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Two-phase incompressible flows numerical schemes for the Abels-Garcke-Griin (AGG) model, which is a thermodynamically
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consistent phase field model of two-phase incompressible flows with different densities. Both
schemes are decoupled, linear, second-order in time, and the numerical implementation turns
out to be straightforward. The first scheme solves the Navier-Stokes equations in a saddle point
formulation, while the second one employs the artificial compressibility method, leading to a fully
decoupled structure with a time-independent pressure update equation. In terms of computational
cost, only a sequence of independent elliptic or saddle point systems needs to be solved at each
time step. At a theoretical level, the unique solvability and unconditional energy stability (with
respect to a modified energy functional) of the proposed schemes are established. In addition,
comprehensive numerical simulations are performed to verify the effectiveness and robustness of
the proposed schemes.

1. Introduction

Two-phase incompressible flows are fundamental components of numerous real-life physical phenomena and play a pivotal role in
multiphysics simulations, with diverse industrial applications, such as bubble column modeling in chemical and biological engineering
processes [34], and bubble dynamics modeling in metallurgy processes [81]. Meanwhile, accurately capturing the dynamic interface
is of paramount importance in numerical simulations of two-phase incompressible flows, as it enables a comprehensive understanding
of the intricate dynamics exhibited by such a system. Among various interface modeling methods (such as the volume of fluid method
[46], level set method [72], arbitrary Lagrange-Eulerian method [24]), we are particularly interested in the phase field approach,
due to its ability to circumvent difficulties associated with simulating discontinuities in physical quantities across interfaces and its
adherence to an energy law.

The classical phase field model of two-phase incompressible flows (the so-called Model H) originates from the seminal work of
Hohenberg and Halperin [47], and was subsequently refined in a thermodynamically consistent manner by Gurtin et al. [43]. There
have been enormous outstanding achievements for Model H, see [6,13,14,22,28,29,45,44] and the references therein. On the other
hand, such a model is based on a critical assumption that the density ratio is equal to one. Although the Boussinesq approximation
[58] is applicable for different densities, it does not hold in the presence of a large density ratio. Furthermore, incorporating density
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variation directly into the momentum equation is inappropriate, as it is crucial to ensure the model is thermodynamically consistent
in the case of a large density ratio. Therefore, it is not suitable to employ Model H for simulating many engineering problems,
such as the behavior of rising gas bubbles in liquid metal flows under external magnetic fields [81]. Various thermodynamically
consistent phase field models (Cahn-Hillard-Navier-Stokes system) have been proposed in the literature; see [2,3,25,42,59,61,70,731,
and a comprehensive exploration can be found in [73]. Among these available phase field models, our specific focus lies on the
so-called Abels-Garcke-Griin (AGG) model, proposed by Abels et al. [2]. This model employs volume-averaged velocity to ensure
solenoidal velocity, while refining the conventional continuity equation and momentum equation by incorporating a diffusive mass
flux determined by the density ratio and chemical potential. In turn, gravitational energy cannot be taken into consideration as the
conventional continuity equation is no longer valid, and such an approach leads to an energy dissipation law in the absence of external
gravity forces. On the other hand, designing efficient numerical schemes for the AGG model is much easier, in comparison with other
models mentioned above, since it is a generalization of Model H in unmatched density cases. The theoretical results (such as the
global well-posedness and regularity analysis) of this model have been exhaustively investigated; see [1] and the references therein.
Also, the AGG model has been generalized to many complex multi-physics problems [7,23,37,66], etc.

Now, our literature review will focus exclusively on the numerical schemes for the AGG model. Griin and Klingbeil [36] proposed
a second-order in time and unconditionally energy stable scheme, with its convergence established in [35]. However, their scheme is
nonlinear and coupled, so a theoretical justification of unique solvability is not available in their work. Additionally, the convergence
rate analysis is absent. Shen and Yang [69] employed the pressure stabilization method [40,41] to construct a fully decoupled, linear,
first-order in time, and unconditionally energy stable semi-implicit scheme; also see [16]. Gong et al. [33] introduced a novel energy
quadratization technique to derive a linear and second-order in time scheme, and unconditional energy stability was proved, subject
to periodic boundary conditions. Yang and Dong [80] employed a scalar auxiliary variable (SAV) approach, which combines the
kinetic energy and the potential free energy to reformulate the model, and proposed a second-order in time and unconditionally
energy stable scheme. In fact, the momentum equation is transformed into a curl form in their work, and the vorticity variable is
introduced to decouple the velocity and pressure gradient. Such an effort leads to a fully decoupled structure, and only a sequence
of time-independent coefficient linear systems and one nonlinear algebraic equation need to be solved at each time step. However, a
very small time step is needed in their scheme to obtain a reliable simulation result. Khanwale et al. [53] proposed an unconditionally
energy stable Crank-Nicolson type scheme, while a residual-based variational multiscale method was used in the Navier-Stokes part for
pressure stabilization, and a massively parallel adaptive octree-based meshing framework was also developed. Moreover, the pressure
projection idea was employed and a projection-based semi-implicit scheme was derived in [54]. Meanwhile, a linear, second-order
in time and unconditionally energy stable scheme was proposed by Fu and Han [31], and a classical residual-based stabilization
was applied in the advection-dominated regime. On the other hand, this is a coupled numerical scheme, which leads to a higher
computational cost. And they failed to utilize the “zero-energy-contribution” (ZEC) approach [78] in constructing a decoupled scheme,
as an order one constancy error was observed in their numerical experiments. Nevertheless, the ZEC approach is still very useful in
obtaining a decoupled structure. For example, following the work [69], Chen and Yang [8] proposed a fully decoupled, linear, and
unconditionally energy stable scheme, while the pressure stabilization method, Strang operator splitting method, and ZEC approach
were utilized to decouple the system; also see the related work [9]. The primary shortcoming of this numerical effort is associated
with the fact that their schemes were only limited to first-order accuracy in time.

Inspired by the previous studies, our objective in this paper is to develop decoupled, linear, second-order in time, and uncon-
ditionally energy stable, fully discrete finite element numerical schemes for the AGG model. In particular, such an effort is based
on decoupling methods for incompressible flows, such as projection and quasi-compressibility approaches. This numerical effort is
undoubtedly very challenging, since the densities and dynamic viscosities in the momentum equation are determined by the order
parameter, and more coupled terms are involved than in Model H. Moreover, a theoretical justification of energy stability also poses
a formidable challenge, especially for second-order in time, fully decoupled schemes. In fact, the numerical scheme presented in [80]
is the only one that fulfills all the aforementioned properties. However, this algorithm encounters significant challenges in numeri-
cal simulation and lacks scalability for more intricate two-phase incompressible flows. In order to accomplish these objectives, the
following strategies are implemented:

 The conventional numerical techniques, such as semi-implicit methods, are not ideal to achieve the objectives outlined above.
To facilitate the numerical design and theoretically obtain a discrete energy law, we reformulate the dimensionless AGG model
by some suitable identical transformations. Afterwards, the MSAV approach [17,57] is employed to rewrite the system into an
equivalent form in the continuous sense. Of course, the nonlinear potential in the Cahn-Hillard equation can be linearized by
this approach. In comparison with the standard SAV approach [68], the MSAV formulation can effectively capture the disparate
evolution process in the total energy [17].

To ensure unconditional energy stability in developing a linear scheme, we incorporate the ZEC feature into the scalar auxiliary
variables of the MSAV approach, and treat all the coupled terms explicitly. In addition, extrapolation formulas are utilized to
linearize all variables related to the order parameter in the momentum equation, such as the density and dynamic viscosity.
The backward difference formula (BDF) is used as the temporal discretization. The first scheme is derived by a direct ap-
plication of Galerkin finite element spatial approximation. To further develop a fully decoupled finite element scheme with
a time-independent pressure update equation, we employ the artificial compressibility method [27] and follow the ideas in
[20,32,41] to deal with the Navier-Stokes equations. The second proposed scheme is based on a combination of these numerical
ideas.
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The rest of this paper is organized as follows. In Section 2, we introduce the dimensionless governing equations and employ the
MSAV approach for an equivalent reformulation. In Section 3, we propose the associated numerical schemes, and prove the unique
solvability and unconditional energy stability. The numerical implementation is outlined as well. In Section 4, various numerical
simulation results are presented to validate the robustness of the proposed schemes, and the impact of different mobility forms is
investigated. Finally, some concluding remarks are made in Section 5, and the related future works are mentioned.

2. Governing equations and MSAV reformulation
2.1. Governing equations

Let Q ¢ R?(d =2,3) be a bounded and connected domain with Lipschitz continuous boundary dQ. The following dimensionless
thermodynamically consistent phase field model of two-phase incompressible flows is considered, with different densities (for the
dimensional AGG model, see [2] for details):

BtV )= 5V - (90, (1a)

—Cn’A¢p + F'(p)=p, (1b)

p+V-(pu+J)=0, (1)
A1y, _y,-Eny. 1

o+ (pu+ J) - Vu= o=V - D@) = Vp = =V - (VYD) + = f ad

V-u=0. (1e)

In the above equations, ¢ is the order parameter that labels the two immiscible fluids such that

o) 1, fluid1, .
T =1, fluid 2.

