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OPTIMAL ERROR ESTIMATES OF A CRANK-NICOLSON FINITE ELEMENT
PROJECTION METHOD FOR MAGNETOHYDRODYNAMIC EQUATIONS

CHENG WANG!, JILU WANG2, ZEYU X1A3® AND Liwgr Xus*

Abstract. In this paper, we propose and analyze a fully discrete finite element projection method for
the magnetohydrodynamic (MHD) equations. A modified Crank—Nicolson method and the Galerkin
finite element method are used to discretize the model in time and space, respectively, and appropri-
ate semi-implicit treatments are applied to the fluid convection term and two coupling terms. These
semi-implicit approximations result in a linear system with variable coefficients for which the unique
solvability can be proved theoretically. In addition, we use a second-order decoupling projection method
of the Van Kan type [Van Kan, STAM J. Sci. Statist. Comput. 7 (1986) 870-891] in the Stokes solver,
which computes the intermediate velocity field based on the gradient of the pressure from the previous
time level, and enforces the incompressibility constraint via the Helmholtz decomposition of the inter-
mediate velocity field. The energy stability of the scheme is theoretically proved, in which the decoupled
Stokes solver needs to be analyzed in details. Error estimates are proved in the discrete L®(0,T; L?)
norm for the proposed decoupled finite element projection scheme. Numerical examples are provided
to illustrate the theoretical results.
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1. INTRODUCTION

The magnetohydrodynamic equations have been widely applied into metallurgy and liquid-metal processing,
and the numerical solutions are of great significance in practical scientific and engineering applications; see Asai
[2] and Unger et al. [38]. Such an MHD system could be formulated as [35]

porH + 07V x (Vx H) —puV x (ux H) =0V x J, (1.1)
ou+u-Vu—vAu+Vp=f—pH x (V x H), (1.2)
V-u=0, (1.3)

over Q x (0,7, where Q is a bounded and convex polyhedral domain in R? (polygonal domain in R?). In the
above system, u, H and p denote the velocity field, the magnetic filed, and the pressure, respectively; J and
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f are the given source terms (J denotes a scalar function in R?); o denotes the magnetic Reynolds number,
v denotes the viscosity of the fluid, and p = M?vo~!, where M is the Hartman number. The initial data and
boundary conditions are given by

H|t=0 = I‘I()7 u\t=0 = U, n Q, (14)
Hxn=0 u=0, on 09 x (0,T]. (1.5)

It is assumed that the initial data satisfies
V-Hy=V-ug=0. (1.6)

By taking the divergence of (1.1), one can easily get ud;V-H = 0, which together with the above divergence-free
initial condition implies that

V-H=0. (1.7)

The existence and uniqueness of the weak solution for this problem has been theoretically proved in [15, 33].
More regularity analysis of the MHD system could be referred in [17,25, 26, 32], etc.

There have been many existing works on the numerical approximations for the incompressible MHD system.
In bounded and convex domains, the solutions of the MHD model are generally in [H'(Q)]? (d = 2,3, denotes
the dimension of Q) and therefore people often use H!-conforming finite element methods (FEMs) to solve
the MHD equations numerically. For example, Gunzburger et al. [15] used H'-conforming FEMs for solving the
stationary incompressible MHD equations with an optimal error estimate being established. Later, He developed
H'-conforming FEMs in [18] for solving the time-dependent MHD equations and proved error estimates of the
numerical scheme. More works on H!-conforming FEMs for the MHD equations can be found in [1,10,13,19,24].

While the spatial approximation has always been important, the temporal discretization also plays a signifi-
cant role for solving the MHD system. There have been quite a few existing stability and convergence analyses
for the first-order temporally accurate numerical schemes [9, 18, 28-30]. In most of these works, the stability
and convergence analyses have been based on a Stokes solver at each time step, i.e., the computation of the
pressure gradient has to be implemented with the incompressibility constraint being enforced, which in turn
leads to a non-symmetric linear system, and the computation costs turn out to be extremely expensive. To
overcome this difficulty, some “decoupled” techniques have been introduced. In [44], Zhao et al. dealt with a
binary hydrodynamic phase field model of mixtures of nematic liquid crystals and viscous fluids by designing a
decoupled semi-discrete scheme, which is linear, first-order accurate in time, and unconditionally energy stable.
In particular, a pressure-correction scheme [14] was used so that the pressure could be explicitly updated in
the velocity equation by introducing an intermediate function and thus two sub-systems are generated. In [27],
Liu et al. proposed a first-order decoupled scheme for a phase-field model of two-phase incompressible flows
with variable density based on a “pressure-stabilized” formulation, which treats the pressure term explicitly in
the velocity field equation, and only requires a Poisson solver to update the pressure. These works have mainly
focused on the design of energy-preserving schemes without presenting the convergence analysis. Meanwhile,
the first-order temporal accuracy may not be sufficient in the practical computations of the MHD system, and
therefore higher-order temporal numerical approximations have been highly desired.

In the development of temporally higher-order methods, a conditionally stable second-order backward dif-
ference formula (BDF2) algorithm was proposed in [23] for a reduced MHD model at small magnetic Reynolds
number, in which the coupling terms were explicitly updated, and other terms were implicitly computed. An
unconditionally stable BDF2 method was proposed in [20], where the method was proved convergent with opti-
mal order. In [43], a second-order scheme with Newton treatment of the nonlinear terms was proposed, where
the unconditional stability and optimal error estimates were obtained. Recently, a fully discrete Crank—Nicolson
(CN) scheme was studied in [21], where the unconditional energy stability and convergence (without error esti-
mates) were proved. For efficient large scale numerical simulations of incompressible flows, high-order projection
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methods are desired. In [34], Shen presented rigorous error analysis of second-order Crank—Nicolson projection
methods of the Van Kan type [39], i.e., second-order incremental pressure-correction methods, for the unsteady
incompressible Navier—Stokes equations. By interpreting the respective projections schemes as second-order time
discretizations of a perturbed system which approximates the Navier—Stokes equations, optimal-order conver-
gence in the discrete L?(0,T; L?) norm was proved for the semi-implicit schemes. Later, Guermond [12] proved
optimal error estimates in the discrete L?(0,7T; L?) norm for the fully discrete case with BDF2 approximation
in time. However, whether second-order incremental pressure-correction methods have optimal convergence in
the discrete L*(0,T; L?) norm remains open for both Navier-Stokes and MHD equations.

