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Abstract. In this paper, we present and analyze a finite difference numerical
scheme for the nonlocal Cahn-Hilliard equation with logarithmic Flory-Huggins

energy potential. In particular, variable mobility is considered in the gradient

flow system for all numerical analyses and tests. To ensure the unique solvabil-
ity and energy stability, the convex splitting method is applied to the chemical

potential, which leads to the implicit treatment for the nonlinear logarithmic

terms, the surface diffusion term and the nonlocal term, while the expansive
concave term and the mobility are treated explicitly. The positivity preserv-

ing property is always preserved at a point-wise level thanks to the singular
nature of the logarithmic terms around the values of -1 and 1. In addition,

an optimal rate convergence analysis is provided for the proposed numerical

scheme. Due to the existence of variable mobility, a higher order asymptotic
expansion and the rough error estimate are performed to ensure the uniform

bound for numerical solution. Separation property in hand, we finally accom-
plish the convergence analysis with refined error estimate. Several numerical
experiments, especially those designed for nonlocal term, are also presented

in this paper, which demonstrate the robustness of the proposed numerical

scheme and validate our previous theoretical analysis.

1. Introduction. The primary purpose of this paper is to develop an effective
numerical scheme for the nonlocal Cahn-Hilliard (NCH) equation with logarith-
mic Flory-Huggins energy potential. We consider a smooth bounded domain Ω ⊂
Rd, d = 2, 3. For any ϕ ∈ H1(Ω), with a point-wise bound ϕ ∈ (−1, 1), the energy
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functional takes the following form

E(ϕ) = E1 + E2,

E1 =

∫
Ω

(1 + ϕ) ln(1 + ϕ) + (1− ϕ) ln(1− ϕ)− θ0
2
ϕ2 +

ε2

2
|∇ϕ|2dx,

E2 =
σ

2

∫
Ω

|(−∆)−
1
2 (ϕ− ϕ̄)|2dx, ϕ =

1

|Ω|

∫
Ω

ϕ dx,

(1)

where θ0, ε and σ are positive constants. Parameters θ0 and ε are associated with
the diffuse interface width [7, 18, 20]. The average ϕ̄ (−1 < ϕ̄ < 1) stands for
the ratio of two homopolymer components. The second part of the energy E2 is
the nonlocal item, representing the long-range interactions between copolymers. In
fact, the nonlocal item has a more general form [2, 45, 47]

Enonlocal =
σ

2

∫
Ω

∫
Ω

G(x− y)(ϕ(x)− ϕ)(ϕ(y)− ϕ) dy dx. (2)

The integral form of the nonlocal interactions can be attributed back to van
der Waals [49, 53]. If we set G as the Green’s function such that ∆G(x − y) =
−δ(x − y) with periodic boundary condition, where δ is a Dirac delta function,
then (2) becomes E2 in (1). It is clear that when σ = 0, the energy functional
(1) is the common Cahn-Hilliard (CH) energy. With the nonlocal term (σ ̸= 0),
E(ϕ) is commonly referred to as a Ginzburg-Landau functional with competing
or Coulomb-type interactions [43, 51], or the Ohta-Kawasaki (OK) functional first
proposed in [48]. In other words, the total free energy (1) for the system is the
standard CH free energy supplemented with a nonlocal term.

The evolutional equation to be considered in this paper results from the energetic
variation of the energy functional (1) in the H−1(Ω) Sobolev space. The gradient
flow equation becomes

∂tϕ = ∇ · (M(ϕ)∇µ),
µ := ∂ϕE = ln(1 + ϕ)− ln(1− ϕ)− θ0ϕ− ε2∆ϕ+ σ(−∆)−1(ϕ− ϕ̄),

(3)

where M(ϕ) > 0 is the mobility function. In most existing studies, the mobility
function is typically taken to be constant, meaning the flux of ϕ is assumed to be
proportional to the force induced by the prescribed chemical potential. However,
a more physically accurate assumption in frictional dynamics is that the transfer
velocity of ϕ is proportional to the force due to the chemical potential [6, 21].
Concentration-dependent mobility appeared in the original derivation of the CH
equation [9] and a reasonable choice is [10, 52]

M(ϕ) = 1− λϕ2 = λ(1− ϕ)(1 + ϕ) + (1− λ), 0 ≤ λ ≤ 1. (4)

Elliott and Garcke proved the existence of a weak solution to the CH equation
with the aforementioned nonconstant mobility for λ = 1 in [24]. In this case,
bulk diffusion vanishes once the phase domains have settled, and the dynamics,
which tends to annihilate dissipation and mixing outside the interfacial layer, are
then controlled by interfacial diffusion. Zhang and Wang [57] suggested that, at
the numerical level, the CH equation with degenerate or near degenerate mobility
(λ = 1 or close to 1 in (4), respectively) provided better numerical resolution and
physical fidelity for the multiphase flow simulations of immiscible fluids within the
framework of fixed grid computations.

For simplicity of presentation, we consider the periodic boundary condition, while
a homogeneous Neumann boundary condition could be similarly treated. As can be
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seen in (3), PDE solutions are expected to satisfy a positivity preserving property
(ϕ ∈ (−1, 1) in a point-wise sense) [24]. Due to the gradient flow structure of (3),
the following energy dissipation law holds formally

d

dt
E(ϕ) = −

∫
Ω

M(ϕ)|∇µ|2 dx ≤ 0.

Meanwhile, the usual mass conservative property is valid, i.e.
∫
Ω
∂tϕdx = 0,

which follows from the conservative structure of the equation. Thus, a significant
numerical issue of the NCH equation is to develop algorithms inheriting energy
stable property, mass conservation and positivity preserving property.

As a prototypical gradient flow with respect to a given free energy, the classic
CH equation has been successfully used to describe phase separation and coarsen-
ing dynamics in binary alloys [8]. Equipped with a nonlocal operator, the NCH
equation is capable of capturing more practical phenomena in modeling phase tran-
sitions of microstructures compared to the CH equation [26]. Block copolymers
are typical examples [32, 33]. In fact, block copolymer melts can self-assemble into
specific geometries for manufacturing materials with designed mechanical, optical,
and magnetic properties. Apart from materials science, NCH equations have been
widely used in many other fields ranging from nanotechnology, image processing
to finance. To be specific, in nanotechnology, the model in [56] adds an additional
term contributed by the electric field to the equation to guide the diblock copolymer
molecules to self-assemble into thin films with layered nanostructures. In the field
of image processing, the NCH equation is employed for image inpainting, which in-
volves the restoration of missing or damaged parts of an image based on surrounding
data [4, 41]. In financial mathematical models, kernel functions for nonlocal terms
arise from expectations over a particular measure used in option pricing [42].

There have been several works on both mathematical and numerical aspects
for the NCH models. In the mathematical analysis, [45] provided a mathematical
framework of the scaling law for stationary states and the governing equation of
morphology. A proof for the instability of n-layered solution of the NCH equation
was developed by Ohnishi in [46] with the aid of a spectral comparison theorem
between the second and the fourth order NCH equations. Henry et al. discussed
the limiting behavior of the solution in [35] as ε tends to zero. Recently, Gal and
Giorgini studied the phase separation property for NCH equations in [27]. Other
properties of the NCH equations were investigated by [2, 44, 47], etc.

Due to the complexity of the system (3), especially the inclusion of non-constant
mobility and a nonlocal potential, it evidently brings more difficulties in the nu-
merical simulation. Therefore, accurate, stable and efficient numerical schemes are
highly desired. Rustum used a hybrid numerical method, which combines expo-
nential time difference (ETD) algorithm and linear iterative gradient stabilization
algorithm, to present the global minimizers of NCH equation in [16]. He also an-
alyzed the microphase diagram based upon a density functional theory in [17].
Aristotelous et al. devised a mixed discontinuous Galerkin finite element method in
[1], and the temporal discretization was based on a convex splitting of the energy
functional. Guan et al. [28, 29, 30] constructed a convex splitting scheme in an
alternative way by putting the nonlocal term explicitly. In this way, the nonlocal
term can be evaluated only once at each time step. A semi-implicit Fourier spectral
method was used in [36] to calculate the minimum energy wavelength of equilibrium
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states in diblock copolymers. In [15], an invariant energy quadratization (IEQ) ap-
proach was applied to develop a set of second order time-marching schemes for a
hydro-dynamically coupled phase field model, in which the free energy contained
a long range nonlocal type potential. Du [23] proposed semi-implicit linear nu-
merical methods for solving the NCH equation. The temporal discretization was
accomplished by using the stabilization technique, while the spatial discretization
was carried out by the Fourier collocation method. A theoretical justification of
the energy stability and convergence analysis for these semi-implicit linear schemes
has been reported in Li [38, 39, 40], etc. However, most above-mentioned works
have been focused on the NCH equation with a constant mobility function and the
double-well potential part of the energy is simply treated as a polynomial to avoid
the singularities. A preconditioned steepest descent iteration solver is provided in
[14], for the variable mobility CH equation. An optimal rate convergence analysis
was presented in the paper, while such a discussion was only valid for polynomial-
pattern free energy. An optimal rate convergence analysis was presented in the
paper, while such a discussion was only valid for polynomial-pattern free energy.
As a well known fact, the logarithmic potential energy is considered to be more
physically realistic than polynomial free energy, because the former can be derived
from regular or ideal solution theories [20]. Chen et al. [12, 13] presented first and
second-order accurate temporal algorithms for the variable mobility CH equation
with a logarithmic Flory-Huggins energy potential. The positivity-preserving and
energy stability analyses were established, whereas the optimal rate convergence
estimate was developed only for constant mobility case. If a variable mobility is
involved, the coexistence of logarithmic terms and variable mobility requires an ℓ∞

bound for ϕn+1 at the next time step to guarantee phase separability. This re-
quirement calls for a higher-order consistency analysis and the application of more
advanced technical tools. In this work, we extend the framework of positivity preser-
vation and energy stability to the NCH equation and, more importantly, establish a
rigorous convergence analysis for the variable mobility case. It is worth mentioning
the key point in the theoretical justification of for positivity-preserving property in
[13]; the singular nature of the logarithmic term prevents the numerical solution
reaching these singular values as long as the numerical solution stays bounded at
the previous time step. This subtle fact also plays a crucial role in the associated
analysis.

