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AN ENERGY-STABLE AND CONVERGENT FINITE-DIFFERENCE
SCHEME FOR THE PHASE FIELD CRYSTAL EQUATION*

S. M. WISE', C. WANG}, AND J. S. LOWENGRUB#

Abstract. We present an unconditionally energy stable finite-difference scheme for the phase
field crystal equation. The method is based on a convex splitting of a discrete energy and is semi-
implicit. The equation at the implicit time level is nonlinear but represents the gradient of a strictly
convex function and is thus uniquely solvable, regardless of time step size. We present local-in-time
error estimates that ensure the convergence of the scheme. While this paper is primarily concerned
with the phase field crystal equation, most of the theoretical results hold for the related Swift—
Hohenberg equation as well.
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1. Introduction. The phase field crystal (PFC) model was recently proposed
in [7] as a new approach to simulating crystals at the atomic scale in space but on a
coarse-grained diffusive time scale. The PFC model accounts for the periodic structure
of a crystal lattice through a free energy functional of Swift-Hohenberg (SH) type
[17] that is minimized by periodic functions. The model can account for elastic and
plastic deformations of the lattice, dislocations, grain boundaries, and many other
observable phenomena. See, for example, the recent review [15] that describes the
variety of microstructures that can be modeled using the PFC approach. The idea
is that the phase variable describes a coarse-grained temporal average of the number
density of atoms, and the approach can be related to dynamic density functional
theory [2, 13]. Consequently, this method represents a significant advantage over other
atomistic methods, such as molecular dynamics, where the time steps are constrained
by atomic-vibration time scales.

Presently, we introduce the PFC equation and the closely related SH equation
and give an idea of the numerical schemes detailed in section 3. We also point out
some of the previous theoretical and numerical work surrounding the SH and PFC
equations.

1.1. Phase field crystal equation. Herein we consider a dimensionless energy
of the form [7, 17]
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2270 S. M. WISE, C. WANG, AND J. S. LOWENGRUB

where Q C RP, where D = 2 or 3, ¢ : Q — R is the density field, € is a constant,
and V and A are the gradient and Laplacian operators, respectively. Suppose that
Q=(0,L;) x (0,Ly) and that ¢ and A¢ are periodic on Q.

We consider two types of gradient dynamics on Q: (i) nonconserved dynamics

(SH) [17],
(12) O = —Mp,

where M > 0 is a mobility, p is the chemical potential defined as
(1.3) pi=0sFE = ¢* + (1 —€) ¢+ 2A¢ + A%¢,

and 04F denotes the variational derivative with respect to ¢; and (ii) conserved dy-
namics (PFC) [7],

(1.4) O =V-(M(9)Vp),

where M(¢) > 0 is a mobility, and where we assume that p is periodic on . Be-
cause the dynamical equations are of gradient type, it is easy to see that the energy
(1.1) is nonincreasing in time along the solution trajectories of either (1.2) or (1.4).
Equation (1.4) is a mass conservation equation where the flux is proportional to the
gradient of the chemical potential. This, along with the periodic boundary conditions,
ensures that [, 9;¢ dx = 0.

Equation (1.2) is referred to as the Swift-Hohenberg (SH) equation [17] and is
fourth-order in space. Equation (1.4) is the phase field crystal (PFC) equation and is
a sixth-order equation. In this paper we wish to describe a practical computational
scheme for solving the PFC equation primarily, though the theory will be applicable
to the SH equation as well.

We wish to point out that while periodic boundary conditions are assumed herein,
the theory and numerical analysis to follow also hold for homogeneous Neumann
boundary conditions, as well as for mixed periodic-homogeneous Neumann boundary
conditions.

1.2. Discrete-time, continuous-space schemes. To motivate the fully dis-
crete methods that are to come, we first present related schemes at the discrete-time,
continuous-space level. Here the discussion will be formal. However, in the next
sections we develop a rigorous theory in the finite-dimensional framework.

The fundamental observation is that the energy F admits a (not necessarily
unique) splitting into purely convex and concave energies, that is, £ = E. — E.,
where E. and FE. are convex, though not necessarily strictly convex. Assuming that
€ < 1, the canonical splitting is

— 14 22 1 2 _ 2
(1.5) Ec—/ﬂ{4¢ + 5 0] +2(A¢)}dx, Ee—/Q|V¢| dx.

We note that the splitting is easy to modify in the case that € > 1. This observation
about convex splitting was first exploited by Eyre [8] to craft energy-stable numerical
schemes. We borrow the notation E. and E. from [8], where c refers to the contractive
part of the energy, and e refers to the expansive part of the energy. The schemes we
propose are of the type proposed by Eyre, but the theory to establish solvability and
energy stability here is more direct and more complete. (We also point out that Eyre
did not specifically consider the SH or PFC equations, though his framework was
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A SCHEME FOR THE PHASE FIELD CRYSTAL EQUATION 2271

sufficiently general to do so.) In particular, we show that some of the assumptions
made in [8] are unnecessary to prove energy (or gradient) stability. More importantly,
we also establish solvability, convergence, and an error estimate for the numerical
method for the conserved dynamics case (PFC), which were not pursued in [8].

Our approach is based upon the following simple, but fundamental, estimate
that was not utilized in [8]. We will be primarily interested in its finite-dimensional
counterpart in section 3.

THEOREM 1.1. Suppose that Q = (0, L) x (0, Ly) and ¢, ¢ : @ — R are periodic
and sufficiently regular, and suppose that A¢ and A are also periodic. Consider the
canonical convez splitting of the energy E in (1.1) into E = E, — E. given in (1.5).
Then

(1.6) E(¢) — E(¥) < (6pEc(¢) = 0pEe(¥), ¢ — )12,

where 64 denotes the variational derivative.

