo(x) dx, f(ﬁr(l,x) ds =f¢r,o(x) ds, (D
Q Q 121 r



and the energy dissipation law

d 2 1), p 2 1, 2
SE=- fg (94 + ) s f (dvsu + ~uef) as <o. (52)

Proof 2.1. By choosing y = 1 in (41) and = 1 in (44), respectively, we can obtain

d d
= fg o0 dx=0, = fr ér(1,x) dS = 0. (53)
In turn, a combination of (17) and (18) gives (51).

Taking x = pin (41), £ = ¢, in (42), A = g in (49), ¥ = pp in (44), v = —(bp), in (45), Ar = % in (50), multiplying
(47),(48) by 2r and 2rr, respectively, and summarizing (41)—(50) except for (43) and (46), we arrive at

%(L §|V¢|2 dx + fr§|vr¢r|2 ds +r* + r%)
+ fﬂ (e[ vl + %|u|2) dx + fr (¢ Vrer|* + %|ur|2> ds = 0. (54)

This is exactly (52), by recalling the notations in (21) and (22). U

3. The fully discrete SAV numerical scheme and the energy stability analysis

Let0 =1t <t <--- <ty = T be a uniform partition of [0,T], i.e., t;, = ir,7t = T/N,i = 0,1,...,N, where N
is a positive integer. Let T, = {K} be a conforming, shape-regular, globally quasi-uniform family of triangulations or
tetrahedrons of Q. For any positive integer g > 1, we introduce the finite element space

My, = {v, € CQ)| wilx € P,,VK € T)} ¢ H(Q),
Sy =1 e COM)| ik € P,,¥K € T),} ¢ H'(D),

where P, is the space of polynomials of degree not exceeding q. Furthermore, we define the subspace My, = M, N
L2(Q),8) =S, N L3(D).

The first order accurate (in time), finite element SAV scheme for the CHHS system with dynamic boundary conditions
is proposed as follows. For any 0 < n < N, find (¢}, uit", pptt, ¢t s pEsd, mit ', i) € [M 1P X [S3 P X [R]? such
that

¢n+l ¢ . "
(Fx0) + (B0, + 789 V) + eV V) = Vxn € My, (55)
n+1
n+l _ \v} +1,V o n+1 r V& e M , 56
L 0n) = (Vg V) — e(0ut™ ) + m(f(th) . &n), i€ M, (56)
(Vo' Va) + y( @)Vt V) = Vi € My, (57)
¢n+1 ¢
(T ) + O TEDl s + YT Vi) = Vepts) V) = 0, Vg €Sy (58)
n+1
vy = ke(Vrgis! Vivy) + €0 vi) + \/ﬁ(é’(qﬁr) Vi), Vv, €8, (59)
(VFP?H qunh) + (e, Ve Vrgra) = 0, Yarn € Sy, (60)
n+1 n+1 n
rh }“Z ¢ ¢h
A2 /—¢h (. =) 61)
n+1 n+1 n
"Th T 1 W Prn — P
= (g@t). ——5—) (62)

A [Erig,]

and the initial data are set as ¢2 = Rj¢o and ¢?ﬁ = Ry¢ro. The following identity is standard for the Ritz projection
operator R : ¢y € X' = Y! (i = 1,2) (with X' = H'(Q), Y} = M), while X*> = H'(), Y? = S)):

(VR —v),Vv) =0, VveY, Ry —y,1)=0. (63)
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In fact, for y € X ! the following estimates are valid for the Ritz projection [19, 32]:

R0y < Clllyrny ¥ € 12,00),
Hlﬂ - Rhw”Ll’(Q) + h”‘/’ - Rh'vl’HWw(Q) < Ch?*! ||w”Wq+l,p(Q)’ Vp € [2,00).

Similarly, for yr € X2, the following estimates could be derived:

Rl < el ¥ € 2.0

”wr - Rhwr”Ll’(F) + h“wr - Rhwr”W”’(F) = Chq+l ||¢F||Wq+l<p(r)7 vp € [27 OO)

To facilitate the nonlinear analysis, we introduce the following negative norms:

UX9)

(€ HS(Q)}, for s > 0 integer,
11172+ ()

HVHH“(Q) = S“p{
and the corresponding norms over the boundary are defined as

(vr,{r)

3r € Hs(r)}, for s > 0 integer.
(14T l1s(r)

”Vl"”Hﬂ'(r) = sup{
Lemma 3.1. Based on the above definitions, we have
”V”H“(Q) = ||V||L2(Q)’ ”vF“H‘l(F) = ”"F”U(r)'
Lemma 3.2. [61] Suppose Ry is the Ritz projection of y, then it holds that

= Ruv||,, ) < CH|W|piy fOrO<s<g-1,1<r<q+1.
@ @

(64)
(65)

(66)
(67)

(68)

(69)