The standard convex splitting algorithm, pioneered by Eyre’s work [25], is a very
useful approach to obtain the energy stability at a numerical level. This frame-
work treats the convex part of the chemical potential implicitly and the concave
part explicitly. In turn, the energy stability could be theoretically justified by a
convexity analysis. Based on this idea, we propose and analyze a convex splitting
scheme for NCH equation in this article. The convex-concave decomposition is ap-
plied to the energy functional, which in turn leads to an implicit treatment for the
nonlinear term, the surface diffusion term and the nonlocal term, combined with
an explicit update for the concave term. In addition, an explicit treatment of the
mobility function leads to a linear elliptic operator associated with the temporal de-
rivative part. This approach ensures the unique solvability of the numerical scheme,
avoids a nonlinear coupling in the numerical implementation, and thereby reduces
computational complexity.

The rest of the article is organized as follows. In section 2, the finite difference
spatial discretization is reviewed, and some related priori estimates are recalled.
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The first order numerical scheme is proposed in Section 3. The unique solvability,
positivity preserving property and unconditional energy stability are also proved
in this section. In section 4, we conduct the convergence analysis of the numeri-
cal scheme with first order temporal accuracy and second order spatial accuracy.
Finally, some numerical results are presented in Section 5 and some concluding
remarks are given in Section 6.
2. Finite difference spatial discretization and a few preliminary esti-
mates. In the spatial discretization, the standard centered finite difference approxi-
mation is applied. The computational domain is set as Ω = (0, Lx)×(0, Ly)×(0, Lz).
For simplicity, we assume Lx = Ly = Lz =: L > 0, and consider a uniform mesh
with the grid spacing h := L/N in all directions, where N ∈ N is a given number.
The case of non-uniform grid could be naturally extended. We first introduce the
following two uniform, infinite grids with grid spacing h > 0: E := { pi+1/2 | i ∈
Z }, C := { pi | i ∈ Z }, where pi = p(i) := (i−1/2) ·h. The 3D discrete N3-periodic
function spaces are defined as follows:

Cper := { ν : C × C × C → R | νi,j,k = νi+αN,j+βN,k+γN , ∀i, j, k, α, β, γ ∈ Z },
Ex
per := { ν : E × C × C → R | νi+ 1

2 ,j,k
= νi+ 1

2+αN,j+βN,k+γN , ∀i, j, k, α, β, γ ∈ Z },

with the identification νi,j,k = ν(pi, pj , pk), et cetera. The spaces Ey
per and Ez

per are
analogously defined. The functions of Cper are called cell-centered functions, and
the functions of Ex

per, Ey
per and Ez

per are called face-centered functions. Hence the
center-to-face difference and averaging operators, Ax, Dx : Cper → Ex

per, Ay, Dy :
Cper → Ey

per, and Az, Dz : Cper → Ez
per can be introduced as

Axνi+ 1
2 ,j,k

:=
1

2
(νi+1,j,k + νi,j,k), Dxνi+ 1

2 ,j,k
:=

1

h
(νi+1,j,k − νi,j,k),

Ayνi,j+ 1
2 ,k

:=
1

2
(νi,j+1,k + νi,j,k), Dyνi,j+ 1

2 ,k
:=

1

h
(νi,j+1,k − νi,j,k),

Azνi,j,k+ 1
2
:=

1

2
(νi,j,k+1 + νi,j,k), Dzνi,j,k+ 1

2
:=

1

h
(νi,j,k+1 − νi,j,k).

Likewise, we have the face-to-center difference and averaging operators ax, dx :
Ex
per → Cper, ay, dy : Ey

per → Cper, and az, dz : Ez
per → Cper

axνi,j,k :=
1

2
(νi+ 1

2 ,j,k
+ νi− 1

2 ,j,k
), dxνi,j,k :=

1

h
(νi+ 1

2 ,j,k
− νi− 1

2 ,j,k
),

ayνi,j,k :=
1

2
(νi,j+ 1

2 ,k
+ νi,j− 1

2 ,k
), dyνi,j,k :=

1

h
(νi,j+ 1

2 ,k
− νi,j− 1

2 ,k
),

azνi,j,k :=
1

2
(νi,j,k+ 1

2
+ νi,j,k− 1

2
), dzνi,j,k :=

1

h
(νi,j,k+ 1

2
− νi,j,k− 1

2
).

By introducing E⃗per := Ex
per × Ey

per × Ez
per, the definitions of the discrete gradient

∇h and the discrete divergence ∇h· becomes natural:

∇h : Cper → E⃗per, ∇hνi,j,k = (Dxνi+1/2,j,k, Dyνi,j+1/2,k, Dzνi,j,k+1/2),

∇h· : E⃗per → Cper, ∇h · f⃗i,j,k = dxf
x
i,j,k + dyf

y
i,j,k + dzf

z
i,j,k,

where ν ∈ Cper, f⃗ = (fx, fy, fz) ∈ E⃗per. The standard discrete Laplacian ∆h :
Cper → Cper in 3D space is given by

∆hνi,j,k := ∇h · (∇hν)i,j,k = dx(Dxν)i,j,k + dy(Dyν)i,j,k + dz(Dzν)i,j,k

=
1

h2
(νi+1,j,k + νi−1,j,k + νi,j+1,k + νi,j−1,k + νi,j,k+1 + νi,j,k−1 − 6νi,j,k).
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More generally, if g is a periodic scalar function defined at all of the face center

points and f⃗ ∈ E⃗per, then gf⃗ ∈ E⃗per, by taking point-wise multiplication; we may
define

∇h · (gf⃗ )i,j,k = dx(g · fx)i,j,k + dy(g · fy)i,j,k + dz(g · fz)i,j,k.
Specifically, if ν ∈ Cper, then ∇h · (g∇h) : Cper → Cper is defined point-wise via

∇h · (g∇hν)i,j,k = dx(g ·Dxν)i,j,k + dy(g ·Dyν)i,j,k + dz(g ·Dzν)i,j,k.

Now we are ready to introduce the grid inner products for Cper, Ex
per and E⃗per,

respectively.

⟨ν, ξ⟩Ω := h3
N∑

i,j,k=1

νi,j,kξi,j,k, ν, ξ ∈ Cper, [ν, ξ]x := ⟨ax(νξ), 1⟩Ω, ν, ξ ∈ Ex
per,

[f⃗1, f⃗2]Ω := [fx1 , f
x
2 ]x + [fy1 , f

y
2 ]y + [fz1 , f

z
2 ]z, f⃗i = (fxi , f

y
i , f

z
i ) ∈ E⃗per, i = 1, 2.

Meanwhile, [ν, ξ]y, [ν, ξ]z in Ey
per and Ez

per can be analogously formulated. In turn,

we construct the following norms for grid functions: ∥ν∥22 := ⟨ν, ν⟩Ω, for ν ∈ Cper;
∥ν∥pp := ⟨|ν|p, 1⟩Ω, for 1 ≤ p < ∞, and ∥ν∥∞ := max1≤i,j,k≤N |νi,j,k|. Norms of the
discrete gradient are defined as follows:

∥∇hν∥22 := [∇hν,∇hν]Ω = [Dxν,Dxν]x + [Dyν,Dyν]y + [Dzν,Dzν]z, ∀ν ∈ Cper,
∥∇hν∥pp := [|Dxν|p, 1]x + [|Dyν|p, 1]y + [|Dzν|p, 1]z, ∀ν ∈ Cper, 1 ≤ p <∞.

In addition, higher order norms can be defined. For example,

∥ν∥2H1
h
:= ∥ν∥22 + ∥∇hν∥22, ∥ν∥2H2

h
:= ∥ν∥2H1

h
+ ∥∆hν∥22, ∀ν ∈ Cper.

Lemma 2.1 ([55]). Let g be an arbitrary periodic, scalar function defined on all

of the face center points. For any ψ, ν ∈ Cper and any f⃗ ∈ E⃗per, the following
summation by parts are valid:

⟨ψ,∇h · f⃗ ⟩Ω = −
[
∇hψ, f⃗

]
Ω
, ⟨ψ,∇h · (g∇hν)⟩Ω = −[∇hψ, g∇hν]Ω.

To facilitate the convergence analysis, a discrete analogue of the H−1
per(Ω) space

[54] is required. Firstly, the mean zero space is defined as

C̊per :=
{
ψ ∈ Cper

∣∣∣ 0 = ψ̄ :=
h3

|Ω|

N∑
i,j,k=1

ψi,j,k

}
.

For any ϕ ∈ Cper with ϕ̄ := |Ω|−1⟨ϕ, 1⟩Ω, we can immediately obtain ϕ− ϕ̄ ∈ C̊per.
The H−1

per(Ω) space is a subset of C̊per that satisfies the following conditions. For

any ϕ ∈ Cper, there exists a unique ψ ∈ C̊per that solves

LD(ψ) := −∇h · (D∇hψ) = ϕ− ϕ̄.

In this equation, D is a positive, periodic scalar function defined at all of the face
center points. We then define a bilinear form

⟨ϕ1, ϕ2⟩L−1
D

:= [D∇hψ1,∇hψ2]Ω , ϕ1, ϕ2 ∈ C̊per,

where ψi ∈ C̊per is the unique solution to

LD(ψi) := −∇h · (D∇hψi) = ϕi, i = 1, 2.
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Lemma 2.2 ([54]). ⟨·, ·⟩L−1
D

is an inner product and has the following identity

⟨ϕ1, ϕ2⟩L−1
D

=
〈
ϕ1,L−1

D (ϕ2)
〉
Ω
=

〈
L−1
D (ϕ1), ϕ2

〉
Ω
, ϕ1, ϕ2 ∈ C̊per.

We denote the norm associated to this inner product as

∥ϕ∥L−1
D

:=
√

⟨ϕ, ϕ⟩L−1
D
, ∀ϕ ∈ C̊per.

Remark 2.3. When D ≡ 1, the subscripts are simplified to ⟨·, ·⟩L−1
D

=: ⟨·, ·⟩−1,h,

∥ · ∥L−1
D

=: ∥ · ∥−1,h. In turn, we have

⟨f, g⟩−1,h := ⟨f, (−∆h)
−1g⟩Ω = ⟨(−∆h)

−1f, g⟩Ω, ∥f∥−1,h :=
√

⟨f, f⟩−1,h.

The following discrete Sobolev inequalities for grid functions have been derived
in previous works, which play significant roles in our proof of convergence analysis.

Lemma 2.4 ([14][22][54]). For any 3-D periodic grid function f (over cell centered
mesh points), we have the following discrete Sobolev inequalities

∥f∥4 ≤ C∥f∥H1
h
, ∥f∥∞ ≤ C(∥f∥2 + ∥∆hf∥2),

∥∇hf∥4 ≤ C∥∆hf∥2, ∥∇hf∥4 ≤ C∥∇hf∥
1
4
2 · ∥∆hf∥

3
4
2 ,

in which the positive constant C only depends on the domain Ω.

