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In this paper, we provide a theoretical analysis for an iteration solver to implement a
finite difference numerical scheme for the Poisson-Nernst-Planck (PNP) system, based
on the Energetic Variational Approach (EnVarA), in which a non-constant mobility H™!
gradient flow is formulated. In particular, the nonlinear and singular nature of the
logarithmic energy potentials has always been the essential difficulty. In the numerical
design, the mobility function is explicitly updated, for the sake of unique solvability
analysis. The logarithmic and the electric potential diffusion terms, which come from
the gradient of convex energy functional parts, are implicitly computed. The positivity-
preserving property for all the concentrations, an unconditional energy stability, and the
optimal rate error estimate have been established in a recent work. A modified Newton
iteration for the nonlinear and logarithmic part, combined with a linear iteration for
the electric potential part, is proposed to implement the given numerical scheme, in
which a non-constant linear elliptic equation needs to be solved at each iteration stage.
A theoretical analysis is presented in this article, and a linear convergence is proved for
such an iteration, with an asymptotic error constant in the same order of the time step
size. A numerical test is also presented in this article, which demonstrates the linear
convergence rate of the proposed iteration solver.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

The Poisson-Nernst-Planck (PNP) system is formulated as

Zo€o

on = DhbAn — —V - (DynVe), (1.1)
kBQQ
Zp€

%p = DyAp + ~2V - (DpVe) , (12)
kBQO

—eAp = zoeo(p —n)+ 0/,
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where n and p are the concentrations of negatively and positively charged ions, and ¢ is the electric potential. In this
model, kg, 09, &, g, €9 stand for the Boltzmann constant, the absolute temperature, the dielectric coefficient, valence of ions,
the charge of an electron, respectively; the parameters D, and D, are diffusion/mobility coefficients. The periodic boundary
conditions are assumed in this paper, for simplicity of presentation, and the presented analysis could be extended to more
complicated, more physical boundary conditions, such as the homogeneous Neumann one. Furthermore, the source term
o’ is assumed to vanish everywhere, i.e., o/ = 0. An extension to a non-homogeneous source term is straightforward. See
the related works [1-6] for more detailed descriptions of this physical model.

In particular, the Energetic Variational Approach (EnVarA) [7] for the PNP system has attracted more and more
attentions, since the PDE system is formulated as a gradient flow with respect to certain free energy. This framework
has provided great convenience in the structure preserving analysis, at both the PDE and numerical levels. In fact, the
dimensionless dynamical equations of the PNP system could be rewritten as (see the detailed derivation in [8])

%n=V.(Vn—nVe), (1.4)
op =DV - (Vp+pVe), (1.5)
—Ap =p—n. (1.6)

In fact, the parameter D plays the role of a non-dimensional relative mobility. The corresponding dimensionless energy
is given by

1
E(n,p)=/ {nlnn+plnp}dx+ Elln—Pllﬁ,-u (1.7)
2

under the assumption that n — p is of mean zero, and the H~! norm is defined via

Iflly=1 :== V. Py-1. F.8) =, (=A)"'g)=((—A)"'f,g), forf and g with mean zero.

In turn, the PNP system (1.4)-(1.6) could be rewritten as the following conserved H~! gradient flow, with non-constant
mobility:

dn=V-nVu,), &p=DV-(pVip). (1.8)
Un =E=Inn+14+(=A)"n—p)=Inn+1—¢, (1.9)
Up =8E=Inp+1+(-A) " (p—n)=Inp+1+¢, (1.10)

in which the electric potential is defined as ¢ = (—A)~'(p — n). A careful calculation implies that the energy dissipation
law becomes E'(t) = — [, {n [Vunl> +Dp |Vup‘2 dx < 0.

Among the existing numerical works for the PNP system, the theoretical analysis for the positivity-preserving property,
energy stability and convergence analysis turns out to be very challenging, due to the nonlinear and singular nature of
the logarithmic terms in the EnVarA formulation. Some progresses have been made in recent years, such as the positivity-
preserving analysis reported in [4,9-16], the energy stability analysis in [17-19], the convergence analysis in [20-23], as
well as a few other related works [19,24-28]. In particular, a finite difference numerical scheme was proposed in [8], so
that all three theoretical features have been established in the numerical analysis. In more details, the numerical scheme is
based on the variational structure of the original PNP system, so that the energy stability analysis could be formulated in an
appropriate framework. The mobility concentration function is explicitly updated in the scheme, for the sake of unique
solvability analysis. In the chemical potential expansion, all the terms are implicitly computed, which comes from the
convexity of both the logarithmic energy functional and the electric energy potential. The positivity-preserving property
has been theoretically established for both ion concentration variables, with the help of the singularity feature of the
logarithmic term, combined with its convex nature. In fact, similar techniques have been successfully applied to other
gradient models with singular energy potential [29-36], etc. The energy stability is a direct consequence of the convexity
analysis. In addition, an optimal rate convergence analysis for the proposed numerical scheme has been reported in [8],
based on an asymptotic expansion for the numerical solution, combined with rough error estimate and refined error
estimate.