For the sake of further analysis, we need the following preliminary estimates, which have been derived in the existing

works [21, 20, 49], etc.
The projection operator # : L>(Q) — W is defined by

Pw)=Vp+w,
and p € H'(Q) :={ve H'(Q)| (v,1) = 0} is the unique solution of
(Vp+w,Vg) =0, VYge H(Q),
where W := {u € L>(Q)| (u, Vg) = 0,Vq € H'(Q)}.
Lemma 3.3. [49] The projection P is linear, and for any given w € L*(Q), we have
(Pw)—w,v) =0, YveW.
Moreover, since P(w) € W, by applying Cauchy-Schwarz inequality, we obtain
[P 2 < IWll2)-
In a similar manner, we define the projection operator P L*(I) — W via
P(wr) = Vrpr + wr,
and pr € H'(I') := {vr € H'(D)| (v, 1) = 0} is the unique solution of
(Vrpr +wr,Vrgr) =0, Vgr € H(D),

where W := {ur € LX(I)| (ur, Vrqr) = 0,Yq € H\(I)}.
Similar to Lemma 3.3, the following estimates are available.

Lemma 3.4. The projection P is linear, and for any given wr € L*(I), we have
<¢(Wr) — Wr, Vr) =0, VVF € W
It is clear that ﬁ(wr) e W, and by using Cauchy-Schwarz inequality, we obtain

[P |2y < IWrllay.
6
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(71)

(72)

(73)

(74)
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A discrete version of W is the space W), := {u;, € L2(Q)| (uy, Vqn) = 0,Yq, € M;}. The corresponding discrete
projection operator P, : w € L*(Q) — W, is defined as follows:

Pr(w)=Vpy+w, (76)
where pj, € Mh is the unique solution of
(Vpn +w,Vq,) =0, Vg, € M.
The projection P, satisfies the following properties.
Lemma 3.5. [49] The projection P, is linear, and for any given w € L>(Q), we have
(Pr(w) —w,v,) =0, Vv, eW,. (77)
It is easy to find that P,(w) € Wy, and consequently, we get
P22y < Wl (78)

Lemma 3.6. [49] Suppose that w € HY(Q) satisfies the compatible boundary condition w -n =0 onT and p € H*'(Q),
then we have

[P2w) = POW|| 2 ) = VP = P20 < CHIPIHr12)- (79)

Likewis’gi, we can define the discrete forms of Wh and Ph. _ .
Define W, := {ur,, € L2(D)| (ur, Vgra) = 0,Ygr, € Sp}. The projection operator P, : w € L*(Q) —» W, is given by

Pu(Wr) = Vrpry +Wr, (80)
in which prj, € S » 1s the unique solution of
(Vepra + wr, Vrgra) =0, Ygru € S
Certainly, P, has similar properties as Pj,.
Lemma 3.7. The projection 55;, is linear, and for any wr € LX), it follows that
(Pu(wr) = wr, vrp) = 0, Vv € Wi, (81)
Due to ﬁh(wr) eW, clearly the following result holds
POz < IWElLzqr- (82)

Lemma 3.8. Assume that wr € H9(D) satisfies the compatible boundary condition wr - np = 0 on 0T and pr € HI*' ("),
then we have

1P1we) = PO 2 ry = (V0 or = Prdllagy < CHIPrIme - (83)

Next, we provide the energy stability analysis of the fully discrete scheme. To facilitate the analysis, the following
notations are introduced:

ot = —Vph -yt o = =Vepl, — el Vel (84)
“ZH = Vpn+l _7’¢h n+1 uﬁl = —Vrp"H 7’¢r,hVF/1y,h . (85)

By (57), (60), we see that
Vout =0, Vreufl =0 (86)

Theorem 3.1. Let (gb’“rl , ,uZ” , ph+1 (131’1711 , uﬁl pﬁl rZ*l , rl’ljll) be the solution of the proposed numerical scheme (55)—(62).
Then for any At > 0 and h > 0, the numerical solution satisfies the discrete energy dissipation law

ERY — Ebay < —Ate| V! ||V¢"+1 V¢h||L2(Q) 1t =y — Are|[ V|

||L2(Q) L(I)

__||Vr¢n+l Vr(p;l‘,h L2Q) (rllz,;l 'Jllh) - _HVPMI VPZHLZ(Q) - E”VFPEJ - VFP?’,h“LZ(r)
<0, 387)

in which the modified discrete energy functional E% ,,, is defined as

EgAv = §“V¢Z”i2(g) + (’2’)2 + ”VPZ”LZ(Q) + %E”VF#J:“;(F) + (’?,h)z + ”VFP?,h“LZ(r)' (88)
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Proof 3.1. From (84) and (85), the following identities are observed.:

n+1 An+l n+1

-t = et vl ! — el = =Veplh + Viepl,. (89)

Taking xp, = At,u”+1 in (55), & = ¢ - ¢Z+l in (56), Y, = Atu"” in (58), vi = ¢, - ¢¥;} in (59), multiplying (61), (62) by
"” and Zr"jrl respectively, and adding them together, we get