Moreover, u is the chemical potential, m = m(¢) > 0 is the mobility, F(¢) = i(d)z —1)? is the Ginzburg-Landau double-well potential,
p and 7 are the density and dynamic viscosity defined by
. PL— P p1t+p L m—m n+m
p.——zpr ¢+—2Pr and n.——zm ¢+—2}1 ,
where p; (respective to p,) and #, (respective to #,) are the density and dynamic viscosity of fluid 1 (respective to fluid 2), and p,, 7,
stand for the reference density and reference dynamic viscosity. The variable u is the velocity, p is the pressure, D(u) = %(Vu +vul)is
the deformation tensor, f = f(p) is the external gravity force. In equation (1c), J is the diffusion flux related to the density difference,
given by

(3)

r

pL—p
J=-2""2,yv u. @
2p,Pe
For the details of non-dimensional form, let L,,u,,e, 4, M, g denote the reference length, reference velocity, interface thickness,
surface tension, reference mobility and gravity acceleration, respectively. In turn, the dimensionless numbers are given by the fol-
lowing parameters:

+ Cahn number Cn = £
Lr

2v/2eL,u
* (effective) Péclet number Pe = L

L 3AM
u
« Reynolds number Re = ZrPrtty
My
2\/5L P2
- Weber number We= ——— "
31
2
« Froude number Fr = —~
gL,

Remark 1. Here we give the details to determine these dimensionless numbers. In fact, the Froude number Fr is set to one, and
this fixes the reference velocity to be u, = \/g_L, Subsequently, Re and We can be determined by setting appropriate L,, p,.,#,, with
given o. In general, Pe is assumed to be a function of Cn. In the case of constant mobility, the scaling law 1/Pe = 3Cn is preferred
in the literature [53,54,62]; while in the degenerate mobility case (as a typical choice of (% — 1)?), the scaling law 1/Pe = constant
is preferred in the literature [4,31,75]. Following the above scaling laws, we are able to complete the parameter setting by choosing
the interface thickness €.
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To facilitate the numerical design, we first make use of the identity
1
V- (VoY) = SV IVHI* + ApV, ®)

and transform the right-hand side of (1d) into

1 1
RHS = —V - 24D(u)) - VP —
S Re 2nDw)) -V WC¢/4+F

in which the so-called effective pressure has been introduced:

I ©)

P: —p+—|V¢|2 —(F<¢) Ue). )

In turn, we multiply (1c) by Eu and add it to (1d). By introducing a new variable ¢ = \/E, the left-hand side of (1d) turns out to be

LHS=a(au),+(pu+J)~Vu+%V-(pu+J)u. (8)

Hence, system (1) could be rewritten as the following form:

¢+ V- (up)= —V (mVu), (92)

—CnA¢ + F'(¢) = (9b)

o(ou), + (pu+J) - Vu + lv (pu+J)u—iV (ZnD(u))—VP—Wd; u+ Flf (9c)
V.u=0. (9d)

To form a closed PDE system, we take the following boundary conditions:

n-Ve|yo =0,
n'VﬂlaQ:O, (10)
ulao =0,

and the initial conditions:
$(0)=¢°,

(11)
u(0) = u°.

Notice that other appropriate physical boundary conditions could also be adopted, such as periodic and free-slip ones.
By taking f =0, system (9) with boundary condition (10) and initial condition (11) satisfies the following energy dissipation law:

La0)=-70 <0, (12)
or in an equivalent integral form:
sup &)+ / Padt<C, 13)
0<1<T

where T € (0, o) is the final time and C is a generic constant dependent on the initial data and dimensionless numbers. The dimen-
sionless total energy and the energy dissipation density are given by

[ oup e L (€0 v
—/[zloul +WeCn< > V| +F(¢>)>]dx,
Q

1 2
P = ( Vul + 24D 2)d
/ Sl Val + D) dx
Q

14)

2.2. The MSAV reformulation

For the convenience of numerical design, we introduce the following scalar auxiliary variables [57]:

RO=U®= /G(¢)dx+5, G(¢)=F(¢)—%¢2, (15a)
Q
¢

=R/U, (15b)



J. Wang, M. Li and C. Wang Journal of Computational Physics 518 (2024) 113331

omn=e"", (15¢)
& =¢To, (15d)
where s,.S are positive constants. In turn, system (9) can be reformulated as
1
¢ +&E V- (up) = %V‘(mvﬂ), (16a)
—Cn’Ad +5¢p +£,G'(9) = u, (16b)
1
R, = T G' (), dx, (16¢)
Q
olou), +& |(pu+J)-Vu+ lV - (pu + J)u] = LV - (2nD(u)) = VP — é—lqbe + if (16d)
! 2 Re WeCn Fr*’
V-u=0, (16e)
1
0=-70 (16f)

Remark 2. In fact, we have introduced the term ‘214’)2 to simplify the analysis [57,671, which will be explored in our future work.

It is obvious that, the reformulated system (16), together with the boundary and initial conditions (10), (11), supplemented with
two extra initial conditions for R(#) and Q(¢), i.e.,

R(O) = / G(¢¥)dx + S,

Q a7
Q0)=1,
is equivalent to the original PDE system.
Multiplying (16c) by 2R and (16f) by O, we can easily obtain an equivalent energy dissipation law:
dgw=-20) <0, as)
dr
or in an equivalent integral form:
T
sup &(1) + / P)dt < C, (19)
0<t<T
0
where
1 2 Cn 2 N 2 1 2 1 2
g=1 ( 0o+ 5 ) d R+ =02,
2 / loul” + e VoI + Wean 917 9+ Jean B +29
Q
(20)
P= <;m|V Ry 2 |[D(u)|2>dx+ 2
- PeWeCn Re' T
Q

In the subsequent section, we will present fully discrete finite element schemes for system (16) with provable unconditional
energy stability (in terms of a modified energy) for both schemes. Some related works of SAV-type numerical methods that preserve
the original energy have been reported in [52,82], while this effort has been beyond the scope of this paper, and we only focus on
the modified energy stability in this work. For simplicity, the mobility m is set to be a constant, while a degenerate mobility (such
as m = (¢? — 1)?) is also applicable. In particular, we will investigate their impact on interface dynamics through several numerical
simulations in Section 5, since a degenerate mobility could reduce the non-physical effect of bulk diffusion in two-phase flows, as
mentioned in [31].

3. Fully discrete schemes and their properties

Let H¥(Q) be the Sobolev spaces equipped with inner product (-, )¢ and norm || - ||;; of course, it becomes the Lebesgue space
L2(Q) with inner product (-,-) and norm || - || if k = 0. Then we introduce the following spaces:
V = H(Q),
X 1= H)(Q)", (21

N :=L*Q)nH' Q).
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In the spatial discretization, let J, be a quasi-uniform triangulation of Q with mesh size h, and V,, CV,X, C X,N, C N, M, =
N,n Lg(ﬂ) be the finite element spaces. It is assumed that the pair X, X N, satisfies the corresponding LBB condition [26]: there
exists a positive constant C which is independent of A, such that

inf sup _vq) >C. (22)

a€Nnvex, Wl llgll —

In terms of the temporal discretization, let ¢t,,n=0,1,---, N be a uniform partition of the time interval [0, T] with time step size

T= ﬁ, and the following BDF operator is defined:
n+l _ o
st =1 X (23)
T

where y is a generic variable and

" " J=1, L J=1
r= | s Y= 24
2" = ;(" , J=2, 3/2, J=2.
We also recall the extrapolation formulas
~ ", J=1,
=7 25)
2" ="t T=2,

and use the following notations in the numerical design:
92/&1 :Ithl _Xn
921n+1 =In+l _an +In—l’ (26)

931n+1 =/%,n+l _3xn +3In—1 _xn—Z.
3.1. The standard Galerkin scheme

The Galerkin finite element method can be directly applied to system (16) for spatial discretization, i.e., solving velocity and
pressure in a saddle point formulation. Its combination with the BDF temporal discretization results in the following fully discrete
finite element scheme: find (¢;*', ui*') € Vj, x V;,, (u*, P"H) € X, X M, R"! € R*,Q"! € R, such that for all (y,,w;,) € V}, X
Vh,(vh,qh) (S Xh X Mh’

1 N ~}'l ~n 1
G o) = GHE Vo) - o (Vi Vo), (272)
(W y) = Co? (V@i V) + sy + E7 1 (G (@) wi). (27b)
6TRn+1 = 2171—'1“ ((G,($Z+l)567¢2+1) (¢n+l~n+l VMh+1) + (¢n+lv"’n+l n+l)) , (27C)

el s 2
@36 Gu vp) + o (1 DO, D@y) = (B V) + (V-4 )

n+

1
- _ 2 [<(~n+1~n+l+Jh ) V~n+1 ) <(~n+1 n+l+Jh ) VUh, n+l>]

n+1

o 1 ~n+l
WeCn(qb,,“VN"“ v+ 5= (f) vn) (27d)

50— - Ly L [((5"“%2“ SASR A
((“"“N"“ + 3,70 v ). @27¢)
In the above equations, we denote 7" = ;(((5’;1“) for simplicity.