On the other hand, this numerical scheme is highly nonlinear and singular, due to the implicit treatment of the
singular logarithmic chemical potential parts. In addition, an implicit treatment of the electric part leads to a highly
coupled numerical system. These facts make the proposed numerical scheme very challenging to implement. In this
article, we propose and analyze an iteration solver for this numerical scheme. A linearized Newton iteration is applied
to the nonlinear and singular logarithmic parts, while a linear iteration is used for the electric potential part. In turn,
a divergence-form elliptic system needs to be solved at each iteration stage, which in turn leads to a computational
cost comparable to a standard Poisson solver. In addition, the positivity of both concentration variables at each iteration
stage is crucial to ensure the well-posed property of the elliptic system. The convergence analysis will be provided for
the proposed iteration algorithm, under the separation assumption for the exact PDE solution, i.e., a uniform distance is
ensured between the exact PDE solution and the singular value of 0. With such an assumption for the exact PDE solution,
a similar uniform distance could be derived for the numerical solution at each iteration stage, using an a-priori | - ||
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error estimate for the iteration solution. With the help of this uniform distance, the singularity issue associated with
the logarithmic term could be avoided in the iteration analysis. Moreover, the convex nature of the logarithmic energy
functional will lead to a well-posed error analysis for the nonlinear part at each iteration stage. As a result of all these
techniques, a linear convergence analysis is reported for the proposed iteration process, with the convergence rate in the
same order of the time step size. In our knowledge, it will be the first such result for the highly nonlinear and singular
PNP system.

The rest of the article is organized as follows. In Section 2 the numerical scheme is reviewed, and the main theoretical
results are recalled, if the numerical solution could be exactly implemented. In turn, the iteration solver is introduced
in Section 3, and a linear convergence analysis is provided in details. A numerical test is presented in Section 4, and the
linear convergence rate of the proposed iteration solver is confirmed in the test. Finally, some concluding remarks are
given in Section 5.

2. Review of the numerical scheme
2.1. The finite difference spatial discretization

The standard centered finite difference spatial approximation is applied. We present the numerical approximation on
the computational domain £ = (0, 1)> with a periodic boundary condition, and Ax = Ay = Az = h = % with N € N
to be the spatial mesh resolution throughout this work. In particular, f; x stands for the numerical value of f at the cell
centered mesh points ((i + 3)h, (j + 3)h, (k + 3)h), and we denote Cper as

Cper = {(ﬁ]k) |fi,j,k :fi+aN,j+/3N,k+yN» Vi»j’ k, o, /37 Y € Z} s

with the discrete periodic boundary condition imposed. In turn, the discrete average and difference operators are
evaluated at ((i + Dh, (j + )h, (k+ $)h), (i + Dh, G+ Dh, (k+ 3)h) and ((i + )b, G+ Dh, (k+ 1)h), respectively:

1 1
3 h (fi+1,j,k —fi,jJ<) ’
1

1
Ayfijrijak = 3 (Fsrk +fijk) » Dyfijrvon = M (Fsrk — fijk) -

Adivipje = = (frrjk + k). Dfiryajn =

1 1
Asfijrr = 5 (Fijksr +fijk) s Dafijkre = m (Fijksr — fijk) -

Conversely, the corresponding operators at the staggered mesh points are defined as follows:

1 1
a if(j;k = 2 (fi:l/z,j,k +fix—1/2,j,k) , d if‘j,k = h (fiil/z,j,k _fix—l/z,j,k) )

1 1
y . y y y y y
ayfi,j,k =3 <fi,j+1/2.k +fi,j—1/z,k> ., dy ik = p <fi,j+1/z,k _fi,j—l/z,k) )

1 1
a i:zj,k = 5 (ii’.kﬁ»l/z +fi«,zj«,k—1/2) - i:zj,k = h (ﬁ‘«,zj.,kw/z _fi‘,zj,kfl/Z) .
In turn, for a scalar cell-centered function g and a vector functionf = (f%, f¥,fA), with f* f¥ and f? evaluated at
((i+ Dh, G+ $h, (k+ 2h), (i + 3, G+ Dh, (k+ 3)h), (i + ), G+ 3)h, (k+ 1)h), respectively, the discrete divergence
is defined as

Vi - (gf)i,j,k = dy (Ag 'fx)i,j,k +dy (Ayg 'fy)i,j,k +d; (Azg 'fz)f,j,k' (2.1)

In particular, if f = V¢ = (D¢, Dy, D,¢)" for certain scalar grid function ¢, the corresponding divergence becomes
Vi - (thqb)uA’k =dy (Axg - Dx); i + dy (A2 - Dy¢),-‘j,k +d; (A8 - D) (2.2)
(And)ijk =Vh - (1), = dx Dud)ijic +dy (Dy9),; + dz (D2), - (2.3)