AtfHV#Z”“iz(Q) (||V¢Z+1“L2(Q) ”V‘Z’h L’(Q)Jr||v¢’wrl V¢Z“i2(9)) ((rn+1)2 (VZ)2+(";Z“—"Z)2)
e Vit ey + 5 (19005 oy = (908l + 19005 = Vedtallia)

+(h? - (rr,h>2+(r;1+,: ) — AN Vi) = AK@ 0 Vi) = 0. (90)

At
Taking the inner products with the two equations in (84) by — A"” and —uﬁl respectively, we have
Y Y

At

5 i (sz ) — (vt agth, 1)
AYATIR N N
po Lo =—7<Vrm a7 ) — v(dr, Vrug o). (92)

A substitution of (89) in (57) and (60) gives

=@, V) + (V' = Vpi, V) =0, (93)
=0 Vara) + (Ve = Vept,. Vegra)y = 0. (94)
n+1 A n+1

At
In turn, by choosing q, = —p),"" in (93) and qr, = — pp, in (94), we obtain
Y Y

_?(AZH v nﬂ) + _(”Vpn+1 VPZHiZ(Q) + “VPZH”iZ(Q) - “VPZ||I2_,2(Q)) =0, ©5)
__<ﬁﬁl VFPED + (”VFPWrl VFPFh”U(I‘) + “VFP”HHLZ(F) ”VFPrh“L (r)) 0. (96)

Combined with the following Cauchy inequalities

(AZ-H Vpn+l Vph) < Az+l i7(Q) _”Vpn+1 _VpZ”iz(Q), (97)
<A"+1 P = ||””'||Lz(r> ||Vrp"+1 Vert il (98)

we take the summation of (91),(92), (95) and (96) to further conclude that
n n At n n At 1 n
—“Vp ! Vph“LZ(Q) + —(HVp +1HL2(Q) - ”Vph”LZ(Q)) + —”Vrp W VrthHLZ(r)

(|| P e = IV rPEallizg) < —AUSREG Vi) — Ar(gy 05, Vruy)). (99)

As a consequence, a combination of (90) and (99) leads to

I A [ o A 0 S B (A AR AR
+Ate”V1—/,t”+]“L2(r) _(”Vr(p;i;?l”Lz(Q) ||Vr¢rh||L 20 T Hvr¢n+l Vrﬁ‘,h”Lz(Q)) ((rIrE;tl) _(th)
+ (’?fhl - l"h)z) + _”VPMI VPZHLZ(Q) + _<”VPZ+IHL2(Q) - ”VPZ“LZ(Q))
At
+ E“VFPM _Vrpr,h”Lz(r) (”Vran”Lz(F) “VFPthLZ(F)) 0, (100)
which is equivalent to

EShy = ESyy + At€||vﬂz+l||i2(g) ”V‘?S”Jr1 V¢Z“i2(g) R =)t At€||VF/"?+ll||LZ(r)



2 +1 Ay +1
L2(Q) + (rlyi,h - ’Jllh) + 4_,},”sz - VPZHLZ(Q)

+= Vet - vrot,
At
+@||Vrm’1fh‘ + 90l < O- (101)

This completes the proof of Theorem 3.1. U

Remark 3.1. Since the proposed SAV numerical scheme (55)-(62) is linear, the energy dissipation estimate (87)-(88)
reveals that, the linear system corresponding to homogeneous part of the numerical scheme (55)-(62) has a trivial solution.
As a result, the unique solvability of the linear numerical scheme (55)-(62) is theoretically justified.

4. The error estimate

For the convergence analysis in this section, we assume that the weak solution (¢, i, p, ¢r, ur, pr, r, rr) of CHHS
system satisfies the following regularity conditions
¢ € HX0,T; L2(Q)) N L0, T; W'S(Q)) n H'(0, T; HI*'(Q)), u e L™(0,T; HI(Q)),
ueL™0,T;H'(Q)) N L*(0,T; HI*'(Q)), Vue L¥(0,T;HI(Q)), (102)
ér € H*(0,T; L*(D)) N L™(0, T; W) n HY(0, T; H'()), war € L*(0, T; HY(I)),
pr € L™(0,T; H'(D)) N LX0,T; H*'()),  Vrur € L™(0,T; HY()).

