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2000 MSC: In this paper, we propose two multi-step, linearized numerical schemes for a nonlinear convection-
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equation. These semi-implicit numerical schemes use a combination of explicit Adams—Bashforth

65M12 extrapolation for the nonlinear term and implicit Adams-Moulton interpolation for the diffusion
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equation discrete #? convergence estimate is obtained, with fourth-order spatial accuracy and high-order
Fourth'_ordte'r long-stencil finite difference (third- or fourth-order) temporal accuracy. A few numerical experiments are also presented to
approximation

. confirm the theoretical results.
Multi-step scheme

Convergence analysis and error estimate

1. Introduction

The partial differential equations incorporating nonlocal effects form a class of problems with broad applications in many scientific
areas. For example, a convolution operator stands for a nonlocal spatial effect, and a time-delay composition function represents a
temporally nonlocal effect. Some existing works have addressed the numerical approximations for these nonlocal equations [1-4]. In
particular, the partial differential equation incorporating a time-delay effect is formulated as

U+ AU = f(U(x,t —1(1),U(x,1)),

where A is a linear operator and the delay quantity satisfies z(f) > 7, > 0 or a vanishing one. This equation plays an important role
in the simulation of many real-world applications, such as electronic circuits [5], biological systems [6], population problems [7],
control theories [8] and so on. Since the 1970s, this kind of equation has been extensively studied, and several important properties
such as the existence and stability of the solution have been well understood [9].

It is well known that the solution of most delay partial differential equations (DPDEs) cannot be analytically expressed, which
has led to an increasing attention to the numerical study. For example, Wang et al. [10] proposed a posteriori error estimates of
Crank-Nicolson-Galerkin type methods for time discretizations of reaction-diffusion equations with time-dependent delay. Tang and
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Zhang [11,12] constructed fully discrete §-methods to solve semilinear reaction-diffusion equations with time-dependent delay. Xu
and Huang [13] applied a discontinuous Galerkin time stepping method, combined with the standard finite element method in
space, to solve semilinear reaction-diffusion equations with constant delay. Dai et al. [14] constructed exponential time differencing-
Padé finite element methods for nonlinear convection-diffusion-reaction equations with constant delay. Huang et al. [15] developed
exponential Runge-Kutta methods of collocation type for semilinear parabolic problems with time-dependent delay. The numerical
research focused on stability analysis for DPDEs with constant delay could be found in [16,17].

DPDEs with time-dependent delay generally provide a more accurate description of the dynamic nature of real-world systems
compared to those with constant delay. The existence of the time-dependent delay makes mathematical modeling and numerical
solutions more complicated. The delay differential equations (DDEs) and DPDEs with vanishing delay, which is a specific case of
time-dependent delay, arise in various phenomena, such as electrodynamics [18], theory of artificial neural networks [19] and many
others [20]. At present, there have been quite a few numerical works for solving DDEs with vanishing delay (e.g., [21-23]). On the
other hand, for the DPDEs, in which the convection and diffusion processes will play an important role, the numerical study with
time-dependent delay (including vanishing type) has been very limited.

In this paper, we consider the following convection-diffusion-reaction (CDR) equation with vanishing delay

0,U — AU + b(x) - VU + by(x)U = f(U(O1)), U(1)), (x,1) € Qx[0,T], @
Y =0, (x,1) € 0Q % [0,T], 2)
on

u(x,0) = Uy(x), x € Q, 3)

where the coefficients b(x) and by(x) are C! functions on Q. The nonlinear function f(vy,05) : R? > R and delay function 6(t) :
[0,T] — R are smooth and satisfy

(A1). 0(0)=0and 0(r) <t fort > 0; (A2). rr[loiljl_J 0'(H) > 0.
1€[0,

Regarding the spatial discretization, the fourth-order finite difference method is advantageous as it provides highly accurate
numerical solutions and can be efficiently solved using the fast FFT-based method; see the related discussion [24]. In this paper,
a fourth-order long-stencil finite difference approximation is employed. In comparison with the fourth-order compact difference
approximation involving an additional discrete Poisson-like operator (cf. [25]), the application of the long-stencil fourth-order finite
difference approximation could avoid an additional Poisson solver. The fourth-order long-stencil finite difference method has been
extensively applied to several kinds of partial differential equations, such as two-dimensional incompressible Boussinesq equation
[26,27], three-dimensional geophysical fluid models [28,29], Maxwell’s equations [30], Cahn-Hilliard equation [31] and harmonic
mapping flow [32], etc.

In the temporal discretization, by combining an explicit Adams-Bashforth extrapolation and a stretched implicit Adams—-Moulton
method, third- and fourth-order multi-step linearized schemes are proposed for (1). The stability and convergence for such a multi-step,
semi-implicit method have been extensively analyzed for many nonlinear PDEs, including viscous Burgers’ equation [33], incompress-
ible Navier-Stokes equation [34] and harmonic mapping flow [32]. Unlike standard PDEs, the delayed time value 6(z,) in DPDEs
may not coincide with the time mesh. Therefore, the delay function U(6(z,)) must be approximated using a high-order interpolation
approach to maintain overall accuracy consistency. The proposed third-order scheme is a four-step method, requiring numerical ap-
proximations for U” (n = 1,2,3) to maintain the convergence rate of O(Af?). The predictor-corrector method is used to generate the
initial data, i.e., a rough approximation is given by the predictor method, and subsequently the accuracy of the approximation in
time is enhanced to the third order by several corrections. Such a method could also be applied to the generation of the initial data
required for the fourth-order method.

This article is organized as follows. In Section 2, the third-order linearized multi-step scheme is proposed, and the detailed
convergence analysis is presented. The fourth-order multi-step linearized scheme is described in Section 3. Some numerical results
are presented in Section 4. Finally, some concluding remarks are made in Section 5.

2. The third-order multi-step scheme

In this section, a fully discrete numerical scheme for (1) is constructed via a fourth-order long-stencil finite difference spatial
approximation and a third-order multi-step discretization in the temporal direction, and the stability and convergence analysis are
provided. For simplicity of presentation, the computational domain is taken as Q = [0, 1]?, discretized with a grid size h = 1/N,
where N denotes the number of numerical mesh cells along each spatial direction. The boundary 0Q is composed of I', : {y =0,1}
and T, : {x=0,1}.

In this article, D, D, D, Di, D* and Di are the standard centered difference operators, to approximate o, d,, 92, ai, 0% and 6;‘,

respectively. Subsequently, the standard fourth-order centered long-stencil approximations of d, and 92 are given by

2 w: . —8w, 1 +8w,, . —Ww,~;
1 - h 2 _ i=2,j i—1,j i+1,j i+2,j
DX’(4)wl-,j =D.(1- FDx)wi,j = oh
= 0,w(x;, ;) + O(hY),
2 —Wi_n i + 16w;_; ; —30w; ; + 16w, | ; — Wiip ;
2 2P _ Wi i-1,j ij it+1,j i+2.j
Dy Wiy =Dy = 5 DJw,;; = 1212
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= 0 w(x;, y)) + O(h"),

in which w; ; stands for the point-wise interpolation value of w(x;,y;) with x; = ih and y; = jh. Similar definitions could be applied
to DL @ and Di @ The approximations to the Laplacian operator A and the gradient operator V are given by, respectively,

2
2 2 _ h” 4 "
An@ =Dy + Dy = 8n = 13D+ D)), 4
. 1 1 T
Vi@ =Dy Dyg) ®)

where A, = Dg + Di. In fact, these two operators are O(h*) approximations to A and V, respectively, via Taylor expansion.