For two cell-centered grid functions f and g, its discrete L? inner product and the associated ¢?> norm are defined as

N
8o =1 fiugiie Il =),

ij k=1

. ; = 3 .
In turn, the mean zero space is introduced as Cper := [f ECper |0=f = % Zlﬂj kz]f,;j,k}. Similarly, for two vector

grid functions f = (F%, f. f*)", § = (g*. 8", &%), with f* (g%), ¥ (g”), f* (g7) evaluated at ((i + Dh, (j + 1)h, (k + 1)h),
((i+ 3, G+ Dh, (k4 1)h), ((i + 3)h, (i + 3)h, (k+ 1)h), respectively, the corresponding discrete inner product becomes
[fé] =g + [ ], + 7. 8],
[/, 8], = (g, 1), [F.8"], = (a(e). 1), [f*.87], = (a(fg"). 1).
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In addition to the discrete || - ||, norm, the discrete maximum norm is defined as ||fl,, = mMaxi<ijk<n |fi,,~,k|. Moreover,
the discrete H,! and H? norms are introduced as

IVf 113 == [Vif . Vf ] = [Df . Duf Ix + [Dyf » Dyf]y +[D.f, Df 1,

IRy = WG+ IV I3, I IR = 1 + 1AW 1.
The summation by parts formulas are recalled in the following lemma; the detailed proof could be found in [37-40], etc.
Lemma 2.1 ([37-40]). For any v, ¢, & € Cper, and anyf = (f*, 2, £,)7, with f*, fY, f* evaluated at ((i+ 1)h, (j+ %)h, (k+ %)h),
((i+ %)h, G+ Dh, (k+ %)h), i+ %)h, G+ %)h, (k+ 1)h), respectively, the following summation by parts formulas are valid:

(0. 90-F) == [ F]. @ Vi @V = ~ Vi g Vig], (2.4)
in which Ay corresponds to the average operator given by A, A, and A,.

In addition, a few notations need to be introduced, to facilitate the analysis in later sections. For any ¢ € Cper and a
positive cell centered grid function g (at a point-wise level), the weighed discrete norm is defined as

el = e £530)._. (25)

in which ¢ = L;l(w) € Cper is the unique solution that solves

Le(Y) = —=Vp - (gVaY) = . (2.6)
In a simplified case of g = 1, it is obvious that £g(y) = —Axy, and the discrete Hh‘1 inner product and Hh‘l norm are
introduced as (g1, 2) —1.n = (91, (—An) " '@2), and [lg|l 1 = /{0, (—An)"'9),,.

2.2. Review of the numerical scheme

The mobility function at the face-centered mesh points are defined as
(MDis 12k = AMD it 12k
(MPD)ij1/20 = Ay M j .k (2.7)
(M2 = A (Mg k1725

in which (M)« = nf}’k. Similar definitions could be introduced for M™. The following finite difference scheme has
been proposed in a recent work [8]: given n™, p™ € Cpey, find n™ 1, p™*1 € Cpep such that

nm+1 —pm . 1
= Vi - (MY | (2.8)

pm+1 —p™ . 1
A = Ve Vg, 29
[,;an+1 —In nm+1 + (_Ah)fl(nnH»l _pm+l), (210)
Mzﬂ»] — lnpm+l 4 (_Ah)—l(pm+1 _ nm-H). (211)

2.3. The theoretical results for the proposed numerical scheme

It is observed that the numerical solution to (2.8)-(2.11) is mass conservative, i.e.,
nm=nd:=p, pt=p°:=pf, with 0<pBy, Vm>1, (2.12)

in which the average operator is given by f = ﬁ f, 1o.

Lemma 2.2. Assume that the mobility function M has uniform lower and upper bounds: My < M < M. For any g with
g =0, we have

Mo

M;
— gy, < llglPoy < — gl (2.13)
M]

1= 3
ﬁM MO

Proof. We denote i as the solution to the non-constant elliptic equation, —V}, - (Mvhxpg) =g, and ¢, = (—Ap) g,
ie, —Apps = g. Taking a test function ¢, with both equations —Vj, - (MVpy) = g, —Apgg = g, respectively, we get

(MVirg, Vigg)a = (8. 9g)2 = | Vaggll3. (2.14)
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Meanwhile, an application of Cauchy inequality implies that
IVhgells = (MVirg, Viggde < MillVavgllz - | Vaggll2,

L . 1 (2.15)
which in turn gives  [|Vyyg|l2 > ﬁnvh(pguz.
1

Similarly, taking a test function v, to both equations —Vj, - (/\;thwg) =g, —Anpy = g, respectively, we get
(MVig, Viig)e = (8. Yg)e = (Vavg. Vagg)a. (2.16)

which in turn results in
Mol| Vg3 < (MVirg, Valig) e = (Vavg, Vige)o < IVavgllz - | Vaggll2,

1 (2.17)
so that [[Vaygllz < — I Vagglla.
Mo
Therefore, we arrive at
2 v 2 M, 2
gl -1 = (MViig, Vgl < Ml Vagell; < Wllgll,m,
M MO (2.18)
. 0
gl = (MVidis. Vig)e = MollVaggl3 = g1
M 1

in which the identity that IIVh(pgllﬁ = ||g||2_HLl has been repeatedly applied. This finishes the proof of Lemma 2.2. O

The positivity-preserving and unique solvability properties are established in the following theorem.