3. A first order numerical scheme. In this section, we construct and analyze
a first order accurate (in time) numerical scheme for solving the NCH equation
(3). The finite difference approximations defined in last section are used for spatial
discretization. We follow the convex-concave decomposition methodology and the
first order scheme is constructed as follows: given ϕn ∈ Cper, find ϕn+1, µn+1 ∈ Cper
such that

ϕn+1 − ϕn

∆t
= ∇h · (M̌n∇hµ

n+1), (5)

where

µn+1 := ln(1+ϕn+1)− ln(1−ϕn+1)−θ0ϕn− ε2∆hϕ
n+1+σ(−∆h)

−1(ϕn+1−ϕn+1).

The discrete mobility M̌n is evaluated at the face center points

M̌n
i+1/2,j,k = Ax(M(ϕn))i+1/2,j,k, M̌n

i,j+1/2,k = Ay(M(ϕn))i,j+1/2,k,

M̌n
i,j,k+1/2 = Az(M(ϕn))i,j,k+1/2.

If the solution exists, it is obvious that the numerical scheme is mass-conservative,
i.e. ϕn+1 = ϕn = · · · = ϕ0 =: β0, since〈
ϕn+1 − ϕn, 1

〉
Ω
= ∆t

〈
∇h · (M̌n∇hµ

n+1), 1
〉
Ω
= −∆t

[
M̌n∇hµ

n+1,∇h1
]
Ω
= 0.

Naturally, a point-wise bound for the grid function ϕn+1, specifically −1 <
ϕn+1
i,j,k < 1, must be preserved to ensure that the numerical scheme is well-defined.

This property will be established in the subsequent theorem. Prior to that, it is
necessary to introduce an operator and a norm related to discrete mobility.

Definition 3.1. For any ϕ ∈ C̊per, there exists a unique ψ ∈ C̊per that solves
LM̌n(ψ) := −∇h · (M̌n∇hψ) = ϕ.

In turn, the corresponding norm may be introduced:

∥ϕ∥L−1

M̌n
=

√
⟨ϕ,L−1

M̌n(ϕ)⟩Ω.
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Lemma 3.2 ([13]). Assume that for all x ∈ [−1, 1], M(x) ≥ M0 > 0. Suppose

that ϕ1, ϕ2 ∈ Cper, with ϕ1 − ϕ2 ∈ C̊per, and that ∥ϕ1∥∞ < 1, and ∥ϕ2∥∞ ≤ M1.
Then, we have the following estimate:

∥L−1
M̌n(ϕ1 − ϕ2)∥∞ ≤ C,

where C > 0 depends only on M1, M0, h and Ω. In particular, if M(ϕ) ≡ 1, then
C is independent of the mesh spacing h.

3.1. Positivity-preserving property and unique solvability.

Theorem 3.3. Assume that for all x ∈ [−1, 1], M(x) ≥ M0 > 0. Given ϕn ∈ Cper
with ∥ϕn∥∞ ≤ M1 for some M1 > 0, and |ϕn| < 1, there exists a unique solution

ϕn+1 ∈ Cper to (5), such that ϕn+1 − ϕn ∈ C̊per and ∥ϕn+1∥∞ < 1.

Proof. If a valid numerical solution exists, it must satisfy the mass conservation
identity, namely ϕn+1 − ϕn ∈ C̊per. Set β0 := ϕn. The numerical solution of (5) is
a minimizer of the following strictly convex discrete energy functional

J n(ϕ) :=
1

2∆t
∥ϕ− ϕn∥2L−1

M̌n
+ ⟨1 + ϕ, ln(1 + ϕ)⟩Ω + ⟨1− ϕ, ln(1− ϕ)⟩Ω

+
ε2

2
∥∇hϕ∥22 − θ0⟨ϕ, ϕn⟩Ω +

σ

2
∥ϕ− ϕ̄∥2−1,h,

(6)

over the admissible set

Ah := {ϕ ∈ Cper| ∥ϕ∥∞ ≤ 1, ⟨ϕ− β0, 1⟩Ω = 0} ⊂ RN3

.

We further let φ = ϕ− β0 and transform the energy functional (6) into

Fn(φ) := J n(φ+ β0)

=
1

2∆t
∥φ+ β0 − ϕn∥2L−1

M̌n
+
σ

2
∥φ∥2−1,h + ⟨1 + φ+ β0, ln(1 + φ+ β0)⟩Ω

+ ⟨1− φ− β0, ln(1− φ− β0)⟩Ω +
ε2

2
∥∇hφ∥22 − θ0⟨φ+ β0, ϕ

n⟩Ω,

defined on the corresponding set

Åh :=
{
φ ∈ C̊per| − 1− β0 ≤ φ ≤ 1− β0

}
⊂ RN3

.

If φ ∈ Åh minimizes Fn, then ϕ = φ+ β0 ∈ Ah minimizes J n, and vice versa.
We now prove the existence of a minimizer for Fn over the domain Åh. Consid-

ering the following closed domain:

Åh,δ :=
{
φ ∈ C̊per| δ − 1− β0 ≤ φ ≤ 1− δ − β0

}
⊂ RN3

,

where δ ∈ (0, 1/2) is sufficiently small. Since Åh,δ is a bounded, compact, and con-

vex subset of C̊per, there exists a (not necessarily unique) minimizer of Fn over Åh,δ.
The central aspect of the positivity-preserving analysis is that such a minimizer
cannot occur on the boundary of Åh,δ, provided δ is sufficiently small. In fact, the

boundary of Åh,δ is defined as the set of points ψ ∈ Åh,δ for which ∥ψ+β0∥∞ = 1−δ.
To derive a contradiction, suppose φ⋆ is the minimizer of Fn and occurs at a

boundary point of Åh,δ. Then there exists at least one grid point α⃗0 = (i0, j0, k0)
such that |φ⋆

α⃗0
+β0| = 1−δ. Without loss of generality, it is assumed that φ⋆

α⃗0
+β0 =

δ − 1. In this case, the grid function φ⋆ has a global minimum at α⃗0. Assume that
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α⃗1 = (i1, j1, k1) is a grid point where φ⋆ attains its maximum. By the fact that
φ⋆ = 0, it is obvious that φ⋆

α⃗1
≥ 0 and

1− δ ≥ φ⋆
α⃗1

+ β0 ≥ β0. (7)

Since Fn is smooth over Åh,δ, the directional derivative for all ψ ∈ C̊per turns
out to be

dsFn(φ⋆ + sψ)|s=0

=
1

∆t
⟨L−1

M̌n(φ
⋆ − ϕn + β0), ψ⟩Ω + ⟨ln(1 + φ⋆ + β0)− ln(1− φ⋆ − β0), ψ⟩Ω

− ⟨θ0ϕn + ε2∆hφ
⋆, ψ⟩Ω + σ⟨(−∆h)

−1φ⋆, ψ⟩Ω.

(8)

If we pick the particular direction ψ ∈ C̊per as
ψi,j,k = δi,i0δj,j0δk,k0

− δi,i1δj,j1δk,k1
,

where δi,j is the Dirac delta function, the derivative can be expressed as

1

h3
dsFn(φ⋆ + sψ)|s=0

= ln(1 + φ⋆
α⃗0

+ β0)− ln(1− φ⋆
α⃗0

− β0)− ln(1 + φ⋆
α⃗1

+ β0) + ln(1− φ⋆
α⃗1

− β0)

− θ0(ϕ
n
α⃗0

− ϕnα⃗1
)− ε2(∆hφ

⋆
α⃗0

−∆hφ
⋆
α⃗1
) + σ(−∆h)

−1φ⋆
α⃗0

− σ(−∆h)
−1φ⋆

α⃗1

+
1

∆t
L−1
M̌n(φ

⋆ − ϕn + β0)α⃗0
− 1

∆t
L−1
M̌n(φ

⋆ − ϕn + β0)α⃗1
.

To simplify the expression, a rewritten form ϕ⋆ := φ⋆ + β0 gives

1

h3
dsFn(φ⋆ + sψ)|s=0 = ln(1+ϕ⋆α⃗0

)− ln(1−ϕ⋆α⃗0
)− ln(1+ϕ⋆α⃗1

) + ln(1−ϕ⋆α⃗1
)

− θ0(ϕ
n
α⃗0

− ϕnα⃗1
)− ε2(∆hϕ

⋆
α⃗0

−∆hϕ
⋆
α⃗1
)

+
1

∆t
L−1
M̌n(ϕ

⋆ − ϕn)α⃗0
− 1

∆t
L−1
M̌n(ϕ

⋆ − ϕn)α⃗1

+ σ(−∆h)
−1(ϕ⋆ − β0)α⃗0

− σ(−∆h)
−1(ϕ⋆ − β0)α⃗1

.

(9)

By the fact that ϕ⋆α⃗0
= −1 + δ and (7), it follows that

ln(1 + ϕ⋆α⃗0
)− ln(1− ϕ⋆α⃗0

)− ln(1 + ϕ⋆α⃗1
) + ln(1− ϕ⋆α⃗1

) ≤ ln
δ

2− δ
− ln

1 + β0
1− β0

. (10)

A-priori assumption ∥ϕn∥∞ ≤M1 at the previous time step indicates an estimate

−2M1 ≤ ϕnα⃗0
− ϕnα⃗1

≤ 2M1. (11)

Since ϕ⋆ takes a minimum at the grid point α⃗0 and a maximum at the grid point
α⃗1, we see that

∆hϕ
⋆
α⃗0

≥ 0, ∆hϕ
⋆
α⃗1

≤ 0. (12)

For the last four terms appearing in (9), an application of Lemma 3.2 reveals
that

−2C1 ≤ L−1
M̌n(ϕ

⋆ − ϕn)α⃗0
− L−1

M̌n(ϕ
⋆ − ϕn)α⃗1

≤ 2C1, (13)

−2C2 ≤ (−∆h)
−1(ϕ⋆ − β0)α⃗0

− (−∆h)
−1(ϕ⋆ − β0)α⃗1

≤ 2C2. (14)

Consequently, a substitution of (10) through (14) into (9) yields the following
bound on the directional derivative:

1

h3
dsFn(φ⋆+sψ)|s=0 ≤ ln

δ

2−δ
− ln

1+β0
1−β0

+C3, C3 :=2M1θ0 +2C1∆t
−1 +2C2σ.
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Notice that as ∆t → 0, C3 becomes singular. Meanwhile, C3 is a constant for
any fixed ∆t, which allows us to choose δ ∈ (0, 1/2) sufficiently small such that

1

h3
dsFn(φ⋆ + sψ)|s=0 ≤ ln

δ

2− δ
− ln

1 + β0
1− β0

+ C3 < 0.