2.1. Construction of the numerical scheme and the main theoretical result

Let0 =1, <t; < - <t; =T be a uniform partition of the time interval with the time step size At = T/N, and let ¢, = nAt for n =
0,1,..., N,. For the third-order (in time) scheme, the diffusion term is computed by a stretched implicit Adams-Moulton interpolation
formula with the time nodes #,,, 7,_;, t,_3 involved. The convection term, linear reaction term and nonlinear function are updated by
an explicit Adams-Bashforth extrapolation formula, with the time nodesz,,, ¢ t,_, involved. The delay term U (0(¢,,)) is approximated
by an explicit formula. Then the fully discrete scheme is formulated as

utl oy 2 5 0 1,
—A £ n+l 2on=1_ 1 n-3
At "v(“><3” Y Tt

n—1>

- % <f(ag,u") —b- V' — bou")
(6)
4 ~n—1  n—1 n—1 n—1
—§<f(u9 T = bV U™ = bou )

+ 15—2 < @2 u") = bV g2 - bou”_2>,

1<j<3 0=t —;

0 _ no._ g3 my,—i
for n > 3, where u’ = U,. Here, i} 1= Y| u™n Hpﬂ ty =i 71

is an explicit approximation to U(6(z,)), where

my=j

n -

3, if0<06(,) <2At,
m, =
g, if (g— DAt < 0(t,) < qAt for some g > 2.

Due to the Neumann boundary condition (2), the value of U on the boundary is not known explicitly, only its normal derivative.
Therefore, (6) is applied at every interior computational point (x;,y;) for 0 <i,j < N, and some “ghost” point values need to be
determined. For brevity of presentation, we concentrate on the boundary section I', with j = 0, where uftll and "flt]z are needed in
the numerical implementation. Local Taylor expansions near the boundary yield

3
n+l _ yprn+l n+l h_ 3yrn+l 5
Ut =0y —2m0,U ¢ - 3 o, Uy +0), -

+1 _ +1 +1 8/13 3 +1 5
U = U = 4no U = ==jUlst + o).

The homogeneous Neumann boundary condition (2) gives the value of the term 9, Ul."g in (7). It remains to obtain an approximation
to 6; u'y ! with high-order accuracy. To accomplish this goal, we shall use information from the delay CDR equation. Applying 9, to
(1)ont=1,,, along I', yields

1 1 1 1 1 1 1
U;;f —(U;’;’X +U;y+y)+ (N % +b,u;x+ +(b2)yU;’+ +b2U;’y+ )

1 1
+ (), U™ + boU; ™)

7} 7}
— %(Uéﬁl, Un+1) . (U{;Hrl)y + %(Ué&l, Un+1) . U;l+1’ on rx' (8)

Except for the third, fourth, seventh and eighth terms on the left-hand side of (8), the remaining parts disappear, because of the
homogeneous Neumann boundary condition. This in turn reveals that

RUIE! = (0,b1); 00, UJT" + (521003 Uls" + (0,b0); U 9
Subsequently, a; U:’g ! can be approximated by
QU = (9,b1);0(22D, U}, = DUy -~ @D U = DUTY)
+(by);p(22D3UY, - DU — 2DU!T = DyUI)
+(9,by); 0 Uy = UG + OAF + k), 10
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in which the second-order extrapolations, in both the temporal and spatial directions, have been applied in the derivation. A combi-
nation of (7) and (10) gives the boundary extrapolation formulas:
n+1 n+1 h3 N " N " N o, n—1 N a1
W = wt = 2 (@b o@D,y — 2Dty = 2Dl + Doy
+ (by) (4D = 2D%ully = 2D%u T + Do)
+ (9, 02ully —ulh), an
8h3 ~ ~ T .
u:':lz = u:’;l - T ((aybl)i,0(4Dxu:l,1 - 2Dxu?.2 - 2Dxu7,1 ! + Dxu:l,Zl)
2 2 2 n-1 2 n—
+ (b)) o@Dl = 2D%u!'y, = 2D + Douly")
+(0ybg)iouly —ulsh)).

The initial values of u” for n = 1,2, 3 must also be computed to obtain an O(A#*) temporal error. We employ the predictor-corrector

approach to produce the initial data. First, a rough approximation ufy, is given by the scheme

unl _un—l
&l " = Ap iy = f@ LY —b- V,,,(4)u"_1 — bou" L. 12)

Here, the term f(u"~!,u"!) is employed as a first-order temporal approximation to f(U(6(t,)),U(t,)), as U""! is a first-order tempo-
ral approximation to both U(d(t,)) and U(t,). Denote u~! :=u, and ¢t_; := —At. Since the resulting uf’” only achieves second-order
accuracy in time, the temporal accuracy needs to be enhanced by an iterative solver:
n n—1 n n—1
u[ n- u U, +u

1
-A
At &2

1 G(tn) - tn—l n

-1
=-fW + u -
2f( t,—t,., U=l

H(IH—I) Iy
Tl = Tp2
n n—1 n n—1

Uy T , ufj_py tu

—b-Vyu > — by 2 ,

Whut )

13)

+ %f(un_z + (un—l _ un—Z)’ un—l)

where
o@,)—t,_
W ) = tny Uy~ "1 and u

n—2 + H(IK—I) ) (un—l _ un—Z)
[l PN Tl —Tp2

are employed as second-order temporal approximations to the delay terms U(6(z,)) and U(6(z,_,)), respectively. The extrapolation
formulas of the ghost points near the boundary y = 0 for the scheme (13) are given by
n — (N h3 0.b 2 1’)‘ n—1 D n—1
(u[[])i,—l = (u[[])i,l - ?(( y l)i,()( x(u )i,l - x(u )i,2)
+ 0,0 0" i + ()0 2D5 W ™y = DY),
n n 8h3 N n— N n—
Wi2 = (pia = 5 (0yb1)ip @D Dy = Dy i)
+@ybg)o "™ )i + (b 02D, = DI, ).

The corresponding formulas of one-sided extrapolation of ghost points around the other three boundaries can be performed in a similar
way. We skip it for the sake of brevity. Taking u' = u‘m for i = 1,2,3, it could be proved that the third-order numerical accuracy (in
time) is reached for these initial values.

To carry out the convergence analysis, we need to introduce the following discrete #2 inner product in 2D space:

N-1
1 1
(10.0) = h{ 30y 04Dy + X (10400 )y + 5 (000 )y )
i=1

N-1
h /1 1
where <wxil’UX.2>y =h Ewil’oui2’0+ Z wj, Vi, + zwil,Nuiz,N .
j=1

The corresponding discrete #? norm || - ||, can be similarly defined. In addition, the discrete #2> norm for the discrete gradient turns
out to be

2 2 2 :
IV,wl2 = [ID,wl2 + | Dywll?,  with
N-1
2 _ + + + —
ID,wll; = h z (Dywy,, Dfw,,),, where Djw;; =
i=0
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N-1 Wy 101 — W
2 _ + + + _ Lt LJ
I1D,wl? = h Z (Dfw,,,Dfw, )., where Dfw;; = ; )
Jj=0
We denote w as the even-symmetric extension of w, that is w; ; = w; ; and 0; _, = w; 5, W; _; = w; ;, W_p; = Wy j, W_y ; = w ; for any
0 <i,j £ N. Notice that (D2w, ) = —||D,w||3 and (D}w, w) = || DZw|[3. This is the crucial reason for the choice of even-symmetric

extrapolation for " on the boundary. For convenience, we introduce the following norm
2012 2 -2 202 2202
I1D2 wl2, = ID2@lZ. D2 wliZ, = | D2l

In addition, the discrete #* norm, defined by ||lw||,, = max, ; |w, ;| for any grid function w, is needed in the later analysis.
We denote by U the exact solution of the delay CDR equation (1)—(3), and extend U smoothly to [—6, 1 + 6]>. In the later sec-
tions, it is assumed that ||bllc1 + [Ibgllcr < M and U]l ;5.0 ©OT:Cla@) S C*, where C7%(Q) consists of functions that are continuously

differentiable up to order 7 in 5, with the 7th-order derivatives being Holder continuous with exponent « (cf. [35]). The point-wise
numerical error grid function is defined as

ek i=UF—u*, k=0,1,....N,.
The convergence result is stated below.