Proof. Let Ec(¢) = [, ec(¢,0:9, 0,0, A¢) dx. Since e.(¢), where ¢ = (¢1, ¢,
o3, ¢4), is convex in all of its arguments we have the equivalent statement

(1.7) ec(¥) —ec(d) = Vyec (@) - (¥ — @)

for any ¢, 1 € RY. Setting ¢ = (¢, 0uss, Oy, A) and 4 = (16, 0utp, Oytb, Avy) and
integrating (1.7) we get

Be) = Bu(0) = | {0uec6.0:6.0,6.50)(6 — 0)

+ 881¢7ec(¢7 aw¢7 8’u¢7 A¢) (8$w - 8$¢)
+ 88y¢ec(¢7 8w¢7 ay¢7 A(b) (ay'@b - ay¢)

(1.8) + Ongecld, 0a, 0,6, AG) (A — Ag) fdx.
Integration by parts leads to the inequality [6, Chap. 2]

(1.9) Ee(¢) — Ec(9) = (6 Ee(9), % — ) 12 -

By a similar analysis on E., but reversing the roles of ¢ and v, we have
(1.10) Ee(¢) — Ee(¥) = (0pLe(v), ¢ — ) 12 -

Adding (1.9) and (1.10) yields

E(’@[J) - E(¢) = Ec(w) - Ee(w) - (EC(¢) - Ee((b))
> (5¢EC(¢)7 1/) - ¢)L2 =+ (5¢EG(¢)5 ¢ - 1/))L2

(1'11) = (5¢EC(¢) - 5¢Ee(¢)a ¢ - ¢)L2 . O
For nonconserved dynamics we propose the semi-implicit scheme
(1.12) P —oF = —sMp, i (", ¢") = 04Ee(¢T) — G5 EL(4")

where s > 0 is the time step size. Here §4E, = ¢+ (1—€)p+A%¢, and §,E. = —2A4.
Setting ¢ = ¢**1 and ¢ = ¢* in (1.6) and using (1.12) we have

E(¢"1) = E(¢%) < (04 Ec(¢*) — 65 Ec (%), "1 — 6F)
(1.13) = (fi, =sM i) 2 = —sM ||fi]| 72 < 0.
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2272 S. M. WISE, C. WANG, AND J. S. LOWENGRUB

Hence the energy is nonincreasing in time, regardless of time step size:
(1.14) E(¢"1) < B(¢").

In this case we say that the scheme is unconditionally energy stable. Note also that
the scheme (1.12) is unconditionally solvable based on the convex structure of the
equations, but is generally nonlinear.

For conserved dynamics we propose the semi-implicit scheme

(1.15)  ¢Ft — g% =5V - (M(¢")VR), (6", 0") 1= 05 Ee(¢™) — 64 Ee(9").
Again we set ¢ = ¢*T! and 1) = ¢* in (1.6) and find
E(@*) — B(¢") < (JoEe(@") = 65Ee(6"), 6" = 6¥) 1,

s (1, V- (M(@")VR)) .
—s (Vit, M(¢")Va) , <0,

(1.16)

where we have dropped the boundary terms (coming from integration-by-parts) using
the periodicity of fi. As before, the energy is always nonincreasing in time,

(1.17) E(¢**) < B(¢Y),

and thus the scheme is unconditionally energy stable. Moreover, we expect that it
is unconditionally solvable based on convexity arguments. For both schemes, the
global truncation error is first-order in time. We reiterate that schemes of this type
were proposed by Eyre [8], primarily for solving the Cahn—Hilliard [4, 3] and Allen—
Cahn [1] equations, but our analysis here is both more direct and more complete. We
also note that the methodology herein is quite general and applicable to a broad class
of gradient problems.

There has been some limited work developing stable schemes for the PFC equation
recently. Cheng and Warren [5] and Mellenthin, Karma, and Plapp [14] describe
linear spectral schemes for solving the PFC equation on periodic domains. Cheng
and Warren’s scheme is similar to one for the Cahn—Hilliard equation analyzed in [18]
and depends upon a Fourier stability analysis of a linearized PFC equation, where,
in particular, the nonlinear term ¢ in the chemical potential is treated explicitly.
Mellenthin et al. use an integrating factor approach. Neither method is a convex
splitting scheme. The finite element method of Backofen, Rétz, and Voigt [2] employs
what is essentially a standard backward Euler scheme, but where the nonlinear term
#% in the chemical potential is linearized via (¢FT1)3 ~ 3(¢F)2¢*+1 — 2(¢*)3. No
stability analysis is given, though they claim that relatively large step sizes can be
achieved. None of the preceding works claim to propose rigorously (energy-)stable
methods. The schemes mentioned above are linear, and consequently conditions on
solvability are somewhat more accessible than in the nonlinear case. We point out that
because Backofen et al. keep the 2A¢ term implicit in the treatment of the chemical
potential, their scheme is not expected to be unconditionally uniquely solvable.

We mention that an alternate approach to the nonlinear splitting scheme proposed
here is a linear splitting scheme, as was suggested by Eyre [8] for the Cahn—Hilliard
equation and by Xu and Tang [20] for a bistable epitaxial thin film equation. This
would involve a splitting of the chemical potential such as

ﬂ:A((karl_¢k)_B(A¢k+l_A(bk)+A2¢k+l+(¢k)3+(1_6)¢k+2A¢k7
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A SCHEME FOR THE PHASE FIELD CRYSTAL EQUATION 2273

where the splitting parameters A, B > 0 must be determined in order to ensure
stability. Unconditional unique solvability is guaranteed, thanks to the linearity and
positivity of the respective terms. It is expected that, as in [20], the energy will be
nonincreasing in time, provided A and B are sufficiently large, but that such A and
B will depend on the unknown ¢**! [20, inequality (2.14)].

In what follows we demonstrate that the convex-splitting framework outlined in
this section has an analogue in the finite-dimensional setting using difference op-
erators. In section 2 we describe the two-dimensional finite-difference operators,
summation-by-parts formulae, discrete norms, and discrete estimates that will fa-
cilitate the definition and analysis of our schemes. In section 3 we present the main
results of our analysis, including the unique solvability, discrete-energy stability, and
convergence of our schemes. We give some concluding remarks and suggest some
future work in section 4.

2. Discretization of two-dimensional space. Our primary goal in this sec-
tion is to define finite-difference operators and summation-by-parts formulae in two
space dimensions needed to define and analyze the schemes. We begin by establishing
some machinery in one space dimension.

2.1. One-dimensional difference operators and summation-by-parts for-
mulae. Suppose Q = (0,L). Let h = L/n, where n € ZT. We define the function
x, = x(r) := (r — 1/2) - h, where r takes on integer and half-integer values, and the
following three sets: E, = {2j11, | i = 0,...,n}, C, = {x; | i = 1,...,n}, and
Cr={x;|i=0,...,n+1}. We define by &, the space of functions whose domains
equal E,,. The functions of &, are called edge-centered functions, and we reserve the
symbols f and g to denote them. In component form, these functions are identified
via fiy1/, := f(®i4a,) for i =0,...,n. By C, we denote the vector space of functions
whose domains are equal to C),, and by Cz we denote the space of functions whose
domains equal Cz. The functions of C,, and C5 are called cell-centered functions, and
we use the Greek symbols ¢, 1, and ¢ to denote them. In component form, these func-
tions are identified via ¢; := ¢(x;), where i =1,...,nif p €Cp,,and i =0,...,n+1
if (]5 € Cx.