Remark 3. In fact, the ZEC approach has been utilized in the construction of (27¢c) and (27e), to ensure the energy stability property.

Remark 4. Although ¢ is bounded in the continuous PDE analysis, the discrete solution ¢, may not obey this bound. The dynamics
of ¢ would not be influenced by this deviation, while the strict positivity of the associated physical parameters may be destroyed,
which is especially pivotal here since ¢ = \//_J is introduced. To avoid such a numerical error caused by an excursion of ¢,,, the cut-off
approach is applied:

$F = {d)h’ if |l <1, 28)

h sign(¢h;,), otherwise,
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and p,, n, could be evaluated by

PL—P ¢, PLTP

=1
+ = —
2p Oh 2p

2n,

n+m
2n

Ph= and 7, 47;1% + ) (29)

r r r

with suitable time discretization for ¢,,. In practice, we first use extrapolations to get @, , then the cut-off variables, 7’71+1 and 7 W+1 s

can be updated afterwards. Via this method, the bound of p and # will be inherited by dlscrete solutions. In addition, the theoretlcal
proof of discrete energy law will not be affected, since it is employed only to make p N"“ and 7 N"“ bounded in the bulk by p, and #,,
=1,2.

T+l

Now we look at the numerical implementation process. With the notations

¢n+] _ ¢n+l €n+l¢n+1

n+1 n+1 én+1 n+1

”h = ”0 (30)
un+l _un+l §n+l n+l +§n+lun+1
h )
Pn+1 _ I(;n+1 +én+111‘)n+1 +2§n+12Pn+1
[ 11 2 T2
we are able to decompose (27) into the following steps.
Step 1: Find (¢!, up*') € V, X V,, such that for all (y, @) €V, XV,
1oy o) + oo (Vi Vo) = .oy, a1
(;4’”'1 wy) — an(V(]ﬁSH, Vll/;,) - S(¢S+1, yy)=0.
In addition, we solve for (¢!, ui*") € V, X V},, such that for all (y, ;) € V;, XV},
70(¢"+1s(0h) + (VMIH—] th) — T(¢n+l~n+l th% (32)
W ) — Co? (Ve w,,) = s ) = (G @) ).
Step 2: Obtain (u™', Py*') € X, X M, such that for all (v, q;,) € X, X My,
~ 2t
10(Patg)"™* o) + o (1 D(ugth), D)) o™,V - )
(33)
~ == T ~n+l
+7(V - uitl g, = @) Gu,v,) + = h vn)
Similarly, we get (u}*', P"*"), @j*!, PJ*!) € X, x M}, such that for all (v;,,q,) € X, X M},
~ 2
Yo((Pru)™ ' vp) + R—Z (T D@, D(wy)) — o(PPLV - vy) + (V- ) = —W@"*'VN”“ vy, (34)
~ n 2 n N n 77 77
Yo((ppuy) H’Vh) + R_Z (ﬁZHD(uZH), D(Vh)) - T(PZH, V-v)+1(V- u2+1,qh) =-3 [((N"+1 ntl Jh ) Vu "H h>
(35)

(~n+1~n+l +Jh ) Vvh,N"H)].

Step 3: Once qﬁj’“ , /4;’“ , u;’“ are obtained, we are able to determine c'j‘."+] by

Al A2 §n+1 AO
(Bl Bz) <§"+1 By )’ (36)

where
Ay=R+ ot <(G (¢n+1) y0¢n+1 é) - T(¢n+l~n+1 n+l)+T(¢n+1V~n+l n+l))’
A, :yoﬁnﬂ _ ((G’(qﬁ"“) J/quru—l) r(¢n+1~n+l n+])+r(¢n+lv~n+] r1:+l))’
Ay = v ~n+l’ ;+1)’
By=0+Z t"“/T[((w+1~n+1+Jh ). Vit un+l) ((~n+1~n+1+_] )_Vun+l7i2+l>]’ 37)
B = - %e"’+l/r [((~4+l~n+1 +Jh ) V~n+1 u;,+1> ((pn+l~n+1 +J ) Vu n+1,~2+1>:|,
B, :e""H/T (70 + %) _ %e,m/T [<(~n+1~n+1 +Jh ) V~n+l’ g+1>
<(~n+1~n+1 +Jh ) Vun+1 NZH)]'
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In practice, all coefficient matrices and load vectors could be computed in a single element traversal at each time step. Meanwhile,
we need to solve two mixed systems and three saddle point systems with the same coefficient matrix, and one linear algebraic system
of two equations. Although this scheme requires additional computations for load vectors and finite element solutions, the advantage
of the decoupled nature, ease of implementation, and unconditional energy stability makes it very attractive. Moreover, the systems
in Steps 1 and 2 could be solved in parallel since all of them are independent from each other.

Now we look at the well-posedness and energy stability of (27) in the following theorems.

Theorem 1. The numerical scheme (27) is globally mass conservative:

/ ¢ dx = / Pl dx. (38)
Q

Q

Proof. This identity could be easily derived by taking w, =1 in (27a). []
Theorem 2. The numerical scheme (27) admits a unique solution.

Proof. The well-posedness of (31)-(32) in Step 1 cannot be directly derived from Lax-Milgram theorem [26], since there is no
guarantee for the H! stability of u (the bilinear form only involves V). In fact, they are well-posed in H'(Q) x H'(Q), where
A'(Q) := {go eH\(Q): /Q Q= 0}. By defining p=¢— fg b p=p— fg u, we are able to recover (¢, u) from (¢, /i), which implies
the well-posedness in H'(Q) x H!(Q); more technical details could be seen in [79]. Since X » X M, satisfies the LBB condition, by
Babuska-Brezzi theorem [26], we get the unique solvability of (33)-(35) in Step 2.

With regard to the linear system (36) in Step 3, we now prove that A, B; # A, B,. Taking (y;,, ;) = (yoqﬁ’l’“, /41“) in (32), the
following equalities become available:

1@kt + S IV = @ TV,

(39)
Yoy ) = yoCn ||V¢”+1||2—yos||¢”“||2 (G @, vt .
Taking (v}, qp,) = (u’l'“,Pl"“),(ug“,O) and (0, PZ"“) in (34), respectively, we see that
~ 2t 1 ~
roll@pu)™* I + 2 NGH2 DG = — o arlulh
= n =~ n 2 n n n n
Yo((Gruy) +1,(0'hu2) +y 4 R_Z (71"+]D(u1+1),ﬂ]>(u2+1)) ~2(P] +y.y +1) “0)
- ¢n+lv~n+l n+l)’
WeCn
n+1 n+1
1'(V«u1 ,Pz )=0
Taking (v}, q,) = (u’l”'1 ,0),(0, P1”+]) and (u;+1 , P2”+]) in (35), respectively, we obtain
~ ~ 27 T ~ ~
7/O((O_huz)n+l’(O_hul)n+1)_,’_ R_e (’ﬁ:+lD(u;+l)’D(u?+l)) —T(P2n+1,v _u;l+l): _ E [((’*n+l n+1 +Jh ) Vi n+1’ Vll+1)
_(('BZ +gnt +Jh ) Vu'”'l ~Z+1)] i
o(V-uftt, Py =0, (41)
- 2 [ - bl
oll @)™ 12 + Z NG Dy = - 2 [((Nﬂ*‘ ntl +J,, bV up)
_((571 'ﬂ"+1 ) Vu n+1 ~n+1>:|
n “n I Uy :
As aresult, A, A,, B, B, could be reformulated as
Ay = 100"+ —— (1o Col IV I+ sl 1P + Va1
1
Ty WeCnl| By ™ |2 + 2TW“'C“||<nh+1)5um<u';“>||2),
WeCn ~ 27
Ay = Py [70((%"1) L Gpu)" ) + = Re (7 Dath, D("gﬂ))] ; (42)

n+1 ~ ~ 27
B, = o /T [yO((O'huz)n+la(o'hul)n+l) + ﬁ (ﬁZHD("gH),D(uTH))] ,

gl T ntl ~ 2t 1
By=e/T (1 + 2 ) + T (1| G ™ 1P+ 22 NG D@ IR )

Since U"*! > 0, an application of Cauchy inequality gives
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WeCn e"'/T ~ ~ 2 . 2
Aoy == — (@)™ G + 2 (71D ). D) )
WeCneIHI/T ~ 102 4 2T | ~ntly +1412
T(mll(ah"l)" Il +R_e”(ﬁz 2D ) (43)
~ 2 1
X (ollGup)™ 12+ 22 Dy )
< A,B,,

which implies the desired result. []

Remark 5. In the case of a degenerate mobility, such as m = (¢2 - 1)2, the uniqueness of (¢, y,) for (31)-(32) (in Step 1) turns out
to be a direct consequence of the discrete energy law. Subsequently, by employing the Fredholm alternative, we obtain the unique
solvability of the discrete system in Step 1.