Theorem 2.1 ([8]). Given n™, p™ € Cper, With 0 < n?}‘k, p{f}yk, 1<1i,j,k <N, and n™ —p™ € Cper, there exists a unique solution
(n™1 pmtl) e [Cper]2 to the numerical scheme (2.8)-(2.11), with 0 < n:.’.}ﬁ(l, pfﬁ{] 1<i,j,k <Nandn™' —p™1 e (.

In terms of the energy stability analysis, the following discrete energy is introduced:

1
Ex(n,p):= (nlnn+plnp, 1), + 5”“ —pl2 4 (2.19)

Theorem 2.2 ([8]). For the numerical solution (2.8)-(2.11), we have
En(n™ ", p™ ) + At (MY Vg™ Vi ™ + MY V™, Vi 1)) < En(n™, p™), (2.20)
so that Ex(n™, p™) < Ex(n®, p°) < Co, for all m € N, where Cy > 0 is a constant independent of h.

In addition, an optimal rate convergence analysis has been reported in [8]. Denote (N, P, @) be the exact PDE solution
for the non-dimensional PNP system (1.4)-(1.6). The following regularity assumption was made for the exact solution:

N, P € R :=H*(0,T; Coer(£2)) NH? (0, T; (oo (2)) N L™ (0, T; Coor(£2)) - (2.21)

per
More importantly, the following separation property is assumed for the exact solution:
N > ¢y, P> ¢y, forsome ey > 0, ata point-wise level. (2.22)

Meanwhile, the (spatial) Fourier projection of the exact solution is introduced, Ny(-,t) := PyN(-,t), Py(-,t) =
PyP(-, ), with the projection into BX, the space of trigonometric polynomials of degree to and including K (with
N = 2K + 1). Of course, the projection approximation estimate is standard:

—k —k
INN = Nll oo, 7,y < ch NIl pooco,7:1e)s 1PN — Pllpooqo,1:mky < ch' 1PNl oo 0.7 1) (2.23)

for any 0 < k < ¢, provided that (N, P) € L*(0, T; H’. (£2)). In addition, denote NN = Nn(-, tm), PY = Pn(-, t), with

per
tm = m - At. Since (Ny, Py) € BX, The mass conservative property has been proved for Ny and Py at the discrete level:

NI =NIT, PT—PI T VmeN (224)

Meanwhile, a similar property for the numerical solution of (2.8)-(2.9) is given by (2.12). In turn, the mass conservative
projection for the initial data is taken: n® = P,Ny(-, t = 0), p° = PyPn(-, t = 0):

(n%)ijk = Nn(Di, Pjs P t = 0),  (0%)ij.k == Pn(pi, Pj, Pk, t = 0). (2.25)

Similarly, for the exact electric potential @, its Fourier projection is denoted as @y. Subsequently, the error grid function
is defined as

ey == PyNy —n", eg = PyPy — p", egf =Py®y — 9™, VmeN. (2.26)
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Because of the fact that e] = e}’ = 0, for any m > 0, we see that the discrete norm || - ||_; 5 is well defined for the error
grid function.
The convergence result of the proposed numerical scheme is stated in the following theorem.

Theorem 2.3 ([8]). Given initial data N(-,t = 0),P(-,t =0) € Cl‘jer(.Q), suppose the exact solution for the PNP system (1.4)-
(1.5) is of regularity class R. Then, provided At and h are sufficiently small, and under the linear refinement requirement
Cih < At < Gh, we have

m 1/2
lexlla + llep'lla + (Ar D IVl + ||vhe’;||§)) +llegllge < C(AL + k), (2.27)
k=1

for all positive integers m, such that t,, = mAt < T, where C > 0 is independent of At and h.

In fact, in the convergence analysis, a few supplementary fields, Nas 1, Nar2, Par1, Par2 and N, P, have been
constructed:

N = Ny + Py(AtNAe 1 + APNae s + 2Ny 1), P =Py + Pu(AtPac1 + AP Az + 2Py 1), (2.28)

so that a higher O(At® + h*) consistency is satisfied with the given numerical scheme (2.8)-(2.11). These constructed
profiles depend solely on the exact solution (N, P).
In turn, alternate numerical error functions have been introduced:
im = PNT — 0™, P = PP — p™, ™ = (—AR) (P — "), VmeN. (2.29)
Finally, the following convergence estimate has been derived in [8]:

m+1 1/2
IR+ 1™l + (A6 Y (VAIE + 19:8413) = C(AE + 1) (2.30)
k=1

As a result of the convergence estimate (with higher order asymptotic expansion in N and P), an application of an
inverse inequality leads to
ClIA* NIz + 15"l < C(At> +h*)
h3/2 = h3/2
for any k > 0, under the linear refinement requirement C1h < At < Ch. Furthermore, the following || - || estimate for
the discrete temporal difference of the numerical solution could be derived:

