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In this paper, we propose two multi-step, linearized numerical schemes for a nonlinear convection-
di�usion-reaction (CDR) equation with vanishing delay, a temporally nonlocal partial di�erential 
equation. These semi-implicit numerical schemes use a combination of explicit Adams–Bashforth 
extrapolation for the nonlinear term and implicit Adams–Moulton interpolation for the di�usion 
term. A long stencil �nite di�erence approximation is employed for the spatial discretization, and 
a boundary extrapolation is used to prescribe the solution at “ghost” points lying outside of the 
computational domain. The numerical stability and convergence analysis is provided, and the 
discrete l2 convergence estimate is obtained, with fourth-order spatial accuracy and high-order 
(third- or fourth-order) temporal accuracy. A few numerical experiments are also presented to 
con�rm the theoretical results.

1.  Introduction

The partial di�erential equations incorporating nonlocal e�ects form a class of problems with broad applications in many scienti�c 
areas. For example, a convolution operator stands for a nonlocal spatial e�ect, and a time-delay composition function represents a 
temporally nonlocal e�ect. Some existing works have addressed the numerical approximations for these nonlocal equations [1–4]. In 
particular, the partial di�erential equation incorporating a time-delay e�ect is formulated as

Ut + AU = f (U (x, t * ⌧(t)),U (x, t)),

where A is a linear operator and the delay quantity satis�es ⌧(t) g ⌧0 > 0 or a vanishing one. This equation plays an important role 
in the simulation of many real-world applications, such as electronic circuits [5], biological systems [6], population problems [7], 
control theories [8] and so on. Since the 1970s, this kind of equation has been extensively studied, and several important properties 
such as the existence and stability of the solution have been well understood [9].

It is well known that the solution of most delay partial di�erential equations (DPDEs) cannot be analytically expressed, which 
has led to an increasing attention to the numerical study. For example, Wang et al. [10] proposed a posteriori error estimates of 
Crank–Nicolson–Galerkin type methods for time discretizations of reaction-di�usion equations with time-dependent delay. Tang and 

< Corresponding author.
 E-mail addresses: qmhuang@bjut.edu.cn (Q. Huang), cwang1@umassd.edu (C. Wang), gfzhong@emails.bjut.edu.cn (G. Zhong).
https://doi.org/10.1016/j.cam.2026.117448
Received 19 September 2025; Received in revised form 9 January 2026

Journal�of�Computational�and�Applied�Mathematics�484������ �117448�

Available�online�17�February�2026�
0377-0427/©�2026�Elsevier�B.V.�All�rights�are�,
�
,�
	��including�those�for�text�and�data�
)�)�(��AI��,�)�)�(��and�similar�technologies.�

https://www.elsevier.com/locate/cam
https://www.elsevier.com/locate/cam
https://orcid.org/0009-0000-5446-6613
mailto:qmhuang@bjut.edu.cn
mailto:cwang1@umassd.edu
mailto:gfzhong@emails.bjut.edu.cn
https://doi.org/10.1016/j.cam.2026.117448
https://doi.org/10.1016/j.cam.2026.117448


Q. Huang et al.

Zhang [11,12] constructed fully discrete ✓-methods to solve semilinear reaction-di�usion equations with time-dependent delay. Xu 
and Huang [13] applied a discontinuous Galerkin time stepping method, combined with the standard �nite element method in 
space, to solve semilinear reaction-di�usion equations with constant delay. Dai et al. [14] constructed exponential time di�erencing-
Padé �nite element methods for nonlinear convection-di�usion-reaction equations with constant delay. Huang et al. [15] developed 
exponential Runge–Kutta methods of collocation type for semilinear parabolic problems with time-dependent delay. The numerical 
research focused on stability analysis for DPDEs with constant delay could be found in [16,17].

DPDEs with time-dependent delay generally provide a more accurate description of the dynamic nature of real-world systems 
compared to those with constant delay. The existence of the time-dependent delay makes mathematical modeling and numerical 
solutions more complicated. The delay di�erential equations (DDEs) and DPDEs with vanishing delay, which is a speci�c case of 
time-dependent delay, arise in various phenomena, such as electrodynamics [18], theory of arti�cial neural networks [19] and many 
others [20]. At present, there have been quite a few numerical works for solving DDEs with vanishing delay (e.g., [21–23]). On the 
other hand, for the DPDEs, in which the convection and di�usion processes will play an important role, the numerical study with 
time-dependent delay (including vanishing type) has been very limited.

In this paper, we consider the following convection-di�usion-reaction (CDR) equation with vanishing delay
)tU * �U + b(x) � (U + b0(x)U = f (U (✓(t)),U (t)), (x, t) À ⌦ ù [0, T ], (1)

)U
)n = 0, (x, t) À )⌦ ù [0, T ], (2)

u(x, 0) = U0(x), x À ⌦, (3)

where the coe�cients b(x) and b0(x) are C1 functions on ⌦. The nonlinear function f (v1, v2) : R2 ô R and delay function ✓(t) :
[0, T ] ô R are smooth and satisfy

(A1). ✓(0) = 0 and ✓(t) < t for t > 0; (A2). min
tÀ[0,T ]

✓®(t) > 0.

Regarding the spatial discretization, the fourth-order �nite di�erence method is advantageous as it provides highly accurate 
numerical solutions and can be e�ciently solved using the fast FFT-based method; see the related discussion [24]. In this paper, 
a fourth-order long-stencil �nite di�erence approximation is employed. In comparison with the fourth-order compact di�erence 
approximation involving an additional discrete Poisson-like operator (cf. [25]), the application of the long-stencil fourth-order �nite 
di�erence approximation could avoid an additional Poisson solver. The fourth-order long-stencil �nite di�erence method has been 
extensively applied to several kinds of partial di�erential equations, such as two-dimensional incompressible Boussinesq equation 
[26,27], three-dimensional geophysical �uid models [28,29], Maxwell’s equations [30], Cahn–Hilliard equation [31] and harmonic 
mapping �ow [32], etc.

In the temporal discretization, by combining an explicit Adams–Bashforth extrapolation and a stretched implicit Adams–Moulton 
method, third- and fourth-order multi-step linearized schemes are proposed for (1). The stability and convergence for such a multi-step, 
semi-implicit method have been extensively analyzed for many nonlinear PDEs, including viscous Burgers’ equation [33], incompress-
ible Navier–Stokes equation [34] and harmonic mapping �ow [32]. Unlike standard PDEs, the delayed time value ✓(tn) in DPDEs 
may not coincide with the time mesh. Therefore, the delay function U (✓(tn)) must be approximated using a high-order interpolation 
approach to maintain overall accuracy consistency. The proposed third-order scheme is a four-step method, requiring numerical ap-
proximations for Un (n = 1, 2, 3) to maintain the convergence rate of O(�t3). The predictor-corrector method is used to generate the 
initial data, i.e., a rough approximation is given by the predictor method, and subsequently the accuracy of the approximation in 
time is enhanced to the third order by several corrections. Such a method could also be applied to the generation of the initial data 
required for the fourth-order method.

This article is organized as follows. In Section 2, the third-order linearized multi-step scheme is proposed, and the detailed 
convergence analysis is presented. The fourth-order multi-step linearized scheme is described in Section 3. Some numerical results 
are presented in Section 4. Finally, some concluding remarks are made in Section 5.

2.  The third-order multi-step scheme

In this section, a fully discrete numerical scheme for (1) is constructed via a fourth-order long-stencil �nite di�erence spatial 
approximation and a third-order multi-step discretization in the temporal direction, and the stability and convergence analysis are 
provided. For simplicity of presentation, the computational domain is taken as ⌦ = [0, 1]2, discretized with a grid size h = 1_N , 
where N denotes the number of numerical mesh cells along each spatial direction. The boundary )⌦ is composed of �x : {y = 0, 1}
and �y : {x = 0, 1}.

In this article, ÉDx, ÉDy, D2
x, D2

y, D4
x and D4

y are the standard centered di�erence operators, to approximate )x, )y, )2x, )2y , )4x and )4y , 
respectively. Subsequently, the standard fourth-order centered long-stencil approximations of )x and )2x are given by

D1
x,(4)wi,j := ÉDx(1 *

h2
6 D

2
x)wi,j =

wi*2,j * 8wi*1,j + 8wi+1,j *wi+2,j
12h

= )xw(xi, yj ) + O(h4),

D2
x,(4)wi,j := (D2

x *
h2
12D

4
x)wi,j =

*wi*2,j + 16wi*1,j * 30wi,j + 16wi+1,j *wi+2,j
12h2
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= )2x w(xi, yj ) + O(h
4),

in which wi,j stands for the point-wise interpolation value of w(xi, yj ) with xi = ih and yj = jh. Similar de�nitions could be applied 
to D1

y,(4) and D2
y,(4). The approximations to the Laplacian operator � and the gradient operator ( are given by, respectively,

�h,(4) :=D2
x,(4) +D2

y,(4) = �h *
h2
12 (D

4
x +D

4
y), (4)

(h,(4) :=(D1
x,(4),D1

y,(4))
T , (5)

where �h = D2
x +D2

y. In fact, these two operators are O(h4) approximations to � and (, respectively, via Taylor expansion.