¢n+1 _ ¢n

Define the backward difference operator D,¢"™*! := v and the approximation errors as follows

n+1

ng+1 — ;ll+1 _Rh¢n+l’ UZH :'ul;l-H _Rhlun+1, n;+l =p _thn+1,
92+1 — ¢n+1 —Rh¢”+1, 9;1[+1 =/Jn+1 _Rhﬂlﬁl, 9;+1 — pn+1 _thnJrl’

n+l _ gn+l n+1 n+l _  n+l n+l n+l _ _n+l n+l
Nge =@rn —Rafr s My = pry —Rupe™ s My = Pry — Rapr

Qg;rl _ ¢¥+1 —Rh¢?+1, glnlfl :,ui?” —Rhﬂpl, 977:1 _ p?” _th;;;l,
O_Z+1 = 8,8"" — DRy, O_;:—l = 94" — DRy,
Pl = gl el p;z:-l _ r?-;ll —
By the definition of Ritz projection, subtracting (55)—(62) from (41)—(48) (at ¢ = f,4), we obtain
(D™ x) + (Vi Vx) = (a3 ) + (@™ - gt V), (103)
(Dot 0y + Vi V) = (o) + (o up™! - g, 810 V), (104)
(nZ”, V) — E(Vr];”, ) + <77Z:1, vy — K€<Vr7’];:1, Vrv)

f@"™h f(g") F() flo" f(p)
=@ v) - - V) + o (——=.v) - r""( - v
g VE#™T]  EI#] VEIS] VEII#T  EI]]
n+1 n n n n
+<GZ:1,V> _ rJ11+]< g(¢r ) g(¢r) V> +pr,fr+l< g(¢F,I1) , V> _ rlrf+l< g(qﬁr) g(¢F,I1) , V>’ (105)

\/E1[¢?+1] \/EI[QS?]’ ’EI[(ZSFh] \/El[¢¥] \/E][(ﬁ;f’h]

D[p:H—] + DtrI’H—] _ atrn — l{( f(¢h) n+l) _( f(¢h) Dt0n+1)

—’ Dt b
2\ VEw T R

f(gp) ¢t —gn R 1) JiCH) . }

+ , —0:¢0™) + ( — , D" ¢, (106)
AN O R VR

Dl + Dyt = dyrf = %{<M Doty — (D py (107)
Eild,] Eild,]
7 n+l _ n n n
+< g(¢1‘,h> ¢r ¢r _ a¢1,£> +< g(¢1“,h) g(¢r) ,D,(ﬁ?-)}

JEg,T N JElg, VR

Substituting y = r]Z”,ng” into (103), y = r]z;",ng]’fl into (104), v = —Dlng’f1 .+t into (105), multiplying (106), (107)

by 20™*! and 200" !, respectively, and summarizing all equalities, we immediately get the following equation

2 2 2

n+1

U ngr

n+1

My

7

Ny

n+1 n 2
- +

n¢ H! (Q)

9

n+1

I]m_ KE(

+ —
2

2 €
+ — —
H'() 2(‘ H'(Q) HI(Q)) H'(I)

+ Ate

2
nn+l
H H'(Q)

Ate




n+1 2

i )+ (5" =00+ (oY = ) + (0! = ) + ()’ -

HT) HI(D)

- AtZ(Ai + 1,
i=1

with
— (O-Z;H’nyH) + E(O'gH,T](z,H)
L= ooty + keoyt ),
Ay = (@, D) + €0 ),
b= <97¢:17Dt77¢+1> + E<9n+1’n'u;r1>
f@H  f@M D)+ e f@H  feh )
VEg*1  El¢T VE¢T  VElgT "
n+1 n n+1 n
]3 — rl,z+|< g(¢ ) g(¢r) D n+l> + erl'i+l< g(¢ ) g(¢r) n+l>

Ay =Y

B Tn r 7 ’)7 T
\/E1[¢lri+1] \/EI[(b’lf] ¢ \/E1[¢¥+1] \/El[¢r] g
AR, D)+ o OIS, D)
VEI#  EleT ¢ VEIG  E$]
f@) fl@"
—Ei"n+l h _ ,nn+1 ,
(\/El[asz] VEiTl¢"] " )
n+1< g(¢¥) g((pfl“h) n+1>+ n+1< g((p;l‘,h) g(¢’11)

4 = - - > D! " - = ,thﬁ’”l
A JET N JEla,] NEEL )

e 8@ry)  sep) ),

377 r
JEilg,) VR

n+1 f(¢n)

As =
o (\/El[qs"]
€ n+1( f(¢n) ’77"+1)
" N ET

n+1 g((ﬁ?‘) n+1 n n+1
=P \ T D¢t = didr) — Py r Y P
’ < VEIGT = Elgr,]

n+1 g(qﬁ’;) n+1
N )

A _ (¢n+l n+1 ¢nﬁn+] n+])+6(¢n+1 n+l ¢ n+l V n+l)
- h*~h 4
+1 1 +1 +1 +1..n+1 +1 +1
Is = <¢n n+ ¢r hth s VFUZF )+ KE<¢H n - ¢r hllgh ,VrU" .

For the estimates of (109) — (120), we start with the following lemma.