In this article, we fill in the gap between numerical computation and rigorous error estimates for a Crank—
Nicolson finite element projection method for the MHD model. We first propose a fully discrete decoupled finite
element projection method for the MHD system (1.1)—(1.3), and then the following properties are theoretically
established: unique solvability, unconditional energy stability, and convergence analysis. In particular, a modi-
fied Crank—Nicolson method with an implicit Adams—Moulton interpolation in the form of %H}ZH + iHﬁ_l,
instead of the standard Crank—Nicolson approximation, is applied to discretize the magnetic diffusion term.
Such a technique leads to a stronger stability property of the numerical scheme, as will be demonstrated in the
subsequent analysis.

A second-order incremental pressure-correction method is used to decouple the computation of velocity and
pressure. Precisely, an intermediate velocity function ﬁzﬂ is introduced in the numerical scheme, and its
computation is based on the pressure gradient at the previous time step. After solving the intermediate velocity
field, we decompose it into the divergence-free subspace by using the Helmholtz decomposition. This yields the
velocity field uZH at the same time level. In the error analysis, we first introduce an intermediate projection

of the velocity, i.e., le as introduced in (4.16) and (4.17), with which, estimate of an intermediate error
for the velocity is obtained. With such estimate and rigorous analysis of the discrete gradient of the Stokes
projection, second-order convergence in time is proved in the discrete L*(0,7T; L?) norm for the velocity and
magnetic fields, independently of the mesh size h in the case Vp|sn = 0 and dependently on h~=2 in the case
Vploa # 0, respectively. The techniques introduced in this paper would also work for other related projection
methods.

This paper is organized as follows. In Section 2, a variational formulation and some preliminary results are
reviewed. The fully discrete finite element scheme is introduced in Section 3, and its unconditional energy
stability is established in details. Section 4 provides the rigorous proof of the unique solvability and error
estimates. Several numerical examples are presented in Section 5. Finally, some concluding remarks are provided
in Section 6.

2. VARIATIONAL FORMULATION AND STABILITY ANALYSIS

For k> 0 and 1 < p < o0, let W*P(Q) be the conventional Sobolev space of functions defined on €2, with
abbreviations LP(Q) = Wo?(Q) and H*(2) = W*2(Q). Then, we denote by W, () the space of functions in
WP () with zero traces on the boundary 452, and denote Hg (€2) = Wy>*(€2). The corresponding vector-valued
spaces are

L (Q) = [L7(Q)]%, WEP(Q) = [WEP(Q)]Y,
WP (Q) = [Wy ()], Hy () = Wo™(9),
H'(Q) = {v e H(Q) : v x n|sg = 0},
where d = 2, 3, denotes the dimension of Q. As usual, the inner product of L?(Q) is denoted by (-, ).
With the above notations, it could be seen that the exact solution (H,w,p) of (1.1)—(1.3) satisfies
(o H ,w) + (a—lv x H,V x w) — (pu x H,V x w) = (0_1V X J,'w)7
(Oiu,v) + (¥Vu, Vo) + b(u,u,v) — (p,V-v) = (f,v) — (uH x (V x H),v),

A
e
[N

~— —r
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(V-u,q) =0, (2.3)

for any test functions (w,v,q) € (H*(Q), H}(Q), L2(Q)), where we have defined the trilinear form b(-, -,-) as

u- Vo, w) + 1((V cu)v, w)
2 (2.4)
[(w-Vv,w) — (u-Vw,v)], Yu,v,weHyQ),

and u - v denotes the Euclidean scalar product in R?. Notice that the trilinear form b(-, -, -) is skew-symmetric
with respect to its last two arguments, so that we further have

b(u,v,v) =0, Yu,v,weH).
The energy stability of the continuous system (2.1)—(2.3) could be obtained in a straightforward manner. By
taking w = H,v = u in (2.1)—(2.3) and adding the resulting equations together, we get

5 dtHHHLz +0 |V x H : Hu”L2 +v|[Vuli: = (J,07'V x H) + (f,u)

2dt

_ 1
< EHJH%Q + 0 |V x H|jz + [ fl72 + elule,

where ¢ is an arbitrary constant. Due to the zero boundary condition of w in (1.5), we have |[u|?, < C||Vu|?,
Since € can be arbitrarily small, we obtain the following energy estimate

1d 1 1
H|7, 2 < — |32+ = £ 2.5
B CNHI + 5 Slulls < 171 + L1713 (25)
If the sources terms J = f = 0, we further get
1d, 5

H|7. + -
2 dt ” i+ 5
which implies the total energy is decaying.

3. NUMERICAL METHOD AND THEORETICAL RESULTS

3.1. Numerical method

In this subsection, we propose a fully discrete decoupled finite element method for solving the system (1.1)—
(1.3). Let Sy, denote a quasi-uniform partition of  into tetrahedrons K; in R® (or triangles in R?), j =
1,2,..., M, with mesh size h = max;<j<pm{diamK;}. To approximate u and p in the system (1.1)—(1.3), we
introduce the Taylor-Hood finite element space Xy x M), defined by

Xy = {l, e H)(Q) : |k, € P (K;)},

My = {Qh € L*(Q) : qulk, € P1(K;), J gpdz = 0}7
Q

for any integer r > 2, where P,(K;) is the space of polynomials with degree r on K, for all K; € Jj, and
P.(K;) := [P.(K;)] To approximate the magnetic field H, we introduce the finite element space S, defined
by

S) = {wh e HY(Q) s wlx, € PT(Kj)}.
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Let {t, = n7T}Y_, denote a uniform partition of the time interval [0,T], with a step size 7 = T/N, and
v" = v(z,t,). For any sequences {v"}N_; and {o"}_,, we define
1 3 1 1 1 1 1 3 1
,l\jn+§ — 7vn+1 + 7,Un—1’ En-&-i = 71’}\n+1 + 7,071, 5n+§ = 71}11 _ 7,Un—1.
4 4 2 2 2 2

Then, a fully discrete decoupled Crank—Nicolson finite element projection method for the incompressible MHD
equations (1.1)—(1.3) is formulated as: find (Hp ", wptt aptt, pi*t) € (Sp, Xp, X, My) such that

T

(B ) 4o (Vo E Y ) o (VT )
_H(ﬁzﬂ % H”+2 LV x wh) = a*(V X J”*é,wh>, (3.1)

<M7m> + V(VEZ+%»VUh> - (ﬁz+zvﬁz+%’”h) - i,V on)
u(H o (Vo B ) ) = (

n+1 ~n+1
<uh —u > B
sUh

T

w\»—A

) (3.2)