2.1.  Construction of the numerical scheme and the main theoretical result

Let 0 = t0 < t1 < 5 < tL = T  be a uniform partition of the time interval with the time step size �t = T _Nt and let tn = n�t for n =
0, 1,… ,Nt. For the third-order (in time) scheme, the di�usion term is computed by a stretched implicit Adams–Moulton interpolation 
formula with the time nodes tn+1, tn*1, tn*3 involved. The convection term, linear reaction term and nonlinear function are updated by 
an explicit Adams–Bashforth extrapolation formula, with the time nodes tn, tn*1, tn*2 involved. The delay term U (✓(tn)) is approximated 
by an explicit formula. Then the fully discrete scheme is formulated as

un+1 * un
�t * �h,(4)

0
2
3 u

n+1 + 5
12 u

n*1 * 1
12 u

n*3
1

= 23
12

0
f ( Éun✓ , u

n) * b � (h,(4)un * b0un
1

* 4
3

0
f ( Éun*1✓ , un*1) * b � (h,(4)un*1 * b0un*1

1

+ 5
12

0
f ( Éun*2✓ , un*2) * b � (h,(4)un*2 * b0un*2

1
,

(6)

for n g 3, where u0 = U0. Here, Éun✓ :=
≥3
i=1 u

mn*i±1fjf3
jëi

✓(tn)*tmn*j
tmn*i*tmn*j

 is an explicit approximation to U (✓(tn)), where

mn :=
T

3, if 0 < ✓(tn) f 2�t,
q, if (q * 1)�t < ✓(tn) f q�t for some q > 2.

Due to the Neumann boundary condition (2), the value of U on the boundary is not known explicitly, only its normal derivative. 
Therefore, (6) is applied at every interior computational point (xi, yj ) for 0 f i, j f N , and some “ghost” point values need to be 
determined. For brevity of presentation, we concentrate on the boundary section �x with j = 0, where un+1i,*1 and un+1i,*2 are needed in 
the numerical implementation. Local Taylor expansions near the boundary yield

Un+1
i,*1 = Un+1

i,1 * 2h)yUn+1
i,0 * h3

3 )
3
yU

n+1
i,0 + O(h5),

Un+1
i,*2 = Un+1

i,2 * 4h)yUn+1
i,0 * 8h3

3 )3yU
n+1
i,0 + O(h5).

(7)

The homogeneous Neumann boundary condition (2) gives the value of the term )yUn+1
i,0  in (7). It remains to obtain an approximation 

to )3yUn+1
i,0  with high-order accuracy. To accomplish this goal, we shall use information from the delay CDR equation. Applying )y to

(1) on t = tn+1 along �x yields
Un+1
yt * (Un+1

yxx + Un+1
yyy ) +

�
(b1)yUn+1

x + b1Un+1
yx + (b2)yUn+1

y + b2Un+1
yy

�

+
�
(b0)yUn+1 + b0Un+1

y
�

= )f
)v1

(Un+1
✓ ,Un+1) � (Un+1

✓ )y +
)f
)v2

(Un+1
✓ ,Un+1) � Un+1

y , on �x. (8)

Except for the third, fourth, seventh and eighth terms on the left-hand side of (8), the remaining parts disappear, because of the 
homogeneous Neumann boundary condition. This in turn reveals that

)3yU
n+1
i,0 = ()yb1)i,0)xUn+1

i,0 + (b2)i,0)2yU
n+1
i,0 + ()yb0)i,0Un+1

i,0 . (9)

Subsequently, )3yUn+1
i,0  can be approximated by

)3yU
n+1
i,0 = ()yb1)i,0

�
2(2 ÉDxUn

i,1 * ÉDxUn
i,2) * (2 ÉDxUn*1

i,1 * ÉDxUn*1
i,2 )

�

+ (b2)i,0
�
2(2D2

yU
n
i,1 *D

2
yU

n
i,2) * (2D2

yU
n*1
i,1 *D2

yU
n*1
i,2 )

�

+ ()yb0)i,0(2Un
i,0 * U

n*1
i,0 ) + O(�t2 + h2), (10)
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in which the second-order extrapolations, in both the temporal and spatial directions, have been applied in the derivation. A combi-
nation of (7) and (10) gives the boundary extrapolation formulas:

un+1i,*1 = un+1i,1 * h3
3
�
()yb1)i,0(4 ÉDxuni,1 * 2 ÉDxuni,2 * 2 ÉDxun*1i,1 + ÉDxun*1i,2 )

+ (b2)i,0(4D2
yu
n
i,1 * 2D2

yu
n
i,2 * 2D2

yu
n*1
i,1 +D2

yu
n*1
i,2 )

+ ()yb0)i,0(2uni,0 * u
n*1
i,0 )

�
,

un+1i,*2 = un+1i,2 * 8h3
3

�
()yb1)i,0(4 ÉDxuni,1 * 2 ÉDxuni,2 * 2 ÉDxun*1i,1 + ÉDxun*1i,2 )

+ (b2)i,0(4D2
yu
n
i,1 * 2D2

yu
n
i,2 * 2D2

yu
n*1
i,1 +D2

yu
n*1
i,2 )

+ ()yb0)i,0(2uni,0 * u
n*1
i,0 )

�
.

(11)

The initial values of un for n = 1, 2, 3 must also be computed to obtain an O(�t3) temporal error. We employ the predictor-corrector 
approach to produce the initial data. First, a rough approximation un[1] is given by the scheme 

un[1] * u
n*1

�t * �h,(4)un[1] = f (un*1, un*1) * b � (h,(4)un*1 * b0un*1. (12)

Here, the term f (un*1, un*1) is employed as a �rst-order temporal approximation to f (U (✓(tn)),U (tn)), as Un*1 is a �rst-order tempo-
ral approximation to both U (✓(tn)) and U (tn). Denote u*1 := u0 and t*1 := *�t. Since the resulting un[1] only achieves second-order 
accuracy in time, the temporal accuracy needs to be enhanced by an iterative solver:

un[l] * u
n*1

�t * �h,(4)
un[l] + u

n*1

2

= 1
2f (u

n*1 +
✓(tn) * tn*1
tn * tn*1

(un[l*1] * u
n*1), un[l*1])

+ 1
2f (u

n*2 +
✓(tn*1) * tn*2
tn*1 * tn*2

(un*1 * un*2), un*1)

* b � (h,(4)
un[l*1] + u

n*1

2 * b0
un[l*1] + u

n*1

2 ,

(13)

where

un*1 +
✓(tn) * tn*1
tn * tn*1

(un[l*1] * u
n*1) and un*2 +

✓(tn*1) * tn*2
tn*1 * tn*2

(un*1 * un*2)

are employed as second-order temporal approximations to the delay terms U (✓(tn)) and U (✓(tn*1)), respectively. The extrapolation 
formulas of the ghost points near the boundary y = 0 for the scheme (13) are given by

(un[l])i,*1 = (un[l])i,1 *
h3
3
�
()yb1)i,0(2 ÉDx(un*1)i,1 * ÉDx(un*1)i,2)

+ ()yb0)i,0(un*1)i,0 + (b2)i,0(2D2
y(u

n*1)i,1 *D2
y(u

n*1)i,2)
�
,

(un[l])i,*2 = (un[l])i,2 *
8h3
3

�
()yb1)i,0(2 ÉDx(un*1)i,1 * ÉDx(un*1)i,2)

+ ()yb0)i,0(un*1)i,0 + (b2)i,0(2D2
y(u

n*1)i,1 *D2
y(u

n*1)i,2)
�
.

The corresponding formulas of one-sided extrapolation of ghost points around the other three boundaries can be performed in a similar 
way. We skip it for the sake of brevity. Taking ui = ui[3] for i = 1, 2, 3, it could be proved that the third-order numerical accuracy (in 
time) is reached for these initial values.

To carry out the convergence analysis, we need to introduce the following discrete l2 inner product in 2D space:

Íw, vÎ = h
⇠ 1
2 Íwx0 , vx0 Îy +

N*1…
i=1

Íwxi , vxi Îy +
1
2 ÍwxN , vxN Îy

⇡
,

where Íwxi1 , vxi2 Îy = h
⇠ 1
2wi1 ,0vi2 ,0 +

N*1…
j=1

wi1 ,jvi2 ,j +
1
2wi1 ,Nvi2 ,N

⇡
.

The corresponding discrete l2 norm Ò � Ò2 can be similarly de�ned. In addition, the discrete l2 norm for the discrete gradient turns 
out to be

Ò(hwÒ22 = ÒDxwÒ22 + ÒDywÒ22, with

ÒDxwÒ22 = h
N*1…
i=0

ÍD+
x wxi ,D

+
x wxi Îy, where D+

x wi,j =
wi+1,j *wi,j

h
,
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ÒDywÒ22 = h
N*1…
j=0

ÍD+
y wyj ,D

+
y wyj Îx, where D+

y wi,j =
wi,j+1 *wi,j

h
.

We denote Ñw as the even-symmetric extension of w, that is Ñwi,j = wi,j and Ñwi,*2 = wi,2, Ñwi,*1 = wi,1, Ñw*2,j = w2,j , Ñw*1,j = w1,j for any 
0 f i, j f N . Notice that ÍD2

x Ñw, ÑwÎ = *ÒDx ÑwÒ22 and ÍD4
x Ñw, ÑwÎ = ÒD2

x ÑwÒ22. This is the crucial reason for the choice of even-symmetric 
extrapolation for un on the boundary. For convenience, we introduce the following norm

ÒD2
x wÒ22,n = ÒD2

x ÑwÒ22, ÒD2
y wÒ22,n = ÒD2

y ÑwÒ22.

In addition, the discrete lÿ norm, de�ned by ÒwÒÿ = maxi,j wi,j  for any grid function w, is needed in the later analysis.
We denote by U the exact solution of the delay CDR equation (1)–(3), and extend U smoothly to [*�, 1 + �]2. In the later sec-

tions, it is assumed that ÒbÒC1 + Òb0ÒC1 f M and ÒUÒW 3,ÿ(0,T ;C7,↵ (⌦)) f C<, where C7,↵(⌦) consists of functions that are continuously 
di�erentiable up to order 7 in ⌦, with the 7th-order derivatives being Hölder continuous with exponent ↵ (cf. [35]). The point-wise 
numerical error grid function is de�ned as

ek := Uk * uk, k = 0, 1,… ,Nt.

The convergence result is stated below.

Theorem 1. Assume that f = f (v1, v2) À C3(R2) and ✓ À C3[0, T ]. Let U À W 3,ÿ(0, T ;C7,↵(⌦)) be the exact solution of the delay CDR 
equation (1)–(3), and un be the fully discrete numerical solution obtained by (6). As �t,h ô 0 under a linear re�nement requirement �t f ÉCh, 
we obtain the following result: for n = 1, 2,… ,Nt,

Òun * UnÒ2 f C(�t3 + h4), with C independent of �t and h.