This contradicts the earlier assumption that Fn attains a minimum at φ⋆, as the
directional derivative is negative in a direction pointing into the interior of Åh,δ.

Similarly, we are also able to prove that the global minimum of Fn over Åh,δ

cannot occur at a boundary point φ⋆ where φ⋆
α⃗0

+ β0 = 1− δ, for some α⃗0. These

combined two facts imply that the global minimum of Fn over Åh,δ can only occur

at an interior point φ ∈ (Åh,δ)
o ⊂ (Åh)

o. Consequently, there exists a solution
ϕ = φ + β0 ∈ Ah that minimizes J n over Ah, which corresponds to the numerical
solution of (5). Hence, the existence of the numerical solution is established.

In addition, the uniqueness of this numerical solution is straightforward, since
J n is a strictly convex function over Ah. This completes the proof.

3.2. Unconditional energy stability. Now we analyze the energy stability of
the proposed scheme (5). The discrete energy Eh(ϕ) : Cper → R is defined as

Eh(ϕ)=⟨1+ϕ, ln(1+ϕ)⟩Ω+⟨1−ϕ, ln(1−ϕ)⟩Ω− θ0
2
∥ϕ∥22+

ε2

2
∥∇hϕ∥22+

σ

2
∥ϕ− ϕ̄∥2−1,h.

Because of the convex-concave decomposition structure of the numerical scheme,
an unconditional energy stability is available. The subordinate theorem articulates
this property.

Theorem 3.4. Assume that for all x ∈ [−1, 1], M(x) ≥ M0 > 0. The numerical
scheme (5) is unconditionally energy stable for any time step ∆t > 0, grid spacing
h > 0 in the sense that

Eh(ϕ
n+1) ≤ Eh(ϕ

n), ∀n ∈ N. (15)

By recursion, we obtain Eh(ϕ
n+1) ≤ Eh(ϕ

0) ≤ C4, where C4 > 0 is independent
of h.

Proof. Taking an inner product with (5) by ∆tµn+1 yields

⟨ϕn+1 − ϕn, µn+1⟩Ω = ∆t⟨∇h · (M̌n∇hµ
n+1), µn+1⟩Ω ≤ −M0∆t∥∇hµ

n+1∥22 ≤ 0.

On the other hand, we observe the following expansion:

⟨ϕn+1 − ϕn, µn+1⟩Ω
= ⟨ϕn+1 − ϕn, ln(1 + ϕn+1)− ln(1− ϕn+1)⟩Ω − θ0⟨ϕn+1 − ϕn, ϕn⟩Ω
− ε2⟨ϕn+1 − ϕn,∆hϕ

n+1⟩Ω + σ⟨ϕn+1 − ϕn, (−∆h)
−1(ϕn+1 − ϕn+1)⟩Ω.

(16)

By the convexity of the logarithmic terms ⟨1 + ϕ, ln(1 + ϕ)⟩, ⟨1− ϕ, ln(1− ϕ)⟩,
the following estimate is valid

⟨ϕn+1 − ϕn, ln(1 + ϕn+1)− ln(1− ϕn+1)⟩Ω
≥ ⟨1 + ϕn+1, ln(1 + ϕn+1)⟩Ω + ⟨1− ϕn+1, ln(1− ϕn+1)⟩Ω
− ⟨1 + ϕn, ln(1 + ϕn)⟩Ω − ⟨1− ϕn, ln(1− ϕn)⟩Ω.

(17)

An application of the identity a · (a − b) = 1
2 |a|

2 − 1
2 |b|

2 + 1
2 |a − b|2 indicates

that

− ⟨ϕn+1 − ϕn, θ0ϕ
n⟩Ω ≥ −θ0

2
(∥ϕn+1∥22 − ∥ϕn∥22), (18)
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− ε2⟨ϕn+1 − ϕn,∆hϕ
n+1⟩Ω ≥ ε2

2
(∥∇hϕ

n+1∥22 − ∥∇hϕ
n∥22). (19)

For the nonlocal item, by the fact that ϕn+1 − ϕn+1 ∈ C̊per, combined with the

mass conservation identity, i.e. ϕn+1 = ϕn, we see that

⟨ϕn+1 − ϕn, (−∆h)
−1(ϕn+1 − ϕn+1)⟩Ω

=⟨ϕn+1 − ϕn, (−∆h)
−1(ϕn+1 − ϕn+1)⟩Ω − (ϕn+1 − ϕn)⟨1, (−∆h)

−1(ϕn+1 − ϕn+1)⟩Ω
=⟨ϕn+1 − ϕn, (−∆h)

−1(ϕn+1 − ϕn+1)⟩Ω − ⟨ϕn+1 − ϕn, (−∆h)
−1(ϕn+1 − ϕn+1)⟩Ω

=⟨(ϕn+1 − ϕn+1)− (ϕn − ϕn), (−∆h)
−1(ϕn+1 − ϕn+1)⟩Ω

=
1

2

(
∥ϕn+1 − ϕn+1∥2−1,h − ∥ϕn − ϕn∥2−1,h + ∥(ϕn+1 − ϕn+1)− (ϕn − ϕn)∥2−1,h

)
≥1

2
∥ϕn+1 − ϕn+1∥2−1,h − 1

2
∥ϕn − ϕn∥2−1,h.

(20)

A substitution of (17) - (20) into (16) leads to (15), so that the unconditional
energy stability is proved.

Remark 3.5. Due to the energy dissipation, we have

∥∇hϕ
n+1∥22 ≤ 2ε−2(Eh(ϕ

n+1) +
θ0
2
|Ω|) ≤ ε−2(2C4 + θ0|Ω|).

As a result, the discrete H1
h estimate ∥∇hϕ

n+1∥2 ≤ ε−1
√

2C4 + θ0|Ω| =: C5, for
any n ∈ N, is established.

4. Optimal rate convergence analysis. Now we proceed into the convergence
analysis. Denote by Φ the exact PDE solution to the NCH system (3). With
sufficiently regular initial data, it is reasonable to assume that Φ has regularity of
class R:

Φ ∈ R := H4(0, T ;Cper(Ω)) ∩H3(0, T ;C2
per(Ω)) ∩ L∞(0, T ;C8

per(Ω)).

Moreover, the following separation property is valid for the exact solution:

1 + Φ ≥ ε0, 1− Φ ≥ ε0, for some ε0 > 0 at a point-wise level. (21)

Define the Fourier projection of the exact solution as ΦN (·, t) := PNΦ(·, t), a
projection into BK , the space of trigonometric polynomials of degree up to and
including K (with N = 2K + 1). Subsequently, the projection approximation is
standard: if Φ ∈ L∞(0, T ;H l

per(Ω)), for any l ∈ N,

∥ΦN − Φ∥L∞(0,T ;Hk) ≤ Chl−k∥Φ∥L∞(0,T ;Hl), 0 ≤ k ≤ l. (22)

The Fourier projection does not inherently preserve the positivity of 1+ΦN and
1 − ΦN . However, we are able to enforce the phase separation property by taking
h sufficiently small to ensure that 1 + ΦN ≥ 3

4ε0 and 1− ΦN ≥ 3
4ε0.

We denote Φn
N = ΦN (·, tn) with tn = n∆t, and ϕnN := PhΦN (·, tn) as the values of

ΦN at discrete grid points at time tn, specifically (ϕnN )i,j,k = ΦN (xi, yj , zk, t = tn).
The mass conservation identity is available at the discrete level:∫

Ω

ΦN (·, tn) dx =

∫
Ω

Φ(·, tn) dx =

∫
Ω

Φ(·, tn−1) dx =

∫
Ω

ΦN (·, tn−1) dx, ∀n ∈ N+,

(23)
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in which the first and third steps are based on the fact that ΦN is the Fourier
projection of Φ and the second step is based on the fact that the exact solution
Φ is mass conservative at the continuous level. On the other hand, the numerical
solution (5) is also mass conservative at the discrete level:

ϕn+1 = ϕn, ∀n ∈ N.
Since ΦN ∈ BK , it always holds that∫

Ω

ΦN (·, tn) dx = h2
∑
i,j,k

ΦN (xi, yj , zk, tn) = h2
∑
i,j,k

(ϕnN )i,j,k.

Therefore, the mass conservative property ϕnN = ϕn−1
N is available at the discrete

level. We choose the initial data as ϕ0 = ϕ0N = PhΦN (·, t = 0), and define the error
grid function

enϕ := ϕnN − ϕn, ∀n ∈ N.
It follows that enϕ = 0. Therefore, the discrete norm ∥ · ∥−1,h is well defined for

the error grid function enϕ.
The following theorem is the main result of this section.

Theorem 4.1. Assume that for all x ∈ [−1, 1], the inequality 0 < M0 ≤ M(x) ≤
M1 < ∞ and |M′(x)| ≤ M holds, where M is a constant. Given initial data
Φ(·, t = 0) ∈ C6

per(Ω), and suppose the exact solution for NCH equation (3) is of
regularity class R. Then, provided ∆t and h are sufficiently small, under the linear
refinement requirement C1h ≤ ∆t ≤ C2h we have

∥enϕ∥2 +
(
∆t

n∑
m=1

∥∆he
m
ϕ ∥22

)1/2

≤ C(∆t+ h2), (24)

for all positive integers n, such that tn = n∆t ≤ T . In (24), C > 0 is independent
of n, ∆t and h.

4.1. Higher order consistency analysis. By consistency, the projection solution
ΦN solves the discrete equation (5) with first-order accuracy in time and second-
order accuracy in space. However, this leading local truncation error is insufficient
to recover an a-priori ℓ∞ bound of the numerical solution. To remedy this, we have
to develop a higher order consistency analysis by constructing a supplementary field
Φ∆t and defining the following profile

Φ̂ = ΦN +∆tPNΦ∆t.

Notice that Φ∆t is a continuous function derived from a perturbation expansion
and depends solely on the exact solution Φ; its construction will be outlined later.
In other words, a higher-order approximate expansion of the exact solution is intro-
duced. Instead of a direct comparison between the numerical and exact solutions,
we estimate the numerical error function between the constructed profile and the
numerical solution. This approach of higher-order consistency enables us to derive
a higher-order convergence estimate, which in turn leads to the desired ∥·∥∞ bound
of the numerical solution through an application of inverse inequality.