7% loe + 1% (loe < < (A + B7?) < At, (2.31)

[n™ — ™o < IN™FT = N™[| o + [[A™! — ™|l < CAL + At = G AL,

mb1 _ - . (2.32)
lp™ ! — p" oo < C3At, (similar analysis),

where the inequality |[N™+! — N™ ||, < CAt comes from the C!(0, T; C°) regularity of N.
With the help of the || - || bound (2.31) of the numerical error functions, the following bounds become available

€
50 <nf,p*<C+1=:Cs, ata point-wise level, for any k > 0, (2.33)

provided that At and h are sufficiently small. In fact, such a derivation is based on the uniform-in-time || - ||c bound of
the constructed profiles, [N, [Pl < Cs, as well as the separation properties, N, P > %,

3. The iteration solver and the convergence analysis

Of course, an iteration solver is needed to implement the fully nonlinear scheme (2.8)-(2.11) at each time step. A
method was proposed in [8] and is recounted here. First, the initial value for the nonlinear iteration is taken as n® := n™,
p©@ = p™ and ¢® := ¢™. Subsequently, given the kth iterates, n¥), p®, ¢, we obtain the k 4+ 1st iterate by solving the
following system:

(k+1) _ +m (k+1) _ (k)
n n cme (T n B “m O a0
eV (A () = e (g (e - 9%)),
(k+1) m (k+1) (k)
p —Dp vme (P —Dp _ “m ®) L (k) (3.1)
At _Vh'(MP V"( P )) _v"'<MP Vh<lnp +o ))

—Ahqb“‘“) — p(k+1) _ et

The point-wise positivity of MM and /\;lg has been justified by the positivity-preserving analysis. In fact, the unique
solvability of the linear elliptic system (3.1), in the divergence form, can be theoretically ensured, provided that the point-
wise positivity of the iteration solution n®® and p® is available. The system (3.1) makes use of a Newton linearization

6
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with respect to the logarithmic nonlinear parts: for any a, b > 0,

_ a—b 1(a—b)?
In(a) = In(b) + == — 5= (3.2)

for some ¢ between a and b. In addition, we observe that

nk+) = ) = pm pletD) = plo = pm_ pm = pm, (3.3)

so that £ ygm(n*+1 —n™), LMF(p“‘*” —p™), as well as (—Ap) " (p**tD — n*k+1)y are well defined.

Given the numerical solution (n™, p™) at the previous time step t™, and we assume that the numerical scheme (2.8)-
(2.11) has been exactly implemented up to time step t™. As a result of the point-wise bound (2.33) of n™ and p™, the
following lower and upper bounds for M™ and /\?lg‘ are straightforward:

€ » De .

50 <MP<G+1=0GCs, 70 < M;" < DCs, at a point-wise level. (3.4)
We introduce the following iteration error functions:

églk) = ), égc) — pmHl _ po), éga — Mt _ g®), (3.5)

By the fact that n™+1 = n™, pm+1 = p™ and n™ = p™, we see that

=6 =0, Vk>o0, (3.6)

so that LMm( (k+1)), LMm(ég{H)), as well as (—Ah)‘l(ég‘) A(k)) are well defined. Finally, the following weighed numerical

“error energy" is defined:
F® =

1812 1 + 1112 ) + 18113 + 11857]13) . (3.7)

1
4C2At( 2(Cs + 1)(

The main theoretical result of this article is stated in the following theorem.

Theorem 3.1. Given the numerical solution n™, p™ and ¢™ = (—A)~'(p™ — n™) at the previous time step. Then, provided
At and h are sufficiently small, and under the linear refinement requirement Cth < At < Gh, the following estimates hold:

FY < GgAt?FO, (3.8)
F® < G AtFY, (3.9)
F&D < AP FR vk > 2, (3.10)

where Cg, C; and Cg > 0 are independent of At and h.