2.2.  Proof of Theorem 1: Convergence analysis for the third-order multi-step scheme (6)

The procedure of the convergence proof is standard, composed of the consistency analysis and error estimate. We begin with the 
consistency analysis in Section 2.2.1. Before analyzing the l2 error estimate (in Section 2.2.3), we make an a-priori lÿ assumption 
(in Section 2.2.2) for the numerical error function, which provides a foundation for the inner product estimates involving nonlinear 
and convection terms. Finally, the proof is completed by recovering the a-priori lÿ bound in Section 2.2.4.

2.2.1.  Consistency analysis
The consistency analysis of scheme (6) for n g 3 is given in this subsection. Denote ÉUn

✓ := ≥3
i=1 U

mn*i±1fjf3
jëi

✓(tn)*tmn*j
tmn*i*tmn*j

 as the 
approximation to U✓(t) := U (✓(t)). Taylor expansion in time indicates the following truncation error estimates:

Un+1 * Un =  
tn+1

tn
)tU (t)dt,

�
0
2
3U

n+1 + 5
12U

n*1 * 1
12U

n*3
1

= 1
�t  

tn+1

tn
�U (t)dt + ⌧n+11 ,

with
N…
n=4

Ò⌧n1Òÿ f C�t3ÒUÒH3(0,T ;C2) f C�t3,

23
12

0
f (Un

✓ ,U
n) * b � (Un * b0Un

1
* 4

3

0
f (Un*1

✓ ,Un*1) * b � (un*1 * b0Un
1

+ 5
12

0
f (Un*2

✓ ,Un*2) * b � (Un*2 * b0Un*2
1

= 1
�t  

tn+1

tn

0
f (U (✓(t)),U (t)) * b � (U (t) * b0U (t)

1
dt + ⌧n+12 ,

with
N…
n=4

Ò⌧n2Òÿ f C�t3(Òf (U✓ ,U )ÒH3(0,T ;Lÿ) + ÒUÒH3(0,T ;C1)) f C�t3,

23
12f (

ÉUn
✓ ,U

n) * 4
3f (

ÉUn*1
✓ ,Un*1) + 5

12f (
ÉUn*2
✓ ,Un*2)

= 23
12f (U

n
✓ ,U

n) * 4
3f (U

n*1
✓ ,Un*1) + 5

12f (U
n*2
✓ ,Un*2) + ⌧n+13 ,

with
N…
n=4

Ò⌧n3Òÿ f C�t3ÒUÒH3(0,T ;Lÿ) f C�t3.
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Consequently, a combination of the above estimates implies the third-order temporal consistency of the exact solution U :
Un+1 * Un

�t * �
⇠ 2
3U

n+1 + 5
12U

n*1 * 1
12U

n*3
⇡

= 23
12

⇠
f ( ÉUn

✓ ,U
n) * b � (Un * b0Un

⇡

* 4
3

⇠
f ( ÉUn*1

✓ ,Un*1) * b � (Un*1 * b0Un*1
⇡

+ 5
12

⇠
f ( ÉUn*2

✓ ,Un*2) * b � (Un*2 * b0Un*2
⇡
+ ⌧n+14 ,

(14)

with ≥N
n=4 Ò⌧n4Òÿ f C�t3. A combination of (14) and (4)–(5) yields the desired consistency estimate for the fully discrete scheme (6), 

with third-order temporal accuracy and fourth-order spatial accuracy:
Un+1 * Un

�t * �h,(4)
0
2
3U

n+1 + 5
12U

n*1 * 1
12U

n*3
1

= 23
12

0
f ( ÉUn

✓ ,U
n) * b � (h,(4)Un * b0Un

1

* 4
3

0
f ( ÉUn*1

✓ ,Un*1) * b � (h,(4)Un*1 * b0Un*1
1

+ 5
12

0
f ( ÉUn*2

✓ ,Un*2) * b � (h,(4)Un*2 * b0Un*2
1
+ ⌧n+1,

(15)

with ≥N
n=4 Ò⌧nÒÿ f C(�t3 + h4). In turn, subtracting the numerical scheme (6) from the consistency estimate (15) gives
en+1 * en

�t * �h,(4)
0
2
3 e

n+1 + 5
12 e

n*1 * 1
12 e

n*3
1

= 23
12 (NLEn * b � (h,(4)en * b0en) *

4
3 (NLEn*1 * b � (h,(4)en*1 * b0en*1)

+ 5
12 (NLEn*2 * b � (h,(4)en*2 * b0en*2) + ⌧n+1, (16)

where NLEk = f ( ÉUk
✓ ,U

k) * f ( Éuk✓ , u
k) for k = n * 2, n * 1, n.

2.2.2.  An a-priori lÿ assumption
To deal with the multi-step method (6), we assume a-priori that the numerical error function has an lÿ bound at the previous 

time steps:
ÒekÒÿ f h

3
2 for k = 0, 1, 2,… , n. (17)

In particular, such an a-priori assumption is also satis�ed at the initial steps k = 0, 1, 2, 3. In fact, an application of the inverse inequality 
to the l2 error estimate (A.10) implies that

ÒekÒÿ f 2h*1ÒekÒ2 f 2C
1
2
0 h

*1(�t3 + h4) f 2C
1
2
0 ( ÉC3h2 + h3) f h

3
2 , k = 0, 1, 2, 3.

Subsequently, under the a-priori assumption (17), the lÿ bound of the numerical solution at these time steps could be derived as
ÒukÒÿ = ÒUk * ekÒÿ f ÒUkÒÿ + ÒekÒÿ f C< + 1, k = 0, 1, 2,… , n.

2.2.3. l2 error analysis
Taking the discrete l2 inner product of (16) with 2�ten+1 yields

Íen+1 * en, 2en+1Î * �t
(
�h,(4)

� 4
3 e

n+1 + 5
6 e

n*1 * 1
6 e

n*3�, en+1
)

= 23
6 �tÍNLEn * b � (h,(4)en * b0en, en+1Î

* 8
3�tÍNLEn*1 * b � (h,(4)en*1 * b0en*1, en+1Î

+ 5
6�tÍNLEn*2 * b � (h,(4)en*2 * b0en*2, en+1Î + 2�tÍ⌧n+1, en+1Î. (18)

The Cauchy inequality could be used to bound the time marching, truncation error and linear reaction error terms:
Íen+1 * en, 2en+1Î = Òen+1Ò22 * ÒenÒ22 + Òen+1 * enÒ22, (19)

2Í⌧n+1, en+1Î f Ò⌧n+1Ò22 + Òen+1Ò22, (20)

* 23
6 Íb0en, en+1Î + 8

3 Íb0e
n*1, en+1Î * 5

6 Íb0e
n*2, en+1Î

f C1(3Òen+1Ò22 + ÒenÒ22 + Òen*1Ò22 + Òen*2Ò22), C1 :=
23
12M. (21)
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For the nonlinear error parts, we focus on the term NLEn, and the two other ones could be similarly treated. An application of 
the mean value theorem implies that

ÒNLEnÒ2 f Òf ( ÉUn
✓ ,U

n) * f ( ÉUn
✓ , u

n)Ò2 + Òf ( ÉUn
✓ , u

n) * f ( Éun✓ , u
n)Ò2

f max
0fsf1

ÙÙÙÙ
)f
)v1

( ÉUn
✓ ,U

n + s(un * Un))
ÙÙÙÙÿ

� ÒUn * unÒ2

+ max
0fsf1

ÙÙÙÙ
)f
)v2

( ÉUn
✓ + s( Éun✓ * ÉUn

✓ ), u
n)
ÙÙÙÙÿ

� Ò Éun✓ * ÉUn
✓ Ò2. (22)

Recalling that ÒUkÒÿ f C< and ÒukÒÿ f C< + 1 for k = 0, 1,… , n, we obtain
Ò Éun✓Òÿ f 9(Òumn*1Òÿ + Òumn*2Òÿ + Òumn*3Òÿ) f 27(C< + 1),

Ò ÉUn
✓ Òÿ f 9(ÒUmn*1Òÿ + ÒUmn*2Òÿ + ÒUmn*3Òÿ) f 27C<,

ÒUn + s(un * Un)Òÿ f ÒUnÒÿ + ÒunÒÿ f 2C< + 1,
Ò ÉUn

✓ + s( Éun✓ * ÉUn
✓ )Òÿ f Ò ÉUn

✓ Òÿ + Ò Éun✓Òÿ f 27(2C< + 1) =: K .

Combining this with (22) yields
ÒNLEnÒ2 f max

↵=1,v1,v2fK )↵f (v1, v2)
�ÒenÒ2 + 9(Òemn*1Ò2 + Òemn*2Ò2 + Òemn*3Ò2)

�

f C2(ÒenÒ2 + Òemn*1Ò2 + Òemn*2Ò2 + Òemn*3Ò2), (23)

with C2 := 9 � max
↵=1,v1,v2fK )↵f (v1, v2). By using Cauchy’s inequality and (23), we see that 

23
6 ÍNLEn, en+1Î f C3Òen+1Ò22 + C2

2ÒenÒ22 + C2
2

3…
k=1

Òemn*kÒ22, (24)

with C3 := ( 236 )
2. Similar estimates could be derived for the other two nonlinear parts

8
3 ÍNLEn*1, en+1Î f C3Òen+1Ò22 + C2

2 (Òen*1Ò22 +
3…
k=1

Òemn*1*kÒ22), (25)

5
6 ÍNLEn*2, en+1Î f C3Òen+1Ò22 + C2

2 (Òen*2Ò22 +
3…
k=1

Òemn*2*kÒ22). (26)

Regarding the estimate of the di�usion error term, a typical theoretical di�culty arises if a direct truncation error estimate is 
performed, due to the loss of accuracy near the boundary by a formal observation. To derive a full accuracy estimate, an approximation 
of the exact solution Un+1 has to be constructed by adding an O(h4) term to Un+1 to satisfy the truncation error fully to fourth order: 

U n+1 := Un+1 + h4 ÇUn+1, n g 3,

where the correction function ÇUn+1 satis�es the Poisson equation 
� ÇUn+1 = Kn+1 (27)

with the prescribed Neumann boundary conditions (by setting  := �t_h)

)y ÇUn+1(x, 0) = * 1
12 (�

n+1(x, 0) + 2�n+1(x, 0)) + 1
80 )

5
yU

n+1(x, 0),

)y ÇUn+1(x, 1) = * 1
12 (�

n+1(x, 1) + 2�n+1(x, 1)) + 1
80 )

5
yU

n+1(x, 1),

)x ÇUn+1(0, y) = * 1
12 (�

n+1(0, y) + 2�n+1(0, y)) + 1
80 )

5
xU

n+1(0, y),

)x ÇUn+1(1, y) = * 1
12 (�

n+1(1, y) + 2�n+1(1, y)) + 1
80 )

5
xU

n+1(1, y).