We begin with the truncation error analysis for the temporal discretization by
using a straightforward Taylor expansion in time, as well as estimate (22) for the
projection solution:

Φn+1
N − Φn

N

∆t
= ∇ ·

(
M(Φn

N )∇µn+1
N

)
+∆t(G(0))n +O(∆t2) +O(hm0), (25)
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µn+1
N = ln(1+Φn+1

N )− ln(1−Φn+1
N )− θ0Φ

n
N − ε2∆Φn+1

N + σ(−∆)−1(Φn+1
N −Φn+1

N ).
(26)

Here m0 ≥ 4 and the function G(0), which depends only on the higher-order
derivatives of ΦN , is smooth enough in the sense that its derivatives are bounded.
Meanwhile, because of the mass conservation identity∫

Ω

(Φn+1
N − Φn

N ) dx = 0,

∫
Ω

∇ ·
(
M(Φn

N )∇µn+1
N

)
dx = 0,

we can obtain ∫
Ω

(G(0))n dx = 0. (27)

In turn, the correction function Φ∆t is given by solving the following equation:

∂tΦ∆t = ∇ · (M(ΦN )∇V∆t +M′(ΦN )Φ∆t∇µN )−G(0), (28)

V∆t =
Φ∆t

1 + ΦN
+

Φ∆t

1− ΦN
− θ0Φ∆t − ε2∆Φ∆t + σ(−∆)−1Φ∆t, (29)

µN = ln(1 + ΦN )− ln(1− ΦN )− θ0ΦN − ε2∆ΦN + σ(−∆)−1(ΦN − ΦN ), (30)

with the periodic boundary condition. The existence of a solution to the above
linear PDE system is straightforward. Since the correction function depends solely
on the projection solution ΦN , which preserves sufficient regularity, the derivatives
of Φ∆t in various orders are bounded. Also, trivial initial data Φ∆t(·, t = 0) ≡ 0
could be imposed to equation (28). In combination with the identity (27), we get∫

Ω

∂tΦ∆t dx =

∫
Ω

∇ · (M(ΦN )∇V∆t +M′(ΦN )Φ∆t∇µN ) dx−
∫
Ω

G(0) dx = 0,

so that the mass conservative property is valid:∫
Ω

Φ∆t(·, t) dx =

∫
Ω

Φ∆t(·, t = 0) dx = 0, ∀t > 0. (31)

An application of semi-implicit discretization (as given by (25)) to (28) - (30)
implies that

Φn+1
∆t −Φn

∆t

∆t
=∇·

(
M(Φn

N )∇Vn+1
∆t +M′(Φn

N )Φn
∆t∇µn+1

N

)
− (G(0))n +O(∆t), (32)

Vn+1
∆t =

Φn+1
∆t

1 + Φn+1
N

+
Φn+1

∆t

1− Φn+1
N

− θ0Φ
n
∆t − ε2∆Φn+1

∆t + σ(−∆)−1Φn+1
∆t , (33)

µn+1
N =ln(1+Φn+1

N )−ln(1−Φn+1
N )−θ0Φ

n
N − ε2∆Φn+1

N +σ(−∆)−1(Φn+1
N −Φn+1

N ). (34)

Therefore, a combination of (25) - (26) and a Fourier projection of (32) - (34)

leads to the desired second order consistency estimate of Φ̂ = ΦN + ∆tPNΦ∆t in
time:

Φ̂n+1 − Φ̂n

∆t
=∇ ·

(
M(Φ̂n)∇µ̂n+1

)
+O(∆t2) +O(hm0), (35)

µ̂n+1=ln(1+Φ̂n+1)−ln(1−Φ̂n+1)−θ0Φ̂
n−ε2∆Φ̂n+1+σ(−∆)−1(Φ̂n+1−Φ̂n+1), (36)

in which the following linearized expansions have been utilized

ln(1± Φ̂) = ln(1± ΦN ±∆tPNΦ∆t) = ln(1± ΦN )± ∆tPNΦ∆t

1± ΦN
+O(∆t2).
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Because of the mass conservative property for Φ∆t, as derived in (31), the sub-
sequent identities are natural∫

Ω

PNΦ∆t(·, t) dx = 0, ∀t > 0, (37)∫
Ω

Φ̂(·, t) dx =

∫
Ω

ΦN (·, t) dx, ∀t > 0. (38)

As a result, we see that

1

|Ω|

∫
Ω

Φ̂n+1 dx =
1

|Ω|

∫
Ω

Φ̂n dx = · · · = 1

|Ω|

∫
Ω

Φ̂0 dx

=
1

|Ω|

∫
Ω

ΦN (·, t = 0) dx = ϕ0 = ϕn = ϕn+1, ∀n ∈ N.
(39)

Finally, an application of finite difference approximation, combined with the
Taylor expansion in space, yields a truncation error estimate for the constructed
solution

Φ̂n+1 − Φ̂n

∆t
=∇h ·

(
M̌(Φ̂n)∇hµ̂

n+1
)
+ τn+1, (40)

µ̂n+1=ln(1+Φ̂n+1)−ln(1−Φ̂n+1)−θ0Φ̂n−ε2∆hΦ̂
n+1+σ(−∆h)

−1(Φ̂n+1−Φ̂n+1),
(41)

where
∥τn+1∥−1,h ≤ C(∆t2 + h2).

It is noticed that τn+1 has a zero mean, τn+1 = 0, at the discrete level for any
n ∈ N, based on the estimate (39) and the fact that Φ̂n ∈ BK .

Remark 4.2. The term Φ∆t does not have a specific physical meaning; its construc-
tion is based on the idea of perturbation analysis of the numerical scheme in terms
of the time step size. The contribution of Φ∆t to improving the accuracy of the
error estimate relies on the Taylor expansion of the exact solution and the asymp-
totic analysis in terms of ∆t. In turn, the constructed profile Φ̂ = ΦN +∆tPNΦ∆t

satisfies the numerical scheme with a higher order consistency. Mathematically,
Φ∆t is related to the projected exact solution ΦN through equations (28) - (30),
and is used to cancel the leading truncation error term G(0) in (25). The purpose
of such a higher-order asymptotic expansion and truncation error estimate is to
maintain a sufficiently high order accuracy to apply inverse inequalities, ultimately
deriving the a-priori ℓ∞ bound for the numerical solution to obtain the separation
property. With this property for both the constructed approximate solution and
the numerical solution, the nonlinear error term can be appropriately analyzed in
the ℓ∞(0, T ;H1

h) convergence estimate.

Remark 4.3. Since the correction function Φ∆t depends solely on the exact solution
Φ and is therefore bounded, the separation property (21) for Φ can similarly hold

for Φ̂
1 + Φ̂ ≥ ε⋆0, 1− Φ̂ ≥ ε⋆0, for ε⋆0 =

ε0
2
> 0, (42)

provided that ∆t and h are sufficiently small, in which the projection estimate (22)

has been repeatedly used. Moreover, its discrete W 1,∞
h norm will remain bounded

∥Φ̂k∥∞ ≤ C⋆, ∥∇hΦ̂
k∥∞ ≤ C⋆, ∀k ≥ 0.

These uniform bounds will be used in the following convergence analysis.
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4.2. Rough error estimate. Instead of a direct analysis for the error function enϕ,
we estimate the error between the numerical solution and the constructed solution
to obtain a higher order convergence. In turn, the following perturbed numerical
error function is introduced:

ϕ̃n := PhΦ̂
n − ϕn, ∀n ∈ N.

The fact that Φ̂n ∈ BK and equation (39) result in the discrete zero-mean

property of the numerical error function ϕ̃n = 0. Consequently, the discrete ∥·∥−1,h

norm of this error function is well-defined.
Subtracting the numerical scheme (5) from (40) - (41) gives

ϕ̃n+1 − ϕ̃n

∆t
= ∇h ·

(
M̌(ϕn)∇hµ̃

n+1 +
(
M̌(Φ̂n)− M̌(ϕn)

)
∇hµ̂

n+1
)
+ τn+1, (43)

with the following expansions

µ̃n+1 = ln(1 + Φ̂n+1)− ln(1 + ϕn+1)− ln(1− Φ̂n+1) + ln(1− ϕn+1)

− θ0ϕ̃
n − ε2∆hϕ̃

n+1 + σ(−∆h)
−1ϕ̃n+1,

µ̂n+1 = ln(1 + Φ̂n+1)− ln(1− Φ̂n+1)− θ0Φ̂
n − ε2∆hΦ̂

n+1

+ σ(−∆h)
−1(Φ̂n+1 − Φ̂n+1).

Since µ̂n+1 only depends on the exact solution and the constructed profiles, it is
reasonable to assume a discrete W 1,∞

h bound

∥µ̂n+1∥W 1,∞
h

≤ C⋆. (44)

In addition, we make the following assumptions for the previous time step

∥ϕ̃n∥2 ≤ ∆t
15
8 + h

15
8 , ∥∆hϕ̃

n∥2 ≤ ∆t
11
8 + h

11
8 . (45)

These a-priori assumptions will be recovered through the convergence analysis
at the next time step, as will be demonstrated later. As a consequence of these a-
priori assumptions, the discrete ℓ∞ andW 1,4

h bounds could be derived, based on the
discrete Sobolev inequality (see Lemma 2.4) and the linear refinement requirement
C1h ≤ ∆t ≤ C2h

∥ϕ̃n∥∞ ≤ C(∥ϕ̃n∥2 + ∥∆hϕ̃
n∥2) ≤ C(∆t

11
8 + h

11
8 ) ≤ ε⋆0

2
≤ 1, (46)

∥∇hϕ̃
n∥4 ≤ ∥∆hϕ̃

n∥2 ≤ ∆t
11
8 + h

11
8 ≤ 1.

Subsequently, the following estimate is available for the numerical solution at the
previous time step

∥ϕn∥∞ ≤ ∥Φ̂n∥∞ + ∥ϕ̃n∥∞ ≤ C⋆ + 1 =: C̃3, (47)

∥∇hϕ
n∥4 ≤ ∥∇hΦ̂

n∥4 + ∥∇hϕ̃
n∥4 ≤ C̃3. (48)

A combination of the ℓ∞ estimate (46) for the error function and the separation
estimate (42) leads to a similar separation property for the numerical solution at
the previous time step, in a point-wise sense

ε⋆0
2

≤ 1 + ϕn ≤ 2,
ε⋆0
2

≤ 1− ϕn ≤ 2.

