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Abstract

In this paper we propose and analyze a finite difference numerical scheme for the Flory-
Huggins-Cahn-Hilliard equation with dynamical boundary condition. The singular logarithmic
potential is included in the Flory-Huggins energy expansion. Meanwhile, a dynamical evolution
equation for the boundary profile corresponds to a lower-dimensional singular energy poten-
tial, coupled with a non-homogeneous boundary condition for the phase variable. In turn, a
theoretical analysis for the coupled system becomes very challenging, since it contains nonlin-
ear and singular energy potentials for both the interior region and on the boundary. In the
numerical design, a convex splitting approach is applied to the chemical potential associated
with the energy both at the interior region and on the boundary: implicit treatments for the
singular and logarithmic terms, as well as the surface diffusion terms, combined with an explicit
treatment for the concave expansive term. In addition, the discrete boundary condition for the
phase variable is coupled with the evolutionary equation of the boundary profile. The result-
ing numerical system turns out to be highly nonlinear, singular and coupled. A careful finite
difference approximation and convexity analysis reveals that such a numerical system could be
represented as a minimization of a discrete numerical energy functional, which contains both
the interior and boundary integrals. More importantly, all the singular terms correspond to a
discrete convex functional. As a result, a unique solvability and positivity-preserving analysis
could be theoretically justified, based on the subtle fact that the singular nature of the log-
arithmic terms around the singular limit values prevent the numerical solutions (at both the
interior region and on the boundary section) reaching these values. The total energy stability
analysis could be established by a careful estimate over the finite difference inner product. Some
numerical results are presented in this article, which demonstrate the robustness of the proposed
numerical scheme.
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1 Introduction

The Cahn-Hilliard (CH) equation [3, 8] is a fundamental model that describes phase separation
processes in binary mixtures. Typically, this equation can be written as follows

ϕt = ∆µ, (1.1)

µ = ε−1F ′(ϕ)− ε∆ϕ, (1.2)

where ϕ is the required phase separation and µ is the chemical potential. F is a double-well energy
and ε is an interface thickness parameter. Assuming homogeneous Neumann boundary conditions,
as is standard, the free energy of the system, namely,

E(ϕ) =

∫
Ω

(
ε−1F (ϕ) +

ε

2
|∇ϕ|2

)
dx, (1.3)

is dissipated along solution trajectories. Recently, this choice of boundary conditions has come
under scrutiny, as it ignores the influence of the solid wall on internal dynamics. More importantly,
the homogeneous Neumann boundary condition is known to be invalid in some important applica-
tions, such as the contact line problem. Aiming to account for the possible short-range interactions
of the solid wall, physicists have derived several types of dynamic boundary conditions by introduc-
ing surface free energy. We analyze a numerical scheme for a dynamic boundary conditions model
proposed by Liu and Wu [36] and derived using an energy-variational principle. In more details,
the Liu-Wu model reads

ϕt = ∆µ, µ = ε−1F ′(ϕ)− ε∆ϕ, in Ω, (1.4)

∂nµ = 0, ϕ|Γ = ψ, on ∂Ω = Γ, (1.5)

ψt = ∆Γν, ν = −κ∆Γψ + ε−1G′(ψ) + ε∂nϕ, on ∂Ω = Γ, (1.6)

where Ω is a bounded domain with Lipschitz continuous boundary Γ := ∂Ω; ν stands for the surface
chemical potential; ∆Γ is the Laplace-Beltrami operator on Γ; the constant κ is the surface diffuse
interface thickness parameter; and ε is an bulk diffuse interface thickness parameter. Effectively,
periodic boundary conditions are employed for the surface diffusion problem. Owing to the no mass
flux ∂nµ = 0 for the bulk problem and the periodic boundary conditions for the surface problem,
one will observe that no mass is exchanged between the surface and bulk regions, which leads to
respective mass conservation of ϕ in Ω and ψ on Γ. Effectively, in the Liu-Wu model, the bulk
boundary condition is given by a lower dimensional CH type equation that is coupled with the
surface normal derivative term ∂nϕ.