(28)

The functions �n+1 and �n+1 on the boundary section �x with y = 0 are given by

�n+1 := ()yb1) �
0
)2y)xU

n+1 * h2
6 )

3
x U

n+1
1
+ b2 �

0
11
12 )

4
y U

n+1
1
,

�n+1 := ()yb1) � ()2t )xU
n+1) + b2 � ()2t )

2
y U

n+1) + ()yb0) � ()2t U
n+1).

As we shall see in (31), this construction groups the second-order remainder terms. The formulas on the other three boundaries can 
be given in a similar way. The scalar quantity Kn+1 is chosen as Kn+1 = 1

⌦ î)⌦ ) ÇUn+1
)n dn to maintain a consistency with the Neumann 

boundary condition. An application of the Schauder estimate to the Poisson equation (27) implies that 
Ò ÇUn+1ÒCm,↵ f CÒUn+1ÒW 2,ÿ(0,T ;Cm+4,↵ ), for m g 2. (29)
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In turn, local Taylor expansions for the exact solution Un+1 reveal that

Un+1
i,*1 = Un+1

i,1 * h3
3 )

3
yU

n+1
i,0 * h5

60 )
5
yU

n+1
i,0 + O(h7)ÒUn+1ÒC7 ,

Un+1
i,*2 = Un+1

i,2 * 8h3
3 )3yU

n+1
i,0 * 32h5

60 )5yU
n+1
i,0 + O(h7)ÒUn+1ÒC7 .

(30)

Recalling the derivation for )3yUn+1
i,0  in (9) and using the Taylor expansions

2(2 ÉDxUn
i,1 * ÉDxUn

i,2) * (2 ÉDxUn*1
i,1 * ÉDxUn*1

i,2 )

= )xUn+1
i,0 * �t2)2t )xU

n+1
i,0 * h2)2y)xU

n+1
i,0 + h2

6 )
3
xU

n+1
i,0

+ O(�t3 + h3)ÒUÒW 3,ÿ(0,T ;C4),

2(2D2
yU

n
i,1 *D

2
yU

n
i,2) * (2D2

yU
n*1
i,1 *D2

yU
n*1
i,2 )

= )2yU
n+1
i,0 * �t2)2t )

2
yU

n+1
i,0 * 11h2

12 )4yU
n+1
i,0 + O(�t3 + h3)ÒUÒW 3,ÿ(0,T ;C5),

2Un
i,0 * U

n*1
i,0 = Un+1

i,0 * �t2)2t U
n+1
i,0 + O(�t3)ÒUÒW 3,ÿ(0,T ;C0),

we arrive at
)3yU

n+1
i,0 = ()yb1)i,0(4 ÉDxUn

i,1 * 2 ÉDxUn
i,2 * 2 ÉDxUn*1

i,1 + ÉDxUn*1
i,2 )

+ (b2)i,0(4D2
yU

n
i,1 * 2D2

yU
n
i,2 * 2D2

yU
n*1
i,1 +D2

yU
n*1
i,2 )

+ ()yb0)i,0(2Un
i,0 * U

n*1
i,0 ) + h2�n+1i,0 + �t2�n+1i,0

+ O(�t3 + h3)ÒUÒW 3,ÿ(0,T ;C5). (31)

A substitution of the boundary condition (28) into the Taylor expansions of ÇUn+1, along with the fact that Ò ÇUn+1ÒC3 f
CÒUÒW 2,ÿ(0,T ;C7,↵ ) (by (29)), leads to

ÇUn+1
i,*1 = ÇUn+1

i,1 * 2h)y ÇUn+1
i,0 + O(h3))3y ÇU

n+1
i,0

= ÇUn+1
i,1 + h

6 (�
n+1
i,0 + 2�n+1i,0 ) * h

40 )
5
yU

n+1
i,0 + O(h3)ÒUÒW 2,ÿ(0,T ;C7,↵ ),

ÇUn+1
i,*2 = ÇUn+1

i,2 * 4h)y ÇUn+1
i,0 + O(h3))3y ÇU

n+1
i,0 ,

= ÇUn+1
i,2 + h

3 (�
n+1
i,0 + 2�n+1i,0 ) * h

20 )
5
yU

n+1
i,0 + O(h3)ÒUÒW 2,ÿ(0,T ;C7,↵ ).

(32)

A combination of (30)–(32) results in the following estimates for U n+1:

U n+1
i,*1 = U n+1

i,1 * h3
3
�
()yb1)i,0(4 ÉDxUn

i,1 * 2 ÉDxUn
i,2 * 2 ÉDxUn*1

i,1 + ÉDxUn*1
i,2 )

+ (b2)i,0(4D2
yU

n
i,1 * 2D2

yU
n
i,2 * 2D2

yU
n*1
i,1 +D2

yU
n*1
i,2 )

+ ()yb0)i,0(2Un
i,0 * U

n*1
i,0 )

�
* h5

6 (�n+1i,0 + 2�n+1i,0 ) * h5
24 )

5
yU

n+1
i,0

+ O(h6)ÒUÒW 3,ÿ(0,T ;C7,↵ ),

U n+1
i,*2 = U n+1

i,2 * 8h3
3

�
()yb1)i,0(4 ÉDxUn

i,1 * 2 ÉDxUn
i,2 * 2 ÉDxUn*1

i,1 + ÉDxUn*1
i,2 )

+ (b2)i,0(4D2
yU

n
i,1 * 2D2

yU
n
i,2 * 2D2

yU
n*1
i,1 +D2

yU
n*1
i,2 )

+ ()yb0)i,0(2Un
i,0 * U

n*1
i,0 )

�
* 7h5

3 (�n+1i,0 + 2�n+1i,0 ) * 7h5
12 )

5
yU

n+1
i,0

+ O(h6)ÒUÒW 3,ÿ(0,T ;C7,↵ ).

(33)

Similar results can be derived on the other three boundary segments, namely y = 1, x = 0 and x = 1.
A direct consequence of the Schauder estimate (29) is observed:

Ò ÇUn+1ÒW 2,ÿ
h

f CÒ ÇUn+1ÒC2,↵ f CÒUÒW 2,ÿ(0,T ;C6,↵ ), (34)

in which Ò � ÒWm,ÿ
h

 represents the maximum value, at grids points, of the given function up to mth �nite-di�erence, over the domain 
⌦. Subsequently, we get

ÒU n+1 * Un+1ÒW 2,ÿ
h

= h4Ò ÇUn+1ÒW 2,ÿ
h

f Ch4ÒUÒW 2,ÿ(0,T ;C6,↵ ).
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Denote Çen+1 := U n+1 * un+1. Subtracting (11) from (33) gives

Çen+1i,*1 = Çen+1i,1 + h3
3 q

n+1
i,0 * h5

6 p
n+1
i,0 * h5

24 r
n+1
i,0 + ⇠n+1i,0 ,

Çen+1i,*2 = Çen+1i,2 + 8h3
3 qn+1i,0 * 7h5

3 pn+1i,0 * 7h5
12 r

n+1
i,0 + ⇣n+1i,0 ,

(35)

with

qn+1i,0 = *()yb1)i,0(4 ÉDxeni,1 * 2 ÉDxen*1i,2 * 2 ÉDxen*1i,1 + ÉDxen*1i,2 )

* (b2)i,0(4D2
ye
n
i,1 * 2D2

ye
n
i,2 * 2D2

ye
n*1
i,1 +D2

ye
n*1
i,2 )

* ()yb0)i,0(2eni,0 * e
n*1
i,0 ),

pn+1i,0 = �n+1i,0 + 2�n+1i,0 , rn+1i = )5yU
n+1
i,0 ,

⇠n+1i,0 , ⇣n+1i,0  f Ch6ÒUÒW 3,ÿ(0,T ;C7,↵ ).

(36)

Similar results can be obtained on the other three boundary segments. Notice that the O(h5) coe�cients of Çen+1i,*1 and Çen+1i,*2 have the 
ratio 1 : 14, and such a ratio is needed for the error analysis in terms of the di�usion term. This fact turns out to be the reason for 
the choice of the boundary condition for ÇUn+1 in (28).

The di�usion estimate is stated in the next two propositions. For convenience, we denote en, Çen := 0 for n f 0.