Theorem 3. In the absence of f} "+1 , the scheme (27) satisfies the following modified discrete energy law:

4 1 2
%n+1 — g — _@n+l _ R_::”(ﬁ';‘ll+l)2 [D(u;ll+1)”2 _ ?TlQ'H-lIZ o ”Vﬂ +1”2 (44)

Pe W
where
~ C 2
ll@wy 11 + W‘QIIV¢;||+21+ e 112 + =[R2 + 0", J=1,
& =4 LiGw 12 + 1’:"'2g 2 4 Cn T+l 2 s 2 45
5 Iewy 11 + 1 sliew, 117+ ||V¢ I+ ||V¢,, [ 1+g\,\,ecnll<l5,,|| (45)
+2WeCn ||¢>"Jr ||2 WeCHIR"l2 |R"+1|2 |Q"|2ﬂL §|Q"+1|2, J=2,

and

(46)

~ 24 2, Cn 2 4 2 2 —
@n={n9(au);|| T DL + IV + WCCHI9R"I+I9Q"I I=1,

DGyl + 23;;||V9zz¢"n2 o 1D + o |22 R + 3122072, T =2.

Proof. Taking (w,w;) = (215145;"“ 2t h+1) in (27a)-(27b) and multiplying (27c) by 4z R"*!, we get

6,9 ZTMH]) _§n+l(¢n+l ~n+1 ZTV”nJrl ”V”nJrl 12,
(”hH 226 ¢"+1)—Cn (V¢n+1 276 V¢n+l)+s(¢n+l 226 ¢n+l)+§n+l(G (¢n+1) 276 ¢n+1) 47)
5, R™ 47 R _§n+1 <(G’ ¢n+l) 228 ¢n+1) (¢Z+1~n+1 21V;42+1)+(¢”+1 n+1727uz+1)>_
Taking (v, qy) = (21u2+1,21P};’+1) in (27d) and multiplying (27¢) by 2Q™*!, we see that

n+1

! &
(57(5:“)" ZT(o_u)n+l)+§_T||(EZ+I)EID(MZ+1)”2= 2 [((*ﬂ+l~n+1+"h Y- Vi n+l 21u”+1>
€

(21(w+1~n+1+Jh )- Vun+1 ~Z+l>]

n+1

W G ¢n+1V”n+1 2Tun+]) (48)
en

n+1

57Qn+127Q”+1+2?T|Qn+1|2 2 [((W+I~H+I+Jh ) Vu"'H 2Tu”+l>
- (2 at + 3 v ).

A summation of (47) and (48) gives

(¢n+1 2768 ¢n+l (V¢ﬂ+l 2168 V¢ﬂ+l

1
WeCn el

CHSTR”+141R”+1 + (6,Gw);H 2cGu)+! )

+51Qn+127Qn+l + ﬁll(ﬁ;+l)z D(“ZH)HZ + FTlQn-H |2 (49)

=0.

Vn+]2
e A

In turn, the desired result is obtained by applying the following identity for a generic variable y:

n+172 ni2 n+112 —

+|2 J=1,

Gex" h2e ™ = ll}( r|v+1 2|X ! 2| ¢ n+2| 2 ontl2 2 n+l (50
5(|){ P =P+ = 1P+ 122 2), J=2. O

9
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3.2. The artificial compressibility scheme

In the algorithm (27), the Navier-Stokes equations are solved by a saddle point approach, which turns out to be computationally
expensive. A decoupled structure is much more desired than a saddle point system in the large-scale simulations. Among the available
approaches for incompressible flows with variable density (projection method [39], gauge Uzawa method [65,76], pressure stabi-
lization method [40,41]), the energy stability analysis of second-order in time scheme is only available for the pressure stabilization
method, and only a suboptimal estimate was derived in [41]. However, the pressure stabilization method is not applicable to decouple
the Stokes solver that appears in (27) (see Remark 6 below). Apart from the above-mentioned efforts, which have been extended to
incompressible flows with variable density, the less investigated artificial compressibility method might be a substitute choice. The
following perturbation of the Navier-Stokes equations is considered in this method:

p(u,+u-Vu) - V- 2nDw)+Vp=f,

—V-u—£P,=0, )
p

where ¢ is a very small and positive perturbation parameter (in a scale of O(r2) [20]). In fact, it is not a new idea, and this method

has been employed in [32] (by Gao et al.) to develop a fully decoupled, first-order in time finite element scheme for the Cahn-Hillard-

Navier-Stokes-Darcy system with different densities. To obtain the second-order accuracy in time, we follow the ideas of [32,40] and

propose the following fully discrete finite element scheme: find (qﬁ;’l“, MZ“) €V, x Vh,ufrl ex h,P:“ € XN, R e R*, Q™! €

R*, such that for all (y,,w;,) €V}, X Vj, v, € X;.q, € Ny,

~ i en 1

@ty o) = BT Vo) - oo (Vi V), (52a)

vy = an(w“ V) + (@ ) + EN G (@) ), (52b)
n+l _ n+1 n+1 n+1~n+1 n+1 Tn+1 ~n+1 n+1

5™ = (G @00, = @ T Vi) + @V ) (520)

(@16, vy) +£ (V0,57 V -0y) + = (771D ). Dwy)

n+1
_ <(~n+1~n+1+Jh ). V~n+l ) ((~n+1 n+l+Jh )- Vo, ~n+l>]
n+l
H LY v = e @V L+ = v, (52d)
T
Y00
(9P;7+1’qn)=—%(V ”“,qh) (52€)

n+l _ Qn+l 1 t"“ T +1~n+1 ~n+1 n+l
st = B L (T )

((~n+1 n+1+Jh )- Vu"“ NZH)]’ (52f)

where ¢ = M,C > 30 and
-

g Jepr—prt, J=1,
Ph = 1 n n—1 n—2 (3)
SOP=5P~ + PP, J=2.

Remark 6. The key ingredient for achieving energy stability in a fully decoupled scheme lies in the ability of discrete momentum
terms to absorb additional terms generated by the pressure update equation. If the pressure stabilization method is employed to
decouple the Navier-Stokes equations, however, it is discovered that, if a direct BDF-type discretization is applied to the term o(cu),,
a theoretical justification of the energy stability analysis is not available any more. Hence, we utilize the artificial compressibility
method instead, which also leads to a time-independent pressure update equation. Although the pressure stabilization method has
been widely used to develop fully decoupled schemes in the existing literature, all of them are only first-order accurate in time
[8,9,16,69]. We believe that, with the same discretization for the term o(cu), in [41], a second-order in time scheme can also be
constructed with provable suboptimal energy stability.

Remark 7. A direct discretization for the pressure update equation would be

%00 n+

6. P g, = - (V- Lap), (54)

2
where € = ;— is set, and a penalty formulation is adopted for p as in [40]. However, this formulation will make the energy stability
0

analysis much more complicated if J = 2. Hence, we still use the first order BDF to discretize it while y, remains the same, and
introduce the term {VV - u, to ensure an energy stability. In turn, this approach gives

10
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1 Y00
—(Pyt! = Plgy) = - - uitt gy, (55)

which is equivalent to (52e).

In comparison with many other decoupling methods that involve a pressure Poisson equation, the proposed scheme (52) is com-
putationally far less expensive, since only a straightforward step of time marching is required to update the pressure. In addition, this
approach eliminates the necessity of an artificial Neumann boundary condition, thereby avoiding the numerical boundary layer and
non-physical numerical oscillation near the boundary [38]. On the other hand, the artificial compression method has the drawback
of introducing non-physical acoustic waves, which will be discussed in section 4.4.3. The proposed scheme (52) is also globally mass
conservative and well-posed, and its numerical implementation process is similar to that of (27). Henceforth, we only provide its
energy stability proof, for the sake of brevity.