(p ™ =i, V- 1y) = (3.3)

(V- uptt q,) =0, (3.4)

DN | =

for any (wp,vn,lh,qn) € (Sp, Xp, Xp, M) and n = 1,2,..., N — 1. Here we have added a stabilization term
ot (V : H/;LHE,V : wh) to (3.1). This is consistent with (2.1) in view of (1.7).
In this paper, it is assumed that the system (1.1)—(1.3) admits a unique solution satisfying

| Htel| oo 0,502y + [ Hiell Lo 0,511y + 1H el 2o 0,0 57+1) + [wett] oo 0,722

+ |wetll Lo 0,751y + |wel Lo 0,037 +1) + [Petl o 0,7522) + IPell Lo 0,117y < K- (3.5)

Here, the subscripts of H,w,p denote the partial derivative to variable ¢.
Next, we present our main results, i.e., error estimates for scheme (3.1)—(3.4), in the following theorem.

Theorem 3.1. Suppose that the system (1.1)~(1.3) has a unique solution (H,w,p) satisfying (3.5). Then there
exist positive constants To and ho such that when 7 < 19, h < hg, and 7 = O(h), the fully discrete decoupled
FEM system (3.1)~(3.4) admits a unique solution (HJ',uy,p}), n=2,3,...,N, which satisfies that

max (|Hp —H"| 2 + [uh —u"[.) < Co (En7® + B, (3.6)

2<n<N

2

( Z(\VX (H: — H")|72 + |V (@, 5u”%)|iz)> < Co(tar® + 1), (3.7)

where W% 1= %(ﬁ” +u"_1) and U™ = u"; p = 1 if Vplag = 0, otherwise {5, = h=2; Cy is a positive

constant independent of T and h.

Remark 3.2. One feature of the proposed numerical scheme (3.1)—(3.4) is associated with its decoupled nature
in the Stokes solver. Motivated by the second-order projection method of the Van Kan type [39], i.e., second-
order incremental pressure-correction method, we introduce an intermediate velocity @ H to decouple the
problem, and thus build two systems and both of them consist of two unknowns. More prec1se1y, we first obtain
H,’ZH and ﬁZ“ through (3.1) and (3.2), while treating the gradient of pressure explicitly. Then, we substitute
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ﬁZH into (3.3) and (3.4), so that pZH and uZH could be efficiently computed wvia solving a Darcy problem.
In comparison with the classical coupled solver that the full system contains three unknowns H }?H, UZH and
pﬁ“, which have to be solved simultaneously, such a decoupled approach will greatly improve the efficiency of
the numerical scheme.

There have been extensive analyses of decoupled numerical schemes for incompressible Navier—Stokes equa-
tions; see the pioneering works of Chorin [7], Temam [36], and many other related studies [3,22,31,40-42], etc.
In this work, second-order convergence in time is proved in the discrete L®(0,7T; L?) norm for the velocity and
magnetic fields, independently of the mesh size h in the case Vp|sn = 0 and dependently on h=2 in the case
Vplaa # 0, respectively. The techniques introduced in this paper would also work for other related projection
methods.

Remark 3.3. Another feature of scheme (3.1)-(3.4) is that we have used a modified Crank—Nicolson method
for temporal discretization, where the term V x H"rz s approximated by V x (%H”+1 + iH"_l). This
enables us to obtain error estimates for the term V x H at certain time steps, instead of an average of those at
two consecutive time levels; see (3.7). Such a modified Crank—Nicolson scheme has been extensively applied to
various gradient flow models [5,6,8,16]. An application of this approach to the incompressible MHD system is
reported in this work, for the first time.

T+ . P
Remark 3.4. In (3.1), we have added a stabilization term ! (V : Hh+2 ,V -wy, ) to validate the coercivity

of the magnetic equation, with which, optimal error estimates for the magnetic field in energy-norm can be
proved.

Remark 3.5. It is noted that the numerical solutions at two previous time levels are needed for the imple-
mentation of (3.1)—(3.4). The starting values at time steps ¢y and ¢; are assumed to be given and satisfy the
estimate (3.6). An example of constructing the numerical schemes for starting values is an application of the
backward Euler FEM method at ¢; and the Stokes and Maxwell projections of the initial data at ty. In such
case, the error estimate (3.6) holds at ¢; and to.

In the following subsection, we analyze the energy stability of scheme (3.1)—(3.4). In this paper, we denote
by C' a generic positive constant and by € a generic small positive constant, which are independent of n, h, T,
and Co.

3.2. Stability analysis of numerical scheme

In this subsection, we present the energy stability analysis for the numerical system (3.1)—(3.4). Here, we
introduce a discrete version of the gradient operator, Vj, : M), — X}, defined as

(Vh, Vian) = —=(V - vn,qn),  Voi € Xp,qn € M. (3.8)
Through the definition of the discrete gradient operator Vj, we can rewrite the equation (3.3) in the following

equivalent form:

unJrl _ ,an+1 1
S SV - ph) =0, (3.9)

T

The abstract form (3.9) will be useful in the stability analysis of numerical scheme.

Theorem 3.6. The numerical solution (H},u},py) to the fully discrete linearized FEM (3.1)—(3.4) satisfies
the following energy stability estimate

H n 2 n H n n|2 n n—112
(g - ) + (- Ep - - )
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1
5= (i 15 = lile) + S (IVnpi e = I9ap172)

c()J”+é ’ ’ ) (3.10)
L L2

form=1,2,...,N —1, where C is a positive constant independent of T and h.

n+3
A

Proof. By taking w), = 1\'-I/;Z+% in (3.1) and vy, = ﬂ;fé in (3.2), we get
I n 2 H n 2 n—1]2
(g - )+ L (e - ) — - )

2
_ nta
oV Hy

— 2
o= = 2Hy - B o |V L

(@ < BTV < HTY)
- a—l(v x Jnti ﬁ”*f) (3.11)
) h 9 .
and
Ly ani2 n)2 _n+d? n _n+3 Fyn+i +3\ —n+3
L - rgzs) + o] vm 2 = (v e (o (v ) )

- (fn+%,a;f%), (3.12)

respectively, where we have used the fact that b<~n+2 EZ+2 ,iZJr ) =0, and

Hn+1 — Hp 1 n 2 n 1 n n |2 n n—12
() = o (M = V) + (1 = E = = )
1 n n— 2
b L —omy o mp
In turn, a substitution of I, = )™ in (3.3) yields

o (l = g o+ i = a3 ) = o .13

where we have used the divergence-free condition (3.4) for g being p"“, Dh-
Next, we choose I, = Vpp} in (3.3) and obtain