Theorem 1. Assume that f = f(v;.0,) € C3(R%) and 6 € C3[0,T). Let U € W3(0,T;C"*(Q)) be the exact solution of the delay CDR
equation (1)—(3), and u" be the fully discrete numerical solution obtained by (6). As At, h — 0 under a linear refinement requirement At < Ch,
we obtain the following result: forn =1,2,...,N,,

lu" — U™, < C(AF + h*), with C independent of At and h.

2.2. Proof of Theorem 1: Convergence analysis for the third-order multi-step scheme (6)

The procedure of the convergence proof is standard, composed of the consistency analysis and error estimate. We begin with the
consistency analysis in Section 2.2.1. Before analyzing the #2 error estimate (in Section 2.2.3), we make an a-priori #% assumption
(in Section 2.2.2) for the numerical error function, which provides a foundation for the inner product estimates involving nonlinear
and convection terms. Finally, the proof is completed by recovering the a-priori #* bound in Section 2.2.4.

2.2.1. Consistency analysis

1<j<3 0=ty —;
R
approximation to U,(r) := U(0(r)). Taylor expansion in time indicates the following truncation error estimates:

The consistency analysis of scheme (6) for n > 3 is given in this subsection. Denote U, § = Z?:I U™ as the

1 Thl
umtt —yn =/ 0,U(t)dt,
1

n

2 5 _ 1 _ 1 Intl
Al 2yt 4 2yt - —pyr3) = — AU (tydt + 7™,
(3 + 12 2 A, (ndt + 7|

N
with D' 171l < CAP Ul 3o r:c2) < CAL,
n=4

% <f(U", U™ —-b-VU" - bOU"> - % <f(U;-1, Urh—b-vu! - bOU">

5 I -2 -2
+E<f(U6',' U™ =b- VU™ = byU"

Tntl
= i ( FUWOD),U@®) —b-VU{E) — bOU(t)> dr 4o,
I/l
N
with Z Izl < CAI3(”f(U5’U)”H3(0,T;L°°J + WUl a3 o.rie1y) < CAP,
n=4

23, ~ 4 _ 5 P _
50U = 27O UMD+ S fO07 U

_23 4 . I -2 -2 1
—Ef(U",U")—gf(Ué’ ,u" )+Ef(U; Ut

N
with Z 1721l < CAPNU Nl yp30 100y < CAP.
=4
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Consequently, a combination of the above estimates implies the third-order temporal consistency of the exact solution U:

R 2 R
—A(— n+1 g1 _ L 3)
At 3U + 12U 12U

3, -
- ﬁ(f(U",U”)—b-VU"—b(,U") s
— §<f(U;—l’Un—l) —b- VUn—l _ bUUn—l)

5 ~n—2 -2 —2 -2 1
+ 2 (@20 = b VU - U ) 4

with Z:’=4 7}l < CA#3. A combination of (14) and (4)—(5) yields the desired consistency estimate for the fully discrete scheme (6),
with third-order temporal accuracy and fourth-order spatial accuracy:

Ul —yr 2 5 a1 1o
—A “rn+l D gmn=1 _ 1 -3
At ’1*<4><3U v Y

23

=3 <f(U”, U =b-V,yU" - bOU”>

(15)
4 rrn—1 n—1 n—1 n—1
- g(f(Ug U )_b‘Vh,(4)U —bOU )

+ 15—2 < fO;2U0"2) =b- VU2 - bOUH) +7m

with 22\]:4 [I7"|, < C(A#? + h*). In turn, subtracting the numerical scheme (6) from the consistency estimate (15) gives

el _en 2 5 1
= A £ n+l 2 n=1_ L n-3
At ’”‘”(38 MR

— %(Nﬁgn —b- Vh,(4)€” _ boen) _ 3—1(./\/‘[:8"71 —b- V;,,(4)e”_] _ boen—l)
+ 15_2(N££n—2 _b- Vh,(4)e"72 _ boen—z) + 7'_nJrl’ (16)
where N'£E" = f(UF,U*) - f@.u*) fork =n—2,n—1,n.

2.2.2. An a-priori £* assumption
To deal with the multi-step method (6), we assume a-priori that the numerical error function has an #* bound at the previous
time steps:

3
llekll, < h2 for k=0,1,2,....n. 17)

In particular, such an a-priori assumption is also satisfied at the initial steps k = 0, 1, 2, 3. In fact, an application of the inverse inequality
to the #2 error estimate (A.10) implies that

1 L 3
ekl < 2n7"lekll, <2C2 7N AP + h*) <2C2(CPA? + R < h2, k=0,1,2,3.
Subsequently, under the a-priori assumption (17), the £* bound of the numerical solution at these time steps could be derived as

o = NU* = Ml < MU Nl + llelleo < C*+ 1, k=0,1,2,....n.

2.2.3. ¢? error analysis
Taking the discrete #2 inner product of (16) with 2Ate"*! yields

<€"+1 _ en,zen+l> _ Al‘<Ah (4)(éen+l + éen_l _ len—3)’en+l>
U3 6 6
= %At(Nﬁé‘" — bV, 4" — bye", ey

- gmu\/ﬁg"" — b Ve = bpe e

+ %AzwaeH — b Ve = bye™2, ¢ ) 4 28K ), 18)

The Cauchy inequality could be used to bound the time marching, truncation error and linear reaction error terms:
(&M =" 2e" ) = [l — e I3 + lle™ ! —e”lI3. 19)
2™ ey < 2+ e |2, (20)

_ §<boen’en+l) + §<boen—1’en+l> _ é(boen—27en+l>
6 3 6
- — 23
<O B+ E + e 13+ e 2IB). € = T M. @1

6
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For the nonlinear error parts, we focus on the term N LE", and the two other ones could be similarly treated. An application of
the mean value theorem implies that

INLE N, < NF TG, UM — fOg,uly + I1£ Ty, u") = f @, ul;

< max _f(U"’U" +S( ”Un _un||2
0<s<1
f ~ 7 - ~
+ ma | (05 + (@ = Up.u)| 17 = Ol o

Recalling that ||U¥||,, < C* and ||u¥||,, < C* + 1 for k =0, 1,...,n, we obtain
Nl < O™l + ™2l + ™3]l o) < 27(C* + 1),
1071l < 9UIU™ oo + U™ 2| + U™ 3] ,) < 27C,
IU" + 5" = UMl < IU"lo + "l £2C* + 1,

17 + 5@ — UPllo < 10710 + Tl < 27Q2C* + 1) =2 K
Combining this with (22) yields

INEE T, < max 107/ o)l (1le"llo + 9lle™ Iy + lle™ 21y + lle™3]l,))
=Ll =
< Cylle"lly + Nle™ ™l + lle™ 21l + lle™ 1), (23)
with C, :=9- et lmaﬁ <k [0% f(vy, v,)|. By using Cauchy’s inequality and (23), we see that
al=1,|vy|,lvp|<
3
23 _
TUNLE N < Gl 5+ CTlle"ll; + €5 Y le™ 1, 49
k=1

with C3 1= ( )2 Similar estimates could be derived for the other two nonlinear parts
8 3
-1 _ _
FUNLE™, ™D < Gylle™ 15 + Co(lle ™13 + D llem-1H ), (25)
=1