Let ¢ and ¥ be cell-centered, and let f and g be edge-centered. We define the
respective inner-products on C,, and &,:

N~

(2.1) (@lw) =D ¢t [flo) = 5D (fimvpaGiove + fipr/aitrse) -
=1 i=1

The edge-to-center difference operator d : £, — C,; the center-to-edge average and
difference operators, respectively, A, D : Ciz — &,; and the discrete Laplacian operator
Ayp, : Cz — C, are defined componentwise as

1 .

(2.2) dfi = E (fi+1/2 - fi_1/2) , 1= 1, ey n,
1 1 )

(2.3) Adivie = 5 (91 + bir1), Doivrp = 3 (Gis1 = 1), 1 =0,...,m,

(2.4) And; = d(D(b)l = % (pic1 —2¢i + div1), i=1,...,n.

The following summation-by-parts formulae are established straightforwardly.
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2274 S. M. WISE, C. WANG, AND J. S. LOWENGRUB

PROPOSITION 2.1. Let ¢, ¢ € Cz and f € &,. Then

(2.5) h [Do|f] = —h (¢ldf) — Advps frfo + Abpiasa frvyas
(2.6) h [Do| DY) = —h (¢|Antp) — Adryy Dy + Adpirss Dby,

h (¢|Ahw) =h (AMW) + A¢n+1/2Dwn+1/2 - D¢n+1/2Awn+1/2
(2.7) — A1), DPrjy + Drjy Aty

2.2. Two-dimensional difference operators and summation-by-parts for-
mulae. Let Q = (0, L;) x (0, Ly), where Ly =m-h and L, =n - h, where h > 0. As
in the one-dimensional case, we define E,,, Cy,, and Cz with respect to (0, L,) and
E,, Cy, and Cx with respect to (0, L,). Define the function spaces

(28) an—{(b C XC —>R} meﬁ:{¢ZCmXCﬁ—>R},

(29) men:{(bC'men%R}, meﬁ:{gmeXCﬁ—)R},

(2.10) En={f:EnxCy,—R}, &7, ={f:CnxE,—R}.

The functions of C,xn, Crmxm, Cmxn, and Cp,xm are called cell-centered functions,
and we use the Greek symbols ¢, ¢, and ¢ to denote them. In component form these
functions are identified via ¢;; : ¢(x;,y;), where, like z,, y» = (r — 1/2) - h. The
functions of &% ,, and &), are called east-west edge-centered functions and north-
south edge-centered functions, respectively. We use the symbols f and g to denote
these functions. In component form east-west edge-centered functions are identified
via fiyi/5 = f(Tiy1/5,%;5); north-south edge-centered functions are identified via
fi7j+1/2 = f(xi,$j+1/2).

We define the following weighted inner-products:

m n

(211) (@) =D ¢ijtig, b ¥ € Coxn UCmxn UCmxm U Crxr,

i=1 j=1

(2.12) [fllglew

I
FE'%
NE

s
Il
-
<.
Il
-

(fi+1/27jgi+1/27j + .fifl/z,jgifl/zj) , fhge &,

(2.13)  [fllglns

I
o
NE

Il
-
<.
Il
-

(f1j+1/2g”+1/2 + fij— 1/2G4,5— 1/2) o fo 9 €&

K3

The edge-to-center differences, d, : €%, — Cmxn and dy : £, — Cpxn; the

center-to-edge averages and differences Az, Dy Crisen — En and Ay, Dy : Couxm —

EN i and the two-dimensional discrete Laplacian, Ap, : Cixm — Cpxn, are defined
componentwise via

(2.14) dufi; = % (fitrjo — fizipag) > dyfij = % (Figire = Fijrpa) s G2 s
(2.15)  Apdiyipn; = % (@i + dit1,5), Dadizrpn; = % (Giv15 — bij), 1;0172 ;
(2.16) Ay i1y = % (@i + bijr1), Dydijray, = % (Bij+1 — bij), T:lo”i ;
(2.17) Anthij = du(Dath)i j + dy(Dy)s 5, =)

The following formulae follow directly.
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A SCHEME FOR THE PHASE FIELD CRYSTAL EQUATION 2275

PRrROPOSITION 2.2. If ¢, ¢ € Cxm, f € ESN, and g € EXS | then

mxn X
h? [Dyl| floy, = —1* (8llds f)

—h (Azd)l/z,*‘fl/z,*) +h (Am¢m+1/27*|fm+1/27*) )
h? [Dyollgl,e = —h* (8lldyg)
(2.19) = b (Ayduplgaie) + 0 (Aybuntrolgansr)

where the x indicates the direction along which the one-dimensional inner-product
acts, and

W2 [Da]| Datfley, + h* Dy Dyl
= —h? (¢l Any)
— 1 (Aebro | Dotbsga ) + 1 (Aabimisgo x| Dot sagos)
(2:20) = h (Ayeie| Dytaisa) + b (Aybu s Dytunssa)
h? (6l|Any) = b? (Anollv)
+h (Am¢m+1/2,*‘Dz¢m+1/27*) —h (Dm¢m+1/27*|14m1/)m+1/2,*)
—h (Actijo o | Dathrys i) + h (Dathrys | Acthrya )
+h (Ay¢*,n+1/2‘Dy¢*,n+1/2) —h (Dy¢*,n+1/2‘Ay¢*,n+1/2)
(2.21) — h (Ayduys| Dythanss) + b (Dybu s | Aytheiss) -

2.3. Periodic boundary conditions. In this paper we use periodic grid func-
tions. Specifically, we shall say the cell-centered function ¢ € C«7 is periodic if and
only if
(2.22) Gm+1,j = 015, G0 =Pmj, J=1,...,m,

(2.23) Gin+1 = Pi1,  Pio=Pin, 1=0,...,m+1.

(2.18)

For such functions, the center-to-edge averages and differences are periodic. For ex-
ample, if ¢ € Crmxm is periodic, then Ay ¢p,y1/sj = Axdiysj and Dydpyias j = Darys
for all j = 0,1,...,n+ 1. We also note that the results for periodic functions that
are to follow will also hold, in possibly slightly modified forms, when the boundary
conditions are taken to be homogeneous Neumann,

(2.24) Pm+1,j = Om,jy Poj=¢15, J=1,...,n,
(2.25) Gint1 = Gin, Gio =i, 1=0,...,m+1,

or a mixture of homogeneous Neumann and periodic boundary conditions.