Ay = _rn+1(

7Dt n+l_at n\ _ n+l
¢! = 06") Eo

(108)

(109)
(110)
(111)
(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)
(120)

Lemma 4.1. [19] If the weak solution (¢, u, p, ¢r, ur, pr, 1, rr) of (41) — (48) satisfies the regularity assumption (102), we

have
R il
’0_;4-1 ;(Q) < chZA‘ft2 fl 00| e s+% f, 55 (s )| s V1€ O.T],
where C > 0 is a constant independent of h and T.
Similarly, we are able to derive the following estimate:
2 pRav2 ! 2
s o SO ft osr(s) P A T | iy V1€ Q.71

Moreover, we assume that the potentials F' and G are bounded from below:

F'(s) = f'(s) < =Ci, sf(s) 2 blsI” =&,
10

(121)

(122)

(123)



<C(xlP +1), foranyp>0ifd=1,20<p<4ifd=3,
f”(s)| <C(xl"+ 1), foranyq>0ifd=1,2,0<qg<3ifd=3,
G"(5)=g'(s) < =C,  sg(s) 2 blsi” - &,

<C(xlP +1), foranyp>0ifd=1,2,0<p<4ifd=3,
lg” ()| < C(xl? + 1), forany g > 0if d = 1,20 < g <3ifd =3,

where C > 0, 51 >0, 52 >0, p; > 0and p, > 0 are all constants [60].
Last but not least, by the a-priori estimates [48], the following bounds are available:

||¢Z||L°°(Q) < ”¢||L°°(L°°(Q)) +1, ||¢;£,h||L"°(F) < “¢r||L°°(L°°(l")) +1.

The proof is left to interested readers.

(124)
(125)
(126)
(127)
(128)

(129)

Theorem 4.1. Suppose that (¢Z+1’uz+l,ph+l ¢n+l n+l _n+l n+l n+1) and (¢n+l,# ,pn+l ¢"+1,/,til“ ?—1’ rn+1’ rlr£+1)

T Mrn s Prp o n 2T

be the solution of (55)-(62) and (23)-(32), respectively. Under the regularity assumption (102), we have the error estimate

I+1 I+1 /+1 I+1 I+1 _ Z+l I+1 I+1
max — r + r — T
jmax {} A I ] Vo (- )y
+Atz n+1 2 ﬂn+1 'un+l 2 < C((Al)z + h2q)
e I Bl ) [~ ’

where C > 0 is a constant independent of h, At.

Proof 4.1. Using the error estimate (121) and Young’s inequality, we are able to derive

A] < C(h2q+2 +(At)2)+ nn+1 nn+1 2 .
16l Nl ™ 161" Nl
Taking a similar approach, by virtue of (122), it’s easy to get
2 2
< 2g+2 2 € | n+1 n+1
I < C(h™ T + (AD)7) + — 16 e Hl(r) 16 Tor gy
By employing (65), (123) and Young’s inequality, we obtain
< i+ 1 n+1 +1 n+1
Az < 9*‘ HI(Q)' D’% H(Q) ” H o llg-1(Q) M HY(Q)
1 2 2
< 2q n+1 n+1 )
< Ch+ 3'D’n "(Q) 16 Tl
In a similar way, by applying (70), (124), we see that
+1 n+1 71+ 1 n+1
12 s HQZF Hl(r)| tn¢1" —I(r) ' Hr H-'(I) n,ul" H\()
1 2 2
< 2q n+1 n+1
< Chs 3|D"7 P 16 M Ny
To proceed further, from (124) and (127), we get the following estimates
“rm( f@H  f@M )“ 1| H f@™H  feh
VE R e = VEIg™T  VE[§H@

|E\[¢] - Erlg ] Hf(¢"”) - f@"
H3(Q) E; [¢n]E1 ¢n+l (E1[¢n] + E1[¢”+1]) (—El[qﬁ”]

< sup (o) (1|f<¢2
1€[0,T]

and

el g(@rth 8D )H |r”+l|” g(@rth _ 8lep)
R N N o B L

11

H“‘“)) < CAt

(130)

(131)

(132)

(133)

(134)

(135)



Er[¢"] — Er[¢"+! g —g(op)|
. | riléf] — Eraley ]| N ” T nr HH (r)) < CAr.(136)
VE G ER (67 Er (8] + Era[47 D) VErlor]

< sup |rr(l)| (“g(‘ﬁ?,h)H
1€[0,T]