3

5 - _ _

slvce 2D < Glle™ 2+ C2Alle 2 E + Y e K| 2). (26)
k=1

Regarding the estimate of the diffusion error term, a typical theoretical difficulty arises if a direct truncation error estimate is
performed, due to the loss of accuracy near the boundary by a formal observation. To derive a full accuracy estimate, an approximation
of the exact solution U"*! has to be constructed by adding an O(h*) term to U™*! to satisfy the truncation error fully to fourth order:

Uﬂ+l = Un+1 + h40n+1 n>3
where the correction function U"*! satisfies the Poisson equation
AL = fontl (27)

with the prescribed Neumann boundary conditions (by setting « := At/h)

0,0 (x,0) = (ﬁ”“(x 0)+ k%" (x, 0) + o5 a5u"+1(x 0),
ayU"+'(x,1)=— B+ 2y D) + o a5U"+1(x 1),
(28)
9,010,y = ——(ﬁ"“(O PO+ o5 asU"“(O ».
0,01 (1. y) = ——(ﬂ"“(l VR + o5 aSU"“(l »-

The functions f"*! and y"*! on the boundary section I', with y = 0 are given by
2
n+l . n+l _ h 3 rrn+l 11 4 rra+l
A= (0,by) - < U TR >+b2-<ﬁayu )
Y= 0,by) - (970,UY) + by - (070, U™ 4+ (9,by) - (0] U™,

As we shall see in (31), this construction groups the second-order remainder terms. The formulas on the other three boundaries can

n+l1
dl(l)n dn to maintain a con51stency with the Neumann

boundary condition. An application of the Schauder estimate to the Poisson equation (27) implies that

be given in a similar way. The scalar quantity K"*! is chosen as K"*! = i fdg

N0 ena < CNU™ ly2eooriomtday,  for m> 2. (29)
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In turn, local Taylor expansions for the exact solution U"*! reveal that

h n
Ui = U - UL - U+ oI e,

8h3 32m° .
Un+21 UirSrI _ 3 03(]:31 0 aSUn+l+0(h7)”Un+l”C7_

Recalling the derivation for 6; u'y !in (9) and using the Taylor expansions
2(2D,U}', - D,U") - 2D, U - DU

_ +1 232 +1 232 +1 3 +1
=0Uly! = APo}o, Ul — ?0j0, Ul + ?0xulfjo
+ 0P + B)H|U a1t
2 2 2rrn—1 27rn—1
22D3Ul, - DU - DU - DUl
11h?
12

207, - U = Ul = APOTUTE + OP)IU (s 0,10y

= aZU.'“+l - AP} Ul — a“U”’f1 + OAP + 1)U lyae o105

we arrive at
QU = (0,b)); 04D, U}, = 2D, U}, = 2D, U/T + DU/S ")
+(by)0@4D3UY, —2D3U), —2D3US ! + DU
+(9,b0) UL — UG + B + Ay
+ 0P + BHU lyseorics)- (31)

A substitution of the boundary condition (28) into the Taylor expansions of U"*!, along with the fact that [|[U"*!||os <
CllUllw2e0.1:c7.09 (bY (29)), leads to

Urtl =00 = 2k0,075" + 0o} U/

. h
=0+ g(ﬂ;fgl Ky - 40a§U,"0+1 +O)IU 2o o 170

U"+1 U"+l 4ho, Ut + O(h3)a3U.”“, G2
= [7:;1 ﬁ:za-l + szn+1) _ Oa;Ulngl + O(h3)||U||w2»oo(o,r;c77a)-

A combination of (30)—(32) results in the following estimates for U/"*!:
vl =Un - —((a by)io@D U, 2D, U}, —2D, U + DU
+(by);0@4D3UY, —2D2UY, —2D3US ! + DZU.”‘I)
1 +1 +1 5 +1
+0yb0)i0 U, ~ Ui D) = —(ﬁ” Feyh -2 % ayU"
+ OOUly 00,1701

(33)
8h3 < < O
U =Ul - T((a b)io@D Ul 2D, U, 2D, U + DU
+ (bz),,0(4D2U" - 2D2U" - 2D2U" Ly DZU" D)
1 +1 2] Th sl
+(9,b9); 02U} = Uy )) - ﬂ” righ = B =Rl
+ O(h6)|| Ul W3.0(0,T;CTa)-
Similar results can be derived on the other three boundary segments, namely y =1, x =0 and x = 1.
A direct consequence of the Schauder estimate (29) is observed:
10" N2 < CIO™ M iaa < CIU Nl 2o (34

in which || - ||W,:”>°° represents the maximum value, at grids points, of the given function up to mth finite-difference, over the domain

Q. Subsequently, we get

1 1 4177n+1 4
||Un+ _Un+ ||Wh200 =h ”U'H- ”thoc < Ch ||U||W2~°°(0,T;C6~“)'
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Denote &¢"+! := U1 —y+1, Subtracting (11) from (33) gives

An+l — én+l + ’i ntl _ h_S n+l _ hS n+1 §n+l
171 il 3 i,0 6 i,0 24 10 i0 (35)
s+l An+1 8h n+1 7h5 n+1 7h n+1 n+1
& =% T390 ~ 3P0 ~ 30 oo
with
1 A A 1 1
q'y’ =—(0,b); 4D el — 2D e -2D, e s Dxel"2 )
— (by)g(4D}e}, —2D%e!, —2D3el! 02 )
— (Oybg)io(2€]y = e'?—l), (36)
n+l _ pn+l 2 n+l Syrn+l
Pio =hg tKrg s i =RUL

1 1 6
| n+ | |Cn+ | < Ch ”U”W3-°°(0,T;C7»")'

Similar results can be obtained on the other three boundary segments. Notice that the O(h’) coefficients of é A"“ and ¢é A”“ have the
ratio 1 : 14, and such a ratio is needed for the error analysis in terms of the diffusion term. This fact turns out to be the reason for
the choice of the boundary condition for U in (28).

The diffusion estimate is stated in the next two propositions. For convenience, we denote ¢",¢é" :=0 for n < 0.