2.4. Norms. We define the following norms for cell-centered functions. If ¢ €

Conxn, then ||9l5 := v/h? (¢ll9), 0]y := V72 (#%[1), and [[¢]l := maxigicm |¢i,j]-

We define ||V}, ||,, where ¢ € Crmxm, to mean

(2.26) IVl := /12 [Dad| Dadly, + b2 [Dyol| Dy, -

We will use the following discrete Sobolev-type norms for grid functions ¢ € Caxw:

H¢||0,2 = [|¢]|, and

@227) Nl = V192 + IVaolZ,  [6lla0 = VIISIZ + 1940l + 120012 -
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2276 S. M. WISE, C. WANG, AND J. S. LOWENGRUB

2.5. Discrete Sobolev inequalities. Here we prove a discrete Sobolev-type
inequality for two-dimensional grid functions that will be needed to prove pointwise
stability. The primary result is Lemma 2.5. The two preliminary lemmas, Lemmas
2.3 and 2.4, are similar to results proved in [12, sec. 8.6], and we skip their proofs.

LEMMA 2.3. Suppose that ¢ € C. Then, for any i € {1,2,...,n},

(2.28) | S h (¢|¢) + 2Lh [D|Dg] .

LEMMA 2.4. Suppose that ¢ € Cmxm- Then, for any i € {1,2,...,m} and any
je {1,2,...,n},

AL
6:51° < (8ll¢) + —=h* [D w¢||Dw¢]cw+—“h2 [Dy¢l| Dyb).,,
2
(2.29) + 4L, L, h? Z Z Wi W | Dy (D)o 1 joasa|
=0 7'=0

where wp =1 ifk€{1,2,...,n—1} and wy =1 if k € {0,n}.
LEMMA 2.5. Suppose that ¢ € Crmxz is periodic. Then, for any i € {1,2,...,m}
and any j € {1,2,...,n},

1 L, L, L,L
2. P <4 22y 2y 2.
( 30) |¢ ;]| — maX{LmLy’ Ly’ Lz’ 2 } H¢H2,2

Hence [|§]|,, < C(|¢llyq; where C depends only upon L, and Ly.
Proof. Using the previous lemma, this result will follow if we can show

(2.31) S—hzsz/w,

i'=0 j'=0

2
<

m(b)z +1/2 ¥i +1/2

By definition of the edge inner-product [ - | - ],

(2.32) S=h Z wi'h {Dy (Dr(b)iurl/z,* Dy (Dz¢)i/+1/27*} :

Using summation-by-parts Proposition 2.1 and dropping the boundary terms due to
periodicity yields

(2.33) =—h Z with ( Do®)ir i1/ w¢i’+1/2,*) ;

where AE := dnDp. Note the commutation of operators: AY D, = D,Aj. Thus,

=-h Z wmh ( h¢)’L 141/ % 1¢i’+1/2>*)
=—h Z with Z D, (A} 9), ry1sa, 50 Da®irpapo o

(2.34) =-h Z h [ (A7), ;

| Daths]
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Again, using summation-by-parts Proposition 2.1 and dropping the boundary terms
due to periodicity yields

S=h> h(Albe AL, ;) =D (AL]AL)
J'=1

h? h?
< 1% (A0 AO) + o (ATOIIATS) + - (ALl AL6)
h? h? 1
(235) = (Afo+ ALSIATS + ALo) = S (AnslAng) = 5 1An0l3. D

3. Main results.

3.1. A convex splitting of the discrete energy. We begin by defining a
fully discrete energy that is consistent with the continuous space energy (1.1). In
particular, define the discrete energy F : Cix7m — R to be

1 4 l—e 2 2 1 2
(3.1) F(9) = 7 lIglly + —5=llélly = IVadllz + 5 1And ;-
LEMMA 3.1 (existence of a convex splitting). Suppose that ¢ € Cmxm is periodic

and that Ap¢ € Caxw is also periodic. Define the energies

1—ce€ 1
5= 1015+ 5 18n0ll5.  Fe(d) = IVal5

(2 (o) = loli+

Then the gradients of the respective energies are 6sF, = ¢* + (1 — €)¢p + A2¢ and
0pFe = —2Ap0, and F, and F, are convez, provided e < 1. Hence F, as defined in
(3.1), admits the convex splitting F' = F, — F.

Proof. Suppose that 1 € Cmxw is periodic such that Apy € Crxz is also periodic.
Calculating the (discrete) variation of F, and using summation-by-parts (Proposition
2.2, eq. (2.21)) shows

dF,
ds

(3.3) (@+sv)|  =h*(¢*+(1—e)o+A7g|v),

s=0

and the gradient formula follows. A calculation of the second variation reveals

d*F,

B4 =

(¢ +sv)

= 1? (36202 + (1 - 62 + (Anw)’||1) 2 0,
s=0
which proves that F. is convex. (In fact it is strictly convex.) For F., calculating the
variation and using summation-by-parts (Proposition 2.2, eq. (2.20)) gives

(3.5) = —2h* (AnollY),

s=0

T 9+ 50)

d

which yields the gradient. Consider the second variation of the energy:

d’F,
(3.6) —2 0+ s1) = 2h% [Do| Dol + 2h% [Dy|[ Dyl
Hence, d;;;e (¢ + 81/1)|S:O > 0, which implies that F, is convex. |
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We now describe the fully discrete schemes in detail. Define the cell-centered
chemical potential ji € Cix7 to be

(@ ¢%) = 0o Fe(9T) — B4 Fe(¢")
(3.7) = (¢"7)° 4 (1 — P +2806" + Ak,
where x := Ap¢Ft1. The semi-implicit scheme for nonconserved dynamics, i.e., the

SH equation, is as follows: given ¢* € Cmyy periodic, find ¢**1, k € Cmym periodic
such that

(3.8) P — oF = —sMp, M > 0.

The scheme for conserved dynamics, i.e., the PFC equation, is the following: given
®F € Crxm periodic, find ¢*t1, i, k € Crxs periodic such that

(3.9) 91— 9% = s{ds (M (As0") Dufi) +dy (M (4,6") Dyfi) |, M(6) > 0.

3.2. Unconditional unique solvability. We now show how the convexity trans-
lates into solvability for the schemes. We first need two lemmas that will help prove
solvability for the mass-conserving scheme (3.9).

LEMMA 3.2. Suppose the edge-centered functions MV € ES¥  and M™ € ENF

mXn mXn
are positive. For any ¢ € Coyxn, there exists a unique ¥ € Cmxw that solves

(310) L) 1= ~de (M Do) — dy (M™Dy) = 6 — —— (4]}1),
(3.11) Y is periodic and (y||1) = 0.