Theorem 4. In the absence of f;l'“, for J =1, the scheme (52) satisfies the following modified discrete energy law:

N
%N+129’ksc, N>1, (56)
k=1

where C is a generic constant dependent on the initial data and dimensionless numbers, and

~ Cn 72
&" =G, + e IV I + e 194 + Geeg IR+ 10"+ LIV - I + I BIP,
4 ! (57)
g = = n—=1y5 D(u" 2 + 210" 2 + A 2.
=l ™H2Day)| TIQ | pechﬂ” A

Proof. At any time step, taking (y,,, w,) = (215,(1)’;'*1 , 21-;42“) in (52a)-(52b) and multiplying (52c) by 4z R"™*! leads to

Gty 20 = 0 @, 20V = S P,
(Mh+1 278 ¢"+l)—Cn2(V¢"+l 28 V¢ +1)+S(¢Z+l 28 ¢;‘z+l)+‘§T+](G (¢h) 28 ¢n+1 (58)
5 Rn+l4TRn+l _§n+l ((G/(¢n) 216 ¢n+l) (d’h h’ZTV”Z+l)+(¢hvﬂh’2,[un+l)>

Taking v, = 2ru;‘l in (52d) and multiplying (52f) by 2zQ"*!, we get

~ ~ 4 1
(6. Guy 2c@wt) + ¢ (V- 6u) 20V - ufth) + R—Z ()2 D@+ H||1?

n+1
= 52 [((p +J3)- VuZ,ZruZH) - (21(p’;lu’;l +J3)- Vuz*'l,u;'l)]
1 (59
+ (P 2oV - ut) — (¢hwh,2ru"+1)
n+]
5,Q”+121Q"+1+2?T|Q"+1|2 = [ (Ppuy + T -Vl 2eui*) — (20(phul) + T7) - Vurt uf )]

A summation of equations (58) and (59) yields

Weer (v¢”+1 275, Vit + Wech C —— 5 R4 R™! + (6,Gw) ! 2c(Gu)+ )
+¢ (V St 20V w4 65,0200 — (P 20V -l (60)
4z 1 2t 2t
— _ "3 D) n+lyg2 _ <% n+112 _ Vn+]2
el DI = O™ = ot Vi |
Notice that P}f =2P/ - P;l'*l = P;:+l — SZZP;:“. By (52e), we see that
2
~(PF 20V ity = 2L(9P;+‘,P;;+1 - 2Pt (61)
4
Meanwhile, the following identity is a direct consequence of (52e):
- 0 N
@ Pyl g ==—(V- DUt q)), Va, €Ny, (62)
which in turn implies that

2
%n@?P,;’“nzscnvgu;“u? (63)

11
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We recall the following identity

(51)(n+1)27'—)(n+1 =|1n+l|2_ |xn|2+|91n+1|2‘ (64)

Its substitution into (60) gives (for simplicity we drop some unnecessary |2 y"*1|? terms on the left-hand side)

~ ~ Cn
G I = NGy I + 350 (VOGP = IV 12) + o (19517 = 1112)
+ e (IR = [RP) +10™ P~ 10" +¢ (||V~u,:“||2 =1V up > + 11V - Duyt?)
WeCn 65)
2
T
+ o (1P = 1P + 12 PP = 2 PP R + 12 PP - 1127 P 1)
47 L 2t 27
<t "3 D) n+lyg2 _ 2V n+l2 Vn+12
<= gl 2D O = 210" = o IV
Subsequently, its combination with (63) results in
~ ~ Cn
Gy I = NGy I + 350 (V5P = IVeLI?) + o (16517 = H1817) + 10" — 10"
2 72
+ Rn+12_Rn2+ V. n+lp2 _ V. n2 L Pn+12 Pn2 66
WeCn(l P = IR") + S (IV - 112 =l u,,ll) 0(" 1> =1p1%) (66)
47 L 2t 27
<t 3 D n+lyn2 _ £ 1 on+1)2 Vn+12
<= gl 2 D@ O = 10" = o IV
At the initial time step, we see that P;j = P,? = P}: - 9P}: , so that (60) becomes
~ Cn s 2
1@y I* + IV, + 3 + g IR + 10112+ 2C IV -y |2
WeCn
2, 2t 1 2, 2 2
+—||('1,,)2|D(uh)ll 71217+ 5o W Cn ———— ||V, | +— (A A (67)
Cn
<Newh 1P + SE IV + g )17 + o RO +10°F + ||P°||2
Meanwhile, the following inequality comes from (52e):
2
SN2 PP <NV - uj . 68)
4
Consequently, the desired result could be obtained by a summation from n=0,1,---,N —1. []
Lemma 1 (Three term recursion inequality [41]). Let {x"}, satisfy the three term recursion inequality
3xm —ax 4 x" < g™ nx 1, (69)
with initial data x° and x!. Then there are constants c, and c, that depend only on x° and x' such that for any N > 2,
N < + Nt Z 3N+1—/ Zg (70)
Theorem 5. In the absence of f "“, for J =2, the numerical scheme (52) satisfies the following modified discrete energy law:
N
gN+c) Ph<c, N22, 71
k=2
where C is a generic constant dependent on the initial data and dimensionless numbers, and
Ly~ 2, Cn 2, 2, 2, 2, ¢ 2, 207 a2
&= "I+ —=IV¢" R" "E 4+ 2V Wl lF+ =—IPI%,
SIGWLIE + S IV IR + St W+ o R+ 51074 SV -+ 3 o
4 1 2 2 2t
P = ()2 D(u” 2+_ n2+ V"2+—9Pn_l 2-
SR N DEIP + 510" + e IVAGIP + S 12 2

12
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Proof. At each time step, with the same treatment as in Theorem 4, we obtain

+1 +1 +1 +1 ~ n+l ~ \n+1
WeCn (v¢” ,275, V) )+ C ——6, R 4rR™! + (6, w27 (Gu) )
+¢ (V St 20V uth) 46,0120 — (P 20V -l 73)
4z |~y % ntIN2 2T nel g2 27 n+112
== D -= -— |V )
Re G, )2 Dy O T 0" PeWeCn IV, ™l
Notice that P}g = %(7P}:’ - SP}:"1 + P}T*z) = P,’:“ - 92P}:’+1 + %SZZP;:. By (52e), we see that

w1y _ 472 472
~(PF 20V ity = %(gp;“, Pt — g2t 4 9—;(9P;+1,92P;). 74)

Meanwhile, the following inequality could be derived in a similar manner as in (63):

472
N2 P <NV - D2l (75)
90

Because of the following identities

(5txn+l)21_xn+l — % <3|}(”+1 |2 _4|/l/n|2 + |In—1|2 +2|91n+1 |2 _ 2|91n|2 + |92/1,n+1|2>7 (76)
1 2
oIV - DU = 02V - DUt + 22 pret |2 4 %u@ng“ I, 77)
302

it is clear that their substitution into (73) leads to

(BIlGEw 1> = 4G + 1 Gw 1> + 212 Gu)H I1* - 212 Gu)) II?)

N =

Cn 1 1 1 n
+ owe <3||V¢,,+‘ I =4IV + IV, I+ 21 VoI - 2||V@¢h||2>

n+12 2 —1112 n+1y2 _ _—
+2W6Cn<3||¢ I = 41517 + I~ 12 + 201D it 2||9¢h”>

1
WeCn

+ <3|Rn+l|2 _ 4|Rn|2 + |Rn—1 |2 +2|9R"+1 |2 _ 2|9Rn|2>

1 _
+ 5 (3|Qn+1|2 _4|Qn|2+ |Qn 1|2 +2|9Qn+1|2 _2|@Qn|2)
4 _
+3 GBIV - w2 =4IV - a2+ IV - a2+ V- 2% ) (78)
1 1
+II(C—o)EV@uﬁ“IIZ—II(C—o)fV-S’Zu"IIZ

1
+lo2V - D + 22 pr 2 _ 12V - g + 292 pr 2
302 302

2 2 1 n n
+ g (nph“ I2=11PI1% + |2 P ||2>
_ 2—T2||92Pn+1 ”2 _ £”92Pn”2 + 4'_1'2(9Pn+| 92})”)
h 9 h 90 h h

2t 2t
||<n"+1>zu3><u"+1>||2 |Q"+1|2—mnw;“n2.

Again, we have dropped some unnecessary |22 y"*!|2 terms on the left-hand side, for simplicity of presentation. Moreover, based on
the following equalities

”93Pn+l ”2 — ”92Pn+1 ”2 _ 2(92P;:+1,92P;;) + ”921);11”2’ 79
PP 292 P 29 P = -9 P -9 P,

the last three terms on the left-hand side of (78) become

13
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2 2
2pntly2 _ 4T oo pny2 , 4T +1 g2
—9 22 PP - A R CLANCA A
2 3 ptl 2 272 n n—1 2 pn
== 12 BT+ S @R+ DB DR
SNV DR+ (||9P"||2—||9P" 2.