The bulk and surface energies are given by

Ebulk(ϕ) =

∫
Ω

(ε
2
|∇ϕ|2 + ε−1F (ϕ)

)
dx, Esurf(ψ) =

∫
Γ

(κ
2
|∇Γψ|2 + ε−1G(ψ)

)
dS. (1.7)

To close the model, suitable energy functions F and G are needed in the system. We will focus on
the Flory-Huggins logarithmic energy, which is also known as the regular solution model. In other
words, we set F (ϕ) = R(ϕ) and G(ψ) = R(ψ), where

R(c) = (1 + c) ln(1 + c) + (1− c) ln(1− c)− θ0
2
c2, (1.8)

and θ0 is a physical constant related to the interface thickness. The regular solution model, which
in many physical applications is considered more realistic than a polynomial double-well energy
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density, has the added benefit that it keeps the solutions “positive.” In other words, the solutions
are expected to satisfy −1 < ϕ,ψ < 1.

Mathematically, the unique existence of both weak and strong solutions has been proved in [36],
and a different way to structure the weak solution was proposed recently [24]. The dissipation rate
can be calculated as follows. First, define

Etot(ϕ) := Ebulk(ϕ) + Esurf(ψ).

Then, it follows that

dtEtot(ϕ) =

∫
Ω

{
ε∇ϕ · ∇∂tϕ+ ε−1F ′(ϕ)∂tϕ

}
dx

+

∫
Γ

{
κ∇Γψ · ∇Γ∂tψ + ε−1G′(ψ)∂tψ

}
dS

=

∫
Ω

{
−ε∆ϕ+ ε−1F ′(ϕ)

}
∂tϕ dx+

∫
Γ
ε∂nϕ∂tϕ dS

+

∫
Γ

{
−κ∆Γψ + ε−1G′(ψ)

}
∂tψ dS

=

∫
Ω

{
−ε∆ϕ+ ε−1F ′(ϕ)

}
∂tϕ dx (1.9)

+

∫
Γ

{
−κ∆Γψ + ε−1G′(ψ) + ε∂nϕ

}
∂tψ dS

=

∫
Ω
µ∂tϕ dx+

∫
Γ
ν∂tψ dS

=

∫
Ω
µ∆µdx+

∫
Γ
ν∆Γν dS

= −
∫
Ω
∇µ · ∇µdx−

∫
Γ
∇Γν · ∇Γν dS.

Thus
dtEtot = −∥∇µ∥2 − ∥∇Γν∥2Γ ≤ 0. (1.10)

See the related references [4, 5, 29, 36, 38] for more detailed discussions about Liu-Wu model and
other types of dynamical boundary conditions.

In a square domain, normal derivative is not well-defined at four vertices. To avoid this difficulty,
a periodic boundary condition in one direction (x-direction for example) was raised [16, 28]. This
can be regarded as that the mixture is confined between two infinite walls:

∂tϕ = ∆µ, µ = ε−1F ′(ϕ)− ε∆ϕ (1.11)

ϕ(x+ aT, y) = ϕ(x, y), µ(x+ aT, y) = µ(x, y), a ∈ Z, T = 1, (1.12)

∂nµ|y=0,1 = 0, ϕ|y=0 = ψB, ϕ|y=1 = ψT (1.13)

ψBt = D2
xµB, µB = ε−1G′ (ψB)− κD2

xψ
B + ε∂nϕ|y=0 (1.14)

ψTt = D2
xµT , µT = ε−1G′ (ψT )− κD2

xψ
T + ε∂nϕ|y=1 . (1.15)

The surface energy is given by

Esurf =

∫
{y=0}

(
ε−1G(ψB) +

κ

2
|∇Γψ

B|2
)
dS +

∫
{y=1}

(
ε−1G(ψT ) +

κ

2
|∇Γψ

T |2
)
dS,
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and the total energy dissipation is valid in the same way as (1.9).
There have been many works of the Cahn-Hilliard equation with Flory-Huggins energy potential

and without dynamical boundary condition. The well-posed nature of the Flory-Huggins-Cahn-
Hilliard equation has been theoretically analyzed from different angles [1, 2, 7, 15, 18, 39]. Based
on non-degenerate and degenerate mobilities, the existence result was proved in [6, 23] respectively.
In terms of numerical approximation, the backward Euler finite element scheme was studied in the
early stage [6, 17]. A convex splitting approach was proposed in [14] and it was further extended
to equations coupled with incompressible flow [9, 10, 11, 26] and other Flory-Huggins-type energies
[19, 20, 21, 22, 45]. Besides, a Crank-Nicolson style numerical scheme, combined with the convex-
concave decomposition technique, was constructed in [12]. Of course, if a dynamical boundary
condition is considered, the coupled nature makes the theoretical analysis very challenging for the
physical system, at both the theoretical and numerical levels.