~(V - thph) = (19 e = IVaphlEe = [Vaer ™ = o) )- (3.14)
Furthermore, we get the following result from (3.9)
IV =)} = QHU"H e (3.15)
Summing up (3.11)—(3.15) leads to
%(HH;Z“HZ IR G:) + 2= (1B - =y, - |y - 27

2 - 2
N HHnH —2Hy + H)™ 1HL2 +071HV X Hn+2H +071HV : H}TZ+%
L2

L2
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1 12
b (s paize) + v+ D19 - 1)

< o*l(v x JM%,E?*%) n (fn+%7ﬁz+%). (3.16)

For the right-hand side of (3.16), we can easily see that

2

2 -

< iHJ“% +o v BT

4o L2 L2
and 1 2 2 1 2 2
n+3 ﬂ“%) < —’ nti +€‘ﬂn+% < —‘ nt3 +5HVE"+%
(f $h 4e f L2 holle ™ 4e f L2 hllpe’

where € is an arbitrarily small constant. Substituting the above estimates into (3.16), we get the desired result
(3.10) immediately. This completes the proof of Theorem 3.6. O

4. ERROR ESTIMATES

We present the proof of the existence and uniqueness of numerical solution and the error estimates (3.6) and
(3.7) in Section 4.

4.1. Preliminary results
We introduce several types of projections. Let P, : L?(2) — M), denote the L? projection which satisfies
(v— Pyv,qn) =0, wve L*(), Vg, € M. (4.1)

For the sake of brevity, if v is a vector function in L?(2), we use Pyv to denote the L? projection of the vector
function v onto Xj. Furthermore, let (Rju, R,p) denote the Stokes projection of (u,p) € H§(Q) x L?(Q)/R
satisfying

v(V(u— Rpu),Vo,) — (p — Rpp, V - vy) = 0, Vo, € Xy, (4.2)
(v . (U’ - Rh”’)a qh) =0, VQ}L e My, (43)

We also introduce the Maxwell projection operator IIy, : Hl(Q) — Sy, by
(Vx (H-T,H),V xw) + (V-(H-T,H),V-wy,) =0, HeH(Q),Vwy,€Sh. (4.4)
For the above projections, the following estimates are recalled [11,37].

Lemma 4.1. The following estimates are valid for the L? projection, Stokes projection, and Mazwell projection:

|1Prol e < Cllof s, Vv e L*(Q), (4.5)
|1Pro] s < Cllola, Vo € Hy(Q), (4.6)

[v— Ppvf 2 < Ch v gesr,

<
<

form=0,1,0<0<r,1<s<w, and

| Rhwlyrs + [Brpll e < Clufwrs + lplze), (4.8)
lu = Ryl + bl — Ryuly < Ch (Julwers + [plwes),
Ip = Ripllp. < CR (Julwesss + [plwe), (4.10)
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|0(u — Ryu)| Lo < O (0ulyyeen s + |0pllye..), (4.11)

e + ]|oy(p — Rup)|

forO<i<r,1<s<wo, and
|H — T, H|| 2 + h|H — 1, H| g1 < Ch Y H| geen, (4.12)
for 0 <L < r, where C is a positive constant independent of h.
Next, we recall two lemmas that will be frequently used in this paper.

Lemma 4.2 ([4]). Given vy, in the finite element spaces Xy, My, or Sy, the following inverse inequality holds

_ d_d
lon s < CR™™ 57 g [y, (4.13)

forO0<n<m<1,1<q< s <o, where d denotes the dimension of the space and C is a positive constant
independent of h.

Lemma 4.3. The discrete gradient operator Vy, : My — Xy, (defined in (3.8)) satisfies the following estimates

Ch™anlz2» (4.14)
Ch™anlzs» (4.15)

thQh ”L2

<
HVthHLS <

for any qn € My, where C' is a positive constant independent of h.

Proof. The estimate (4.14) follows immediately by substituting v, = Vg, into (3.8) and inverse inequality
(4.13).
It remains to prove (4.15). Given g, € M, it is easy to see that

(Vaan, v) = (Vaan, Pav) = —=(an, V- Pov) < |lan| 2|V - Pool 3

< Clanlzsh™ | Prvl 5 < Chlanluslol 5.

3
2

for all v € L3(f). Here, P, is the L? projection, which has a bounded extension to LP(Q) for 1 < p < o0,
with a bound independent of k; see Lemma 6.1 of [37]. Then, using the duality between L3(€2) and L2 (), it is
straightforward to derive (4.15). The proof of Lemma 4.3 is completed. O

4.2. Error equations

To establish error estimates for the scheme (3.1)—(3.4), we introduce an intermediate function Rpju"tle X hs
defined as

Riu™t! — Ryun+! 1
( N ,lh> — 5 (Bup™ = Rap" V1) = 0, VI € Xp, (4.16)
Ryu™ — Ryut! 1
or equivalently, nt nt = —§Vh (th"Jr1 — th”). (4.17)
T

With the intermediate function defined above and the projections introduced in the previous subsection, the
MHD system (1.1)—(1.3) can be rewritten as follows:

T

1I HTL-’rl_H H" ~ et
/J( h h ,’wh>+0‘_1(VXH}LHH+%,VXUJ}1)+0'_1<V'Hth+;,V'wh)

— u(ﬁ’”’% X ﬁ"+%,v X 'wh) =gt (V X J”+%,wh> + R’IﬁIH(wh), (4.18)
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Rourtl — Ry u™ Rour+l + Ry u” N
< nt nt ,’l)h> + V(V( ntt 2+ ntt >7V’Uh> + b(unJr%,ﬁnJr%,’Uh)
-

- (thn7v : ’Uh) +M(ﬁn+% X (v X En+%>7vh)

R/T-q—l — Ry unt?! R/T-H — Ry unt!
= (f”Jr%,vh) + < nt ntt ,’Uh> +V<V< nt ntt ),V’Uh)

T 2

R n+1 + R, p™
_ (thn _ H,v . Uh) + R (wy), (4.19)
(V-u"tl q,) =0, (4.20)
for any (wp,vh,qn) € (Sh, Xn, M) and n = 1,2,..., N — 1, where we denote @"*! := u"*!, R (wy) and