The following quantities are introduced for the convenience of presentation:

1, ~ Cn ¢
X =SNG + 5o IV + zwc NI + fyae 1R + IQ"I2+5||V~u;’,||2,

4z L 27 2, 2, 272 —142
b= —|lH2DW)|” + =|0" v DP! ,
R I DI + JE10 + G IV + S Py

~ Cn
d" = DG + 5 IV2 e, I + all” + |9R"|2+ 120"

WC WC

1 n 2 1 w o 2T copnn2 . 275 pny2 , 272 n—1112
+I€ -2V -Dull” + 02V - Duy + — 2P| +—IIP,,II + 2P|
1 30 9
302
In turn, estimate (78) could be rewritten as
3xn+1 —4x" +xn—l Sgn+l, n 227

where g"t! = —(b"*! 4+ d"*1 — d"). By Lemma 1, it is clear that

N j
1 1 _
N < ( ) 1, .2y _ ko gk k-1 >
x" <Lc 1+3N (x" +x%) j; NI k;(b +d*—-d""), VN >3,

which leads to

N
xN +12b"+ Lav coxd 42 4 a2,
3k=3 3

(80)

(81)

(82)

(83)

(84)

for some constants c. Therefore, the result is valid for N > 3, by dropping some positive terms on the left-hand side, provided that

x2,b% and d? are bounded by the initial data.
In terms of the initial time step, the identity P}? = 2P}1 - P}? = P}? - 92P}f indicates that

4 2
~(PL2ev-ud)= (@ P2, P2 - szzzﬁ)——(ulﬂu2 1PN+ 12 P - 122 P27 .
30

Consequently, estimate (73) could be rewritten as

1,y o~ -
2 GG + 212 GuRIP) + 2o (BIVEIE + 2028 P) + 52— (I + 21963 )
1
+ Wech (3|R2|2+2|9R2|2)+§(3|Q2|2+2|9Q2|2)+5(3||V-ui||2+2||V-9u%l||2)
2 2012 2212\ 4 AT 2k 000, 2T 202 4 2, 272 12
== (P %P = D = —= ||V PP
3 (e 1> -12%P )+ II(nh) (uh)II + 1071+ e wc IVuzlI* + 30 —l2P,l
DNEOR + 11D G0 + ZCH Vol 2 + DL + 2, 12
<2||Gu)lI* + |l (au)hll We bpll* + || o7 + Il¢h|| I
4 12 2 2 2 2, 272 12
+——|R'V? + =——|DR'|>+2 +|2 +3¢||V - P>
WeCnl I wc I | 10> +120' > + 3¢V -up|I* + OII |l

Meanwhile, because of the following inequality, which comes from (52e):

272 ¢
N2 RIS SIV - Dugl?,
we obtain bounds for x2, > and some terms in d2. Finally, with the help of the identity
z 2,2 : 2, 2T Gop2 22 4T o2 p22
1€ =02V -Du,|I" + 102V - Dujy + —r D7 |7 = CIIV - Duy||” = o~ 127 Py,
302 ¢
the bound for the rest terms in d? could be similarly derived. This completes the proof. []
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Remark 8. In practice, we use the formula (2 P;,qh) = —@(V . u}l qy) to obtain Phl, which accounts for the validity of (75), (87)

to simplify the analysis. One can also use the first order BDF method (presented above) to get P!, and the discrete energy law is still
valid, with a minor modification in the theoretical proof; also see [41] for more details.

Remark 9. In our knowledge, the three term recursion inequality is the only technique to prove the energy stability of the BDF2
scheme for incompressible flows with variable density. Of course, the theoretical result in Theorem 5 is still suboptimal, and more
advanced techniques need to be developed to derive a more accurate estimate. Irrespective of the theoretical challenges for the BDF2
scheme, the time filter technique [19,21], which has emerged as an efficient and easily implemented method in developing high order
time-stepping schemes in CFD, might be applicable for developing second-order accurate schemes with provable energy stability. In
fact, this technique has been successfully employed to incompressible flows with variable density [56]. Its implementation will be
investigated in our future work.

Remark 10. In addition to the energy stability analysis, a theoretical justification of convergence analysis and error estimate is
highly desirable for the AGG model. In fact, for various physical systems of a phase field model coupled with incompressible fluid
motion, there have been some existing works of optimal rate error analysis in the case of a constant density, such as the Cahn-
Hilliard-Hele-Shaw [10,15,60], Cahn-Hilliard-Navier-Stokes [22], Cahn-Hilliard-Stokes-Darcy [11], etc. Meanwhile, the convergence
estimates have also been reported for the SAV numerical schemes [18,74], if there is no fluid motion. Of course, an extension to the
AGG model, in which the density variation has played an important role, would be highly challenging. The convergence property has
been reported in [36], while a convergence rate analysis was not available. An optimal rate convergence analysis for the proposed
numerical schemes, (27) and (52), will be considered in the future works.

4. Numerical results

In this section, several representative numerical tests are presented to investigate the validity of the proposed numerical schemes
(27) and (52). If without any specific explanations, in all the simulations, we take s =2, .§ = 10 in the SAV formulation (15a), { =3¢
in the scheme (52), and use the MINI IPII’ X P, element for (uy, P,), and Lagrange | element for ¢, and u,. For simplicity, we use
PG (respective to AC) to denote the scheme (27) (respective to (52)), and use CM (respective to DM) to denote constant mobility
(respective to degenerate mobility).

4.1. Accuracy test

First we use manufactured analytic solutions to assess the convergence orders of the proposed schemes. The computational domain
is taken as Q = (0, 1)2. With suitable extra source terms, the exact solutions are given by

¢ = u = cos(zwx)cos(ry)sint,
u= (sin’(zx)sin(2zy), - sin(27x) sinz(zzy))T sint, (89)
P = cos(zx)sin(ry)cost.

The model parameters are set as: Cn = 1,Pe = 272,Re = 222, We = 1,Fr = 1, and p,/p, = 50, 1, /1, = 50, p, = p;, 1, = ;. To observe
the convergence orders, we set time step size 7 = h, and refine the spatial mesh size as h =27/,i = 3,4,5,6,7. For simplicity, we only
consider the L? error for ¢, u,u, P and absolute error for &;,&, at T =0.5.

The results of the numerical errors for both schemes are displayed in Fig. 1. The expected second-order convergence has been
observed for ¢, u,u, &, and &, in both schemes, while a loss of accuracy for P is also presented. Actually, the convergence order of P is
approximately @(h!~) for PG+CM and @(h!7) for AC+CM, in this test. The super-convergence of the MINI element has already been
investigated in many existing works, so that the (h'-%) super-convergence of pressure P for PG+CM seems reasonable. However,
the O(h!7) super-convergence of pressure P for AC+CM has been beyond our expectation (a linear convergence order is expected),
and a good explanation has not been available. Meanwhile, for the phase-field-fluid model with a free-slip boundary condition for
the velocity variable, a full O(h?) convergence analysis for the pressure variable has been reported in [12]. A theoretical analysis of
the convergence rate for the proposed numerical scheme, in terms of the associated physical variables, will be explored in the future
works.

4.2. Stability test

To verify the mass conservation and unconditional energy stability for the proposed schemes, we consider a benchmark problem
of coarsening process for the Cahn-Hillard equation [79]. The computational domain is taken as Q = (0, 1), and the spatial mesh size
is chosen to be 4 =277. The initial data are set as

0= —1 +tanh < Vx—0352+(y— 052 — o.2> -+ tanh < Vx =082+ (y—-052-0.1 >
Cn Cn ’

(90)
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Fig. 1. Numerical errors, with 7 =h, at T =0.5.

Fig. 2. The profiles of ¢ computed by the AC+CM scheme, at a sequence of time instants,  =0,0.4,0.5,0.6 and 1.

Table 1
Physical parameters and corresponding dimensionless numbers for
the capillary wave benchmark problem.

plpy v plp) m@) g i Re We
10 0.01 10 0.1 1 1 100 y
100 0.01 100 1 11 100 X2
1000  0.01 1000 10 1 1 100 _2002\5

while the other physical variables are taken to zero at t = 0. The model parameters are given by: Cn =3 x 1072, Re = 100, We = 50,
and p/py =n;/m, =50, p. = py, 0, =1;-

In Fig. 2, the evolution of the order parameter ¢, at a sequence of time instants is displayed, and the coarsening effect could be
clearly observed in the process that the smaller bubble is absorbed into the bigger one. As depicted in Figs. 3a and 3b, the discrete
modified energy computed by both schemes decays monotonically for different time step sizes, and this fact has numerically verified
an unconditional energy stability. Although the modified energy dissipation law (16) is equivalent to the original one (9), the modified
discrete energy in (45) and (57) does not approximate the true energy in (14). If we want to compare them, the extra terms involving
Q" must be removed, and the constant .S should be subtracted. Therefore, as depicted in Figs. 3c and 3d, it can be observed that the
modified energy approaches the true energy (computed by 7 = %) as the time step size is refined.