Then, from (135) and Young’s inequality, we see that

E 2
Ay < CAD + 2 3o H o (137)
Likewise, from (136) and Young’s inequality, we discover that
2 1 et |? €|l n1])?
I; < C(At)” + 3 N (r) T6 M . (138)
Meanwhile, it is observed that
1
n+1 -1 n+1
D™ o <0 f,, o S < (139)
By employing (139) and Young’s inequality, we get
po (L _ 1@ ), (L SOy
VEIG  Eg H@ @ VE#  JEg e @)
+6” UCARRN D) H e
\/E1[¢ ] JE.[¢ el i
n+1 2 2 € +1 2 f(%) _ f(¢n) 2
<Clpy™)" + H- '(Q) 16 H(Q) * CH \/E1[¢Z] \/E1[¢”] ”Hl(g)' (140)
In order to estimate A4, we rewrite the gradient of last term on the right-hand side as follows
V( fen)  f¢" ) Vi) Ei[¢"] - E1l¢)] . Vfy) — V(g™
JEG  E#] VETFIEIGNE ¢ + Ei[gD NGATA)
=01+ 0s. (141)
Using the fact that E[¢,] > Cy with (124), combinedwith(125) and (129), we get
HQl”Lz(Q) < CHVf(‘ﬁZ)”L (Q)”¢ ¢h”L 2 = “’7¢”L 2ot (CA (Q)) (142)
and
[Qalh a0y < C|¥rt - Vr@)
< (|| @ -r@nve || * |7 @], + |7 @ve,.)
< [y 19y Wy # 66 (143
Hence, from (141)-(143), we have
f(gy) f(@") n n
HV( \/E1[¢Z] - \/El [¢ ])” (Q) H¢ ”H (Q) ||Vn¢||L2(Q) * HTMHLZ(Q)). (144)
Similarly, the following estimate is valid:
1) f(¢"
|t ol = W+ il 49
It follows from (141)-(145) that
2 neiy2 |, L 1||? € 2 n
Ay < CRY + Clpr )+ 5 et TE e ™ E”%Hm(g)' (146)
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Similarly, we are able to derive the following estimate

2 € 2

+ J—
H'(@ 16

2 €
+ R
H'TD 16

n+1

nﬂr

n+1

1
I < Ch* + C(pjt')? + 3P

A . (147)

To obtain an estimate for As, we see that

f(@") D ¢n+1 _ at¢n) _ 2(D,I‘n+1 _ at},ﬂ)‘

- | VE&T

o+l
< C(j; fg

A combination of (129) and (148) results in

n
r

tn+l
Bud(s, x)|dxds + f |0r(5)]ds) < CA. (148)
.

As <

+ +€

n+1< f((pz) D 9n+1>

TN VETET !
C n+1 f(¢z)

o RN

< CUR + (ADP) + C(o" 1) + 1—66

o f(¢") )
" M EeT "

pn+1 f(¢n)
" VEI#]

n+l pn
Py E;

n+1

Ny

n+1

PO s + b ER] + €

H1(Q) L2(Q) L2(Q)
2
n+1

T]d’ L2 (Q) :

(149)

Applying the above two inequalities (148) and (149), we find that

n+1 2

2q 2 n+142 i
Is < C(h™ + (Ar) )"‘C(P,T ) + 16 yrs )

(150)
In the estimate of A, the first part is rewritten as
Aé — (¢n+lun+l _ ¢Zﬁ2+l’vﬂz+l)
— <¢n+lun+l _ Rh¢n+lun+l + Rh¢n+lun+l _ Rh¢nun+1 + Rh¢nun+1 _ ¢Zun+1 + ¢Zun+1 _ ¢Zﬁz+l’vnz+l)
— <eg+lun+1’ VUZ+1) + (AtDtR]1¢n+lun+l, VT]Z+1) _ (néurﬁl’ Vnﬁ+l) + (¢Z(un+l _ ﬁZ+l)’ Vr]erl) (151)

By using (64), it is observed that

(9;+lun+l , Vnz+l)

< CHQZH“L’(Q)”“Hl”Lf?(Q)”V”ZH“LZ(Q) < Ch+ 1_€6||V’72H||i2<9)' (152)
In virtue of (65), H'(Q) — L3(Q) and the Taylor formula, we are able to acquire

|(AtDtRh¢n+1un+l’ VTIZJrl)
< CllADRE" | s g 0 oy 197" N

< AP [0y + 117

n+1 ||2
1o L2
tn+l
<c( [ Jos
,n

< C(A? + 1—66||V"Z+1||iz<g>' (153)

2 € 2
H](Q)ds) + E”VHZH“LZ(Q)

Similar to (153), the following inequality could be derived:

(ngun-#l , Vrlz+l )

<l 10 sy 1977 iy < il + 119 sy (154)
Just for the sake of the next process, we introduce

! = —Vpt —ygivut (155)
By the the definition of projections P and P, we get

_(un+l _ ﬁz+l) — _(Vpn+l + ,y¢n+lvun+l _ (sz + 7¢ZV#Z+1))
13



— _(un+l ﬁz+1 + V(pn+l _ pz))
= POy¢"™ V") = Pu(yp Vi ™) = V(pp - pi)
— P(y¢n+lvﬂn+l) _ Ph('}’(ﬁnﬂvﬂnﬂ) + Ph(7¢n+1vﬂn+l) _ P]1(7¢nvﬂn+1)
Py V) = Py Vi) + Pulyd Vi) = Payd Vit = Vot = p)
— P(,y¢n+l V/ln+l) _ ph(y¢n+l V,Lln+1) + P(')’AID;¢11+1 V#n+l) + 7)(7(01(; + n;)vﬂrwl)
+POEYE, + 1)) = V(P = pi)
= Os + P(y¢, V6, + m,)) (156)