The following lemma states the result of a rough error estimate.
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Lemma 4.4. Under the regularity requirement assumption (44) and the a-priori as-
sumptions (45), a rough error estimate is valid for the numerical error evolutionary
system (43)

∥ϕ̃n+1∥2 + ∥∇hϕ̃
n+1∥2 ≤ C(∆t

5
4 + h

5
4 ). (49)

Proof. Taking a discrete inner product with (43) by µ̃n+1 leads to

1

∆t
⟨ϕ̃n+1, µ̃n+1⟩+ ⟨M̌(ϕn)∇hµ̃

n+1,∇hµ̃
n+1⟩

=
1

∆t
⟨ϕ̃n, µ̃n+1⟩ − ⟨(M̌(Φ̂n)− M̌(ϕn))∇hµ̂

n+1,∇hµ̃
n+1⟩+ ⟨τn+1, µ̃n+1⟩,

(50)

in which summation by parts formulas have been repeatedly applied. Since M(ϕ)
is bounded below, it is clear that

⟨M̌(ϕn)∇hµ̃
n+1,∇hµ̃

n+1⟩ ≥ M0∥∇hµ̃
n+1∥22.

Leveraging the mean-free property of the truncation error τ , we obtain the fol-
lowing estimate

⟨τn+1, µ̃n+1⟩ ≤ ∥τn+1∥−1,h · ∥∇hµ̃
n+1∥2 ≤ 1

M0
∥τn+1∥2−1,h +

M0

4
∥∇hµ̃

n+1∥22.

A similar bound is valid for the ⟨ϕ̃n, µ̃n+1⟩ term:

⟨ϕ̃n, µ̃n+1⟩ ≤ ∥ϕ̃n∥−1,h · ∥∇hµ̃
n+1∥2 ≤ 1

M0∆t
∥ϕ̃n∥2−1,h +

M0∆t

4
∥∇hµ̃

n+1∥22.

For the second term on the right-hand side of (50), it is observed that

− ⟨(M̌(Φ̂n)− M̌(ϕn))∇hµ̂
n+1,∇hµ̃

n+1⟩

≤ ∥∇hµ̂
n+1∥∞ · ∥M̌(Φ̂n)− M̌(ϕn)∥2 · ∥∇hµ̃

n+1∥2

≤ C⋆M∥ϕ̃n∥2 · ∥∇hµ̃
n+1∥2 ≤ (C⋆)2M2

M0
∥ϕ̃n∥22 +

M0

4
∥∇hµ̃

n+1∥22.

(51)

The second inequality comes from the fact that the derivation of mobility function
is bounded, i.e. |M′(ϕ)| ≤M . Hence the following estimate is valid

|M̌(Φ̂n)− M̌(ϕn)| = |M′(ξ(n))(Φ̂n − ϕn)| = |M′(ξ(n))ϕ̃n| ≤M |ϕ̃n|,

where ξ(n) takes a value between ϕn and Φ̂n. Notice that a uniform bound for the
mobility function, and the W 1,∞

h bound for µ̂n+1, have been used in the derivation.
For the last term on the left-hand side of (50), an application of the mean value

theorem yields a point-wise representation

ln(1 + Φ̂n+1)− ln(1 + ϕn+1) =
ϕ̃n+1

1 + η(n+1)
, η(n+1) is between ϕn+1 and Φ̂n+1.

By the point-wise bound −1 < ϕn+1, Φ̂n+1 < 1, we conclude that 0 < 1+η(n+1) <

2, and hence

⟨ϕ̃n+1, ln(1 + Φ̂n+1)− ln(1 + ϕn+1)⟩ = ⟨ϕ̃n+1,
ϕ̃n+1

1 + η(n+1)
⟩ ≥ 1

2
∥ϕ̃n+1∥22.

A similar analysis becomes available

−⟨ϕ̃n+1, ln(1− Φ̂n+1)− ln(1− ϕn+1)⟩ ≥ 1

2
∥ϕ̃n+1∥22.
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The last three terms in the expansion of ⟨ϕ̃n+1, µ̃n+1⟩ will be analyzed in a
straightforward manner

− θ0⟨ϕ̃n+1, ϕ̃n⟩ ≥ −1

2
θ20∥ϕ̃n∥22 −

1

2
∥ϕ̃n+1∥22,

− ⟨ϕ̃n+1,∆hϕ̃
n+1⟩ = ∥∇hϕ̃

n+1∥22,

⟨ϕ̃n+1, (−∆h)
−1ϕ̃n+1⟩ = ∥ϕ̃n+1∥2−1,h ≥ 0.

Then we arrive at

⟨ϕ̃n+1, µ̃n+1⟩ ≥ 1

2
∥ϕ̃n+1∥22 −

1

2
θ20∥ϕ̃n∥22 + ε2∥∇hϕ̃

n+1∥22.

A combination of the above estimates gives

1

2
∥ϕ̃n+1∥22 + ε2∥∇hϕ̃

n+1∥22 +
M0∆t

4
∥∇hµ̃

n+1∥22

≤
(
θ20
2

+
(C⋆)2M2∆t

M0

)
∥ϕ̃n∥22 +

1

M0∆t
∥ϕ̃n∥2−1,h +

∆t

M0
∥τn+1∥2−1,h.

(52)

For the right-hand side of inequality (52), the following estimates are available:

1

M0∆t
∥ϕ̃n∥2−1,h ≤ C

M0∆t
∥ϕ̃n∥22 ≤ C(∆t

11
4 + h

11
4 ),

θ20
2
∥ϕ̃n∥22 ≤ C(∆t

15
4 + h

15
4 ),

(C⋆)2M2∆t

M0
∥ϕ̃n∥22 ≤ C(∆t

19
4 + h

19
4 ),

∆t

M0
∥τn+1∥2−1,h ≤ C∆t∥τn+1∥22 ≤ C(∆t5 + h5).

These estimates are derived from the a-priori assumptions, the fact that ∥f∥−1,h ≤
C∥f∥2, as well as the refinement constraint C1h ≤ ∆t ≤ C2h. Consequently we
obtain

∥ϕ̃n+1∥2 + ∥∇hϕ̃
n+1∥2 ≤ C(∆t

11
8 + h

11
8 ) ≤ Ĉ(∆t

5
4 + h

5
4 ), (53)

provided that ∆t and h are sufficiently small. In (53), Ĉ is independent of the
time step ∆t and the spatial step h. The proof of the rough error estimate is
complete.

The rough error estimate (49) reveals that

∥ϕ̃n+1∥∞ ≤
C∥ϕ̃n+1∥H1

h

h
1
2

≤ Ĉ1(∆t
3
4 + h

3
4 ) ≤ ε⋆0

2
, (54)

∥ϕ̃n+1∥4 ≤ C∥ϕ̃n+1∥H1
h
≤ C(∆t

5
4 + h

5
4 ), (55)

provided ∆t and h are sufficiently small. In the derivation, the linear refinement
requirement C1h ≤ ∆t ≤ C2h, along with the 3D inverse inequality and the discrete
Sobolev inequality (Lemma 2.4), have been utilized. Furthermore, a combination
of (54) and the separation property (42) leads to the following separation property
of the numerical solution at the next time step tn+1:

ε⋆0
2

≤ 1 + ϕn+1 ≤ 2,
ε⋆0
2

≤ 1− ϕn+1 ≤ 2. (56)

Such a uniform bound will play a crucial role in the refined error estimate.
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Remark 4.5. It is observed that the accuracy order in (49) is at least half an
order higher than the ℓ∞ error rate in (54), which comes from an application of
the inverse inequality. To ensure a sufficient order for the ℓ∞ estimate of ϕn+1,
and thereby maintain the separation property at the next time step, we make the
a-priori assumption (45) at the previous time step. By the above discussion, it is
clear that the fractional exponents in (45) are not unique.

4.3. Refined error estimate. We begin this subsection by stating the following
preliminary results necessary for the refined error analysis.

Lemma 4.6 ([31]). Based on the separation property (56) for numerical solution
and the discrete ∥ · ∥4 rough estimation (55), we have

∥∇hLn+1∥2 ≤ 4(ε⋆0)
−1∥∇hϕ̃

n+1∥2 + C(ε⋆0)
−2∥ϕ̃n+1∥4 + θ0∥∇hϕ̃

n∥2,

where

Ln+1 = ln(1 + Φ̂n+1)− ln(1 + ϕn+1)− ln(1− Φ̂n+1) + ln(1− ϕn+1)− θ0ϕ̃
n.

Lemma 4.7. For any k ≥ 0, define ψ̃k = (−∆h)
−1ϕ̃k. The estimate is valid:

∥∇hψ̃
k∥2 ≤ C̃4∥ϕ̃k∥2,

for some constant C̃4 > 0 that is independent of h.

Proof. It is a direct consequence of the standard estimate ∥f∥−1,h ≤ C∥f∥2, for
any f satisfies f = 0.

Now we proceed into the refined error estimate. Taking a discrete inner product
with (43) by 2ϕ̃n+1 leads to

1

∆t

(
∥ϕ̃n+1∥22 − ∥ϕ̃n∥22 + ∥ϕ̃n+1 − ϕ̃n∥22

)
+ 2⟨M̌(ϕn)∇hµ̃

n+1,∇hϕ̃
n+1⟩

= −2⟨(M̌(Φ̂n)− M̌(ϕn))∇hµ̂
n+1,∇hϕ̃

n+1⟩+ 2⟨τn+1, ϕ̃n+1⟩,
(57)

where summation-by-parts formulas have been applied. The local truncation error
term can be analyzed using the Cauchy inequality

2⟨τn+1, ϕ̃n+1⟩ ≤ ∥τn+1∥22 + ∥ϕ̃n+1∥22. (58)

For the second term on the left-hand-side of (57), we begin with a rewritten
form:

⟨M̌(ϕn)∇hµ̃
n+1,∇hϕ̃

n+1⟩ = ⟨M̌(ϕn)∇hLn+1,∇hϕ̃
n+1⟩

+ ⟨M̌(ϕn)∇h(−ε2∆hϕ̃
n+1 + σ(−∆h)

−1ϕ̃n+1),∇hϕ̃
n+1⟩,

where Ln+1 is defined as in Lemma 4.6. The lower bound for the Ln+1 part is
straightforward:

⟨M̌(ϕn)∇hLn+1,∇hϕ̃
n+1⟩

≥ −∥M̌(ϕn)∥∞ · ∥∇hLn+1∥2 · ∥∇hϕ̃
n+1∥2

≥ −M1∥∇hLn+1∥2 · ∥∇hϕ̃
n+1∥2 ≥ −M1

2
(∥∇hLn+1∥22 + ∥∇hϕ̃

n+1∥22).