Some numerical efforts have been reported for the Cahn-Hilliard equation coupled with dy-
namical boundary condition, typically with polynomial energy potential. For example, a finite
element numerical scheme was proposed in [38]; an energy stability is proved, and a convergence
to the weak solution is established. A reaction rate dependent dynamic boundary condition was
considered in [29]. Based on the stabilized linearly implicit approach, a first-order-in-time, linear
and energy stable scheme was proposed in [5], and the semi-discrete error analysis was provided
as well. A second order stabilized semi-implicit scheme was analyzed in [37]. In addition, a scalar
auxiliary variable (SAV) approach was applied to the Cahn-Hilliard-Hele-Shaw system in [44], with
the energy stability analysis theoretically justified.

Meanwhile, a direct extension of these numerical approaches to the Flory-Huggins-Cahn-Hilliard
system (1.4) – (1.6), with dynamical boundary condition, faces many serious difficulties. The
singular nature of the logarithmic terms makes the positivity-preserving property (for both 1 + ϕ
and 1 − ϕ) very important for the well-defined property of any numerical scheme. A coupled
nature between the interior region and the boundary section makes a theoretical analysis even more
challenging. In this article, we propose and analyze a numerical scheme for the modified Flory-
Huggins-Cahn-Hilliard system (1.11) – (1.15), with three theoretical properties justified: positivity-
preserving, unique solvability, and unconditional stability for the total energy.

The numerical approximation to the chemical potential profiles, at both the interior region
and on the boundary section, is based on the convex-concave decomposition of the Flory-Huggins
energy functional. An implicit treatment of the nonlinear singular logarithmic term is applied to
theoretically justify its positivity-preserving property; in fact, the singular and convex nature of
the logarithmic term prevents the numerical solution reach the singular limit values [14], so that
a point-wise positivity is preserved for the logarithmic argument variables. The linear expansive
term is explicitly updated to ensure a unique solvability property, due to its concave nature. The
surface diffusion term is implicitly treated, which comes from its convexity. Moreover, a numerical
approximation to the non-homogeneous Neumann boundary condition for the phase variable turns
out to be an essential part of the numerical design. To facilitate the theoretical analysis, we
use a standard finite-difference approximation method. The discrete boundary condition for the
phase variable, at the next time step, is coupled with the evolutionary equation of the boundary
profile. The normal derivative is discretized by a long stencil scheme, as well as the homogeneous
Neumann boundary condition, to maintain the second order accuracy in space. With the help of
the summation-by-parts formula, this method leads to a difference definition of the inner product,
which will be mentioned in the following section.

The resulting numerical system is highly nonlinear, singular and coupled; both the interior and
boundary numerical operators are involved. The unique solvability and positivity-preserving anal-
ysis for the proposed numerical scheme turns out to be highly challenging. By a careful convexity
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analysis over the proposed finite difference approximation, it is discovered that such a numerical
system could be represented as a minimization of a discrete numerical energy functional. In com-
parison with the homogeneous Neumann boundary condition, this numerical energy contains both
the interior and boundary inner products over the associated grid points. Moreover, it is observed
that all the singular terms correspond to a discrete convex functional. As a result, a unique solv-
ability and positivity-preserving analysis could be theoretically justified, since the singular nature
of the logarithmic terms around the singular limit values prevent the numerical solutions (at both
the interior region and on the boundary section) reaching these values. The total energy stability of
the numerical scheme is a direct consequence of a careful energy estimate, which gives a dissipation
law for the discrete version of the total energy. The summation-by-parts formulas for the physical
variables, both at the interior region and on the boundary section, will play an important role in
the analysis.