R 1(v,) stand for the truncation errors satisfying

" Hth+1 _ Hth
RH+1(wh) = /L(

— &gH"*é,wh) + ot (V X (HhﬁnJr% — H"*é),v X wh)

+a*1(V~ (H;jf"*é - H”*é),V~wh) —p(ﬂ”*é x H" 2 —ymtz x H" 2V x wh),

(4.21)
n+1 _ n n+1 n
R on) = (Bt vy ) (v (B et ) o, )
T
n+1 n
+ ﬂ(ﬁ“% x (v x I?’l*%) ~H™E x (v x H"+%),vh). (4.22)

Utilizing the projection error estimates presented in the previous subsection, we only need to estimate the
following error functions

ey =1, H" — H}}, el = Ryu” —uyj,
~n D ~n n n
€y = Ryu™ — Uy, €p = th — Phs

for n = 1,2,...,N. From the system (4.16)—(4.20) and the fully discrete numerical scheme (3.1)-(3.4), we
observe that the error functions (e}, ey, €, €;,) satisfy the following equations:

uw’

eyl — el 1 ntg 1 n+ g
1 f’wh + 0~ (Verz,wah>+a_ (V-eH"’,V-wh)

~ 1 sl
— :“{ (ﬁ"““% x H"" 2 V x wh> B (ﬁZJrQ x H; "2,V x um)} + Ry (wn), (4.23)

é\n-&—l —en 1
(““,'uh + I/(VEZJrz , Vvh) — (eg, V- 'vh)
-

2wl — n+1 > o ntl _ n+1
_ (Rhu Rhu ,’Uh> Ty (V (Rhu . Rhu ) ,V’U}L>
T

R TL+1+R n N N 1 N
- (thn - u7v *Uh | — b(un+%7ﬁn+%7vh) - b(u:+23ﬂz+2,vh)

— u{ (ﬁ”*é X (V X H/"Jr%),vh) - (ﬁ;ﬁé X (V X H/ZJré),vh)} + R (vy), (4.24)
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en+1 _ é”nJrl 1 i
(T,lh) - 5(% — el V1) =0, (4.25)

(Ve qn) =0, (4.26)
for any (wh,vh,lh,qh) € (S;L,Xh,Xh,Mh) and n = 1,2, SN 7]\/v —1.
4.3. Proof of Theorem 3.1

In this subsection, we present a detailed proof of Theorem 3.1. The following lemma will be used in the
analysis.

Lemma 4.4. Under the regularity assumption (3.5), the Stokes projection defined in (4.2) and (4.3) satisfies
the following estimates:

C, (4.27)
Cly, (4.28)

IViRRO:p| 15

<
” V(Vth atp) “ 2 S

where C is a positive constant independent of h; £y, = 1 if Vploq = 0, otherwise £, = h—z.

Proof. By the regularity assumption (3.5) and the L? stability estimate of the L? projection, i.e., (4.5), we see
that

[PV rp| s < OV, < C. (4.29)
Since

(vn, PhVotp — Vi Prdip) = (vn, Voip) + (V - vn, Proip)
= —(V v, 0p) + (V- v, Prdrp)
<[V -wn| 3100 — Pudepll
Ch™ o 3 hlloep]

< Clonl 3 1l s,

N

for any vy, € X;,, by the duality between L% and L3, we conclude that
”thatp — VhPhatp||L3 <C. (4.30)

Consequently, with the help of the inverse inequality (4.15), we obtain

IViRROwp| s < [ViBaOp — Vi Prop| s + |VaProp — PuNVop| s + [PV opl 1
< |ViBRioip — Vi Proipllps + C
< Ch™ | Rpowp — Ppop| s +C
< Ch™Y|Rudp — spll s + Ch™ |owp — Puéip| s + C
<Ch 'R+ COhTRE+ O < C,

in which (4.7) and the projection estimate (4.11) have been used in the second last inequality.
Inequality (4.28) could be proved in a similar manner. If Vp|aq = 0, by the regularity assumption (3.5) and
the H' stability estimate of the L? projection, we have

VPV op| 2 < | PV oplm < CIVap|m < C. (4.31)
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If Vplaa # 0, we estimate |V P,Vdip| 2 in another way. Let x be a smooth cut-off function such that

x =1 on 012,

x=0 at points x such that dist(z, 0Q) = h,
0<x<l1 in Q,

IVEX],» <CR7F  in Q.

Then we let g = Voyp and get
IVPyugl2 < [VPu(g = x9)|r2 + [V Puxg| 2.
Since g — xg = 0 on 012, it follows that

IVPL(g —x9)|> < C|V(g —x9)lz> < C[Vglr> + C[VXx®4gl >

< C|Vg| 2 +Ch™! (Jd |g|2dx> <Ch™ 2.

ist(z,0Q)<h

By the inverse inequality, we have

Nl

IVPuxglr: < Ch™ ' Puxgl> < Chtxglr: < Ch™! (J . |g|2d96> < Ch™e.
dist(z,00)<h

Therefore,
|IVPyg|2 < Ch™2, (4.32)
which together with (4.31) implies
IVP, Vol < Cly,. (4.33)
Using similar techniques in the derivation of (4.30), we get
[Py ip — V1, Ppopl| 2 < Ch. (4.34)

By the inverse inequalities (4.13) and (4.14), it can be shown that

IV(VaRaOp — PV )|z < Ch™Y Vi Rydip — PNV ap| 2
< Ch Y| ViRpéwp — Vi Pudip| 2 + Ch™ |V Proip — PyVogp| 2
< Ch™2||Rposp — Présp|r> + Ch™'h
< Ch_zHRhatp —0p| 2 + Ch_2H§tp — Pyosp|r2 + C
< COh™2h* + Ch2h* + C < C, (4.35)

in which (4.7) and (4.11) have been used again in the second to last inequality. Finally, by the triangle inequality
and (4.31)—(4.35), the estimate (4.28) follows immediately. O

Now we proceed with the proof of Theorem 3.1.