Proposition 1. The following inequality is valid for n > 3:
2
— <(Ah — %(Di + D4))e"+],e"+')

45 46h?
> SV 13+ S5 (D2 E, + D2 I, - Coh®

1 3
h? 2 n—ky2 2 n—kj2 —k 2
- 5% Z (ID2e" X2, + D" |2 )= Cpy Y lle" 13

k=—1
3 3
= Ch? Y IV X113 = Coh® Y (IDZ e XI5, + 1DZ " |13,). 37
=0 k=0
Proof. A lower bound for —(é"*!,(A), — —(D4 + D})é"!) is derived, and the desired estimate (37) is obtained by using (34). Based

on the boundary extrapolation (35), an apphcation of the summation-by-parts formula indicates that
A n? DY 4 DY)t gt
<( h_ﬁ( T y))e e
N n? 5 5
=~ IV, 13 = T AD2E S, — D3I, + B
47 47n*
< =g IVne™ I3 = e UIDT e, = 1D ™15 ) + B+ Gy, (38)

in which (34) has been used in the last inequality. The boundary term is decomposed as B = B! + B> + B* + B*, in which B!, corre-
sponding to the boundary term along y = 0, turns out to be

1_ L (/1 An+l An+l An+l &1y _ 168 — gty o]
B = 12h(<ey—l > *t3 <( 2 ) 16<e}’—| 1 )’eyo x)'

We focus on the estimate for 3!, and the other three boundary terms /3%, 3%, B* can be handled in a similar manner. Using the formula
for é ”’”’1 and é A”“ in (35), B! can be simplified as

<qn+1 An+l 4én+l N

L(<§n+l’ sn+1 8én+l> 4= <§"+1, sn+1 )

122 \ V"% 1
n n+l s+l _ n+l nt n+l s+l _ st
+7_2<pyo v T X+ng "o 2% T /x
=L +L+1+1,. 39

The first term I, can be controlled by using the form of qfarl in (36):

<qn+l An+1

_ A A A =1 o P =1y sn+l
= _§ <((3yb1)yo(4Dxe;1 - 2Dxe;2 - ZDXe;1 + Dxe;2 ), e;l .

n? 2 n 20 21 4 2n1An+1
- %<(b2)YO(4D.Ve)’1 —2Dyey2 - ZDYeM Dy » ). e x

9
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n? —1y g+l
- %«aybo).\’o@e;o - e;o ): ezl x

=10+ i+ 1.
For n > 5, using (35) on the boundary segments x = 0, 1, the term I, ; can be bounded by

1
Iy < B Y (1D P + | Deprt P + 1D, k12 + 1D, 8% 1)
k=0
1
+Cslle™ I3 + Csh? Y |IDe" |13 + Csh®
k=0
1 3
< Glle™ I3 + Coh® Y IDge" X113 + Coh® Y lle" 113
k=0 k=1
3 3
+Coh® Y IIDye" k|13 + Cgh® Y [ID2e"¥|3, + Coh®
k=1 k=1
3 3 3
<G Y NG+ Cn? Y Ve KI5 + Cr® Y DL S, + G, (40)
k=1 k=0 k=1
in which the Schauder estimate (34) and the fact that 2 < 1 have been used. For n = 3,4, the estimate (40) (with some constant C;)
could be similarly derived. The other two terms I, , and I, ; can be handled by Cauchy’s inequality:

1

Lo+ 152Gy Z lle" 112 +
k=—1

2 n k 8
23042”0 13, + Csh®.

2
A similar result is available for ;’—6 <q’”" 4é"+' > Then we arrive at

3 3
n—k 2 2 n—k 2 2 Pl k
I <Cy ) N1 I3+ Coh® Y IV 4e" 153 + 1152ZMD I3,
k=-1 k=0
3
+Coh® Y D2 e" |3, + Coh®. (41)
k=1

The term I, can be bounded with the help of Cauchy’s inequality, as well as the estimate (36), giving
I S Cglle™ 13+ Cioh® < Cyylle™ |15 + €y A, (42)

It remains to estimate I5 and I,. It is observed that, the detailed estimates for e"+i, Af’“ in (35), in Wthh the O(h°) coefficients of

é"“l, é"“ have the ratio 1 : 14, enables a rewritten form of the term I5 + I, as = ( p"*l, ””*1 ”;1*1 288 (r"“,é;gl "TI ).~ This
fact turns out to be crucial in the error analysis. An application of Cauchy’s inequahty 1rnp11es that

4
n+1 An+1 An+1 h n+l s+l _ o+l
I3+I4— (p s Y1 T <r é é

* Yo n /x

< Dy ).+ ' S0 o e

< anD &3+ Cp3h° < —||D 3+ Cyht. (43)
A combination of (39) and (41)-(43) leads to
3 1 3
B < Cis 3 1M 5+ gellDye ™ 15+ Cish® ¥ 1V, F I
k=-—1 k=0
3

o Z 1D " H13,, + Cush® L IDL e I3, + Cish’.
k=1
The other three boundary terms can be similarly treated, and we get

3

n—k n+1 2 e k 2 n—k
B2 3 1€+ g SV 2 + 2 kz(,)(IID 13, + 102 412,)

3 3
2 —k 12 2 n—k2 2 n—k2
+Cih® Y IV I + Cih® Y (D2 ¥ |2, + 102 |12, )
k=0 k=1

+Cyeh. (44)

10
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A substitution of (44) into (38) gives
oy AN\ gl pnt]
—((Aan - E(D" + D ))e e

46 47h?
4—||V,,e"+1 I+ S (1D "5, + D5 ™ 3,) = Cigh®

2<||D2 "HI3, +ID2 e I,) — €y Z lle"*113

576 Pt}

- Cyh? vahe" I3 = €1k 2‘,<||D2 K|, + D2 eI (45)
k=0 k=1
To obtain (37), we make the following observation:
A n? D* + Dhy) et pntl
—(( h_ﬁ( 4+ y))e ety
4 AN\ okl prl
=—<(Ah—§(DX+Dy))€ e
4 4 4N\ skl pratl
—h ((Ah—E(Dx+Dy))e VoS
2 A
— (A, - %(Di n Di))U”“,e"“). (46)

Regarding the second term on the right-hand side of (46), an application of the summation-by-parts formula, combined with (34),
yields

2
4 h” 4 AN\ ankl Pyl
- h*((A, - D+ Dp)ertt,umh)
1 n?
s V™15 + %(HD)ZC e, + D2 e 13,) + € + Cygh®.
Again, the boundary term is given by C = C! + C? + C3 + C*, and C' (corresponding to the one along y = 0) reads
cl = (<An+1 An+l h4Un+l>
12h
An+1 An+1 An+l An+1 47 rn+1
(@t - e — 6@ - o), ity ).
For n > 5, the following bound is available, based on (35) and (36):
3
< Cooh® Y (V4" I3 + 1" I3 + 102113, + D3 ™12, ) + Cioh®.
k=0

For n = 3,4, the estimate with some alternate constant C can be derived in a similar manner. Moreover, the other three boundary
terms, namely C2, C3, C*, can be similarly derived, and we arrive at

h? bl P
_ h4<(Ah _ E(Djlc + D;))Q"H,U"H)

1 h?
< 4—8||Vhe”+1 1% + %(IIDi et Ili,n + IIDﬁ et |I§,,,) + Cyht®

3
+Cooh® Y (194" I3 + e 13 + 1D 113, + D2 "2, ). 47)
k=0
Regarding the last term on the right-hand side of (46), we see that
n? -
—h*((A, - E(Di + D)0 ™) < Cylle™ 13 + Cyy h®. (48)

Finally, a combination of (45)—(48) gives (37), which completes the proof. [

Proposition 2. The following inequality is valid for n > 3 and m = 1, 3:
h2 4 4 n—m _n+l
|<(Ah——<DX+Dy))e ]
27 - 25h%
< DUV + TNV + 2102 R, + 102 IR,

26h _
+ Sg (IDF "1, + D313 ,) + Caglle™ I3 + Cpoh°

/’l2 m+2 m+4
2 n—k2 2 n—k2 —k 12
+57e 2, (DL, + 1D ™5, + Cog D 1113
k=m+1 k=m+1

11
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m+4 m+4

2 —k |2 3 2 n—k2 2 n—k 2
+Ch? Y VR 4 Cooh® Y (D2, + D22,

k=m+1 k=m+1

The estimate for the convection terms in (18) is stated in the following proposition.