For the rest of this article, the spatial discretization notations are recalled in Section 2, and the
fully discrete finite difference scheme is proposed. The unique solvability and positivity preserving
analysis is established in Section 3. The total energy stability estimate is provided in Section 4.
Some numerical results are presented in Section 5. Finally, some concluding remarks are made in
Section 6.

2 Numerical scheme

2.1 Finite difference spatial discretization

A semi-standard finite difference spatial approximation is applied. We present the numerical ap-
proximation on a two-dimensional computational domain Ω = (0, 1)2. An extension to three-
dimensional domain will be straightforward, and omitted for brevity. For further simplicity of
presentation, we assume a periodic boundary condition in the x direction and physical boundary
conditions imposed at the top and bottom of the domain, namely, at

ΓB := {(x, y) | 0 ≤ x ≤ 1, y = 0} , ΓT := {(x, y) | 0 ≤ x ≤ 1, y = 1} . (2.1)

The case of physical boundary conditions on all four boundary sections could be analyzed in a
similar manner. In addition, a uniform spatial mesh size, ∆x = ∆y = h = 1

N with N ∈ N+, is
assumed. We define

Vp,x(Ω) := {fi,j | fi,j = fi+αN,j , ∀ i, α ∈ Z, j = 0, · · · , N} ,

which is the set of grid functions with discrete periodic boundary conditions imposed in the x-
direction. In particular, the subscripted symbols p, x indicate throughout the paper that periodic
boundary conditions are imposed in only the x-direction. Herein the notation fi,j represents the
numerical value of f ∈ Vp,x(Ω) at the real-space point (pi, pj) ∈ R2, where pi := i · h. Analogously,
we define, for any m ∈ {0, 1, 2, . . .},

Cmp,x(Ω) := {f ∈ Cm(R× [0, 1];R) | f(x, y) = f(x+ α, y), ∀α ∈ Z, ∀x ∈ R, ∀ y ∈ [0, 1]} .

We can naturally define a projection operator Ph : C0
p,x(Ω) → Vp,x(Ω) via

Ph(f)i,j = f(pi, pj), ∀ i ∈ Z, ∀ j ∈ {0, . . . , N}.

To accommodate Neumann boundary conditions in the y-direction in our numerical method,
we need to add ghost layers at the top and bottom of the domain. We define grid function space
with these ghost layers via

V+
p,x(Ω) := {fi,j | fi,j = fi+αN,j , ∀ i, α ∈ Z, j = −1, · · · , N + 1} .
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Analogously, we define the grid function spaces

Ep,x(Ω) :=
{
fi+1/2,j

∣∣ fi+1/2,j = fi+1/2+αN,j , ∀ i, α ∈ Z, j = 0, · · · , N
}
,

Np,x(Ω) :=
{
fi,j+1/2

∣∣ fi,j+1/2 = fi+αN,j+1/2, ∀ i, α ∈ Z, j = 0, · · · , N − 1
}

and
N+

p,x(Ω) :=
{
fi,j+1/2

∣∣ fi,j+1/2 = fi+αN,j+1/2, ∀ i, α ∈ Z, j = −1, · · · , N
}
.

We now define the discrete average and difference operators Ax, Dx : Vp,x(Ω) → Ep,x(Ω) via

Axfi+1/2,j :=
1

2
(fi+1,j + fi,j) , Dxfi+1/2,j :=

1

h
(fi+1,j − fi,j) , (2.2)

for any f ∈ Vp,x(Ω). Likewise, we define the discrete average and difference operators Ay, Dy :
V+
p,x(Ω) → N+

p,x(Ω) via

Ayfi,j+1/2 :=
1

2
(fi,j+1 + fi,j) , Dyfi,j+1/2 :=

1

h
(fi,j+1 − fi,j) . (2.3)

for any f ∈ V+
p,x(Ω). Analogously, we define the discrete average and difference operators ax, dx :

Ep,x(Ω) → Vp,x(Ω) via

axfi,j :=
1

2

(
fi+1/2,j + fi−1/2,j

)
, dxfi,j :=

1

h

(
fi+1/2,j − fi−1/2,j

)
, (2.4)

for all f ∈ Ep,x(Ω), and we define the discrete average and difference operators ay, dy : N+
p,x(Ω) →

Vp,x(Ω) via

aygi,j :=
1

2

(
gi,j+1/2 + gi,j−1/2

)
, dygi,j :=

1

h

(
gi,j+1/2 − gi,j−1/2

)
, (2.5)

for all g ∈ N+
p,x(Ω).