Proof. First we make an a-priori assumption:
€
20 <p® p® < 541,  at a point-wise level. (3.11)

This a-priori assumption will be recovered by the convergence analysis at the next iteration stage. With such an
assumption, the iteration algorithm (3.1) is well-defined.
Subtracting the iteration algorithm (3.1) from the exact numerical solution (2.8)-(2.11) gives

plk+D) . nl1) _ o
nAt =Vi- (vah(ln nm“ —In n(k) — T + (—Ah)il(égc) - Agc))))s
égcﬁ) : ” plkeD) — k) L Y (3.12)
_ vm m+ —1epll) _ plk
o =V- (/vtp Vh(lnp —Inp"™ — T-ﬁ-(—ﬂh) (ey” — ey )))
In fact, such an error system could be rewritten as
1 p(k+1) m+1 k) ) — n® a0 Ak
Atﬁ m(@ )+ Inn™" —Inn - T (=) (& —§7) =0,
(k+lr; (k) (3.13)
1 sU+DY 1 p™H _ np — P p A ) _ 30y — 0
Atﬁ (@) +Inp™! —Inp T-ﬁ-( p e — ) =0.
Next we look at the first equation in (3.13), the error equation for e e e+ Ap application of Taylor’s Theorem reveals
that
1,
Inn™! — Inn® = Weg{)’ (3.14)

n
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for some £ between n™+! and n® in a point-wise sense. Since £\ is “between” n™*! and n®), we conclude that

1617 —n] < ™t —n®] < 18],
so that

1559 = nWlloe < 18P o (3.15)

Because of the separation properties and upper bounds satisfied by both n™*! and n® - see (2.33) and (3.11), respectively
- the following estimate is valid for S,Ek):

€
ZO <&W <G5+ 1, ata point-wise level. (3.16)

Meanwhile, for the term n*+1) — n®) we have

n(k+1) _ n(k) — (nm+1 _ é;k+l)) _ (nm+1 _ éﬁ()) — _(ég<+]) _ é;k)) (317)
Therefore, the error equation for e A(kﬂ could be reformulated as
1 ey, g, @ e (k) _ a0
plk+1 5 én "~ —En
AI'L n (en ) + (k) en + n(k) +( Ah) ( e ) 0. (318)

The two nonlinear iteration error terms can be rewritten as

1y BV a0 g g ke
oK) o n oA
T T T Tl T o (3.19)

Next, define

k
k) nth) — gr(l )
no (k)
n
Then, the point-wise inequality (3.15) implies that

k A(k)
In® — &0 e
k - k

gl gl

R e 18], (3.20)

in which the bound (3.16) has been applied in the last step. Going back (3.18), we get

! — L om(FD e o —1(p00 _ gk
S L) 4 T = — Tl (@ - ) (321)
Next, taking a discrete inner product of (3.21) with e A(k“) gives
1 a2 Uiene\ 80 s sUt1) a0k _ (k)
g len |I£;\;m+< - (@ )>Q— <n(k),e & > + e e —e) - (3.22)
n Q

For the first term on the left hand side, an application of Lemma 2.2 reveals that
SR || ooz C2 e L (3.23)

with the estimate (2.33) applied. The lower bound of the nonlinear inner product on the left hand side could be obtained
with the help of the a-priori assumption (3.11):

1 ., 1
—, (B2 > etk D2, (3.24)
<n(k) n o G+1
For the term associated with the electric potential, a direct application of the Cauchy-Schwarz and Young inequalities
gives
(i, el — &), < ||é“‘+”||_1 w8y = &0
o o (3.25)
= 4C2At IR VI, + Cleg ' At — 8012, .
8
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For the nonlinear error inner product on the right hand side of (3.22), a more careful calculation reveals that

Cn (k) 5(k+1) 1 1 5(k4+1)32 1 1 (k)2 5(k)y2
< (k) en en = E n(") (e ) + P n(k)’( ) (en ) o
2

1 A —
= §< &) > + 5 deg - 166 115, - 18l (3.26)
2
1 A ~ N
< 2< (k+1) > + 326 ”651’()”?@ . ”651,()”%
2
Therefore, a substitution of (3.23)-(3.26) into (3.22) leads to
1
plk+1) Ak+1) 2
22 AT + e
4C2At I8P 26+l I 52

2 _—1 ~(k A(k) 12 —34ak)2 (k)12
< Cey ' Atfel — 0|2, + 32652 18112, - 11113

Similarly, the second equation in (3.13), the error equation for e A(kH) , could be reformulated as
1 (k+1) 1 sk éékﬂ) é(k) (k) _ k)
—Lom@ )+ —ed PP 4 (—A ) — ey =0, 3.28
ar o+ AT - E) (3.28)

where £ is between p™! and p® and satisfies
k —1)5(k
160] < e, 120

The error equation for p can be further rewritten as

1 iy, 0 5 o 10500 _ 5(K)
Akt 3 . A
Atﬁ p(ep )+ o __WEP +(—=A4n)" (e, —€,"). (3.29)

A(k+1)

In addition, taking a discrete inner product of (3.21) with e, ~ , we are able to derive the following iteration error estimate

- ”é(kﬂ)”%
4C2At 2G+1) 7 (3.30)

2 _—1 Ak Ak) 12 =3 15k) 12 (k)12
< Cey ' Atfel — 0|2, + 32652 180012, - 1113

k+1)
1S, , +

The technical details are left to interested readers. Finally, a combination of (3.27) and (3.30) yields