Proposition 3. The following inequality is valid for n > 3:

23 8 LS -
<?b Va@e" =35 Vawe" Y+ zb Viwe" Z,e"+1>

2
1 —k |2 112 8
4—2 Ve 12 + Cyylle™ 12 + C31h
4
4 —k (|12 —k (|12 2 n—kj2 2 n—ky2
+ Cyh* Y e 2 + IV e FI12 + 1D "< |3, + 1D e" )12 )
k=1

(49)

(50)

Proof. We focus on the term (b -V, 4 e",e"*!), and the rest two terms could be similarly treated. An application of the summation-

by-parts formula indicates that

(byD (1 - h_2D2)e,, ey + (b, D (1 — h—2D2)e" ety
17x x s 2y 6 y ’

4h -1
3

.MZ

N-1
- h -
N _2 (b)), D€y e,

i

2

-2
2 YDl e, +—Z<<b2> bye ey,

:+1’ Xi
1

|
S
Z

1 h o ~ 1
<(b2)yl ve y/ I ;7 b= 6 Zl <(b2)yf Dye;H-l’e;:— bt A
i=

[S)

»—II

6
< 2 251Vl + Colle™ I + 4.

The boundary term A can be decomposed as A = A' + A2 + A + A*, in which A! (corresponding to the one along y = 0) is given

by
_ 2 b n n n+1 b n n n+l
= 5(( Z)yo(eyl —(:’y >x <( Z)yl (ey] _ey >x
Y2

1 n n n+1
T {Ga)y e, =l el

For n > 4, an insertion of (31) into (30), combined with a subtraction from (11), results in

n . 5
eft - e;’,l = ?qzo + ¢:’1,0’ with |¢:’,O| < Ch ||U||W3~W(U,T;C7~“)’

8h3 .
¢, = T‘Ifo +wf with [y | < CR U lyseoicry-
Additionally, a combination of (52) and the a-priori estimate (17) yields
|Dye;’0| < h, for h < C, (independent of At and h).

Meanwhile, both (52) and (53) can be extended to the other three boundary segments.
The first term of A' could be bounded with the help of (52):

(o) () =y ) el < = <<bz>y0q"“, ) e+ Coglle™ I3 + Cyyh®,
with an obvious fact & < 1. Subsequently, we see that
h3
T (b2 a5, €
= —<(b2)y0(a by)y, 4Dy = 2D e}~ —2D,el 2 + Dyel ), et
\ 2 n—1 2 n—1 2 n—2 2 n—2 n+1
+ ?<(b2)y°(b2)yq(4Dyeyl - 2Dyey2 - 2Dyeyl + Dyey2 ), % Yx
h? - -
+ ?<(b2)m(ayb0)m(2e;01 - 9302), e;;fl)x =: @, + D, + D;.
Using (52) on the boundary segments x = 0, 1, we have
n o - . 5
o, < Z(bz)o,o(aybl)0,0(4Dxeg,]1 —2D,ef;' —2D,ef? + Dyeg et

12

(51)

(52)

(53)

54

(55)
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+ —(bz)N 00,0 o@Dy e | = 2D = 2D e + Dee et
+ Coslle™ 13 + Cosh* | De" I3 + Cosh* | Dye" 2|13
< Coglle™ 13 + Cogh* I e |12 + Cogh* | D" 2|13 + Coh®, (56)
in which the estimate (53) on the boundary segments x = 0, 1 has been used. The terms ®,, ®; can be directly controlled by Cauchy’s
inequality, giving
@, < Cylle™ |13 + Cyyh* I D} e I13,, + Corh* 1D 2113, (57)
@3 < Cplle™ I3 + Cog 1" 15 + Coph* 1" 13, (58)

A combination of (54)—(58) implies that there exists a constant C,g such that

2 n n n+1

3((1)2)y@(ey1 —e) ey
2

< Cogh® Y (lle" 112 + 1D <12 + D2 112,
k=1

+ Coglle™! ||% + Cygh®. (59)

For n = 3, this inequality (with some constant C,g) could be similarly derived.
The estimates of the other two terms in (51) can be derived in the same fashion, giving

2
1 12 4 —k 12 —k 2 2 n—kj2
AL < Ca (e 13+ 1S+ 1 Y 1™ 13 + D" I3+ D3 113, ).
k=1

The other three boundary terms can be similarly treated, and we get

- 2 - 2
(b, D (1 h—DZ)e",e"“) +(byD,(1 - h—Di)e",e"“)

6
< 2o VeI + Coglle™ I + Coph®

2
4 —k)2 —k )2 2 n—ky2 2 n—ky2
+ Cyoh Z(”e" 3+ IVae™™ll5 + 11Dy e "l5, + 1Dy "I )
k=1

The proof is completed. [
Finally, a substitution of (19)—(21), (24)-(26), (37), (49) and (50) into (18) results in

12 2
lle™ i3 = 1”113

35 1 47 _ 1 _ 3 _
+ At(ﬁlthe”“lli - E”Vhe"”% - %”Vhe" 1||2 - ﬁ”vhen 2||§ - §||Vhe" 3||§)

109h% 65h? _ _
+ At (IDE G, + (DY e ||2n>—Ar1728(||D§e" 3, + 1Dz e 3,
BB D2 e D2 - A Z‘,(HD2 K2+ 1D2 "2
1728 Zn 2n 576 2n 2
7 7
< CpAth? Y |IV,e"H I3 + CypAth® Y (D2 X113, + 11D% " 7¥113,)
k=0 k=0
7 3 2
+CpAt (" I3 + At 30N lle™ =K |13 + Atlle" 13 + Cyp A, (60)
k=—1 k=1 r=0

For any 0 < k, < k* < N, such that 0(7«) — 6(t; ) < 3A1, one has 6'(p)(k* — k,)At < 3Ar where p € [k, Ar, k*Ar], which implies that

2 Z et < L Z lle“113- 1)

=1 r=0

Consequently, choosing A < m1n{(96C32)" 5-(6912C5)7 1Y, summlng up (60) in time, using (61), (A.10), and the fact that 43

47 L3 _ 8 _ 1 09 65 _ 13 _ 6 _ 85 _ _1_
AT >0, o~ T T Ths 56— w5 = ol 48 > 0, we see that an application of discrete Gronwall 1nequa11ty gives

the desired error estimate:

n+1

At h?
— Z (Ve 15 + E(IID;‘Z I3, + 1D} k113 ) < Cy3(Ar + r*). (62)

lle™ 113 +
a8~

13



Q. Huang et al. Journal of Computational and Applied Mathematics 484 (2026) 117448

2.2.4. Recovery of the prior £* bound (17)
Finally, an application of the inverse inequality to the #2 error estimate (62) yields

1 L
le™ oo < 27 le™ I, < 2CERTNAP + B <2CL(CP R + 1),

Lo
in which we have used the linear refinement requirement Ar < Ch in the derivation. Setting » < min{1, (2C323(C3 +1))72}, we see that

3
the prior #* bound of ||e"*!||, < h?2 is recovered.

Remark 1. For the Dirichlet boundary condition case, one would need a different ghost-point construction and a separate boundary
truncation error analysis from the Neumann case studied in this paper; hence the arguments developed here cannot be directly
adapted. Similarly, a symmetric extrapolation for the ghost point can be used so that the resulting scheme can still be solved efficiently
by the FFT-based method. We expect the theoretical convergence rate to be O(A#> + h*>) based on the analysis in [26], while the
full accuracy of O(A#> + h*) is anticipated in practical computations [27]. A complete and rigorous proof for the Dirichlet case would
require a separate technical development and is therefore left to the interested reader.