A combination of (72), (78) and (79) yields

+ 4||7>(yAtD gy |

”QS”LZ(Q) 4||P(,y¢n+lvﬂn+l) _ Ph('}/¢n+lvlln+l)

L2(Q) LX(©)
71 n+1 _ n+1
slpo@ + v DL+ 4 - v -
< Cthl | + C(A[)2 D¢n+1 ” n+1 + 8llgv n+1 2
= Plhei@) ! vol'* g o H i)
nV/Jn+1 2 + CH 6[(Vpn+1)
2@ G || I
< 2q 2
< C(h* + (Ar) n¢ 120y (157)
In turn, the last term of Aé could be bounded as follows
(¢Z(un+l n+l) Vnn+l)
](¢zQ v )|+ [(sPeray vy + . v
n+1 n n n+1
Lm(g)||Q5||L2(Q)| 12(Q) ¢ (ph LN(Q) V(Q" + T]” L2(Q)“ L2(Q)
1 n+1
< Clloif. g+ c(ne ||m> T A L
2 € 2 n+1
L2(Q) LZ(Q) 16” L2(Q) (158)
Therefore, we get the estimate of A é
1 2 2 n+l €|l Al
A} < C(W* + (AD*) + — T ||V;7H ||L2 @t Lz@ Tl 2 (159)
The other part of Ag could be analyzed as follows
Aé _ E(¢n+1un+1 ¢nﬁ2+1 VnnJrl)
2q 2 -~ n+1 6 2
< C(R + (AD?) + ||vn¢ [ : 6“% e el (160)
Repeating a similar process as (151)-(160), we get
2 2 n+1 KE 2 KE 2 n+l
I < C(* +(AD7) + _“VF” ||L2(r) Moy vo T M 20 16“ ] ||L2(F) (161)

Dt r]n+ 1

. in (133), (137) and (146).

The method outlined in [24] is adopted. Define Q) as the standard L? projection operator into My,. For any y € H'(Q),
setting xn = Quy in (103), by using Young’s inequality and (121), we have

Besides, we have to estimate

(D x) = (Dt )
— —E(V?] n+1 VXh)+(0_n+l Xh)+(¢n+] n+l ¢Zﬁz+1 V)(h)

n+1 n+1 n+1. . n+l nantl
- \Y
16” LZ(Q)H Xl 20 ¢ LZ(Q)“Xh 2o " (¢ " Pty Xh)
16” n+1 L hq+l +Al) ”/\/h”Hl(Q) (¢n+lun+l ¢Zﬁz+l V/\,/h) (162)
14



Recalling the techniques applied in the process of proving Aé, we can give an estimate of the last term in (162) as follows

(¢n+lun+1 _ ¢Zﬁz+1’ VXh)
= (05" " V) + (DR ™ Vi) = (™!, Vien) = (105, Vi) = (45208, V(@ + 1)), Vxn)
S CHH;;H”U(Q)““”H”LG(Q)”VXh”LZ(Q) + C||AtD’Rh¢n+l||L3(Q)”un+l“L(’(Q)“VXhHLZ(Q)

+C||77;”L3(Q)”un+l||L6(Q)”VXh”L2(Q) +C|(¢,

Lw(g)“Q5”L2(§z)HVX"

L2(Q)
L°°(Q)|"y¢hv(0“ * ) LZ(Q)H Xl 2
q n+1
< (C(h v o) + 1oV LZ(Q)) (2. (163)
A combination of (162) and (163) yields
n+1 q n+1
Dy, ) < €O+ At [ 5+ 6” . (164)
As for the estimate of Dﬂy’“rl . in (134), (138) and (147), repeating the process (162) — (164), we are able to
derive
n+1 < q n i n+1
Dy < €0+ a0+ 2 Ve (165)
With the help of all estimates of A;, I; (1 < i < 6) and (164), (165), we obtain
2
n+1 n+1 n+1 |l
Are n,“ H](Q) 77/11" H\(T) 2( n¢ HY(Q) TI¢ HI(Q))
K€, n+1 n n+1y2 ny2 n+142 n 32
o (i, = e Hm) + (O = (7 + O = (o)
3¢ 2 2 € 2
< 2q 2 n+l1 n+1 e |
< CUt+ (40 )+At{ 51 N P 5 T i@ * 2IMllq
3e n+1 € n 2 KE|l n+1 2 ke n 2
+? nﬂl" H'(F) t 17 77#1" H‘(F) + ? or Hl(r) + E T]¢I‘ HI(F) : (166)

For any positive integer [ (0 < | < N — 1), summing (166) up from n = 0 to | and applying the discrete Gronwall’s
inequality, we arrive at