Proof of Theorem 8.1. By Theorem 3.6, the existence and uniqueness of numerical solution (H}', u},py), n =
2,3,..., N, follows immediately since the scheme (3.1)—(3.4) is linearized and the corresponding homogeneous
equations only admit zero solutions.
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In the following, we present the analysis of the error equations (4.23)—(4.26) and then establish the error
estimates given in Theorem 3.1. First of all, we make the following induction assumption for the error functions
at the previous time steps:

lefrlze + Il e < G (nr® + h?), (4.36)

for m < m. Such an induction assumption will be recovered by the error estimate at the next time step t,1.
For m = 0,1, (4.36) follows from Remark 3.5 immediately. The induction assumption (4.36) (for m < n)
yields

IHy [ws < [InH™ |yas + [ L H™ = I H™ [y1s + e ws

< C|H™|wrs + Ch™§| I, H™ — T, H™ | + Ch™ 5| ey | 12
ClH™|wis + Ch™8 [[,H™ — H™|gn + Ch™6 [H™ — L, H™ | 111
+ ChY8CE (bhr? + 1)

N

< C|H™|w1s + Ch™ 5B + Ch™5h® + Ch™'=8C5 (6,7% + h?)

<K +1, (4.37)
lup e < [Rpu™| L= + [ey | L

< Juwrs + Ch=5 ez (by (4.8))

< |u™|wis + Ch™2CE (a2 + B?)

<K +1, (4.38)

h
\/2CCE
I;, denotes the standard Lagrange interpolation and its W13 stability estimate has been used. Subsequently, we
will establish the error estimate at m = n + 1 and recover (4.36).

for 7 < and h < hg, where d = 2, 3, denotes the dimension of €2 and hg is a small positive constant. Here,

+1
Step 1: Estimate of (4.23). Taking wy, = &5 2 into (4.23) yields

Iz 2 2
= (les 72 = Vetale ) + o= (s = ealo = etr = ex'[3)
12 2
+ U_1HV x &t 4o HV g
L2 L2
~ ~ 1 1
< u{(u”+é BV e ) = () < T )} +RE(E), ()
where we have used the identity
el —en i1 1 2 2
() - ;(uezﬂum fele) + - (16 = el — et - <3 )
+ 3 He"'H 2 + e (4.40)
y (3.5) and (4.12), it can be shown that
2 1 12 1 2
n+1(~n+ < 2 r+1 “n+g 7” xn+3 7” Sl
R (@) <o wt vt v oo xart] v vt

Noticing that "1 := «"*! and (4.17), we obtain

o+l Typ4l n+ 3 _n+3 + v+1
M{(un+2XHn+2,vX 711_1 )_(UZQX ngv n )}
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780
—u(ﬁ”*é X (ﬁ"*% —HhIf\{/’”%) VxEnI; )Jru( ntg X €py s VXVRI; )
n+1 n
+u<(u”+;—Rhu 2+Rhu >><H;L+2 vanH+2>

R n+1_R/T+1 g
+u< nt 5 nt XH}TLL+2 V x Zf?)

L )

et i o o], B
N :“H w4y 3 Ryu™t! + Rhu H”+2 HV . vn+2
2 2 L? L2
+ %th(RhP — Rpp" )”L3 "+2 Hv X & vn+2 ,
GCREE ALY
< O Hv <t 2L +CHW+2 i +Crt +u( T H T Ve )

where in the last inequality we have used the projection estimates (4.9) and (4.12), (4.37), Lemma 4.4 and

the following inequality:
2

BT (R~ Fap?) | < O

With the above results, (4.39) is reduced to

Ll 22— lenel2.) + —(ue"“ el — et — i)
e AL S B
< C(r2 + B2 +OH“”+2 i + ol 2L + (et P H R ux ) (4.41)

(ent! +en) into (4.24) leads to

( (Rhu"+1 R;m”“) V€n+2>
2

R n+1+R n Cnal

(thn I R g eTz)

_{b(anJré’unJré,e 2) (N"+2 *n""z eZ"" )}

(Bt (7 Bt i) = (B (Vo)) o e ()

. . . _ _n+3 1
Step 2: Estimate of (4.24). Taking v, =€, > = 3

1
E(ngwrl”ig HeuHL2> +I/HVeu 2

Rhun+1 _ RhunJrl 11
< 2
T

(4.42)
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In the following, we estimate Zj, j 6, respectively. By using (4.16), we have
R n+1 Ry p™ R n+1 Ryp™ 1
I1+I3__( hp 2+ " Rpp 2+ np ,V-eﬁ+2>—0.

By (4.17), Z» becomes
o = " (V(Tn(Rup™ = Rup")), Veu' )
< O |V(Va(Bip™ = Ro")) 7. + ¢ vl

L2

12
<ClBr 4 eHVéZ*Z

L2’
where we have used the second result in Lemma 4.4. By the definition of b(u, v, w) in (2.4), we can rewrite
7, as
I, = 1{(ﬁz+é ) vﬁz+%7éz+%) . (,&nJr% .V,unJré,eeré)}

1(/on+t ntl _nil ot L n+l i1
(u’h 2. Ve, 27uh )_(UTH-z.VEu 2,un+2>

2
1 ~n+% n+2 ,n+% ~n+% —n+ n+ n+
= 5 u, *-Vey *,ey +lu, *-V(u""? - Ryu , Cu
~n+1 —ptl _nt+i ~ ——n+3 vahth ,n+
+(€u z_vun+2’eu 2)+<( n+2_Rhu n+
n+% ,n+§) " (aZJrQ VenJrQ Tty _ )

2
(w 1 vénJr%’ﬂnJr%) 4 <(un+2 _RhunJr ).V€Z+é7un+é>}

In the estimate of Z4, the most difficult processing is the control of Z », for which an application of integration

by parts implies that

(L e R G R
(v w2 ) Sy —

V- Rhu

~n+i n+3 1 =—n+i
+< 2. Ve 2,u" 2 — Ryu 2)

u, w
—~n+3; . n+i _n+i
< |V-Ryu 't — Ryu 2 €u 2
3 L2 L6
. 1 n+i _n+i
+HV-eu 2 Hu”+2—Ru 2 ‘e 2
L3 L2 LS
+lartE| |verti| fartt - Rttt
h L® u L2 2
2 102
,n+l ~Nn+ 35
<C(T* + R )%+ EHVeu 2 +C|en %
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where we have used (4.8), (4.17), (4.38),

1 wtl +ut Rpuntl + Ryu® .
‘E"J’% ~Rou | = ru L ALl (here use a" ! = ")
L2 2 2
L2
- ' u"tt+u” Rput + Ruu” Ryu"' — Ryun+l
2 2 L 2 L
T
<N 4+ TV (R — R, (by (427)
< Ch™ 't +0r?
and
vt e S AT Y AR I A S X
3 .2 2 2
1
<SCR 8T 4 72|t (by 7 = O(h))