3. The fourth-order multi-step scheme

It is observed that the Adams-Moulton formula applied to the diffusion term in the third-order multi-step scheme (6) is a stretched
stencil, and that the diffusion coefficient at time step #,,; dominates the sum of the remaining coefficients, which plays a key role for
the stability and convergence analysis in Section 2. This property is a necessary condition for the numerical stability; see the related
discussions in [32-34]. Directly applying the classical Adams-Moulton formula (cf. [36]) to the diffusion term and Adams-Bashforth
formula to the convection term, linear reaction term and nonlinear function results in the following third- and fourth-order multi-step
linearized schemes:

n+l _ n
Third order: LA Ah’(4>(%u"“ + %u" - ll—zu"‘1>
23 -
= S (@ = bV = o)
_ %(f(ﬁg—l’ un—l) —b- Vh'(4)un—l _ bOun—1>
5 U S _ -
+ (@) = bV g = b ), (63)
el 9 19 5 - 1
Fourth order: “——% _ A (— My - = 2)
At ro\2g" Tt Tt T
= % (f(ﬁ;,un) =b-V, 4" - bo“")
59

- ﬂ(f(ﬂ3_17“"_1) —b Vyuu' - bou”_l)

+ ;—1 (f(z?;_z, W —b- Vh’<4)u”_2 - bou”_z)
— %(f(ﬁg_3, Mn—S) —-b- Vh,(4)u"_3 _ bOu”_3>, (64)

and the numerical results in Section 4.3 reveal that these schemes are unstable. Therefore, a stretched Adams—Moulton formula is
also needed for the fourth-order multi-step linearized scheme, which is formulated as follows:

utl oy _ h(4)< 757  p+1 470 4 118 ,_s 43 un_7)

Ar 1152" 52" 12t T s
- ; (S = bV = b )
59 ~n—1 n—1 n—1 n—1 (65)
—ﬁ(f(ug Y = bV " = bu )
+ (@20 = bV g™ — b
24 0 hy(4) 0

- %(f(ﬁ;_%7 un—3) -b- Vhy(4)uﬂ_3 - bou"_S),

1<j<a 00)—tn,—;

0 _ ~n . _ ¥4 m,—i
for n > 7, where u” = Uj,. Here, @ := Y u™ H#i o————

A is an explicit approximation to U(6(z,)), where

4 if 0 < 6(r,) < 3At,
m, =
g g if (g — 1)Ar < 6(t,) < qAt for some g > 3.

The formula for the ghost points near the boundary y = 0 is given by (11). Moreover, the initial values of " for n = 1,2, ...,7, must
also be computed with temporal error of O(At*), and the predictor-corrector method could still be considered here.
For the fourth-order multi-step linearized scheme (65), the convergence estimate is stated below.

14
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Table 1
#? and £ errors norms of scheme (6) with At = 1073,
6(r) = 0.8¢ 0(r) = arctant
h lu¥ —Ul|,  Order lu™ U,  Order llu¥ —Ul|,  Order lu¥ UM,  Order
274 8.4533e-05 - 1.9905¢-04 - 8.6015e-05 - 2.0089¢-04 -
23 5.6272e-06 3.9090 1.2657e-05 3.9752 5.7375e-06 3.9061 1.2790e-05 3.9734
276 3.5963e-07 3.9678 7.9398e-07 3.9947 3.6697e-07 3.9667 8.0270e-07 3.9940
277 2.4110e-08 3.8988 5.1364e-08 3.9503 2.4676e-08 3.8945 5.2013e-08 3.9479
Table 2
¢? and ¢* errors of scheme (6) with 4 = 1073,
(1) = 0.8¢ 0(t) = arctant
At llu¥ —Ul|l,  Order lu U,  Order llu¥ —Ul|l,  Order lu¥ —Ul|,  Order
276 6.3099¢-06 - 7.9122e-06 - 6.6042e-06 - 8.1519e-06 -
277 8.7047e-07 2.8578 1.0695e-06 2.8872 9.1695e-07 2.8485 1.1077e-06 2.8795
2-8 1.1341e-07 2.9402 1.3822e-07 2.9518 1.1978e-07 2.9364 1.4355e-07 2.9479
29 1.4740e-08 2.9437 1.7825e-08 2.9550 1.5591e-08 2.9416 1.8546e-08 2.9524

Theorem 2. Assume that f = f(v;,0,) € C*(R%) and 6 € C*[0,T). Let U € W*(0,T;C"*(Q)) be the exact solution of the delay CDR
equation (1)—(3), and u" be the fully discrete numerical solution obtained by (65). As At,h — 0 under a linear refinement requirement
At < Ch, we obtain the following result: for n = 1,2,..., N,

lu" — U™, < C(Ar* + h*), with C independent of At and h.

Proof. The procedure of the proof is identical to that of Theorem 1, with only minor differences arising from the specific coefficients
in the Adams formulas. Since the diffusion coefficient at time level 7, ; in scheme (65) dominates the sum of the remaining diffusion
coefficients, the coefficient of ||Ve"*! ||§ remains dominant over the sum of the coefficients of ||Ve”‘k||§. We omit the redundant
derivation and leave the details to the interested reader. O

Remark 2. The time stencil in scheme (65) is essentially minimal for achieving fourth-order accuracy together with unconditional
stability with respect to the diffusion term. Indeed, the stability proof relies on an Adams-Moulton representation

1 Thyl 3 4
= / AU dt = agAU (t,) + ), @,y AU (1,,_ ;) + CAt
In

i=1

with condition ay > Y, |a |- Detailed calculations show that the shortest admissible choice is j(1) = 1, j(2) = 5, j(3) = 7.

4. The numerical results

In this section, some numerical examples are provided to demonstrate the robustness of the proposed schemes. The following two
dimensional convection-diffusion-reaction equation is taken into consideration, with a vanishing delay term:

o,U—-AU+b-VU +byU = f(UO®),U@®) +g, (x,1)€(0, 1% x [0,1]. (66)

We take the nonlinear function f(U(@(),U(t)) = U@))U%(r) and set b= (1,1)T, by = 1. Two types of delay functions: the lin-
ear delay function 6(r) = 0.8t and the nonlinear delay function 6(r) = arctant are considered. The exact solution is chosen as
U, = cos(t cos(zx) cos(zy)). The initial data is given by U,(x,0) = 1, and the source term g is accordingly determined. The three-point
Simpson’s integration formula is used for g to minimize the numerical integration error over each time interval (¢,,¢,,,). Both the
third- and fourth-order schemes can be efficiently solved via FFT.

4.1. Numerical test for the third-order scheme

To verify the spatial accuracy of the third-order scheme (6), the time step size Ar is needed to be sufficiently small to ensure the
numerical error is dominated by the spatial error. In this test, we fix A = 1073, In Table 1, the spatial numerical errors of scheme (6)
are presented. It is apparent that the convergence rate in both the #? and #* norms are close to O(h*), whatever the delay function
0(¢) is linear or nonlinear.

To verify the temporal accuracy, the spatial mesh size # has to be sufficiently small to ensure the spatial numerical error is
negligible, and we fix 4 = 1073, In Table 2, the associated numerical errors are presented. It is obvious that the convergence rate in
both the #2 and #* norms are close to O(A#), whatever the delay function (¢) is linear or nonlinear.
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Table 3
¢? and 7 errors of scheme (65) with At = h.
6(r) = 0.8¢ () = arctant
At h lu¥ —Ul|,  Order lu™ —UY|,  Order llu¥ — UM,  Order lu¥ —Ul|,  Order
274 274 6.6775e-05 - 1.7587e-04 - 6.3431e-05 - 1.7101e-04 -
23 23 5.1702e-06 3.6910 1.2255e-05 3.8430 4.9798e-06 3.6710 1.2040e-05 3.8282
276 26 3.5338e-07 3.8709 7.9579e-07 3.9449 3.5487e-07 3.8107 7.9900e-07 3.9134
27 27 2.2935e-08 3.9456 5.0526e-08 3.9773 2.3680e-08 3.9056 5.1466e-08 3.9565
t=0.1 t=0.2 t=0.3 t=0.4

Fig. 1. The numerical solution of the third-order multi-step linearized scheme (6) with stretched Adams-Bashforth formula.

t=0.1 t=0.2 t=0.3 t=0.4

Fig. 2. The numerical solution of the third-order multi-step linearized scheme (63) with classical Adams-Bashforth formula.