Proof. Write ¢ = ¢ — (¢]|1) /(m - n) so that ¢ has mean zero, ie., (¢[1) = 0.
Then (3.10) is L(¢)) = ¢. Assuming that ¢ is a periodic solution of the last equation,
then the necessity of (¢[|1) = 0 follows from

(41) = = e = Do) 1) = (dy (M Dy 1)
(3.12) = [M®Y Dy1p||Dy1],,, + [M™Dytp||Dy1] = 0.
We now show that L is symmetric and positive definite restricted to the subspace of

mean-zero functions. Symmetry follows from the next calculation. Suppose ¥1, 12 €
Cmxm are periodic. Then using summation-by-parts,

(U1l L(v2)) = (1]l —de (MY Dyrp2) — dy (M Dyip2))
[Datp1 [ M Datho] o, + [Dythr | M Dyaha]
[Mewa¢1 ||wa2]ow + [MnsDy¢l ||Dyw2]ns

dy (M® Dytp1) — dy (M™ Dyip1)||1)2)
L(y1)1v2)

where the boundary terms vanish because of periodicity. Setting 1 = 11 = )9,

(3.14) (WIL()) = [M™ D | Dol oy, + [M™Dyp|| Dyl o > 0,

(
(3.13) (

from which we get that L is positive semidefinite. Equality in the last line is achieved
only when D9 = 0 and Dy = 0 at every edge-centered point. However, the only
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way that Dy = 0 and D,y = 0 at every edge point is if 7 is a constant function (as
may be easily shown). With the restriction that ¢ has mean zero, (¢||1) = 0, this

constant must be zero, which proves that L is positive definite. d
Suppose the edge-centered functions MV € £ and M"™ € &7, are positive.

Define the vector space

and equip this space with the bilinear form

(3.16) (@1ll¢2) gy, 1, = [M™ Dathr || Dathal ey, + [M™Dythr [ Dyihal,,

for any ¢1, ¢2 € H, where 1; € Cmxs is the unique solution to
(3.17) L(¢i) = —dy (M Dytpi) — dy (M™Dy;) = ¢i, s periodic,  (¢4([1) = 0.

If ¢ € Caxm, then we take ¢ € H to mean that the restriction of ¢ to C,, x C,, is in
H.

LEMMA 3.3. (¢1]/¢2)  is an inner-product on the space H. Moreover,

(3.18) (B1ll¢2) ., = (G| L7 (d2)) = (L7 (61)]|b2) -

Proof. Since L is symmetric and positive definite (SPD), it has an inverse, L™!,
and the inverse must also be SPD. The equality of the three bilinear forms follows from
summation-by-parts, and ((bl HLil (¢2)) is easily seen to be an inner-product. O

THEOREM 3.4 (unique solvability). The nonconserved scheme (3.8) and the con-
served scheme (3.9) are uniquely solvable for any time step size s > 0. Moreover, the
scheme (3.9) is discretely mass conserving, i.e., ((b’“‘l — qkal) =0.

Proof. Unique solvability of the nonconserved scheme results from the fact that
the functional

2

(319)  G(6) = (60) + sME(8) ~ 1 (o]l6" + sMB,F(6")

is strictly convex with respect to ¢, and its minimization is equivalent to solving (3.8).
Discrete mass conservation of (3.9) follows from

(@ = @"[|1) = 5 (do (M (A20") Daft) +dy (M (4y6") Dyii)|[1)
= =5 [M (A:0") Dot D:1] , — 5 [M (Aye*) Dyial| Dy1],
(3.20) = 0.

Thus, if (3.9) has a solution ¢**!, then by necessity it must be that (¢F+!|[1) =
(¢%]|11); i.e., ¢*! and ¢* have equal means.

Now, without loss of generality, we may suppose that ¢* € H, where H is the
subspace of mean-zero functions in C,,x, defined above. The appropriate space for
solutions of (3.9) must necessarily be H. Now consider the following functional on H:

h2
(3.21) G(d) =5 (0l9)p, — h? (9]|6%) ., + Fe(@) = h* (|05 Fe(¢))
where the H inner-product is defined as

(3.22)  (d1lld2) gy p = [sM(Axd™) Dot || Datia] ., + [sM(Ayd"™) Dytin || Dy]
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and v; € Cmxg is the unique solution (by Lemma 3.2) to
(3.23) L) = —sdy (M (A20")Dat;) — sdy (M (Ayd*)Dyti) = 5,
such that v; is periodic and is mean-zero (¢;||1) = 0. By Lemma 3.3, G is equivalent

to

(324)  G(¢) =7 (L7 (9)]|9) = h? (L7 (9)[¢") + Fe(9) — h* (¢]|d0Fe(¢")) ,

and it is clear that this functional is strictly convex if ¢ is restricted to H. Moreover,
it may be shown that ¢**1 € H is the unique minimizer of G if and only if it solves

(825) 8,665 = LU (@M — 9b) + ,F(04 ) — 6F.(6) — C = 0,

where C' is a constant. Since L~!(¢*T! — ¢¥) has zero mean, it must be that
SpFe(¢Ftl) — 6F,(¢F) — C has zero mean, in which case

1

m-n

(3.26) C = —— (3, Fe(¢") — 3F(6")]1) .

Applying the invertible operator L to (3.25) we have
(327) " —¢F =s{d, (M (A:¢") Doia) +dy (M (Ay¢*) Dyfi) } + L(O).

But, of course, L(C) = 0. Hence minimizing the strictly convex functional (3.24) is
equivalent to solving (3.9). O

3.3. Unconditional stability. The following is a discrete version of Theorem
1.1.

THEOREM 3.5 (energy decay estimate). Suppose that ¢+, ¢F € Crxn are peri-
odic and that Apd*T1 € Carum is also periodic. Assume that the discrete energy F is
as given in (3.1), and take the convex splitting F = F, — F, in Lemma 3.1. Then

(3.28) F(") = F(¢*) < B (0sFo(¢™h) — 65 Fe(87)|| 0" — ¢*) .
Proof. We have, by convexity,

(3.29) F.(¢%) = Fo (¢"*") 2 h% (85 Fe ("1 ||o" — 0 11),

(3.30) F. (¢"11) = Fo (¢%) = B* (4F. (¢%) ]| 0" 1! — o").