For a scalar grid function g ∈ V+
p,x(Ω) and a vector function f⃗ = (fx, fy)T , with fx ∈ Ep,x(Ω)

and fy ∈ N+
p,x(Ω), the discrete divergence is defined as

∇h ·
(
gf⃗

)
i,j

= dx (Axg f
x)i,j + dy (Ayg f

y)i,j . (2.6)

In this case, observe that ∇h ·
(
gf⃗

)
∈ Vp,x(Ω). Now, suppose that ϕ ∈ V+

p,x(Ω). Then, naturally,

∇hϕ := (Dxϕ,Dyϕ)
T has Dxϕ ∈ Ep,x(Ω) and Dyϕ ∈ N+

p,x(Ω). Suppose that g ∈ V+
p,x(Ω). Then, we

can also define, as above,

∇h ·
(
g∇hϕ

)
i,j

= dx (Axg Dxϕ)i,j + dy (Ayg Dyϕ)i,j , (2.7)

where ∇h ·
(
g∇hϕ

)
∈ Vp,x(Ω). If g ≡ 1, then

∆hϕi,j = ∇h ·
(
∇hϕ

)
i,j

= dx (Dxϕ)i,j + dy (Dyϕ)i,j , (2.8)

where ∆ϕ ∈ Vp,x(Ω), which is the usual 5-point stencil.
For two grid functions f, g ∈ Vp,x(Ω), the discrete L2 inner product and the associated norm

are defined as

⟨f, g⟩Ω := h2
N−1∑
i=0

N∑
j=0

wjfi,jgi,j , wj =

{
1, 1 ≤ j ≤ N − 1,
1
2 , j = 0, N,

∥f∥2,Ω :=
√
⟨f, f⟩Ω .
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The mean zero space grid function space is defined as

V̊p,x(Ω) :=

{
f ∈ Vp,x(Ω)

∣∣∣∣ 0 = f :=
1

|Ω|
⟨f,1⟩Ω

}
,

where |Ω| = 1 is the area of Ω. Similarly, for two vector grid functions f⃗ = (fx, fy)T and g⃗ =
(gx, gy)T , with fx, gx ∈ Ep,x(Ω) and fy, gy ∈ Np,x(Ω), the corresponding discrete inner product is
defined as[

f⃗ , g⃗
]
:= [fx, gx]x + [gy, gy]y , [fx, gx]x := ⟨ax(fxgx), 1⟩ , [fy, gy]y := h2

N−1∑
i,j=0

fyi,j+1/2g
y
i,j+1/2.

In addition to the discrete ∥ · ∥2,Ω norm, the discrete maximum norm is defined as

∥f∥∞ := max
0≤i≤N−1
0≤j≤N

|fi,j | ,

for all f ∈ Vp,x(Ω). Discrete H1
h and H2

h norms are introduced as for f ∈ V+
p,x(Ω),

∥∇hf∥22 := [∇hf,∇hf ] = [Dxf,Dxf ]x + [Dyf,Dyf ]y ,

∥f∥2H1
h
:= ∥f∥22 + ∥∇hf∥22 , ∥f∥2H2

h
:= ∥f∥2H1

h
+ ∥∆hf∥22,Ω.

We need to compute finite differences with respect to the second variable, that is, y or j, of grid
functions f ∈ V+

p,x(Ω), and have these be evaluated at the physical boundaries ΓT and ΓB. To do
this, we define the following operators for any f ∈ V+

p,x(Ω)

D̃yfi,0 := ay(Dyf)i,0 =
fi,1 − fi,−1

2h

and

D̃yfi,N := ay(Dyf)i,N =
fi,N+1 − fi,N−1

2h
.