Proposition 1. The following inequality is valid for n g 3:

* Í��h * h2
12 (D

4
x +D

4
y)
�
en+1, en+1Î

g 45
48Ò(he

n+1Ò22 +
46h2
576 (ÒD2

xe
n+1Ò22,n + ÒD2

ye
n+1Ò22,n) * C22h8

* h2
576

1…
k=0

(ÒD2
xe
n*kÒ22,n + ÒD2

ye
n*kÒ22,n) * C22

3…
k=*1

Òen*kÒ22

* C22h2
3…
k=0

Ò(hen*kÒ22 * C22h3
3…
k=0

(ÒD2
x e

n*kÒ22,n + ÒD2
y e

n*kÒ22,n). (37)

Proof.  A lower bound for *Í Çen+1, (�h * h2
12 (D

4
x +D4

y)) Çen+1Î is derived, and the desired estimate (37) is obtained by using (34). Based 
on the boundary extrapolation (35), an application of the summation-by-parts formula indicates that

Í��h * h2
12 (D

4
x +D

4
y)
�
Çen+1, Çen+1Î

= *Ò(h Çen+1Ò22 *
h2
12 (ÒD

2
x Çe
n+1Ò22,n * ÒD2

y Çe
n+1Ò22,n) + B

f *47
48Ò(he

n+1Ò22 *
47h2
576 (ÒD2

x e
n+1Ò22,n * ÒD2

y e
n+1Ò22,n) + B + C4h8, (38)

in which (34) has been used in the last inequality. The boundary term is decomposed as B = B1 + B2 + B3 + B4, in which B1, corre-
sponding to the boundary term along y = 0, turns out to be 

B1 = 1
12h

⇠⇣
Çen+1y*1

* Çen+1y1
, Çen+1y1

⌘
x +

1
2
⇣
( Çen+1y*2

* Çen+1y2
) * 16( Çen+1y*1

* Çen+1y1
), Çen+1y0

⌘
x

⇡
.

We focus on the estimate for B1, and the other three boundary terms B2, B3, B4 can be handled in a similar manner. Using the formula 
for Çen+1i,*1 and Çen+1i,*2 in (35), B1 can be simpli�ed as

B1 = *h
2

36
⇣
qn+1y0

, Çen+1y1
* 4 Çen+1y0

⌘
x

+ 1
12h

⇠⇣
⇠n+1y0

, Çen+1y1
* 8 Çen+1y0

⌘
x +

1
2
⇣
⇣n+1y0

, Çen+1y0

⌘
x

⇡

+ h4
72

⇣
pn+1y0

, Çen+1y0
* Çen+1y1

⌘
x +

h4
288

⇣
rn+1y0

, Çen+1y0
* Çen+1y1

⌘
x

=: I1 + I2 + I3 + I4. (39)

The �rst term I1 can be controlled by using the form of qn+1i,0  in (36):

* h2
36

⇣
qn+1y0

, Çen+1y1

⌘
x

= *h
2

36
⇣
()yb1)y0 (4 ÉDxeny1 * 2 ÉDxeny2 * 2 ÉDxen*1y1

+ ÉDxen*1y2
), Çen+1y1

⌘
x

* h2
36

⇣
(b2)y0 (4D

2
ye
n
y1

* 2D2
ye
n
y2

* 2D2
ye
n*1
y1

+D2
ye
n*1
y2

), Çen+1y1

⌘
x

Journal�of�Computational�and�Applied�Mathematics�484��������117448�

9�



Q. Huang et al.

* h2
36

⇣
()yb0)y0 (2e

n
y0

* en*1y0
), Çen+1y1

⌘
x

=: I1,1 + I1,2 + I1,3.

For n g 5, using (35) on the boundary segments x = 0, 1, the term I1,1 can be bounded by

I1,1 f h4
1…
k=0

( ÉDx Çen*k0,1 2 +  ÉDx Çen*k0,2 2 +  ÉDx Çen*kN ,12 +  ÉDx Çen*kN ,22)

+ C5Ò Çen+1Ò22 + C5h2
1…
k=0

ÒDxen*kÒ22 + C5h8

f C6Ò Çen+1Ò22 + C6h2
1…
k=0

ÒDxen*kÒ22 + C6h6
3…
k=1

Òen*kÒ22

+ C6h6
3…
k=1

ÒDyen*kÒ22 + C6h6
3…
k=1

ÒD2
xe
n*kÒ22,n + C6h8

f C7

3…
k=*1

Òen*kÒ22 + C7h2
3…
k=0

Ò(hen*kÒ22 + C7h6
3…
k=1

ÒD2
x e

n*kÒ22,n + C7h8, (40)

in which the Schauder estimate (34) and the fact that h f 1 have been used. For n = 3, 4, the estimate (40) (with some constant C7) 
could be similarly derived. The other two terms I1,2 and I1,3 can be handled by Cauchy’s inequality: 

I1,2 + I1,3 f C8

1…
k=*1

Òen*kÒ22 +
h2
2304

1…
k=0

ÒD2
ye
n*kÒ22,n + C8h8.

A similar result is available for h236
⇣
qn+1y0

, 4 Çen+1y0

⌘
x. Then we arrive at

I1 f C9

3…
k=*1

Òen*kÒ22 + C9h2
3…
k=0

Ò(hen*kÒ22 +
h2
1152

1…
k=0

ÒD2
y e

n*kÒ22,n

+ C9h6
3…
k=1

ÒD2
x e

n*kÒ22,n + C9h8. (41)

The term I2 can be bounded with the help of Cauchy’s inequality, as well as the estimate (36), giving 
I2 f C10Ò Çen+1Ò22 + C10h9 f C11Òen+1Ò22 + C11h8. (42)

It remains to estimate I3 and I4. It is observed that, the detailed estimates for Çen+1i,*1, Çen+1i,*2 in (35), in which the O(h5) coe�cients of 
Çen+1i,*1, Çen+1i,*2 have the ratio 1 : 14, enables a rewritten form of the term I3 + I4 as h

4

72
⇣
pn+1y0

, Çen+1y0
* Çen+1y1

⌘
x +

h4
288

⇣
rn+1y0

, Çen+1y0
* en+1y1

⌘
x. This 

fact turns out to be crucial in the error analysis. An application of Cauchy’s inequality implies that

I3 + I4 =
h4
72

⇣
pn+1y0

, Çen+1y0
* Çen+1y1

⌘
x +

h4
288

⇣
rn+1y0

, Çen+1y0
* Çen+1y1

⌘
x

f h
97

⇣
D+
y Çe

n+1
y0

,D+
y Çe

n+1
y0

⌘
x + C12h10

N…
i=0

(pn+1i,0 )2 + C12h10
N…
i=0

(rn+1i,0 )2

f 1
97ÒDy Çen+1Ò22 + C13h9 f 1

96ÒDyen+1Ò22 + C14h8. (43)

A combination of (39) and (41)–(43) leads to

B1 f C15

3…
k=*1

Òen*kÒ22 +
1
96ÒDyen+1Ò22 + C15h2

3…
k=0

Ò(hen*kÒ22

+ h2
1152

1…
k=0

ÒD2
y e

n*kÒ22,n + C15h6
3…
k=1

ÒD2
x e

n*kÒ22,n + C15h8.

The other three boundary terms can be similarly treated, and we get

B f C16

3…
k=*1

Òen*kÒ22 +
1
48Ò(he

n+1Ò22 +
h2
576

1…
k=0

(ÒD2
xe
n*kÒ22,n + ÒD2

ye
n*kÒ22,n)

+ C16h2
3…
k=0

Ò(hen*kÒ22 + C16h6
3…
k=1

(ÒD2
x e

n*kÒ22,n + ÒD2
y e

n*kÒ22,n)

+ C16h8. (44)
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A substitution of (44) into (38) gives

* Í��h * h2
12 (D

4
x +D

4
y)
�
Çen+1, Çen+1Î

g 46
48Ò(he

n+1Ò22 +
47h2
576 (ÒD2

x e
n+1Ò22,n + ÒD2

y e
n+1Ò22,n) * C17h8

* h2
576

1…
k=0

(ÒD2
x e

n*kÒ22,n + ÒD2
y e

n*kÒ22,n) * C17

3…
k=*1

Òen*kÒ22

* C17h2
3…
k=0

Ò(hen*kÒ22 * C17h6
3…
k=1

(ÒD2
x e

n*kÒ22,n + ÒD2
y e

n*kÒ22,n). (45)

To obtain (37), we make the following observation:

* Í��h * h2
12 (D

4
x +D

4
y)
�
Çen+1, Çen+1Î

= *Í��h * h2
12 (D

4
x +D

4
y)
�
en+1, en+1Î

* h4Í��h * h2
12 (D

4
x +D

4
y)
�
Çen+1, ÇUn+1Î

* h4Í��h * h2
12 (D

4
x +D

4
y)
� ÇUn+1, en+1Î. (46)

Regarding the second term on the right-hand side of (46), an application of the summation-by-parts formula, combined with (34), 
yields

* h4Í��h * h2
12 (D

4
x +D

4
y)
�
Çen+1, ÇUn+1Î

f 1
48Ò(he

n+1Ò22 +
h2
576 (ÒD

2
x e

n+1Ò22,n + ÒD2
y e

n+1Ò22,n) + C + C18h8.

Again, the boundary term is given by C = C1 + C2 + C3 + C4, and C1 (corresponding to the one along y = 0) reads
C1 = * 1

12h

⇠⇣
Çen+1y*1

* Çen+1y1
,h4 ÇUn+1

y1

⌘
x

+ 1
2
⇣
( Çen+1y*2

* Çen+1y2
) * 16( Çen+1y*1

* Çen+1y1
),h4 ÇUn+1

y0

⌘
x

⇡
.

For n g 5, the following bound is available, based on (35) and (36): 

C1 f C19h3
3…
k=0

⇠
Ò(hen*kÒ22 + Òen*kÒ22 + ÒD2

x e
n*kÒ22,n + ÒD2

y e
n*kÒ22,n

⇡
+ C19h8.