Adding the inequalities and multiplying by —1 gives the result. O
The energy decay estimate readily yields the energy stability of the schemes.
THEOREM 3.6 (energy stability). Both the nonconserved (3.8) and conserved
(3.9) schemes are unconditionally (strongly) energy stable, meaning that for any time
step size s > 0,

(3.31) F(§*) < F(g").
Proof. For the nonconserved case, using the energy decay estimate, we have
() = F(6%) < 12 (5,Fu(0"1) — 8 Fu(68) ][0 — o)
— b2 (il —sMi) = —sMA? (il i)
<0.
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For the conserved case, using the energy decay estimate and summation-by-parts, we
have

P(&1) — F(@%) < 1 (5,Fu(0) — 84 (664 — )
= h? (ﬂHS {dw (M (Aw¢k) Dw/l) +dy (M (Ay¢k) Dyﬂ)})
= —sh? {[Dafi| M (A2%) Dafi] , + [Dyir|| M (Aye*) Dyi], }
<O0. O

Using an idea from [9], we now show that energy stability leads to the uniform
boundedness of the discrete solutions. First we need two lemmas.
LEMMA 3.7. Suppose that ¢ € Cmxs is periodic. Then

L.L,
4 3

(3.32) F(¢) > Clol3,—

where C' > 0 is independent of h.
Proof. First note that, using (a? — 1)2 > 0, we have
L.L,
T

1 4 1 2
(3.33) 7 l1ells = 5 llell; -

We also have the following from summation-by-parts and Cauchy’s inequality:

1
(3:34) IVholl3 = 2 (~0l8ng) < o ol + 5 NAnal,

valid for any 3 > 0. Hence,

1
(3.35) - 113 + 5 13m0l > —55 ol

Set a =1 — e > 0. Putting the above estimates together, we have

1 1
Fg) = L1611+ & 1013~ 90013+ 2 120012
1 1 1 L,L
(3.0 > (35 o) 1o+ (5= 2) nawaiz - 2o

We choose § such that 1/24a/2—1/23 > 0 and 1/2—8/2 > 0. The last set of inequalities
is equivalent to 1 +a > /g and 1 > (3, which always has a solution in the quadrant
where 3, a > 0. In particular, we take 8 = 3y := 1/v/i+a. Thus

L,L,
4 3

(3.37) F(8) = K (1813 + 1a0013)

where K = min (1/2 + ¢/2 — 1/28,,1/2 — Bo/2) > 0. Using inequality (3.34) again, but
with 8 =1, we have

2K L, L
(3.38) () = = (1815 + 190113 + 12n013) — =272,
and the desired result follows. a
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LEMMA 3.8. Suppose that ¢ € Crmxm is periodic. Then
L,L

(3:39) F(¢) > Clel%, - =%
where C' > 0 is independent of h.

Proof. This follows from the discrete Sobolev inequality of Lemma 2.5. d

Finally we can prove the uniform pointwise boundedness of the discrete solution
of either the SH or PFC scheme.

THEOREM 3.9. Let ®(z,y) be a smooth, periodic function on Q = (0, Ly)x(0x Ly)
and (;S?J = ®(z;,y;), and suppose E is the continuous energy (1.1). Let (bﬁj € Cmxm
be the kth periodic solution of either of the schemes (3.8) or (3.9). Then

(3.40) 68|, < \/CIE(@) + CaLaLy,

where C1,Co > 0 and neither Cy; nor Cy depend on either s or h.
Proof. From the energy stability Theorem 3.6 and the previous Lemma 3.8 we
have
L.L,
1
where C' > 0 does not depend upon h. It is straightforward to show (e.g., [9, Cor. 1])
that

(3.42) F(¢")=E(@®)+7, |r|<Mh*><ML,L,,

(3.41) F(¢) = F(¢*) > C[|¢*]|%, -

where 7 is an approximation error and M is some positive constant that does not
depend upon h. Then
L.L,

4 3

(3.43) ML,L, + E(®) > C |67, -

and the result follows. a

3.4. Error estimate for the PFC equation. We conclude this section with a
local-in-time error estimate for the PFC equation. A similar result for the SH equation
may be obtained without difficulty. For the PFC scheme we will need the following
estimate showing control of the backward diffusion term.

LEMMA 3.10. Suppose that ¢ € Caxm is periodic and that Ap¢ € Camxm s also
periodic. Then

1 200
(3.44) 1801l < 55 191l + 5 Va (And)3

valid for arbitrary o > 0.
Proof. Using summation-by-parts (Proposition 2.2, eq. (2.20)) and Cauchy’s in-
equality,
1AR8]15 = B* (Arg||Ang) = h* [=Dudl| Da (An6)]oy, + B> [~Dyo| Dy (And)],,,

2 2

h h
< 5= [Da6]Dodley, + =5 [Da (Bn6) | D (A16)]ey

h? h?
+ 5= [Dy8l Dyl + =5 Dy (Ad) 1Dy (Ard),,

1 o
(345) == IVasls + 5 Va (An)l;-
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Again, using summation-by-parts and Cauchy’s inequality, we have the estimate

Va3 = h? [Ded|| Daley, + b2 [Dydl| Dydl,, = h? (6] Ang)

h2 h20[ 1 2 « 2
. < — - = — - .

(3.46) < o (816) + 5% (Mgl Ang) = 5 013 + 5 1Angl
Putting the two estimates together, we find

2 1 1 2, @ 2 « 2

1800l < 5 (5 1913 + 5 18we13) + 5 19 (Aol
1 2 1 2, Q@ 2
(3.47) = 12 411> + 1 [Anoll; + 5 IV (Bro)ll5 -
Equivalently,
3 2 1 2, 2

(3.48) 1 [Argll; < 12 el + 3 Vi (And)|l5
and the desired result follows. d

The existence and uniqueness of a smooth, periodic solution to the PFC equation
may be established using standard techniques. See Remark 3.12. In the following
pages we denote this PDE solution by ®, and in the next theorem we establish an
error estimate for the fully discrete approximation to ®.

THEOREM 3.11 (error estimate). For simplicity, assume that M($) =1 in (1.4),
and let Q = (0, Lg) x (0 x Ly). Given smooth, periodic initial date ®(z,y,t = 0),
suppose the unique, smooth, periodic solution for the PFC equation (1.4) is given by
D(x,y,t) on Q for 0 < t < T, for some T < oo. Define fo)j = O(z;,y5,ks), and
eﬁj = @Zj — ﬁj, where (bﬁj € Crmxm 18 kth periodic solution of (3.9) with ¢?7j = <I>?7j.