1
2 2 Ate 2
| ! 1+1 1+1\2 I+1 2 n+1 n+1
217 Nl ™ 2 Tor Ny + 0r )"+ O )" =5 ZI ( ey I Hl(r))
=
< C(K*7 + (Ar)%). (167)
Finally, with the help of the error estimates of Ritz projection, we complete the proof of Theorem 4.1. (]

5. Numerical results

In this section we perform a numerical accuracy check for the proposed numerical scheme (55)-(62). The computa-
tional domain is chosen as Q = (0, 1)2, and the exact profiles for the phase variable, the velocity vector, the pressure field,
are set to be

Ge(x,y,1) = (sm(27rx) cos(2my), cos(2mx) s1n(27ry)) cos(?),
u(x,y,1) = %r( — sin(27x) cos(2my), cos(2mx) 51n(27ry)) cos(t), (168)
Pe(x,y,1) = % cos(2mx) cos(2my) cos(t).

Of course, the chemical potential is given by u, = €A, + f(¢.), and the boundary profiles are determined as (¢|r)5 = (¢e)r

and (,u|r)e = (¢o)r- The physical parameters are taken as: € = 0.5, « = 1 and y = 1. To make (¢., u., p.) satisfy the
original PDE system (9)-(16), we have to add an artificial, time-dependent forcing term. Due to the square domain, the
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Figure 1: The discrete L?> and L numerical errors vs. temporal resolution N7 for N7 = 100 : 100 : 1000, with a spatial resolution N = 256, so that
there are 2 x 2562 uniform triangular meshes. The numerical results are obtained by the computation using the proposed scheme (55)-(62). The physical
parameters are taken as: € = 0.5, k = 1 and y = 1. The numerical errors for the three physical variables: ¢, u and v, are displayed. The data lie roughly
on curves CN;1 , for appropriate choices of C, confirming the full first-order temporal accuracy of the scheme.

linear element with a uniform triangular mesh is used. In this set-up, the proposed scheme (55)-(62) could be efficiently
implemented with the help of FFT.

In the accuracy check for the temporal accuracy, we fix the spatial resolution as N = 256 (with h = ﬁ), so that there
are 2 X 2567 uniform triangular meshes. Because of this fine mesh, the spatial numerical error is negligible. The final
time is set as 7 = 1. Naturally, a sequence of time step sizes are taken as Ar = NLT, with Ny = 100 : 100 : 1000. The
expected temporal numerical accuracy assumption e = CAt indicates that In |e| = In(CT) — In Ny, so that we plot In |e| vs.
In N7 to demonstrate the temporal convergence order. The fitted line displayed in Figure 1 shows an approximate slope of
-0.9757, -0.9993, -0.9993, for the phase variable and the two velocity component variables, respectively. This which in
turn verifies a very nice first order temporal convergence order, for all the physical variables, in both the discrete L?> and
L* norms.

Notice that the dynamical boundary condition has been applied in the numerical scheme (55)-(62), although the
exact profile (168) also satisfies the homogeneous Neumann boundary condition. In fact, if the homogeneous Neumann
boundary condition is imposed for the physical system, the corresponding numerical system becomes much simpler,
and no coupling between the interior solution and boundary profile is needed. With either the homogeneous Neumann
boundary condition and the dynamical boundary condition, the full first order temporal accuracy is valid, while the one
with the dynamical boundary condition corresponds to a larger convergence constant, as expected.

Another interesting issue is the dependence of the numerical solution on the interfacial width parameter €. Our
numerical experiments have revealed that, the perfect convergence rate still preserves up to € = 0.2 at the final time
T = 1, while such a perfect convergence rate is not available for smaller e. Meanwhile, as validated by the theoretical
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analysis, the numerical stability is still preserved for smaller €, although a perfect numerical convergence rate may not
be valid at O(1) time scale. Also see the related work [69], which reported that a smaller time step size is needed for the
SAV numerical simulation of certain challenging physical model (such as functionalized Cahn-Hilliard gradient flow) to
achieve a desired numerical accuracy.

6. Conclusion

In this paper, the Cahn-Hilliard-Hele-Shaw (CHHS) system is considered with dynamic boundary conditions, in which
some influences of the boundary to the bulk dynamics are taken into account. To facilitate the nonlinear analysis of
the physical model, we adopt the SAV formulation to construct an equivalent system (23)-(32), which is equivalent to
the original PDE system (9)-(16). The mass conservation identity and and energy dissipation law could be similarly
established at a PDE level. Furthermore, we propose the fully discrete SAV numerical scheme, with mixed finite element
spatial approximation. The discrete mass conservation and energy dissipation law have been proved by a careful analysis.
In addition, the convergence analysis and error estimate is performed for the proposed finite element scheme, with the
help of Ritz projection estimate, a few appropriate regularization assumptions, as well as detailed stability analysis for the
nonlinear error terms.
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