For n = 3, 4, the estimate with some alternate constant C19 can be derived in a similar manner. Moreover, the other three boundary 
terms, namely C2, C3, C4, can be similarly derived, and we arrive at

* h4Í(�h * h2
12 (D

4
x +D

4
y)) Çe

n+1, ÇUn+1Î

f 1
48Ò(he

n+1Ò22 +
h2
576 (ÒD

2
x e

n+1Ò22,n + ÒD2
y e

n+1Ò22,n) + C20h8

+ C20h3
3…
k=0

⇠
Ò(hen*kÒ22 + Òen*kÒ22 + ÒD2

x e
n*kÒ22,n + ÒD2

y e
n*kÒ22,n

⇡
. (47)

Regarding the last term on the right-hand side of (46), we see that 

*h4Í��h * h2
12 (D

4
x +D

4
y)
� ÇUn+1, en+1Î f C21Òen+1Ò22 + C21h8. (48)

Finally, a combination of (45)–(48) gives (37), which completes the proof.  
Proposition 2. The following inequality is valid for n g 3 and m = 1, 3:

Í��h * h2
12 (D

4
x +D

4
y)
�
en*m, en+1Î

f 25
48Ò(he

n+1Ò22 +
27
48Ò(he

n*mÒ22 +
25h2
576 (ÒD2

x e
n+1Ò22,n + ÒD2

y e
n+1Ò22,n)

+ 26h2
576 (ÒD2

x e
n*mÒ22,n + ÒD2

y e
n*mÒ22,n) + C29Òen+1Ò22 + C29h8

+ h2
576

m+2…
k=m+1

(ÒD2
xe
n*kÒ22,n + ÒD2

ye
n*kÒ22,n) + C29

m+4…
k=m+1

Òen*kÒ22

Journal�of�Computational�and�Applied�Mathematics�484��������117448�

11�



Q. Huang et al.

+ C29h2
m+4…
k=m+1

Ò(hen*kÒ22 + C29h3
m+4…
k=m+1

(ÒD2
x e

n*kÒ22,n + ÒD2
y e

n*kÒ22,n). (49)

The estimate for the convection terms in (18) is stated in the following proposition.
Proposition 3. The following inequality is valid for n g 3:

@
23
6 b � (h,(4)en *

8
3b � (h,(4)e

n*1 + 5
6b � (h,(4)e

n*2, en+1
A

f 1
48

2…
k=0

Ò(hen*kÒ22 + C31Òen+1Ò22 + C31h8

+ C31h4
4…
k=1

(Òen*kÒ22 + Ò(hen*kÒ22 + ÒD2
x e

n*kÒ22,n + ÒD2
y e

n*kÒ22,n). (50)

Proof.  We focus on the term Íb � (h,(4)en, en+1Î, and the rest two terms could be similarly treated. An application of the summation-
by-parts formula indicates that

Íb1 ÉDx(1 *
h2
6 D

2
x)e

n, en+1Î + Íb2 ÉDy(1 *
h2
6 D

2
y)e

n, en+1Î

= 4h
3

N*1…
i=1

Í(b1)xi ÉDxenxi , e
n+1
xi

Îy * h
6

N*1…
i=2

Í(b1)xi ÉDxenxi*1 , e
n+1
xi

Îy

* h
6

N*2…
i=1

Í(b1)xi ÉDxenxi+1 , e
n+1
xi

Îy + 4h
3

N*1…
j=1

Í(b2)yj ÉDyenyj , e
n+1
yj

Îx

* h
6

N*1…
i=2

Í(b2)yj ÉDyenyj*1 , e
n+1
yj

Îx * h
6

N*2…
i=1

Í(b2)yj ÉDyenyj+1 , e
n+1
yj

Îx +A
f 6

23 � 1
48Ò(he

nÒ22 + C23Òen+1Ò22 +A.

The boundary term A can be decomposed as A = A1 +A2 +A3 +A4, in which A1 (corresponding to the one along y = 0) is given 
by

A1 = 2
3 Í(b2)y0 (e

n
y1

* eny*1 ), e
n+1
y0

Îx * 1
6 Í(b2)y1 (e

n
y1

* eny*1 ), e
n+1
y1

Îx

* 1
12 Í(b2)y0 (e

n
y2

* eny*2 ), e
n+1
y0

Îx. (51)

For n g 4, an insertion of (31) into (30), combined with a subtraction from (11), results in

eni,*1 * e
n
i,1 =

h3
3 q

n
i,0 + �

n
i,0, with �ni,0 f Ch5ÒUÒW 3,ÿ(0,T ;C7,↵ ),

eni,*2 * e
n
i,2 =

8h3
3 qni,0 +  

n
i,0, with  ni,0 f Ch5ÒUÒW 3,ÿ(0,T ;C7,↵ ).

(52)

Additionally, a combination of (52) and the a-priori estimate (17) yields
 ÉDyeni,0 f h, for h < C? (independent of �t and h). (53)

Meanwhile, both (52) and (53) can be extended to the other three boundary segments.
The �rst term of A1 could be bounded with the help of (52): 

Í(b2)y0 (eny1 * e
n
y*1

), en+1y0
Îx f h3

3 Í(b2)y0qn+1y0
, en+1y0

Îx + C24Òen+1Ò22 + C24h8, (54)

with an obvious fact h f 1. Subsequently, we see that
h3
3 Í(b2)y0qny0 , e

n+1
y0

Îx

= h3
3 Í(b2)y0 ()yb1)y0 (4 ÉDxen*1y1

* 2 ÉDxen*1y1
* 2 ÉDxen*2y2

+ ÉDxen*2y1
), en+1y0

Îx

+ h3
3 Í(b2)y0 (b2)y0 (4D2

ye
n*1
y1

* 2D2
ye
n*1
y2

* 2D2
ye
n*2
y1

+D2
ye
n*2
y2

), en+1y0
Îx

+ h3
3 Í(b2)y0 ()yb0)y0 (2en*1y0

* en*2y0
), en+1y0

Îx =: �1 +�2 +�3. (55)

Using (52) on the boundary segments x = 0, 1, we have

�1 f h4
6 (b2)0,0()yb1)0,0(4 ÉDxen*10,1 * 2 ÉDxen*10,2 * 2 ÉDxen*20,1 + ÉDxen*20,2 )en+10,0
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+ h4
6 (b2)N ,0()yb1)N ,0(4 ÉDxen*1N ,1 * 2 ÉDxen*1N ,2 * 2 ÉDxen*2N ,1 + ÉDxen*2N ,2)e

n+1
N ,0

+ C25Òen+1Ò22 + C25h4ÒDxen*1Ò22 + C25h4ÒDxen*2Ò22
f C26Òen+1Ò22 + C26h4ÒDxen*1Ò22 + C26h4ÒDxen*2Ò22 + C26h8, (56)

in which the estimate (53) on the boundary segments x = 0, 1 has been used. The terms �2,�3 can be directly controlled by Cauchy’s 
inequality, giving

�2 f C27Òen+1Ò22 + C27h4ÒD2
y e

n*1Ò22,n + C27h4ÒD2
y e

n*2Ò22,n, (57)

�3 f C27Òen+1Ò22 + C27h4Òen*1Ò22 + C27h4Òen*2Ò22. (58)

A combination of (54)–(58) implies that there exists a constant C28 such that
2
3 Í(b2)y0 (e

n
y1

* eny*1 ), e
n+1
y0

Îx

f C28h4
2…
k=1

(Òen*kÒ22 + ÒDxen*kÒ22 + ÒD2
y e

n*kÒ22,n)

+ C28Òen+1Ò22 + C28h8. (59)

For n = 3, this inequality (with some constant C28) could be similarly derived.
The estimates of the other two terms in (51) can be derived in the same fashion, giving 

A1 f C29

⇠
Òen+1Ò22 + h8 + h4

2…
k=1

(Òen*kÒ22 + ÒDxen*kÒ22 + ÒD2
y e

n*kÒ22,n)
⇡
.

The other three boundary terms can be similarly treated, and we get

Íb1 ÉDx(1 *
h2
6 D

2
x)e

n, en+1Î + Íb2 ÉDy(1 *
h2
6 D

2
y)e

n, en+1Î

f 6
23 � 1

48Ò(he
nÒ22 + C30Òen+1Ò22 + C30h8

+ C30h4
2…
k=1

(Òen*kÒ22 + Ò(hen*kÒ22 + ÒD2
x e

n*kÒ22,n + ÒD2
y e

n*kÒ22,n).

The proof is completed.  
Finally, a substitution of (19)–(21), (24)–(26), (37), (49) and (50) into (18) results in

Òen+1Ò22 * ÒenÒ22
+ �t

� 35
48Ò(he

n+1Ò22 *
1
48Ò(he

nÒ22 *
47
96Ò(he

n*1Ò22 *
1
48Ò(he

n*2Ò22 *
3
32Ò(he

n*3Ò22
�

+ �t109h
2

1728 (ÒD2
x e

n+1Ò22,n + ÒD2
y e

n+1Ò22,n) * �t65h
2

1728 (ÒD
2
x e

n*1Ò22,n + ÒD2
y e

n*1Ò22,n)

* �t13h
2

1728 (ÒD
2
x e

n*3Ò22,n + ÒD2
y e

n*3Ò22,n) * �t h
2

576

5…
k=0

(ÒD2
x e

n*kÒ22,n + ÒD2
y e

n*kÒ22,n)

f C32�th2
7…
k=0

Ò(hen*kÒ22 + C32�th3
7…
k=0

(ÒD2
x e

n*kÒ22,n + ÒD2
y e

n*kÒ22,n)

+ C32�t
7…

k=*1
Òen*kÒ22 + C32�t

3…
k=1

2…
r=0

Òemn*r*kÒ22 + �tÒ⌧n+1Ò22 + C32�th8. (60)

For any 0 < k< < k< f Nt such that ✓(tk< ) * ✓(tk< ) f 3�t, one has ✓®(⇢)(k< * k<)�t f 3�t where ⇢ À [k<�t, k<�t], which implies that 
k< * k< f 3

min ✓® . Therefore, we get 
3…
k=1

2…
r=0

Òemn*r*kÒ22 f 27
min ✓®

n…
k=0

ÒekÒ22. (61)

Consequently, choosing h f min{(96C32)
* 1

2 , 5 � (6912C32)*1}, summing up (60) in time, using (61), (A.10), and the fact that 3548 * 1
48 *

47
96 * 1

48 * 3
32 * 8

96 = 1
48 > 0, 109

1728 * 65
1728 * 13

1728 * 6
576 * 8�5

6912 = 1
12�48 > 0, we see that an application of discrete Gronwall inequality gives 

the desired error estimate: 

Òen+1Ò22 +
�t
48

n+1…
k=4

�Ò(hekÒ22 +
h2
12 (ÒD

2
x e

kÒ22,n + ÒD2
y e

kÒ22,n)
� f C33(�t3 + h4)2. (62)
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2.2.4.  Recovery of the prior lÿ bound (17)
Finally, an application of the inverse inequality to the l2 error estimate (62) yields

Òen+1Òÿ f 2h*1Òen+1Ò2 f 2C
1
2
33h

*1(�t3 + h4) f 2C
1
2
33( ÉC

3h2 + h3),

in which we have used the linear re�nement requirement �t f ÉCh in the derivation. Setting h f min{1, (2C
1
2
33( ÉC

3 + 1))*2}, we see that 
the prior lÿ bound of Òen+1Òÿ f h

3
2  is recovered.