Then, where £-s =T,
(3.49) H‘SEH2 <C (R +35s),

provided s is sufficiently small, for some C > 0 that is independent of h and s.
Proof. The continuous function ® solves the discrete equations

(3.50) QML — @F = sApju (BFT ®F) + sTFH

where 7F

*1 is the local truncation error, which satisfies
(3.51) it < My (B® + )

for all ¢, j, and k for some M; > 0 that depends only on T, L, and L,. In particular,
we have

(3.52)

k 3
7541 < C (s1®llca(o ey + 12 (1913 o ricnien) + 1Bl <o) ) -

Hence,

3
(3.53) My <@ e2 0 1.00(0)) + 1@ 1o 0,100 0)) + 1Rl Loc 0,705 () -
Subtracting (3.9) from (3.50) yields

(3.54) e — P = sAy (i (OFF!, @F) — i (67T, ¢")) 4 sTFHL.
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Multiplying by 2h2eF+1, summing over i and j, and applying Green’s second identity
(Proposition 2.2, eq. (2.21)) we have

e = eMl + et = el = 202 (i (447, 8%) — i (441, o) || Anet*)
+2h%s (TR | )
= 2% (@) = (¢"+1)" | anet 1)
+2h%5(1 —€) (" || Apett)
+4h%s (Ane® || Ane™th) + 207 (AZeM | Apet )
(3.55) + 2075 (TP e

k41 _

Dropping the nonnegative term ||e ek Hz and using summation-by-parts we have

||ek+1H§ _ ||6k||§ < 2h2s ((q)k+1)3 _ (¢k+1)3HAhek+1)
—2s(l—¢) HVhekH ||z +4h?%s (AhekHAhekH)
(3.56) — 25|V, (A2R )| + 287 (7HF[eM )

Using Cauchy’s inequality and the pointwise boundedness of both ¢**! and ®*+! we
have the following estimate:

NER (((I)k+1)3 _ (¢k+1)3HAhek+1) < % H((I)k+1)3 _ (¢k+1)3Hz n % [Nt

(3.57) < sCy [ + 5 | Anet

where C; is independent of s and h. Two more applications of Cauchy’s inequality
yield

(3.58) 4h%s (Ane®||Ane+T) < 25 || Apet|; + 25 || Ane* L
and
(3.59) 2h%s (TR || b 1) < sMy (B2 + 5)7 + s ||,

where My := M}L,L,. Putting these together and dropping the nonpositive term
—2s(1—¢) ||Vhek+1H§ yields

e = [le 13 < s (Ca 1) e + 25 [ Anely + s [l Anet

(3.60) — 25 ||V (A2eM ) |2+ sM (B +5)°.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



A SCHEME FOR THE PHASE FIELD CRYSTAL EQUATION 2285

Summing over k and using e° = 0, we obtain

{—1

2 2 2
eIz = 32 {5 = Nl §

<Z{ (€1 1) [[4 115 + 25 [l AneH]l; + 3s [ Anet
— 25|V (A ) [+ Mo (% + 5)" |,

J4 J4
= s (CA )Y [kl 55> [|Anek|s - 2s [ Anet]f;
k=1 k=1

¢
— 25 ||V (Ane®) |5 + (b + 5) MaT
k=1

¢ ¢
s(C DY lk]s 553 | Anet|
k=1 k=1

J4
(3.61) — 25|V (Aneb)|[; + (h% + 5)° MeT,
k=1

where we assume £-s = T. We now use Lemma 3.10 with e* to obtain

10
el < s (e 1+ )Zn U+ (i—z)zuvh (A

(3.62) + (W% +5)° MaT,

where a > 0 is arbitrary. Choosing oz = 3/10 yields

2 527
e < = (00 B S - 3 9 (e

(3.63) + (B? + s) MoT.
Dropping the nonpositive term —s Zi:l HVh (Ahek) ||§ and setting Cy := (C + 527/27)
yields
2 ‘ 2 2
(3.64) ||eéH2 gngzHekH2+(h2+s) M,T.

Manipulating, we have

{—1

2 sC TM. 2
(3.9 I = 72 2 e+ g (4"

Provided s < 1/C4, the discrete Gronwall inequality guarantees that

2
(3.66) lefll; < =5

T M, sCy \7' . 2
( +1—ng> (R*+5)".
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The coefficient

T M, < sCl )“

(367) 1-— SOQ + 1-— SOQ

may be bounded by a positive constant that is dependent on 7' (exponentially), but
otherwise independent of h and s. This proves the theorem. a

Remark 3.12. Energy estimates to the semidiscrete scheme (1.15) (at the con-
tinuous-space level) can be applied to establish the well-posedness of the PFC model.
The limit of the numerical solution (as time step s — 0) is a solution of the PDE sys-
tem. The nonincreasing property of the physical energy (1.17) indicates a bound
in the L (O,T;H2 (Q)) norm. Moreover, by testing the numerical scheme with
—A¢FtL we can derive an L? (0,T; H*(Q2)) bound of the numerical solution (in-
dependent of s), with the help of the L™ estimate of ¢**!. This in turn gives a
weak solution of the PFC model by taking the limit of s — 0, with the regularity
¢ € L>(0,T; H*(Q)) N L2 (0,T; H* ().

Similar energy estimate techniques can be applied to analyze the higher-order
derivatives of the numerical solution. By testing the numerical scheme with (—A)™¢*+!
(m > 3), we obtain a higher-order regularity of the numerical solution, with a uniform
(s-independent) bound for ¢ € L> (0, T; H™ (Q))NL* (0,T; H™*3(12)). The analysis
of the nonlinear term can be handled in the same way as in the derivation of the weak
solution. As a result, a unique global (in time) strong solution (with m = 3) can be
proven for the PFC model, since passing to the limit as s — 0 does not cause any
difficulty. A unique global smooth solution can also be derived for any smooth initial
data by taking a higher value of m.

4. Conclusions. In this paper, we have developed and proven convergence of an
unconditionally energy-stable finite-difference scheme for the sixth-order phase field
crystal (PFC) equation. The method is based on a convex splitting of a discrete
energy and is semi-implicit. The equation at the implicit time level is nonlinear but
is uniquely solvable for any time step. The algorithm is first-order accurate in time
and second-order accurate in space, as is demonstrated in an error estimate.

Our scheme is based on a generalization of the convex-splitting methodology
proposed by Eyre [8] for solving bistable gradient-flow equations. Herein, we put the
framework on a sound, complete theoretical footing, which was missing in [8]. In
particular, Theorem 3.5, which is the centerpiece of our work, facilitates the energy
stability of both conserved and nonconserved schemes in a general way. Indeed, the
theory herein applies to a very broad class of bistable gradient flows and, as we show
in [19], to certain equations of nongradient-flow type as well.