Of course, we can extend the definitions to be valid at any grid points, but we only need these
differences at the boundary. For instance, we enforce homogeneous Neumann boundary conditions
as follows: for any f ∈ V+

p,x(Ω)

0 = D̃yfi,0 =
fi,1 − fi,−1

2h
⇐⇒ fi,−1 = fi,1.

and

0 = D̃yfi,N =
fi,N+1 − fi,N−1

2h
⇐⇒ fi,N+1 = fi,N−1.

On the top and bottom boundary sections ΓT , ΓB, the following one-dimensional periodic grid
function spaces are utilized

Vp,x(ΓT ) = Vp,x(ΓB) = Vp,x(Γ) := {φi | φi = φi+αN , ∀α, i ∈ Z} .

The following inner product and norm are introduced: for any f, g ∈ Vp,x(Γ):

⟨f, g⟩Γ := h
N−1∑
i=0

figi, ∥f∥2,Γ :=
√
⟨f, f⟩Γ.
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We define the operator ∆x
h : Vp,x(Γ) → Vp,x(Γ) via

∆x
hfi :=

fi+1 − 2fi + fi−1

h2
.

The operators Ax, Dx act in a natural way on the space Vp,x(Γ) and we suppress the formulas.
The following summation-by-parts formulae can be proven easily using the techniques found

in [25, 41, 42, 43] and elsewhere.

Lemma 2.1. For any ψ, ϕ, g ∈ V+
p,x(Ω), and any f⃗ = (fx, fy)T , with fx ∈ Ep,x(Ω) and fy ∈

N+
p,x(Ω), the following summation-by-parts formulas are valid:

〈
ψ,∇h · f⃗

〉
= −

[
∇hψ, f⃗

]
+ h

N−1∑
i=0

(1
2
(fi,N+1/2 + fi,N−1/2)ψi,N − 1

2
(fi,1/2 + fi,−1/2)ψi,0

)
,

= −
[
∇hψ, f⃗

]
+ ⟨ayf⋆,N , ψ⋆,N ⟩Γ − ⟨ayf⋆,0, ψ⋆,0⟩Γ (2.9)

⟨ψ,∇h · (g∇hϕ)⟩ = − [∇hψ,Ahg∇hϕ] + h
N−1∑
i=0

1

2
((AygDyϕ)i,N+1/2 + (AygDyϕ)i,N−1/2)ψi,N

− h

N−1∑
i=0

1

2
((AygDyϕ)i,1/2 + (AygDyϕ)i,−1/2)ψi,0

= − [∇hψ,Ahg∇hϕ] + ⟨ay(AygDyϕ)⋆,N , ψ⋆,N ⟩Γ − ⟨ay(AygDyϕ)⋆,0, ψ⋆,0⟩Γ ,
(2.10)

where we use the notation

[∇hψ,Ahg∇hϕ] := [Dxψ,AxgDxϕ]x + [Dyψ,AygDyϕ]y .

In particular, if g ≡ 1, the following identity is valid:

⟨ψ,∆hϕ⟩ = − [∇hψ,∇hϕ] + ⟨ay(Dyϕ)⋆,N , ψ⋆,N ⟩Γ − ⟨ay(Dyϕ)⋆,0, ψ⋆,0⟩Γ
= − [∇hψ,∇hϕ] +

〈
D̃yϕ⋆,N , ψ⋆,N

〉
Γ
−
〈
D̃yϕ⋆,0, ψ⋆,0

〉
Γ
. (2.11)

We now need to define an important positive, linear operator that will be used in our analysis.
First observe the following: for any φ ∈ V̊p,x(Ω), there is a unique solution ψ ∈ V̊+

p,x(Ω) to the
problem

−∆hψ = φ,

subject to the boundary conditions

0 = D̃yψi,0 =
ψi,1 − ψi,−1

2h
⇐⇒ ψi,−1 = ψi,1, 0 ≤ i ≤ N − 1,

and

0 = D̃yψi,N =
ψi,N+1 − ψi,N−1

2h
⇐⇒ ψi,N+1 = ψi,N−1, 0 ≤ i ≤ N − 1.