Remark 1.  For the Dirichlet boundary condition case, one would need a di�erent ghost-point construction and a separate boundary 
truncation error analysis from the Neumann case studied in this paper; hence the arguments developed here cannot be directly 
adapted. Similarly, a symmetric extrapolation for the ghost point can be used so that the resulting scheme can still be solved e�ciently 
by the FFT-based method. We expect the theoretical convergence rate to be O(�t3 + h3.5) based on the analysis in [26], while the 
full accuracy of O(�t3 + h4) is anticipated in practical computations [27]. A complete and rigorous proof for the Dirichlet case would 
require a separate technical development and is therefore left to the interested reader. 

3.  The fourth-order multi-step scheme

It is observed that the Adams–Moulton formula applied to the di�usion term in the third-order multi-step scheme (6) is a stretched 
stencil, and that the di�usion coe�cient at time step tn+1 dominates the sum of the remaining coe�cients, which plays a key role for 
the stability and convergence analysis in Section 2. This property is a necessary condition for the numerical stability; see the related 
discussions in [32–34]. Directly applying the classical Adams–Moulton formula (cf. [36]) to the di�usion term and Adams–Bashforth 
formula to the convection term, linear reaction term and nonlinear function results in the following third- and fourth-order multi-step 
linearized schemes:

Third order: un+1 * un
�t * �h,(4)

⇠ 5
12 u

n+1 + 2
3 u

n * 1
12 u

n*1
⇡

= 23
12

⇠
f ( Éun✓ , u

n) * b � (h,(4)un * b0un
⇡

* 4
3

⇠
f ( Éun*1✓ , un*1) * b � (h,(4)un*1 * b0un*1

⇡

+ 5
12

⇠
f ( Éun*2✓ , un*2) * b � (h,(4)un*2 * b0un*2

⇡
, (63)

Fourth order: un+1 * un
�t * �h,(4)

⇠ 9
24 u

n+1 + 19
24 u

n * 5
24 u

n*1 + 1
24 u

n*2
⇡

= 55
24

⇠
f ( Éun✓ , u

n) * b � (h,(4)un * b0un
⇡

* 59
24

⇠
f ( Éun*1✓ , un*1) * b � (h,(4)un*1 * b0un*1

⇡

+ 37
24

⇠
f ( Éun*2✓ , un*2) * b � (h,(4)un*2 * b0un*2

⇡

* 3
8

⇠
f ( Éun*3✓ , un*3) * b � (h,(4)un*3 * b0un*3

⇡
, (64)

and the numerical results in Section 4.3 reveal that these schemes are unstable. Therefore, a stretched Adams–Moulton formula is 
also needed for the fourth-order multi-step linearized scheme, which is formulated as follows:

un+1 * un
�t * �h,(4)

⇠ 757
1152 u

n+1 + 470
1152 u

n*1 * 118
1152 u

n*5 + 43
1152 u

n*7
⇡

= 55
24

⇠
f ( Éun✓ , u

n) * b � (h,(4)un * b0un
⇡

* 59
24

⇠
f ( Éun*1✓ , un*1) * b � (h,(4)un*1 * b0un*1

⇡

+ 37
24

⇠
f ( Éun*2✓ , un*2) * b � (h,(4)un*2 * b0un*2

⇡

* 3
8

⇠
f ( Éun*3✓ , un*3) * b � (h,(4)un*3 * b0un*3

⇡
,

(65)

for n g 7, where u0 = U0. Here, Éun✓ :=
≥4
i=1 u

mn*i±1fjf4
jëi

✓(tn)*tmn*j
tmn*i*tmn*j

 is an explicit approximation to U (✓(tn)), where

mn :=
T

4 if 0 < ✓(tn) f 3�t,
q if (q * 1)�t < ✓(tn) f q�t for some q > 3.

The formula for the ghost points near the boundary y = 0 is given by (11). Moreover, the initial values of un for n = 1, 2,… , 7, must 
also be computed with temporal error of O(�t4), and the predictor-corrector method could still be considered here.

For the fourth-order multi-step linearized scheme (65), the convergence estimate is stated below.
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Table 1 
l2 and lÿ errors norms of scheme (6) with �t = 10*3.

✓(t) = 0.8t ✓(t) = arctan t

h ÒuNt * UNt
e Ò2 Order ÒuNt * UNt

e Òÿ Order ÒuNt * UNt
e Ò2 Order ÒuNt * UNt

e Òÿ Order

2*4 8.4533e-05 * 1.9905e-04 * 8.6015e-05 * 2.0089e-04 *
2*5 5.6272e-06  3.9090 1.2657e-05  3.9752 5.7375e-06  3.9061 1.2790e-05  3.9734
2*6 3.5963e-07  3.9678 7.9398e-07  3.9947 3.6697e-07  3.9667 8.0270e-07  3.9940
2*7 2.4110e-08  3.8988 5.1364e-08  3.9503 2.4676e-08  3.8945 5.2013e-08  3.9479

Table 2 
l2 and lÿ errors of scheme (6) with h = 10*3.

✓(t) = 0.8t ✓(t) = arctan t

�t ÒuNt * UNt
e Ò2 Order ÒuNt * UNt

e Òÿ Order ÒuNt * UNt
e Ò2 Order ÒuNt * UNt

e Òÿ Order

2*6 6.3099e-06 * 7.9122e-06 * 6.6042e-06 * 8.1519e-06 *
2*7 8.7047e-07  2.8578 1.0695e-06  2.8872 9.1695e-07  2.8485 1.1077e-06  2.8795
2*8 1.1341e-07  2.9402 1.3822e-07  2.9518 1.1978e-07  2.9364 1.4355e-07  2.9479
2*9 1.4740e-08  2.9437 1.7825e-08  2.9550 1.5591e-08  2.9416 1.8546e-08  2.9524

Theorem 2. Assume that f = f (v1, v2) À C4(R2) and ✓ À C4[0, T ]. Let U À W 4,ÿ(0, T ;C7,↵(⌦)) be the exact solution of the delay CDR 
equation (1)–(3), and un be the fully discrete numerical solution obtained by (65). As �t,h ô 0 under a linear re�nement requirement 
�t f ÉCh, we obtain the following result: for n = 1, 2,… ,Nt,

Òun * UnÒ2 f C(�t4 + h4), with C independent of �t and h.

Proof.  The procedure of the proof is identical to that of Theorem 1, with only minor di�erences arising from the speci�c coe�cients 
in the Adams formulas. Since the di�usion coe�cient at time level tn+1 in scheme (65) dominates the sum of the remaining di�usion 
coe�cients, the coe�cient of Ò(en+1Ò22 remains dominant over the sum of the coe�cients of Ò(en*kÒ22. We omit the redundant 
derivation and leave the details to the interested reader.  

Remark 2. The time stencil in scheme (65) is essentially minimal for achieving fourth-order accuracy together with unconditional 
stability with respect to the di�usion term. Indeed, the stability proof relies on an Adams–Moulton representation

1
�t  

tn+1

tn
�U (t) dt = a0�U (tn+1) +

3…
i=1

aj(i)�U (tn*j(i)) + C�t4

with condition a0 >
≥
i aj(i). Detailed calculations show that the shortest admissible choice is j(1) = 1, j(2) = 5, j(3) = 7. 

4.  The numerical results

In this section, some numerical examples are provided to demonstrate the robustness of the proposed schemes. The following two 
dimensional convection-di�usion-reaction equation is taken into consideration, with a vanishing delay term:

)tU * �U + b � (U + b0U = f (U (✓(t)),U (t)) + g, (x, t) À (0, 1)2 ù [0, 1]. (66)

We take the nonlinear function f (U (✓(t)),U (t)) = U (✓(t))U2(t) and set b = (1, 1)T , b0 = 1. Two types of delay functions: the lin-
ear delay function ✓(t) = 0.8t and the nonlinear delay function ✓(t) = arctan t are considered. The exact solution is chosen as 
Ue = cos(t cos(⇡x) cos(⇡y)). The initial data is given by Ue(x, 0) = 1, and the source term g is accordingly determined. The three-point 
Simpson’s integration formula is used for g to minimize the numerical integration error over each time interval (tn, tn+1). Both the 
third- and fourth-order schemes can be e�ciently solved via FFT.

4.1.  Numerical test for the third-order scheme

To verify the spatial accuracy of the third-order scheme (6), the time step size �t is needed to be su�ciently small to ensure the 
numerical error is dominated by the spatial error. In this test, we �x �t = 10*3. In Table 1, the spatial numerical errors of scheme (6) 
are presented. It is apparent that the convergence rate in both the l2 and lÿ norms are close to O(h4), whatever the delay function 
✓(t) is linear or nonlinear.

To verify the temporal accuracy, the spatial mesh size h has to be su�ciently small to ensure the spatial numerical error is 
negligible, and we �x h = 10*3. In Table 2, the associated numerical errors are presented. It is obvious that the convergence rate in 
both the l2 and lÿ norms are close to O(�t3), whatever the delay function ✓(t) is linear or nonlinear.
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Table 3 
l2 and lÿ errors of scheme (65) with �t = h.