Since the numerical schemes are based on the SAV reformulation, it is imperative to verify the numerical robustness by taking
a look at £} and &), and see whether they remain sufficiently close to 1. In [80], where the only existing work of fully decoupled,
second-order in time scheme was presented, the authors observed that the auxiliary variables would decrease sharply even with a
small time step size in rising air bubble simulations. This fact implies that the simulation is no longer reliable. Meanwhile, a second-
order in time finite element scheme is studied in [31], while the authors failed to derive a decoupled structure by employing the ZEC
feature as the associated auxiliary variables will quickly diminish to a value close to zero in numerical simulations, no matter how
small the time step size is chosen.

In fact, the proposed schemes in this article could circumvent these subtle drawbacks. The time evolution of &, and &, is displayed
in Fig. 4; it is clearly observed that both &, and &, are sufficiently close to 1 even with a large time step size. This numerical result
demonstrates the effectiveness of the proposed schemes. In addition, the robustness of £, seems to surpass that of &,, possibly due to
its physical relevance. Furthermore, the plot of the mass drift, i.e., fQ ¢pdx — fg ¢2dx, is presented in Fig. 4, and an excellent mass
conservation could be observed.
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Fig. 3. Time evolution of discrete energy.
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Fig. 4. Time evolution of the auxiliary variables and mass drift computed by AC+CM.

4.3. Capillary wave

The capillary wave problem [64], for which an analytic solution is available, is investigated in this subsection. In this benchmark
problem, the lighter fluid is placed on top of the heavier one, and the interface, initially perturbed by a sinusoidal function with a
small amplitude H,, wave number k and zero initial velocity, will begin oscillating under the influence of gravity and surface tension.
The analytic solution is derived in [64] for two fluids having the same kinematic viscosity v = Z—ll = Z—z in an infinite domain. In turn,

the evolution of the capillary wave amplitude H (¢) has the following form
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Fig. 5. Comparison of capillary wave amplitude versus time.
Table 2

Physical parameters and corresponding dimensionless numbers for the single rising bubble
benchmark problem.

Testcase  p1/p,  pi(p)  m/m  m@m) g A Re We
1 10 1000 10 10 0.98 245 70V2 @
2 1000 1000 100 10 098 196 70V2 M

2
H@) _ 40 - 4p)vk e 5 O (2
—:—erfc( VK2 )+ ) — ———e\" erfc( z; t), (91)
Hy  8(1-4p)v2k* + o) ) ,Z; Z; 22— vk? ( i

—p)gk+Ak>
where w2 = (p1—P2)8 B = p1P2 -
0 p1t+p2 (p1+p2)

of the algebraic equation

and erfc(-) is the complementary error function. The variables z;,i =1, ---,4, are the four roots

24— 4pVVIRZ +2(1 — 60322 + 41 3Pk Tz + (1 — 4P 2K + wp =0, (92)

and Z; = ngjg4,j,+i(zj —z;),i=1,---,4. The motion of the interface is simulated in a rectangular domain Q = (0,1) X (=1, 1), with
no-slip boundaries on the horizontal walls and periodic boundaries on the vertical walls. The initial perturbed interface is described
by (H,=0.01,k =2x):

Cn (53)

#(x.y) = — tanh <y+ 0.01 cos 27rx> .
The other physical variables are set to be zero at the initial time step. The relevant physical parameters and corresponding dimension-
less numbers are listed in Table 1. Since the interface dynamics is only concentrated in a narrow region, we consider a mesh that is
locally refined on Q; = (0, 1) X (—0.05,0.05), where h =278 on Q; and h =2"% on Q\Q,. Meanwhile, Cn = 1x 1072 with 7 =5x 10™
is taken in all cases.

Fig. 5 displays time evolutions of capillary wave amplitude of different density ratios, in comparison with the analytic solution
(91) and numerical results from [80] (the only fully decoupled scheme for the AGG model, and the results were obtained by high order
spectral elements and very small time steps). Both schemes exhibit the same amplitude histories and agree well with the reference
data.

4.4. Single rising bubble

In this subsection, we consider the benchmark problem of a single rising bubble in a liquid column proposed in [51], an interplay
between surface tension and buoyancy. The domain is (0, 1) X (0,2), and a circular bubble is centered at (0.5,0.5) with a radius of
0.25, which corresponds to the following initial data for ¢:

V(x =052+ (y—05)2—0.25

Cn )
The other physical variables are set to zero at the initial time step. Following the original set-up for Navier-Stokes equations, we
choose no-slip boundaries on the horizontal walls, and free-slip boundaries on the vertical walls. The relevant physical parameters
used in [51] and corresponding dimensionless numbers are listed in Table 2. And to have a comprehensive understanding of bubble
dynamics, the following benchmark quantities proposed in [51] are considered:

¢° =tanh ( (94
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Fig. 6. Comparison of the bubble shapes, computed by /=277, for test case 1 at dimensional time * = 3.
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Fig. 7. Time evolution of benchmark quantities for test case 1.

/¢<0 ydx

/ $<0 dx

24 //¢<O mdx
/¢:0 ds
f¢<0 uydx
/¢<0 dx
In both cases, we take h =270, =2 x 1073 with Cn=1x 10_2, orh=2"77r=1x 1073 with Cn=5x 1073 To investigate the

impact of mobility function on interface dynamics, we choose 1/Pe = 0.1 for m = (¢> — 1)2. In addition, the data provided by group 3
in [51], which solves the sharp interface model using an arbitrary Lagrangian-Eulerian finite element method, is taken as reference.

+ Centroid y, =

« Circularity ¢ =

* Rise velocity V, =

4.4.1. Test case 1

This test considers a low We number, which corresponds to a high surface tension and less deformation of the bubble shape. This
shape at dimensional time ¢* = 3, the contour line of ¢, = 0, is depicted in Fig. 6, in comparison with the reference data. All the
numerical schemes create a highly similar ellipsoidal bubble shape, and have an excellent agreement with the reference data. To
further confirm the numerical accuracy, we also present the time evolution plot (with respect to dimensional time) of benchmark
quantities in Fig. 7. Quantitative comparison with the benchmark values is displayed in Table 3. The centroid and rise velocity exhibit
an excellent agreement with the reference data, while only a minor deviation is observed in terms of the circularity. Based on this
numerical investigation, it can be concluded that, the form of mobility has a negligible impact on these benchmark quantities with
low We numbers (high surface tensions). Therefore, a constant mobility is significantly more efficient than a degenerate one in such
a low We number region.

4.4.2. Test case 2

A low surface tension is considered in this test, resulting in high deformation of bubble shape. This shape at dimensional time * =3
is depicted in Fig. 8, in comparison with the reference data. All schemes exhibit a similar skirted bubble shape, and the phenomenon
of break off is absent. Also, the tails of our bubbles are thicker than the reference one. In addition, Fig. 9 displays the time evolution
(with respect to dimensional time) of benchmark quantities, and Table 4 provides a quantitative comparison with the benchmark
values. Again, the centroid exhibits a nice agreement with the reference data for all schemes. As the mesh size is further refined, the
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Table 3
Minimum circularity and maximum rise velocity, with corresponding incidence
time instants and final position of the centroid for test case 1.

type h £min lpmpn Ve max v, y (1" =3)
PG+CM 26 0.9094 1.9415 0.2451 0.9576 1.0862
277 0.9041 1.9637 0.2455 0.9384 1.0841
AC+CM 276 0.9007 1.9254 0.2443 0.9534 1.0798
277 0.8985 1.9637 0.2453 0.9405 1.0808
AC+DM 2-6 0.8939 1.9557 0.2430 0.9455 1.0722
277 0.8964 1.9041 0.2446 0.9405 1.0773
ref AN 0.9013 1.9000 0.2417 0.9239 1.0817
14
s
06 ] |
0 0.5 1

Fig. 8. Comparison of the bubble shapes, computed by 4 =27, for test case 2 at dimensional time ¢* = 3.
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Fig. 9. Time evolution of benchmark quantities for test case 2.

circularity and rise velocity of all schemes converge to the same solution, which is distinct from the reference one. It is also observed
that, the rise velocity computed by AC exhibits an oscillating behavior. Although the differences in bubble shape and benchmark
quantities computed by 4 = 2~7 with different types of mobility are negligible, degenerate mobility exhibits superior performance in
interface dynamics, with a coarser mesh. Therefore, in the case of high interface deformation, it is advisable to employ degenerate
mobility to more accurately capture the large deformation, especially with a low spatial resolution.