(59)

An application of summation by parts implies that

−⟨∇hϕ̃
n+1,M̌(ϕn)∇h∆hϕ̃

n+1⟩ = ⟨∇h · (M̌(ϕn)∇hϕ̃
n+1),∆hϕ̃

n+1⟩.
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With a detailed finite difference expansion, we see that

∇h · (M̌(ϕn)∇hϕ̃
n+1)i,j,k = M(ϕn)i,j,k∆hϕ̃

n+1
i,j,k +

1

2
∇hM(ϕn)i,j,k(∇hϕ̃

n+1
i,j,k)

⊤

+
1

2
∇hM(ϕn)i−1,j−1,k−1(∇hϕ̃

n+1
i−1,j−1,k−1)

⊤.

This leads to the following estimate:

− ⟨∇hϕ̃
n+1,M̌(ϕn)∇h∆hϕ̃

n+1⟩

≥ −∥∇hM(ϕn)∥4 · ∥∇hϕ̃
n+1∥4 · ∥∆hϕ̃

n+1∥2 +M0∥∆hϕ̃
n+1∥22,

(60)

where the discrete Hölder inequality has been applied. Additionally, an application
of the mean value theorem and the a-priori estimate (48) implies that

∥∇hM(ϕn)∥4 ≤ ∥M′(ξ)∥∞ · ∥∇hϕ
n∥4 ≤M · C̃3,

Referring back to (60), the following estimate becomes valid:

− ⟨∇hϕ̃
n+1,M̌(ϕn)∇h∆hϕ̃

n+1⟩

≥ M0∥∆hϕ̃
n+1∥22 −MC̃3∥∇hϕ̃

n+1∥4 · ∥∆hϕ̃
n+1∥2

≥ M0∥∆hϕ̃
n+1∥22 − CMC̃3∥∇hϕ̃

n+1∥
1
4
2 · ∥∆hϕ̃

n+1∥
3
4
2 · ∥∆hϕ̃

n+1∥2

≥ M0∥∆hϕ̃
n+1∥22 − CMC̃3∥∇hϕ̃

n+1∥
1
4
2 · ∥∆hϕ̃

n+1∥
7
4
2

≥ M0∥∆hϕ̃
n+1∥22 −

1

2
M0∥∆hϕ̃

n+1∥22 −M (1)∥∇hϕ̃
n+1∥22

=
1

2
M0∥∆hϕ̃

n+1∥22 −M (1)∥∇hϕ̃
n+1∥22,

(61)

in which the Sobolev inequality (see Lemma 2.4) is utilized in the second step, and
the Young’s inequality is employed in the final step. Moreover, M (1) depends only
on M0, C̃3 and M . Moreover, the following estimate for the nonlocal term could
be derived with the help of Lemma 4.7:

σ⟨M̌(ϕn)∇hψ̃
n+1,∇hϕ̃

n+1⟩

≥ −σ∥M̌(ϕn)∥∞ · ∥∇hψ̃
n+1∥2 · ∥∇hϕ̃

n+1∥2

≥ −σC̃4M1∥ϕ̃n+1∥2 · ∥∇hϕ̃
n+1∥2 ≥ −σ

2C̃4
2M2

1

4
∥ϕ̃n+1∥22 − ∥∇hϕ̃

n+1∥22.

(62)

The technique utilized in (51) could be similarly implemented to the first term
on the right-hand side of (57)

− 2⟨(M̌(Φ̂n)− M̌(ϕn))∇hµ̂
n+1,∇hϕ̃

n+1⟩

≤ 2∥∇hµ̂
n+1∥∞ · ∥M̌(Φ̂n)− M̌(ϕn)∥2 · ∥∇hϕ̃

n+1∥2
≤ 2C⋆M∥ϕ̃n∥2 · ∥∇hϕ̃

n+1∥2 ≤ (C⋆)2M2∥ϕ̃n∥22 + ∥∇hϕ̃
n+1∥22.

(63)
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Substituting (58) - (63) into (57) and applying Lemma 4.6, we obtain

1

∆t

(
∥ϕ̃n+1∥22 − ∥ϕ̃n∥22

)
+ ε2M0∥∆hϕ̃

n+1∥22

≤
(
48M1(ε

⋆
0)

−2 +M1 + 2ε2M (1) + 3
)
∥∇hϕ̃

n+1∥22 + 3M1θ
2
0∥∇hϕ̃

n∥22

+
σ2M2

1C̃4
2

2
∥ϕ̃n+1∥22 + (C⋆)2M2∥ϕ̃n∥22 + ∥τn+1∥22 + 3CM1(ε

⋆
0)

−4∥ϕ̃n+1∥24

≤M (2)∥∇hϕ̃
n+1∥22 +M (3)∥∇hϕ̃

n∥22 +M (4)∥ϕ̃n+1∥22 +M (5)∥ϕ̃n∥22 + ∥τn+1∥22,
(64)

with the constant representations

M (2) = 48M1(ε
⋆
0)

−2 + 3CM1(ε
⋆
0)

−4 +M1 + 2ε2M (1) + 3,

M (3) = 3M1θ
2
0, M (4) =

σ2M2
1C̃4

2

2
, M (5) = (C⋆)2M2.

In the derivation, the 3D discrete Sobolev inequality and the bound ∥·∥4≤C∥·∥H1
h

have been utilized. Meanwhile, an application of Cauchy inequality indicates that

M (2)∥∇hϕ̃
n+1∥22 ≤ ε2M0

4
∥∆hϕ̃

n+1∥22 +
(M (2))2

ε2M0
∥ϕ̃n+1∥22,

M (3)∥∇hϕ̃
n∥22 ≤ ε2M0

4
∥∆hϕ̃

n∥22 +
(M (3))2

ε2M0
∥ϕ̃n∥22.

Subsequently, inequality (64) can be transformed into the following form

1

∆t
(∥ϕ̃n+1∥22 − ∥ϕ̃n∥22) +

3

4
ε2M0∥∆hϕ̃

n+1∥22 −
1

4
ε2M0∥∆hϕ̃

n∥22

≤
( (M (2))2

ε2M0
+M (4) + 1

)
∥ϕ̃n+1∥22 +

( (M (3))2

ε2M0
+M (5)

)
∥ϕ̃n∥22 + ∥τn+1∥22.

Therefore, with sufficiently small ∆t and h, an application of discrete Gronwall
inequality results in the desired higher-order convergence estimate

∥ϕ̃n+1∥2 +
(
ε2M0∆t

n+1∑
k=1

∥∆hϕ̃
k∥22

)1/2

≤ C(∆t2 + h2), (65)

based on the truncation error accuracy, ∥τn+1∥2 ≤ C(∆t2 + h2). This finishes the
refined error estimate.

Moreover, it is necessary to recover the a-priori assumption (45) at the next
time step tn+1 to enable the analysis to proceed in an inductive manner. Under
the linear refinement constraint C1h ≤ ∆t ≤ C2h, the convergence estimate (65)
indicates that

∥ϕ̃n+1∥2 ≤ C(∆t2 + h2) ≤ ∆t
15
8 + h

15
8 ,

∥∆hϕ̃
n+1∥2 ≤ C(∆t2 + h2)

∆t
1
2

≤ C(∆t
3
2 + h

3
2 ) ≤ ∆t

11
8 + h

11
8 ,

provided that ∆t and h are sufficiently small.
The error estimate (24) for the variable ϕ follows directly from (65), in conjunc-

tion with the bound of the supplementary fields Φ∆t and the projection approxi-
mation (22). This completes the proof of Theorem 4.1.
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Remark 4.8. The proposed numerical scheme (5) is only first order accurate in
time. In the future works, an extension to the second order schemes will be consid-
ered. The primary challenge is associated with the second order accurate approxi-
mation to the nonlinear and singular logarithmic term while preserving an energy
stability, combined with the second order and numerically stable approximation to
the mobility function and the nonlocal term. In terms of the convergence analysis
for the second order scheme, higher-order temporal and spatial correction functions
will be necessary to facilitate a smooth analysis process. In addition, more advanced
techniques, different from those used in the first order scheme, may be required.

5. Numerical experiments. Due to the tendency to minimize the area of in-
terface, the morphology of final patterns in phase transitions usually decomposes
into simple subdomains after the coarsening process. However, if there is a micro-
scopic constraint on the system, the final pattern becomes much richer. Experimen-
tally, the final equilibrium state often prefers periodic structures such as lamellar,
labyrinthine, columnar, spherical, double-diamond geometries and other more com-
plex structures (see, for example, [2, 3, 33, 34, 37]). In this section, we present
a few numerical results, including some experiments designed to verify relevant
properties and convergence tests. The theoretical analysis is valid for both 2D and
3D situations; however, we choose the 2D domain for simplicity. A nonlinear full
approximation storage (FAS) multigrid solver is used to solve the convex-concave
decomposition scheme for the NCH equation with logarithmic potential. See [11, 13]
for the related details of a similar solver. We compare the numerical results with
some references [15, 16] to confirm the validity of the numerical scheme.

5.1. Asymptotic convergence test. We first present a convergence test for the
numerical scheme. The smooth initial condition is taken to be

ϕ(x, y, 0) = 0.25 cos 2πx cos 2πy + 0.6 cosπx cos 3πy. (66)

The mobility is selected as M(ϕ) = 0.9(1 − ϕ)(1 + ϕ) + 0.1. To determine the
convergence rate, the error function is computed between approximate solutions
obtained by successively finer mesh sizes. The parameters are set as: L = Lx =
Ly = 2, ε = 0.2, θ0 = 3.0, σ = 1 × 10−3, T = 1.We expect the scheme to have
an accuracy of order O(∆t + h2). The refinement path is set as ∆t = 0.02h2,
which naturally implies first-order temporal convergence when second-order spatial
convergence is achieved. The results of the numerical convergence test, presented
in Table 1, confirm second-order accuracy in space and first-order accuracy in time.

Table 1. Numerical convergence test with initial data (66) at T =
1

Grid size 162 − 322 322 − 642 642 − 1282 1282 − 2562

L2 error 4.8490E-03 1.3554E-03 3.3769E-04 8.3877E-05
L2 rate — 1.8390 2.0049 2.0093
L∞ error 9.3305E-03 2.6855E-03 6.7400E-04 1.6793E-04
L∞ rate — 1.7968 1.9944 2.0049
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5.2. Algebraic convergence tests for the multigrid solver. To demonstrate
that our FAS multigrid solver achieves optimal or near-optimal complexity for the
proposed numerical scheme, we conducted a series of algebraic convergence tests.
The setup follows that of the previous subsection, except a fixed time step size
∆t = 0.01 is used for all simulations in this test. The multigrid stopping tolerance
is taken to be τ = 10−10. We plot the residual ∥rn∥2 against the multigrid iteration
count n on a semi-logarithmic scale at T = 0.1. The results, shown in Figure
1, indicate that the residual decreases by an almost constant factor per iteration,
clearly demonstrating the solver’s high efficiency.
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Figure 1. Convergence test of the FAS multigrid solver for the
numerical scheme (5), with grid sizes set to 32, 64, 128, and 256,
respectively.