✓(t) = 0.8t ✓(t) = arctan t

�t h ÒuNt * UNt
e Ò2 Order ÒuNt * UNt

e Òÿ Order ÒuNt * UNt
e Ò2 Order ÒuNt * UNt

e Òÿ Order

2*4 2*4 6.6775e-05 * 1.7587e-04 * 6.3431e-05 * 1.7101e-04 *
2*5 2*5 5.1702e-06  3.6910 1.2255e-05  3.8430 4.9798e-06  3.6710 1.2040e-05  3.8282
2*6 2*6 3.5338e-07  3.8709 7.9579e-07  3.9449 3.5487e-07  3.8107 7.9900e-07  3.9134
2*7 2*7 2.2935e-08  3.9456 5.0526e-08  3.9773 2.3680e-08  3.9056 5.1466e-08  3.9565

Fig. 1. The numerical solution of the third-order multi-step linearized scheme (6) with stretched Adams–Bashforth formula.

Fig. 2. The numerical solution of the third-order multi-step linearized scheme (63) with classical Adams–Bashforth formula.

4.2.  Numerical test for the fourth-order scheme

To verify the numerical accuracy of the fourth-order scheme (65), the time step size is set as �t = h so that the fourth-order 
accuracy in both time and space can be con�rmed. The numerical results are presented in Table 3, and the desired fourth-order 
convergence rate is clearly observed.

4.3.  The instability of scheme (63) and (64)

It is observed that the di�usion coe�cient at time step tn+1 in scheme (6) dominates the sum of the rest of di�usion coe�cients, 
i.e., 23 >  5

12  +  1
12 . This fact has played a crucial role in our stability and convergence analysis. However, the scheme (63), obtained 

by applying the classical Adams–Moulton formula to the di�usion term, does not possess this property. For comparison, we present in 
Figs. 1 and 2 the numerical solutions of (66) obtained with the two schemes. The computation is performed with h = 1_25, �t = 0.01, 
and the nonlinear delay is taken as ✓(t) = arctan t. The exact solution is displayed in Fig. 5. The instability of the scheme (63) is easily 
observed. The numerical solutions obtained using schemes (65) and (64) are shown in Figs. 3 and 4, respectively. Instability is also 
observed in the scheme (64).
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Fig. 3. The numerical solution of the fourth-order multi-step linearized scheme (65) with stretched Adams–Bashforth formula.

Fig. 4. The numerical solution of the fourth-order multi-step linearized scheme (64) with classical Adams–Bashforth formula. The numerical solution 
blows up at t = 0.4.

Fig. 5. The exact solution Ue = cos(t cos(⇡x) cos(⇡y)).

5.  Colclusion

In this paper, two multi-step, linearized numerical schemes, by virtue of a combination of the Adams–Bashforth extrapolation and 
the stretched Adams–Moulton interpolation in the temporal discretization, are proposed to solve the CDR equation with vanishing 
delay. The fourth-order long-stencil �nite di�erence formula is used for the spatial discretization, and the boundary extrapolation 
is implemented by making use of Taylor expansions and information from the delay CDR equation. A detailed convergence analysis 
and error estimate is provided for the proposed numerical scheme. Via a careful construction of an approximated solution, we obtain 
the full order accuracy estimate in the l2 norm. The numerical experiments have also veri�ed the theoretical analysis. Additionally, 
a potential future direction is to investigate the preservation of physical structures, such as the discrete maximum principle, and to 
explore superconvergence properties [37,38].

Data availability

No data was used for the research described in the article.

Declaration of competing interest

The authors declare that they have no known competing �nancial interests or personal relationships that could have appeared to 
in�uence the work reported in this paper. 

Journal�of�Computational�and�Applied�Mathematics�484��������117448�

17�



Q. Huang et al.

Acknowledgement

This work is supported in part by NSFC 12371385 (Q. Huang) and NSF DMS-2012269, DMS-2309548 (C. Wang).

Appendix A.  Estimates of the starting approximations

We �rst analyze the error e1[1] := U1 * u1[1] caused by the predictor. A careful consistency analysis implies that
U1 * U0

�t * �h,(4)U1 = f (U0,U0) * b � (h,(4)U0 * b0U0 + ⌘1,

with Ò⌘1Òÿ f C(�t + h4). (A.1)

Subtracting the scheme (12) from the consistency estimate (A.1) and taking the discrete l2 inner product of the resulting equation 
with �t Ñe1 leads to 

Òe1[1]Ò22 * �tÍ�h,(4)e1[1], e1[1]Î = �tÍe1[1], ⌘1Î, (A.2)

where the fact e0 = 0 has been used. Similar to the derivation of (37), we have

*�tÍ�h,(4)e1[1], e1[1]Î g 45�t
48 Ò(he1[1]Ò22 +

46�t
48 � h

2

12 (ÒD
2
xe

1
[1]Ò22,n + ÒD2

ye
1
[1]Ò22,n)

* ÉC1�tÒe1[1]Ò2 * ÉC1�t � h7.

By Cauchy’s inequality, a combination of the above estimates, and (A.2), as well as the constraint �t f ÉCh, indicates that 

Òe1[1]Ò22 + �t
�Ò(he1[1]Ò22 +

h2
12 (ÒD

2
xe

1
[1]Ò22,n + ÒD2

ye
1
[1]Ò22,n)

� f ÉC2(�t2 + h4)2. (A.3)

With the help of the l2 error estimate for (A.2), an application of the inverse inequality yields 

Òe1[1]Òÿ f 2h*1Òe1[1]Ò2 f 2 ÉC
1
2
2 h

*1(�t2 + h4) f 2 ÉC
1
2
2 ( ÉC2h + h3), (A.4)

where the linear re�nement �t f ÉCh has been used. We obtain Òe1[1]Òÿ < 1 by setting h f min{1, (2 ÉC
1
2
2 ( ÉC2 + 1))*1}. This in turn leads 

to 
Òu1[1]Òÿ f ÒU1 * e1[1]Òÿ f ÒU1Òÿ + Òe1[1]Òÿ f C< + 1. (A.5)

Next, we give an estimate of e1[2] := U1 * u1[2] updated by the corrector. The consistency analysis indicates that
U1 * U0

�t * �h,(4)
U1 + U0

2 = 1
2
�
f (U0 + ✓(t1)t*11 (U1 * U0),U1) + f (U0

✓ ,U
0)
�

* b � (h,(4)
U1 + U0

2 * b0
U1 + U0

2 + ⌘2,

with Ò⌘2Òÿ f C(�t2 + h4). (A.6)

Subtracting the scheme (13) with l = 2 from the consistency estimate (A.6), and taking the discrete l2 inner product of the resulting 
equation with �t Ñe1, leads to

2Òe1[2]Ò22 * �tÍ�h,(4)e1[2], e1[2]Î = �tÍNLE1
[2], e

1
[2]Î * �tÍb � (h,(4)e1[1], e1[2]Î

* �tÍb0e1[1], e1[2]Î + 2�tÍ⌘2, e1[2]Î, (A.7)

where NLE1
[2] = f (u0 + ✓(t1)t*11 (u1[1] * u

0), u1[1]) * f (U
0 + ✓(t1)t*11 (U1 * U0),U1), and the relation e0 = 0 has been used in the derivation. 

In a similar manner to the derivation in Section 2.2.3, we obtain
ÒNLE1

[2]Ò2 f 2 max
↵=1,v1,v2f2(C<+1)

)↵f (v1, v2) � Òe1[1]Ò2 := ÉC3Òe1[1]Ò2,

�tÍNLE1
[2], e

1
[2]Î f 1

8Òe
1
[2]Ò22 + 2 ÉC3�t2Òe1[1]Ò22,

*�tÍ�h,(4)e1[2], e1[2]Î g 45�t
48 Ò(he1[2]Ò22 +

46�t
48 � h

2

12 (ÒD
2
x e

1
[2]Ò22,n + ÒD2

y e
1
[2]Ò22,n)

* 1
8Òe

1
[2]Ò22 * ÉC4�t � h7,

�tÍb � (h,(4)e1[1], e1[2]Î f ÉC5�t2h4(Òe1[1]Ò22 + Ò(he1[1]Ò22 + ÒD2
xe

1
[1]Ò22,n + ÒD2

ye
1
[1]Ò22,n)

+ ÉC5�t2Ò(he1[1]Ò22 +
1
8Òe

1
[2]Ò2 + ÉC5�t2 � h7,

�tÍb0e1[1], e1[2]Î f 1
8Òe

1
[2]Ò22 + 2�t2Òe1[1]Ò22,

2�tÍ⌘2, e1[2]Î f 1
8Òe

1
[2]Ò22 + 8�t2Ò⌘2Ò22.

Journal�of�Computational�and�Applied�Mathematics�484��������117448�

18�



Q. Huang et al.

Using the above estimates and (A.3), we obtain from (A.7)

Òe1[2]Ò22 + �t
�Ò(he1[2]Ò22 +

h2
12 (ÒD

2
x e

1
[2]Ò22,n + ÒD2

y e
1
[2]Ò22,n)

� f ÉC6(�t2.5 + h4)2. (A.8)

Furthermore, the estimate of e1 = e1[3] could be treated in the same way, i.e., 

Òe1Ò22 + �t
�Ò(he1Ò22 +

h2
12 (ÒD

2
xe

1Ò22,n + ÒD2
ye

1Ò22,n)
� f ÉC7(�t3 + h4)2. (A.9)

The estimates of en, n = 2, 3 could be analyzed in a similar way. In conclusion, we have, for n = 1, 2, 3, 

ÒenÒ22 + �t
�Ò(henÒ22 +

h2
12 (ÒD

2
xe
nÒ22,n + ÒD2

ye
nÒ22,n)

� f C0(�t3 + h4)2. (A.10)
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