In a companion paper [11], we develop an efficient nonlinear multigrid method to
solve the unconditionally energy-stable algorithm presented here. In fact we demon-
strate therein that the nonlinearity of the schemes is not a difficulty. We compare
solutions of our first-order scheme with those of a new, fully second-order accurate
multistep numerical scheme (also given in [11]). In this new scheme, the discrete
energy is bounded by its initial value, for any time step, but may not be strictly de-
creasing from one time step to the next. This weak energy stability is still sufficient to
guarantee pointwise stability of the scheme, and the convergence analysis given here
can be modified to apply to this new scheme. It remains an open question, however,
whether one can obtain a fully second-order accurate numerical scheme that is both
(i) unconditionally (strongly) energy stable (i.e., the discrete energy is nonincreasing
from one time step to the next) and (ii) unconditionally solvable.
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Herein we have utilized periodic boundary conditions. This usage is for simplicity,
but it is in no ways a fundamental constraint. All of our results hold, though in per-
haps slightly modified forms, assuming homogeneous Neumann boundary conditions
and also boundary conditions of mixed periodic-homogeneous Neumann type. Indeed,
in [11] we perform a computation with the latter type of boundary conditions.

There are a number of other interesting problems we plan to address in the future.
These include the development of adaptive time step algorithms. Such algorithms can
be very effective in accelerating PFC simulations since the dynamics typically involves
a slowly evolving microstructure punctuated by a few rapid events. An accelerated
algorithm would make it possible to increase the range of scales capable of being
simulated by the PFC model. The role of adaptive spatial mesh refinement is less
clear due to the periodic oscillations of the phase field variable that characterize the
spatial extent of the crystal phase.

Finally, we mention that the convex-splitting framework can be extended to deal
with an important generalization of the PFC equation. In forthcoming papers [10, 19]
we analyze and test numerically convex-splitting schemes for the modified phase field
crystal (MPFC) equation, which was proposed in [16]. The MPFC equation is de-
signed to account for elastic interactions and includes a second-order time derivative,
which adds a quasiphononic time scale on top of the diffusive time scale in the PFC
equation [15, 16]. Specifically, the MPFC equation is

(4.1) BOw¢ + O0rdp =V - (M(9)Vp),

which is a generalized damped wave equation. In the MPFC approach, atomic posi-
tions relax at early times consistent with elasticity theory, and the evolution on long
time scales is dissipative. Because of the presence of elastic waves, the MPFC equa-
tion can have stricter time step requirements than the PFC, and thus the design of
efficient algorithms for the MPFC is very important.
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REFERENCES

[1] S. M. ALLEN AND J. W. CAHN, A microscopic theory for antiphase boundary motion and its
application to antiphase domain coursening, Acta. Metall., 27 (1979), pp. 1085-1095.

[2] R. BACKOFEN, A. RATZ, AND A. VOIGT, Nucleation and growth by a phase field crystal (PFC)
model, Phil. Mag. Lett., 87 (2007), pp. 813-820.

[3] J. CAHN, On spinodal decomposition, Acta Metall., 9 (1961), pp. 795-801.

[4] J. CAHN AND J. HILLIARD, Free energy of a nonuniform system. L. Interfacial free energy, J.
Chem. Phys., 28 (1958), pp. 258-267.

[5] M. CHENG AND J. WARREN, An efficient algorithm for solving the phase field crystal model, J.
Comput. Phys., 227 (2008), pp. 6241-6248.

[6] B. DACOROGNA, Introduction to the Calculus of Variations, Imperial College Press, London,
2004.

[7] K. ELDER, M. KATAKOWSKI, M. HAATAJA, AND M. GRANT, Modeling elasticity in crystal
growth, Phys. Rev. Lett., 88 (2002), article 245701.

[8] D. EYRE, Unconditionally gradient stable time marching the Cahn-Hilliard equation, in Com-
putational and Mathematical Models of Microstructural Evolution, J. W. Bullard, R. Kalia,
M. Stoneham, and L. Q. Chen, eds., Mater. Res. Soc. Symp. Proc. 529, Materials Research
Society, Warrendale, PA, 1998, pp. 39-46.

[9] D. FURIHATA, A stable and conservative finite difference scheme for the Cahn-Hilliard equation,
Numer. Math., 87 (2001), pp. 675-699.

[10] Z. Hu, S. Wisg, C. WANG, AND J. LOWENGRUB, Stable and efficient finite-difference nonlinear-

multigrid schemes for the modified phase field crystal equation, in preparation.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



2288

aQa o w

S. M. WISE, C. WANG, AND J. S. LOWENGRUB

. Hu, S. WIsSE, C. WANG, AND J. LOWENGRUB, Stable and efficient finite-difference nonlinear-

multigrid schemes for the phase-field crystal equation, J. Comput. Phys., to appear.

. JOHN, Lectures on Advanced Numerical Analysis, Gordon and Breach, New York, 1967.
. MARCONI AND P. TARAZONA, Dynamic density functional theory of liquids, J. Chem. Phys.,

110 (1999), pp. 8032-8044.

. MELLENTHIN, A. KARMA, AND M. PLAPP, Phase-field crystal study of grain-boundary pre-

melting, Phys. Rev. B, 78 (2008), article 184110.

. ProvaTas, J. DANTZIG, B. ATHREYA, P. CHAN, P. STEFANOVIC, N. GOLDENFELD, AND

K. ELDER, Using the phase-field crystal method in the multiscale modeling of microstruc-
ture evolution, JOM, 59 (2007), pp. 83-90.

. STEFANOVIC, M. HAATAJA, AND N. PROVATAS, Phase-field crystals with elastic interactions,

Phys. Rev. Lett., 96 (2006), article 225504.

. SWIFT AND P. HOHENBERG, Hydrodynamic fluctuations at the convective instability, Phys.

Rev. A, 15 (1977), pp. 319-328.

. VOLLMAYR-LEE AND A. RUTENBERG, Fast and accurate coarsening simulation with an un-

conditionally stable time step, Phys. Rev. E, 68 (2003), article 066703.

. WANG AND S. WISE, An energy stable and convergent finite-difference scheme for the mod-

ified phase field crystal equation, STAM J. Numer. Anal., submitted.

. Xu AND T. TANG, Stability analysis of large time-stepping methods for epitazial growth

models, SIAM J. Numer. Anal., 44 (2006), pp. 1759-1779.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