4.4.3. Non-physical acoustic waves
Instead of the numerical boundary layer introduced by pressure projection method, the artificial compressibility approach may

2014

introduce non-physical acoustic waves, with wave speed ¢ ~ -—,as observed in the time evolution of rise velocity in test case 2.
The manifestation of this phenomenon is particularly conspicuous in the presence of a large density ratio; the velocity oscillation
was not observed in test case 1. In fact, as mentioned in the work of DeCaria et al. [20], increasing ¢ could slow the nonphysical
acoustic waves to the point that the CFL condition is satisfied. However, this treatment does not yield prominent improvement in the
proposed schemes in this article, as demonstrated in Fig. 10. We will explore potential remedies for this issue in the AC formulation
in the future work.
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Table 4
Minimum circularity and maximum rise velocity, with corresponding incidence
time instants and final position of the centroid for test case 2.

type h £min lpmpn Ve max v, y (1" =3)
PG+CM 26 0.7290 2.1395 0.2545 0.7354 1.1433
277 0.5474 3.0000 0.2533 0.7223 1.1294
AC+CM 276 0.7157 2.3072 0.2815 0.7214 1.1404
277 0.5455 3.0000 0.2623 0.7435 1.1280
AC+DM 2-6 0.6067 3.0000 0.2798 0.7213 1.1235
277 0.5332 3.0000 0.2617 0.7435 1.1222
ref AN 0.5144 3.0000 0.2502 0.7317 1.1376
03r
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Fig. 10. Time evolution of rise velocity, computed by 4 =27°, with different ¢ for test case 2.

Now we summarize several approaches in the existing literature to overcome this formidable challenge. The time filter technique
was advised in [20] to control non-physical acoustics. In the work of Sitompul and Aoki [71], the authors observed that the oscillation
amplitude could be suppressed by reducing the Mach number, which corresponds to a decrease of time step size; this phenomenon has
also been observed in our results. Furthermore, the curve exhibits a gradual smoothing trend over time, indicating the suppression of
non-physical acoustic waves. In the subsequent works [63,77], the authors provided additional evidence that these oscillations arise
from the initial pressure imbalance. They successfully eliminated these oscillations by employing the evolving pressure projection
method [77], or solving the pressure Poisson equation in the first several steps [63] to balance the initial pressure with the gravity.
Meanwhile, incorporating their approaches into the structure-preserving design of artificial compressibility scheme poses significant
challenges.

4.5. Rayleigh-Taylor instability

In this subsection, we compute the benchmark problem of Rayleigh-Taylor instability [39], which is characterized by large inter-
face deformation and high Reynolds numbers. Assuming negligible viscosity and surface tension, buoyancy predominantly dominates

its evolution. The Atwood number, defined as At = Z‘;ﬁz, is commonly used in this benchmark problem to parametrize the depen-

1772
dence on density ratio. We choose two density ratio (p;/p,) values, 3 and 7, which correspond to At = 0.5 and 0.75, while the
viscosity ratio is taken to be 1. The domain Q is set as (—0.5,0.5) X (—=1.5, 1), and the initial interface is described by the following
profile:

Cn (95)

#9(x. ) = tanh <y+0.1 cosan) .
The other physical variables are set to zero at the initial time step. The same boundary conditions and the mesh sizes, as in the single
rising bubble problem, are used. The relevant physical parameters used in [39] (a very small surface tension is set in our simulations)
and corresponding dimensionless numbers are listed in Table 5. In both cases, we take h = 277 7=1%10"3 with Cn=5x%x10">. To
capture the vortex shape, a high spatial resolution is needed, so the Taylor-Hood P, X P; element is used for (uy,, P;). In addition, we
choose 1/Pe = 0.01 for m = (¢> — 1)2. Moreover, it is worth noting that the vortex dynamics are captured in a degenerate mobility with
very small surface tension 4 (()(10~*)) and reference mobility M (((10~3)), in many literature [30,31]. Such a parameter requires a
very high resolution, both in space and time, to get a satisfied result. Hence, moderate A and M (©(1072)) are chosen in our numerical

implementation.
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Table 5
Physical parameters and corresponding dimensionless num-
bers for the Rayleigh-Taylor instability benchmark problem.

At ) m@) 8 4 Re We
° 3 T\ﬁ; 2001 3000  400v/2
V2 oV
A i 2001 7000 N2
(a) PG+CM.
(b) AC+CM.
(c) AC+DM.

Fig. 11. Contour plot of the Rayleigh-Taylor instability problem with At = 0.5, at a sequence of dimensional time instants, t* = 1,1.5,1.75,2,2.25,2.5 (from left to
right).

4.5.1. A low At number case

The contour plots of ¢, at different dimensional time instants are depicted in Fig. 11. It is observed that the solutions computed
by different schemes exhibit similar structure, and the result computed with a degenerate mobility provides more details than the
one computed with a constant mobility. A comparison of positions of rising and falling bubbles against reference data, taken from Fu
[30] (another phase-field model) and a previous work [55] (variable density incompressible flows), is depicted in Fig. 12. We observe
that the results obtained from current work match the reference data very well.

4.5.2. A high At number case

The contour plots of ¢, at different dimensional time instants are depicted in Fig. 13. Similarly, it can be observed that the
solutions computed by different schemes indicate similar structures, while the result computed with a degenerate mobility exhibits
more details than the one computed with a constant mobility. A comparison in terms of rising and falling bubble positions is depicted
in Fig. 14, in which the reference data are taken from a previous work [55]. Again, the results obtained from the current work match
the reference data very well.
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Fig. 12. Comparison of rising and falling bubble positions versus dimensional time with At =0.5.

(a) PG+CM.

(b) AC+CM.

(c) AC+DM.

Fig. 13. Contour plot of the Rayleigh-Taylor instability problem with At = 0.75, at a sequence of dimensional time instants, t* = 1,1.2,1.4,1.6,1.8,2 (from left to right).

4.6. Single rising bubble in three dimensions

In this subsection, we consider a natural 3-D analogue of the single rising bubble problem, as presented in section 4.4. The domain
is set as Q = (0, 1)? x (0, 2), with no-slip horizontal walls and free-slip vertical walls. The corresponding dimensionless numbers are
the same as in section 4.4 (see Table 2), and the initial interface is described by the 3-D profile
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Fig. 14. Comparison of rising and falling bubble positions versus dimensional time with At =0.75.
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(b) AC+CM for test case 2, at a sequence of time instants, t = 0,0.5,0.8,1.1, 3—(1) 2.

Fig. 15. Views of the bubble shape for the 3D single rising bubble problem from the front.

Vx—052+(-052+(z-052-0.3
Cn )

To compare with the results presented in [5], which solves the sharp interface model in the Barrett-Garcke-Niirnberg formulation
using unfitted finite element approximations, the bubble radius is set to 0.3 but not 0.25. Again, the other physical variables are set to
zero at the initial time step. We preform the numerical simulation on a very coarse mesh: h =2~ with 7 =4x 107> and Cn =2x 1072,
The contour plots of ¢, at different time instants are presented in Fig. 15. It is observed that the passage of time leads to the
development of bubbles into ellipsoidal and skirted shapes, respectively. Moreover, the accuracy of the presented simulations is
demonstrated by a comparison with the results in [5], in terms of bubble shape and position, as displayed in Figs. 16 and 17. It can
be observed that our simulation results are similar to the reference data, in spite of a very coarse mesh. Meanwhile, since computing

#°(x, y, z) = tanh ( (96)
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Fig. 16. Views of bubble shape from the front at dimensional time r* = 3.
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Fig. 17. Views of bubble shape from the front at dimensional time r* = 1.5.
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Fig. 18. Time evolution of the auxiliary variables.

the benchmark quantities presented in section 4.4 on reconstructed interface are very complicated in three dimensions, they are not
presented in this section. Instead, the evolution (with respect to dimensional time) of &; and &, are depicted in Fig. 18, and we can

observe that they both remain close to 1 in both cases.

5. Concluding remarks

In this work, we have developed two efficient second-order BDF-type, finite element numerical schemes for the Abels-Garcke-Griin
(AGG) model based on the MSAV approach. Both schemes are proved to be uniquely solvable and unconditionally energy stable. The
accuracy and robustness of the proposed schemes are confirmed by several representative numerical simulation results.

Irrespective of the exhibited advantages of the proposed schemes, there are still several issues that require further explorations.

(1) The cut-off approach is still utilized to preserve the bound of ¢} when evaluating p), and #,. Meanwhile, a rigorous justification of

the maximum bound principle is not available for the Cahn-Hilliard equation, in contrast to that of the Allen-Cahn equation. In turn,
we firmly believe that a theoretical analysis of the maximum norm of the numerical solution becomes a very important issue [50],
especially for two-phase incompressible flows with different densities. In particular, it is anticipated that the method proposed in
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[48] may successfully accomplish this objective in the future research. (ii) The decoupled structure attributed to the SAV approach
raises the computational cost for extra load vectors and linear systems. Although substantial improvements have been achieved [49],
the associated implementation of this complicated system necessitates a further study. (iii) A thorough investigation is required to
address the challenge of eliminating non-physical acoustic waves when implementing the scheme (52) in the presence of a large
density ratio.

Finally, several future research objectives are presented: (i) a theoretical justification of convergence and error analysis for the
proposed schemes, and (ii) exploration of efficient and structure-preserving schemes for more complex two-phase incompressible
flows with different densities, such as magnetohydrodynamic and ferrohydrodynamic systems.
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