€0 1
a(k+1))2 5(k+1) slk+1)2 4y plkt1)) 2
——(|l n 118 +— (e + ||é
4C2At(” <10+ 1 [=¥9) 2(C5+1)(” SEDNZ + 1e5FP13)
_ A A 3 /A A ~ A 3.31
<2C2e5  AtfE — 8|2, 1 32657 (B2, - 2 + )2, - e)2) (331)
< 4Ceq At (18012 + 183712, 1) +32¢° (I1ER15, - 157115 + 1857115 - 185°113) -
3.1. Iteration stage 1: k =0
At k = 0, we see that the preliminary error estimate (2.32) (for the exact solution of (2.8)—(2.11)) implies that
16700 = In™" = "o < GAL, (&7l = [IP™ = Pl < GAL, (3.32)

due to initializations n™t1(©) = pm pm+1LO0) — pm A substitution of the last inequality into (3.31) leads to the following
iteration error estimate for k = 0:

€0
A(1)12 A(1))12
—(||€ e
TR 2 I8 + 18V 1B) .

< ACey " At(IEVNZ + 18D L) + 32CE € > AP 3 + 1187]13).

PN+ &V ) +

Consequently, we get inequality (3.8), by taking

Cs = max(lec“eo L 6AC2(Cs + 1)ey )
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3.2. Iteration stage 2: k = 1
The iteration error estimate (3.8) for k = 0 indicates that

F = F(n“1 1245 4 HEV N2 ) +

< CgAt*F©
< GG At?,

A(1) 12 A(1) 12
—(|le e
2(C5+1)(” w5+ 1ley 13)

(3.34)

since F(® < CyAt?, which comes from the preliminary error estimate (3.32). Therefore,
187112, 180M]l2 < CioAt®,  Cio == (2CoCo(Cs + 1))"/2. (3.35)
Subsequently, an application of an inverse inequality gives
Cliewll _ CCuoAr
W32 = R332

with C;; = CCyp, where the linear refinement constraint, Cth < At < Gh, has been applied. A substitution of the last
inequalities into (3.31) leads to the following iteration error estimate for k = 1:

<At V]l < CrAtY?, (similarly), (3.36)

(S

€
A(2) 112 A(2)112
— (e + e
4P At 2(C5+1)(“ w2+ lleg13) (337)

< A4Cey AtV + V12 ) + 32CT €5 AtV + 1185V ]13),
so that inequality (3.9) is valid, by taking

PN+ 18212, ) +

G = max(16C4 +2,64C2,(Cs + 1)6(;3).
3.3. Iteration stage 3: k =2

The iteration error estimate (3.9) for k = 1 indicates that

€0 A A
F@ = icA SN2+ 187120 + m(ﬂefn@ +62)12)
< Gmﬂ) (3.38)
< CoCsG AL,
Therefore,
182112 187112 < CAt?, Cpa = (2(Cs + 1)CoCsCr) 2. (3.39)
In turn, an application of an inverse inequality leads to
. dER CCip ALS/? .
189]| < len llz _ CCuz < C3at,  [@P]le < Ci3At, (similar argument), (3.40)

h3z = h3/2
with Cy3 = CCy3. A substitution of the last inequalities into (3.31) leads to the following iteration error estimate for k = 2:

€o
230012 1 1150312
e + e
4C2 At 2(Cs + ])(” w2+ 16571 (3.41)

< ACeq ARy + 1812, ) + 32CTeq” AL 3 + 11857113),
so that inequality (3.10) is valid, by taking

N2y + 1812 ) +

G = max<16Cg1 ~2 64C%(Cs + 1) )
3.4. Higher iteration stages: k > 3
Assume that inequality (3.10) is valid up to the k — 1st stage. Then we get

€0
FOO = 2l + 1] +
aczat N2 5 + 18121 4) 2T D)

< GgAt?F=D (3.42)
< 6C6C7C8At7
< AtS.

(EPN3 + 15113

10
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Therefore,
18112, 1891, < A, (3.43)
provided that At is sufficiently small. In turn, an application of an inverse inequality leads to
5(k)
. Cllen’lla |4 -
||e$.,")||00 < TH/Z ||e§f‘)||OO < At, (similar argument). (3.44)

Again, a substitution of the last inequalities into (3.31) leads to the following iteration error estimate for k > 3:

€0 Ak+1)12 Ak+1)12 Atk+1)12 Ak+1)12
(N )||_1,h + ||€§J+ )||_1,h)+ 5 (Jledt )||2 + ||€fJ+ )||2)

4C2 At (Cs+1)
< AC3ey " A(N1EP 1% 4 18112 ) + 3265 > AL([1E]13 + 11857113),

(3.45)

so that inequality (3.10) is valid for k > 3, by taking
G = max(16c;‘egz, 64(Cs + 1)60*3).