5.3. Spinodal decomposition. The phase separation process can be studied by
considering a homogeneous binary mixture. In this case, the system undergoes spin-
odal decomposition, transitioning from a homogeneous state to a two-phase state
[5, 19]. In this subsection, we choose random initial data to simulate a homogeneous
binary mixture and present the phase decomposition phenomenon, energy decay as
well as mass conservation by varying the parameters.

5.3.1. The phase separation. We first select a very small nonlocal parameter, σ =
0.001. With this choice, the NCH model is expected to be consistent with the
standard CH model. We set Ω = [0, 2π]2 and take parameters as ε = 0.06, θ0 =
3.0, h = 1/256, ∆t = 1.0×10−3. The mobility and the initial conditions are chosen
to be

M(ϕ) = 0.9(1− ϕ)(1 + ϕ) + 0.1, ϕ0i,j = ϕ0 + 0.01 ri,j , (67)

where ri,j is a uniformly distributed random variable in [−1, 1] with zero mean.

Take the initial value as ϕ0 = 0, which indicates that the volumes of two com-
ponents are nearly identical. As depicted in Figure 2, phase separation occurs at
the very beginning, leading to the formation of lamellar nanostructures by around
t = 200. Subsequently, we modify the parameters to ϕ0 = 0.3, signifying that the
volume of the red region exceeds that of the blue region. The evolution of the phase
variable at selected time instants is presented in Figure 3. As can be seen, the
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dynamics differs significantly from the case where ϕ0 = 0. During this process, the
region with the less volume merges and eventually accumulates into a circular pat-
tern. These results, simulated by the numerical scheme (5), are consistent with the
experimental observations of lamellar phases and spherical states [3]. It is also ob-
served that the coarsening dynamics requires more time to reach a near-stationary
state, in comparison with the constant mobility cases reported in [13], due to the
reduced bulk diffusion.

(a) t = 0.25 (b) t = 0.5 (c) t = 1 (d) t = 5

(e) t = 10 (f) t = 100 (g) t = 200 (h) t = 800

Figure 2. Evolution of the phase variable for σ = 0.001 at selected
time instants, with the mobility and initial condition described in
(67), where ϕ0 = 0.

(a) t = 0.25 (b) t = 1 (c) t = 10 (d) t = 40

(e) t = 100 (f) t = 200 (g) t = 400 (h) t = 800

Figure 3. Evolution of the phase variable for σ = 0.001 at selected
time instants, with the mobility and initial condition described in
(67), where ϕ0 = 0.3.

5.3.2. The nonlocal parameter. Now we investigate the interface shapes governed
by the NCH equation (3) with different nonlocal parameters σ. The mobility and
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the initial conditions are also set as the ones specified in (67). We begin with

increasing the nonlocal parameter to σ = 5 while keeping the initial value ϕ0 = 0.
The mobility and other parameters are consistent with those used in the previous
section. Figure 4 reveals that the initial phase separation dynamics resembles those
observed for σ = 0.001 with ϕ0 = 0, as shown in Figure 2. However, the final
lamellar pattern differs significantly, and equilibrium state is reached at t = 100,
which occurs much more rapidly compared to the case with σ = 0.001 and ϕ0 = 0.

(a) t = 0.25 (b) t = 1 (c) t = 100 (d) t = 600

Figure 4. Evolution of the phase variable for σ = 5 at selected
time instants, with the mobility and initial condition described in
(67), where ϕ0 = 0.

Figure 5 displays the results for a nonlocal parameter σ = 10 with an initial
value ϕ0 = 0.3. The preliminary stage of phase separation is also consistent with
the case of σ = 0.001, ϕ0 = 0.3, as depicted in Figure 3. However, the final steady
state exhibits a circular pattern with a significantly smaller radius.

The nonlocal parameter σ represents long-range interactions (e.g., microphase
separation of block copolymers). Large σ accelerates the dynamics of phase separa-
tion but suppresses coarsening, aligning with Ohta-Kawasaki theory [48], indicating
that the nonlocal term stabilizes periodic microstructures rather than the macro-
scopic one. As observed in experiments [3, 37], the equilibrium states under non-
local effects exhibit rich periodic patterns (e.g., lamellar, labyrinthine, columnar,
and spherical geometries). Our numerical results (Figures. 2–5) further validate
this: increasing σ from 0.001 to 10 shifts the final steady state from the macro-
scopic domains (Figures. 2–3) to microphase separated structures (Figures. 4–5).
Specifically, lamellar patterns stabilize rapidly at σ = 5 (Figure 4), while smaller
spherical domains dominate at σ = 10 (Figure 5), consistent with the theoretical
expectation.

(a) t = 0.25 (b) t = 2 (c) t = 60 (d) t = 100

Figure 5. Evolution of the phase variable for σ = 10 at selected
time instants, with the mobility and initial condition described in
(67), where ϕ0 = 0.3.
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5.3.3. The variable mobility. In the initial numerical experiment, M(ϕ) was set to
(67), based on references [9, 10, 52, 57]. This choice was discussed in the introduc-
tion section, particularly in connection with equation (4). Meanwhile, it is observed
that, when the numerical solutions rapidly achieved phase separation and entered
the coarsening stage (where ϕ approaches ±1), (67) led to nearly identical mobil-
ity within each component. To avoid this limitation, we introduce an alternative
mobility form,

M(ϕ) =
1

4
ϕ+

1

2
. (68)

This form not only satisfies the requirements for M(ϕ) in Theorems 3.3, 3.4, and
4.1, but also ensures distinct values for mobility within each component during the
coarsening stage. The initial condition and other parameters are kept the same as
in the case with ϕ0 = 0 in section 5.3.1. Figure 6 displays the evolution of ϕ at
various time instants up to T = 800. Interestingly, a circular interface emerges, in
contrast with the lamellar structure observed in Figure 2.

(a) t = 0.5 (b) t = 1 (c) t = 5 (d) t = 10

(e) t = 50 (f) t = 100 (g) t = 400 (h) t = 800

Figure 6. Evolution of the phase variable for the mobility given
by (68).

5.4. Positivity preserving, energy decay and mass conservation. In this
section, we verify some mathematical properties of the numerical scheme, including
positivity preservation, energy decay, and mass conservation. We calculate the
maximum and minimum values of the phase variable, which are presented in Table
2. Figures 2 and 3, along with Table 2 and Figure 7, clearly indicate notable
distances between the extrema of the phase variable and the singular limit values
±1, confirming the phase separation property. These numerical results provide
strong evidence that the numerical scheme preserves the positivity of the singular
logarithmic energy potential.

There have been many existing numerical works to deal with CH equation with
Flory-Huggins style energy potential, either with or without nonlocal diffusion part.
For many numerical approaches using an explicit approximation to the logarithmic
terms (e.g., [50]), the positivity of the logarithmic arguments could not be theo-
retically justified, which comes from the explicit computation of the logarithmic
terms. In turn, an extended definition of the Flory-Huggins style energy has to be
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Table 2. Maximum and minimum values of ϕ during spinodal
decomposition

ϕ0 = 0, σ = 0.001 ϕ0 = 0.3, σ = 0.001
t minimum maximum minimum maximum

0 -0.0099994 0.0099993 0.2900006 0.3099993
0.25 -0.8771207 0.8738842 -0.8679642 0.8172793
0.50 -0.8699566 0.8749814 -0.8780085 0.8473611
1 -0.8714909 0.8726312 -0.8781753 0.8474252
5 -0.8708642 0.8705946 -0.8783427 0.8519701
10 -0.8703183 0.8713044 -0.8784810 0.8482916
100 -0.8650477 0.8645630 -0.86886334 0.8524863
800 -0.8584575 0.8584574 -0.8614907 0.8553786
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Figure 7. The maximum and minimum values over time, where
ϕ0 = 0, σ = 0.001.

introduced to establish the associated energy estimate, since the energy has to be
redefined if the phase variable stays beyond the positivity requirement. In com-
parison, the proposed numerical scheme in this work preserves the positivity of the
logarithmic arguments, namely 1− ϕ and 1 + ϕ, at a theoretical level. As a result,
there is no need to post-processing for the phase variable, since the positivity-
preserving property has been theoretically guaranteed. This fact demonstrates a
clear advantage of the proposed numerical scheme over many classical numerical
methods.

Energy and mass evolutions for the aforementioned cases are depicted in Figure
8, where mob1 = 0.9(1 − ϕ)(1 + ϕ) + 0.1 and mob2 = 1

4ϕ + 1
2 . These curves

illustrate that the numerical algorithm is unconditionally energy stable and mass
conservative.

6. Conclusions. In this paper, we investigate a positivity-preserving, energy sta-
ble finite difference scheme for the variable mobility nonlocal CH system with a
logarithmic Flory-Huggins energy potential. To ensure the positivity-preserving
property, the convex splitting method is applied. This involves treating the nonlin-
ear logarithmic terms, the surface diffusion term, and the nonlocal term implicitly,



A POSITIVITY-PRESERVING SCHEME FOR THE NCH EQUATION 463

10
-3

10
-2

10
-1

10
0

10
1

10
2

Time

10
-1

10
0

10
1

E
n

e
rg

y

mob1, =10,mass=0.3

mob1, =5,mass=0

mob1, =0.001,mass=0.3

mob1, =0.001,mass=0

mob2, =0.001,mass=0

(a) Energy

0 50 100 150 200

Time

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

M
a

s
s
 E

rr
o

r

10
-8

mob1, =10,mass=0.3

mob1, =5,mass=0

mob1, =0.001,mass=0.3

mob1, =0.001,mass=0

mob2, =0.001,mass=0

(b) Mass Error

Figure 8. Energy decay and mass conservation for five cases,
where the mobility is chosen as either mob1 = 0.9(1−ϕ)(1+ϕ)+0.1
or mob2 = ϕ/4 + 1/2, depending on the case.

combined with an explicit update of the expansive concave term and the mobil-
ity. Such a numerical approach also guarantees an unconditional energy stability.
Furthermore, an optimal convergence rate analysis and error estimate have been
theoretically derived through higher-order consistency analysis, in conjunction with
rough and refined error estimates. Several numerical experiments are conducted
with the nonlocal term parameterized by σ to confirm the consistency between
NCH model and standard CH model, to investigate the phase separation phenom-
enon with different choices of initial condition and σ, and to verify the optimal
convergence rates in both temporal and spatial discretizations.
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