L2

The estimate for other terms of Z, is straightforward. Clearly, Z,1 and Z, 5 are cancelled. By (4.9) and
(4.38), we obtain

n+2

Zas+Tya+ ZI4I@ <C|e + CR20HY 4 ort,

+ <€”V6u 2
L2 L2

Above all, we are led to

Jr2

2 2
<ot O ot

+ EHVeu

Similarly, we can rewrite Z5 as
Is = M{((ﬁnJr% *HhﬁTH%) X (V X H/"+%),EZ+§> + <€H+2 X (V X H“*é),éyf)

>ntd Trn+ L T 1 n+i >ntd wnt+i\ _ntd
+ (T (9 (= B ) ) et )+ (H (9 H*z),e,f?)}

~ 1 ~ 1 — 1 el
Tsi+ Tso < uHH"*? I, HE Hv x H"t3 ‘eu 2
’ ’ L2 L3 L6
~n+ T 1 ,n+l
+u” 2 HVXH"+2 Cu 2
2 3 LG
2
_n+3i ~n+3
< CR20+D 4 6HVeu cl CH :
L2

With an application of integration by parts, Z5 3 becomes

1 ~pl — 1 — 1
Tos = (@Z” x H'? v x (H”+% —HhH"+%))
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+1 -~ 1 -~ 1
- (v x (eu I ),H”*? thH"JFE)

_n+i Tyn+s Trn+ L Trn4 4
<|Vx (et x Hj D EE
L2

L2

HV@“Jr 2

2

+ CR20HD),
L2
where we have used (4.37) and

1 ~—pyl
HVX (EZ+2 ><Hh+2)

L2
(et - (v e ()t - (@ v)

L2
<ol et eclvelt| I
w3 LS L2 L
Therefore, the following bound is available for Zs:
12 12 ~ 1
Ty < CR20+D) +EHVEn+2 crand (H"+2 (v x V”+2) E"+2)
5 X u 2 L2 H h s Cu .
A bound for the truncation error term Zg is based on (4.9) and the regularity assumptions (3.5):
2 pr+1)2 _nt+3|?
I < C(r* + B +5HVeu .
L
With the above estimates, we obtain the following result from (4.42)
1 2 "2 _n+i n _n+i
Z(”é\zJAHLQ _ Heu”LQ) + - HV Lo <€p7v - Cu 2)
12 12 ~n4+i n n
<cett] ot + w2 4 ol - u(H < (V% g ),e,i ). (4.43)
n 1 . .
Step 3: Estimate of the term — (ep,V -€u+2) in (4.43). We rewrite (4.25) as
n+l _ on+1
N ”vh( L), (4.44)
With the above equality and the fact that E:f% =1(Ent! +en), we have
n ,n+% 1
—(ep,v o ) = =5 (e, V-ar)  (by (4.26))
1 n
L)
g n+1 n
= Z< Vi(ep*t —ep))  (by (4.44))
T 1 2 T 1 2
= g(HVh@"+ [ = 1Vaepl72) = £l Va(e™ = )l
T 2 1 2
= S (19 [ = 1Vnepl}s ) = 5olent = et (4.45)
Step 4. By taking I;, = e?*! into (4.25), we arrive at
1 n+1|2 12 n+1 12
o= (a7 = a7 + Jent =& [3.) =0, (4:46)

in which (4.26) has been applied.
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Step 5. A summation of (4.41), (4.43), (4.45), and (4.46) leads to

/’[/ n n n
;w;%2wﬂ@+gmw+wﬂ;w%—%w@
2

Hv vn+2

L2

1 1
+ o (lew 7 - uezn‘;) + Y|veird]
2

2 T 2
o+ 2 (IVne e = [Vnep )
2

Lt C(lpr® + 12 (4.47)

2

+ C|le
L2

wn+3

~n+
<C|égy 2

+CH~"+2

L2
An application of discrete Gronwall’s inequality indicates that there exists a positive constant 7y such that

Hen+1HL2 g Z HV Y & vm+2 2

+T Z HV vm+2

1
+ent3, + Z Hvﬁ*z Lt 72||Vhe;+1HiQ <Oyt + W2, (4.48)

if 7 < 79. By applying the Cauchy’s inequality
AT R o AR L (4.49)
R PR R Rl (450

we further get the following result from (4.48)

n
e 2+ 319 x e+ DIV e s

m=1 m=1

2
+ He”HHLZ, +7 Z HVeer2 LT TQHVheg“Hiz < C(lp® + h"thH)2 (4.51)

The above estimate implies that the induction assumption (4.36) could be recovered at m = n + 1 with
C§ = C. Thus the mathematical induction is closed. By the projection estimates (4.9), (4.12), and (4.17),
the error estimates (3.6) and (3.7) in Theorem 3.1 follow immediately.

O

Remark 4.5. In this work, we focus on the error estimates of the velocity and magnetic fields for a Crank—
Nicolson finite element projection method. The error estimate of the pressure may be obtained by using the
discrete inf-sup condition. From the numerical results in Section 4, we can see that the convergence for pressure

1
2\ 3
L2> ’

5. NUMERICAL EXAMPLES

1
is consistent with that for (7‘ ZnNZQHV(ﬁZ 2 _ ﬁ”—%)‘

In this section, we present several numerical examples to illustrate our theoretical results in Theorems 3.1
and 3.6. For the sake of simplicity, numerical results are tested for two-dimensional problems in a unit square
domain. All the numerical examples are computed by using FreeFEM++-.
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TABLE 1. Temporal convergence at T' = 1.

T e(un) e(Hp) e(pn) e(Vuy) e(V x Hp)

1/40 5971 x 107*  1.862x 107® 3.136 x 1072 1.167 x 1072  7.659 x 1073
1/80  1.495 x 107*  4.695 x 107*  8.487 x 107*  3.193 x 1072  1.906 x 1073
1/160  3.741 x 107°  1.179 x 10™*  2.167 x 10™®  8.176 x 10"  4.755 x 10™*
Order  2.00 1.99 1.93 1.92 2.01

Example 5.1. First, we consider the MHD equations

o H + 07 'V x (V x H) — puV x (u x H) = g, (5.1)
du+u-Vu—vAu+Vp=f—puH x (V x H), .
V- H=0, V-u=0, (5.3)

in Q = [0,1] x [0,1], with the initial and boundary conditions (1.4) and (1.5), where the source terms g and f
are chosen correspondingly to the exact solutions

o ( - S?ng%ry; cos(27r:v;>’ (5.4)

p = t*sin?(2mz) sin? (27y) — 1
For simplicity, all the coefficients v, o, v in (5.1)—(5.3) are chosen to be 1, and we take the final time as T' = 1.
Note that the above exact solutions w and H satisfy the divergence-free conditions and Vp|sq = 0.