Finally, we observe that the a-priori assumption (3.11) can be recovered at the next iteration stage, by applying the
Il - lloo iteration error estimate (3.36), (3.40) and (3.44):

R |é£lk+l)| > € € _ iO’
2 a4
nkD) < pmt1 |é$1k+l)| <Cs+1, (3.46)
€
ZO <p**D < ¢+ 1, (similar argument),

fork =0, k=1 and k > 2, provided that At and h are sufficiently small. This finishes the proof of Theorem 3.1. O

Remark 3.1. From the above iteration convergence analysis, we see that
1871 = o(At), (€], = oA?), [18P]la = O(AL?), €], = oAt 12, (k= 3), (3.47)

so that the convergence is at least linear, with convergence rate in the order of O( At). Extensive numerical experiments
have demonstrated that, only four to five iteration stages are needed to achieve a near-machine error precision at each
time step. In addition, each iteration stage corresponds to a non-constant coefficient elliptic solver, with the computational
cost comparable to the standard Poisson solver. Therefore, the proposed iteration algorithm turns out to be a very efficient
solver to implement the numerical scheme (2.8)-(2.11).

Remark 3.2. In the iteration algorithm (3.1), we treat the electric potential part explicitly in the iteration, to avoid a
coupling. This approach leads to a linear convergence, with convergence rate of order O(At), as stated in Theorem 3.1.
Meanwhile, if such a term is treated implicitly in the iteration (which leads to a coupled system), the iteration convergence
order could be further improved. In fact, a careful analysis reveals the following estimate, if the electric potential part is
treated implicitly:

s o E VI IETRI) = 326 "(IB - 18015 + 115 - 18°15).

This estimate corresponds to a quadratic convergence order in the standard Newton iteration, i.e, 8k+1 a c(é¥)?, a faster
convergence order than the one given by (3.10). However, a coupled system has to be solved in this approach, and the
numerical experiments have demonstrated great efficiency advantages of the proposed iteration algorithm (3.1) over this
approach.

4. Numerical test for the iteration solver

We perform a 2-D numerical test to demonstrate the convergence rate of the iteration algorithm (3.1). The computa-
tional box, taken as £2 = (0, 1)?, is covered by a uniform mesh with h = 0.02, and the time step size is chosen as At = h.
We consider the following exact solution
n = e ' sin(27x)cos(2wy) + 2,
p = e ' cos(2mx)sin(2wy) + 2, (4.1)
¥ = e 'sin(2wx)sin(2my),

to the PNP system (1.4)-(1.6) with additional source terms in the NP equations. The source terms and the initial conditions

are determined by the known exact solution. In fact, such a test function has been used in the existing work [8] to verify
the accuracy of the numerical scheme (2.8)-(2.11), and the expected numerical accuracy in both temporal and spatial

11
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Fig. 1. Logarithmic plot of ¢?-errors of p, n, and ¢ vs. iteration stages.

discretization has been reported. In this section, we focus on the convergence rate of the iteration solver (3.1) for the
nonlinear discretization scheme (2.8)-(2.11).

In this test, we only focus on solving the nonlinear discretization scheme for a single time step, i.e., the first time
step, and take the converged numerical solution as the reference solution. For each iteration stage, the iteration solution
is compared with the reference solution. Fig. 1 displays the logarithmic plot of the ¢?-error for p, n, and ¢ vs. the
iteration stages. It is obvious that the natural logarithm of the ¢2-error decreases linearly against the iteration stages,
which demonstrates a linear convergence rate of the iteration algorithm (3.1) (as stated in Theorem 3.1). Therefore, this
numerical test has verified the theoretical result of the linear convergence rate for the proposed iteration solver.

5. Concluding remarks

An iteration solver is proposed and analyzed for a finite difference scheme for the Poisson-Nernst-Planck (PNP) system,
formulated in the Energetic Variational Approach (EnVarA). In the given numerical scheme, the mobility concentration
function is explicitly treated to ensure the unique solvability, while both the logarithmic and the electric potential diffusion
terms are treated implicitly, because of their convex natures. The positivity-preserving property for both concentrations,
an unconditional energy stability, and the optimal rate error estimate have been established in a recent work. In this
article, an iteration solver is proposed to implement the numerical scheme, which includes a modified Newton iteration for
the nonlinear and logarithmic part, combined with a linear iteration for the electric potential part. In turn, a linear elliptic
equation, in the divergence form, needs to be solved at each iteration stage. A linear convergence analysis is provided for
the proposed iteration algorithm, under the separation assumption for the exact PDE solution and the numerical solution
at each iteration stage. The positivity of both concentration variables at each iteration stage is crucial to ensure the well-
posed property of the elliptic system. With the help of the uniform distance between the numerical solutions and the
singular limit value, the singularity issue associated with the logarithmic term could be avoided in the iteration analysis,
and the convex nature of the logarithmic energy functional will lead to a well-posed nonlinear error at each iteration
stage. Finally, a linear convergence analysis is reported for the proposed iteration process, with convergence rate in the
same order of the time step size. It will be the first such result for the highly nonlinear and singular PNP system. In
addition, a numerical test has also demonstrated the linear convergence rate of the proposed iteration solver.
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