4.2. Numerical test for the fourth-order scheme

To verify the numerical accuracy of the fourth-order scheme (65), the time step size is set as At = & so that the fourth-order
accuracy in both time and space can be confirmed. The numerical results are presented in Table 3, and the desired fourth-order
convergence rate is clearly observed.

4.3. The instability of scheme (63) and (64)

It is observed that the diffusion coefficient at time step 7, in scheme (6) dominates the sum of the rest of diffusion coefficients,
ie., % > |%| + |1—12 |. This fact has played a crucial role in our stability and convergence analysis. However, the scheme (63), obtained
by applying the classical Adams—Moulton formula to the diffusion term, does not possess this property. For comparison, we present in
Figs. 1 and 2 the numerical solutions of (66) obtained with the two schemes. The computation is performed with 4 = 1/2°, At = 0.01,
and the nonlinear delay is taken as 6(f) = arctanz. The exact solution is displayed in Fig. 5. The instability of the scheme (63) is easily
observed. The numerical solutions obtained using schemes (65) and (64) are shown in Figs. 3 and 4, respectively. Instability is also
observed in the scheme (64).
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t=0.1 t=0.2 t=0.3 t=0.4

Fig. 3. The numerical solution of the fourth-order multi-step linearized scheme (65) with stretched Adams-Bashforth formula.

t=0.1 t=0.2 t=0.3 t=0.4

Fig. 4. The numerical solution of the fourth-order multi-step linearized scheme (64) with classical Adams-Bashforth formula. The numerical solution
blows up at t = 0.4.

t=0.1 t=0.2 t=0.3 t=0.4

Fig. 5. The exact solution U, = cos(f cos(zx) cos(ry)).

5. Colclusion

In this paper, two multi-step, linearized numerical schemes, by virtue of a combination of the Adams-Bashforth extrapolation and
the stretched Adams-Moulton interpolation in the temporal discretization, are proposed to solve the CDR equation with vanishing
delay. The fourth-order long-stencil finite difference formula is used for the spatial discretization, and the boundary extrapolation
is implemented by making use of Taylor expansions and information from the delay CDR equation. A detailed convergence analysis
and error estimate is provided for the proposed numerical scheme. Via a careful construction of an approximated solution, we obtain
the full order accuracy estimate in the #? norm. The numerical experiments have also verified the theoretical analysis. Additionally,
a potential future direction is to investigate the preservation of physical structures, such as the discrete maximum principle, and to
explore superconvergence properties [37,38].
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Appendix A. Estimates of the starting approximations

['1] =U! - u[l” caused by the predictor. A careful consistency analysis implies that

We first analyze the error e
u'-u°
At
with || [l < C(Ar+ A%). (A1)
Subtracting the scheme (12) from the consistency estimate (A.1) and taking the discrete #2 inner product of the resulting equation
with Até' leads to

=AU = fW0° U = bV, U° = byU° + 1y,

llefy 113 = Ar(Ap ey efyy) = Atlefyym), (A.2)

where the fact ¢ = 0 has been used. Similar to the derivation of (37), we have
11 45At 12, 46A1 B2 5 10 2.1 2
DA gelyefy) = S IVael I3 + T2 - S ADZel 1, + 1D3ely 13,)
- c]mue[ll]n2 —CiAr- K,
By Cauchy’s inequality, a combination of the above estimates, and (A.2), as well as the constraint At < Ch, indicates that
h? 5
lefyyl13 + At (IVpep, 15 + T3 (1DZefy I3, + I1DJep l15,)) < Co(Ar® + A2, (A3)
With the help of the #? error estimate for (A.2), an application of the inverse inequality yields
1 L
||e[‘1]||w <2n7! ||e[‘,]||2 <2C7h (AP + h*) <2CF (CPh+ 1Y), (A.4)

L
where the linear refinement Ar < Ch has been used. We obtain ||e[‘1 oo <1 by setting 7 < min{1, (ZC‘Z2 (C? +1))"!}. This in turn leads

to

ity oo S NUT = el llee < NU N + llel llog < C* 4 1. (A.5)
Next, we give an estimate of 6;2] =U! - u;ﬂ updated by the corrector. The consistency analysis indicates that
u'-u° u'+u° _ 1 ) -
o AT = E(f(U‘ +oap U = U0, U + £, U%)
u'+u° u'+u°
—-b- Vh,(4) > - by ) + 1y,
with [In [l < C(AP + h*). (A.6)

Subtracting the scheme (13) with / = 2 from the consistency estimate (A.6), and taking the discrete #2 inner product of the resulting
equation with Aré!, leads to

12 11 _ 11 11
2||e[2] 5 - At(Ah’(4>e[2],e[2]) = At(./\fl’,é’[z],e[z]) — AKb - th(4)e[l], em)
11 1
- At(boem, em) + 2At(n,, e[z]), (A.7)
where .N'Eé’[lz] =fW’ + 0(t1)t1‘1 (ugl] —u0), ”El]) — fWU° + 00 (U = U®),U"), and the relation ” = 0 has been used in the derivation.
In a similar manner to the derivation in Section 2.2.3, we obtain

1 a 1 . ~ 1
INLE I, £2 max [0% f(vy, )| - llepyllz := Csller Iz,
2172 =% 1= 1oy Loy <2(C*+1) 152 mit 31€mh2

1 1 ~
AN LE R e < gllepy 13 +2C5A¢2 e 15,

45At 46At  h?
1 1 1 2 2 1 2 2 1 2
_Al<Ah,(4)e[21y 9[21> > Kllvhelzjllz + K : E(”DX e[2J||2,n + ”Dy 9[2J||2’,,)
1 ~
= glepylls = Coar-a,

|AK(b - V), gyl efy )| < CsAPRY e 15 + 1V aefy I3 + D3¢ 115, + 1 D3efy 113,
+ C’SAﬂuvheﬂ”ng + élleﬂzjllz +Csar? 1,
|Ar{byely ey < gllely I+ 287 el 13,
281y, e)) < %ne;zjng + 8AL |, I3
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Using the above estimates and (A.3), we obtain from (A.7)

n? ~
“e[lz] ”% + At(llvhe[lz] “% + E(”Di eEz] "%,n + "Di e[lz] “%,n)) < C(,(AIZ‘S + h4)2~ (AS)

1

Furthermore, the estimate of e! = e

could be treated in the same way, i.e.,

2
12 152 h 2,12 2,12 ~ 3 42
lle'll; + Aar (Ve 15 + E(IIDxe I3, + D3 l3,)) < Co(Ar + h*). (A.9)
The estimates of e", n = 2,3 could be analyzed in a similar way. In conclusion, we have, for n = 1,2, 3,
2
2 2, h 2 02 2 02 3, p4y2
"3+ Ar(I9 eI + S (ID2" 2, + 102" 3,)) < Co(Ar + )2, (A10)
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