We solve the MHD system (5.1)—(5.3) by the modified Crank—Nicolson finite element projection scheme (3.1)—
(3.4) with a cubic finite element approximation for H and u, and a quadratic finite element approximation for
p. Here, the system (3.1) and (3.2) is a coupled, but linearized system for H;** and @} **. Thus we can solve
the linear system directly by using a sparse solver in FreeFEM-++. To investigate the convergence rate in time,
we first choose 7 = T'/N with N = 40,80, 160, with the spatial mesh size h = 27. In Examples 5.1 and 5.2, we
compute the following errors:

e(un) = [up —u™| ., e(Hn) = |HY —HY| .. e(pr):=[pk —p"|,.,

5\ 2 N
n n||2
L2> o (VX Hy) = <7;2VHh—VH |L2>

The numerical results at time T = 1 are presented in Table 1, which indicate that the proposed scheme has
second-order convergence in time.

Then we solve the problem (5.1)—(5.3) by the modified Crank—Nicolson FEM scheme (3.1)—(3.4) with a
sufficiently small temporal step size 7 = 1/5000, to focus on the spatial convergence rate. Again, a cubic finite
element approximation for H and w is applied, combined with a quadratic finite element approximation for p.
Here, we take h = 1/10,1/20,1/40. Numerical results at T' = 1 are presented in Table 2. It is observed that the
spatial convergences are of optimal orders, which are consistent with the theoretical analysis in Theorem 3.1.

2
1

N
e(Vuh) = (T Z HVE:L‘*% _vu'3
n=2
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TABLE 2. Spatial convergence at T' = 1.

h e(un) e(Hp) e(pn) e(Vup) e(V x Hp)

110 1.312x107* 2481 x 107*  3.344 x 107%  2.386 x 107  1.485 x 1073
1/20 8184 x107% 1.507 x 107° 5.186 x 107*  3.153 x 107*  1.727 x 107*
1/40  5.202x 1077  9.320 x 1077 7.097 x 10°°  4.068 x 107°  2.086 x 10~°
Order  3.99 4.03 2.78 2.94 3.08

TABLE 3. Temporal convergence at T' = 1.

T e(up) e(Hp) e(pn) e(Vup) e(V x Hp)

1/40 5774 x107%  1.912x 107® 3.370 x 1072 1.210 x 1072  7.766 x 1073
1/80  1.411x107* 4.822x107* 1.085 x 1072 3.949 x 107  1.932 x 1073
1/160  3.500 x 107°  1.211 x 107*  3.563 x 107%  1.301 x 107® 4.819 x 10™*
Order  2.02 1.99 1.62 1.61 2.01

TABLE 4. Spatial convergence at T' = 1.

h e(un) e(Hp) e(pr) e(Vup) e(V x Hp)

1/10  1.304 x 107* 2481 x 107*  1.996 x 107%  2.306 x 107  1.485 x 1073
1/20  7.878 x 107%  1.507 x 10™°  2.504 x 10~* 2.859 x 10™*  1.727 x 107*
1/40  4.867 x 1077 9321 x 1077 3.112x 107°  3.560 x 107°  2.086 x 107°
Order  4.02 4.03 3.00 3.01 3.08

Example 5.2. Second, we solve the MHD model (5.1)—(5.3) by the scheme (3.1)—(3.4) with the source terms
g and f chosen correspondingly to the following exact solutions

u= t4< sin® () sin(2 Wy))
— sin(2mz) sin?(7y) )

o — sin(27y) cos(2nx) (5:5)
H=t < ) )>

sin(27x

= t*sin(27z) sin(27y),

where we can see that Vp|sq # 0. Here, we choose the same time step sizes and mesh sizes as those used in
Example 5.1, and compute the errors and convergence. The numerical results are given in Tables 3 and 4, which
are consistent with the theoretical results in Theorem 3.1.

Example 5.3. Third, we test the energy stability of the proposed scheme by solving the problem (1.1)—(1.5)
in Q = [0,1] x [0,1] with J = f = 0 (J denotes a scalar function in R?) and T' = 1. Here, all the coefficients
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Time

FIGURE 1. Energy of the MHD system at each time level.

v,0, 4 in (1.1)—(1.5) are chosen to be 1 and the initial values are chosen as:

o — ( sin? () Sin(27ry)>
) )’

— sin(2mz) sin?(ry

_ (sin(?wy cos(27r:c;)’ (5.6)

We solve the problem by the proposed scheme (3.1)-(3.4) with a quadratic finite element approximation
for H and w, combined with a linear finite element approximation for p. The time step size and spatial mesh
size are chosen as 7 = 1/10 and h = 1/50, respectively. We define the energy function as E}' := ||uﬁ||2L2 +

HH;?”iz +4Hp - H! HQL2 + %HVhpZHiz. The energy evolution curve, up to the final time T' = 10, is displayed
in Figure 1, which clearly indicates the energy dissipation property, consistent with the theoretical result in
Theorem 3.6.

6. CONCLUSION

In this paper, we propose a fully discrete decoupled finite element projection method for the incompressible
magnetohydrodynamic equations (1.1)-(1.3). The primary difficulties are associated with the nonlinear and
coupled nature of the problem. In this work, a modified Crank—Nicolson method is used for the temporal dis-
cretization, and appropriate semi-implicit treatments are adopted for the approximation of the fluid convection
term and two coupled terms. Then a linear system with variable coefficients is presented and its unique solvabil-
ity is theoretically proved by the fact that the corresponding homogeneous equations only admit zero solutions.
One prominent advantage of the scheme is associated with a decoupling approach in the Stokes solver, which
computes an intermediate velocity field based on the pressure gradient at the previous time step, and then
enforces the incompressibility constraint via the Helmholtz decomposition of the intermediate velocity field.
As a result, this decoupling approach greatly reduces the computation of the MHD system. Furthermore, the
energy stability analysis and error estimates in the discrete L*(0,T; L?) norm are provided for the scheme, in
which the decoupled Stokes solver needs to be carefully estimated. Several numerical examples are presented to
demonstrate the robustness and accuracy of the proposed scheme. The extension of the energy stable projection
methods and its error estimates to two-phase MHD models will be investigated in the future.
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