The solution operator for this problem defines a one-to-one onto mapping from V̊p,x(Ω) to V̊p,x(Ω).
We will let Lh : V̊p,x(Ω) → V̊p,x(Ω) represent be the (one-to-one, onto) forward operator in the
problem, incorporating the boundary conditions into the definition of the operator. The solution
operator is, of course, the inverse, denoted L−1

h : V̊p,x(Ω) → V̊p,x(Ω).
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In essence, the forward operator Lh is just negative the discrete laplacian operator, except
near the top and bottom physical boundaries, where the definition of the operator differs from the
negative discrete laplacian in order to incorporate the discrete homogeneous Neumann boundary
conditions. Specifically, for ψ ∈ Vp,x(Ω), we have

Lhψi,j =


−∆x

hψi,0 − 2
ψi,1−ψ0,i

h2
, j = 0,

−∆x
hψi,N − 2

ψi,N−1−ψN,i

h2
, j = N,

−∆hψi,j , otherwise.

(2.12)

Another interpretation for our definition is that we have removed the need for the ghost layer by
incorporating the boundary conditions. We have the following result.

Proposition 2.1. The operator Lh : V̊p,x(Ω) → V̊p,x(Ω) defined above is positive and symmetric
in the sense that

⟨ψ,Lhϕ⟩Ω = ⟨Lhψ, ϕ⟩Ω , ∀ ψ, ϕ ∈ V̊p,x(Ω)

and
⟨ψ,Lhψ⟩Ω > 0, ∀ ψ ∈ V̊p,x(Ω), ψ ̸≡ 0.

For any φ1, φ2, φ ∈ V̊p,x(Ω), we define

⟨φ1, φ2⟩−1,h,Ω :=
〈
φ1, L

−1
h (φ2)

〉
Ω
, ∥φ∥−1,h,Ω :=

√
⟨φ,φ⟩−1,h,Ω. (2.13)

It is straightforward to prove that this defines an inner-product/norm combination.
Likewise, for any φ1, φ2, φ ∈ V̊p,x(Γ), we define

⟨φ1, φ2⟩−1,h,Γ =
〈
φ1, (−∆x

h)
−1(φ2)

〉
Γ
, ∥φ∥−1,h,Γ =

√
⟨φ,φ⟩−1,h,Γ. (2.14)

As above, for any φ ∈ V̊p,x(Γ), ψ = (−∆x
h)

−1(φ) ∈ V̊p,x(Γ) is the unique solution to the problem

−∆x
hψ = φ.

2.2 The fully discrete numerical scheme

After taking great pains to define the appropriate operators, we are now in a position to define the
finite difference scheme.

Given time step size s and spatial mesh size h, the following finite difference scheme is proposed,
using the convex-splitting approach: given ϕn ∈ Vp,x(Ω), find ϕ

n+1, µn+1 ∈ V+
p,x(Ω), such that

ϕn+1 − ϕn

s
= ∆hµ

n+1, (2.15)

µn+1 = ε−1(ln(1 + ϕn+1)− ln(1− ϕn+1)− θ0ϕ
n)− ε∆hϕ

n+1, (2.16)

D̃yµ
n+1
i,0 = D̃yµ

n+1
i,N = 0, (2.17)

ϕn+1
i,0 = ϕn+1

B,i , ϕn+1
i,N = ϕn+1

T,i , (2.18)

ϕn+1
B − ϕnB

s
= ∆x

hµ
n+1
B , (2.19)

µn+1
B = ε−1(ln(1 + ϕn+1

B )− ln(1− ϕn+1
B )− θ0ϕ

n
B)− κ∆x

hϕ
n+1
B − εD̃yϕ

n+1
·,0 , (2.20)

ϕn+1
T − ϕnT

s
= ∆x

hµ
n+1
T , (2.21)

µn+1
T = ε−1(ln(1 + ϕn+1

T )− ln(1− ϕn+1
T )− θ0ϕ

n
T )− κ∆x

hϕ
n+1
T + εD̃yϕ

n+1
·,N . (2.22)
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Observe that the ghost points ϕ·,−1 and ϕ·,N+1 are involved in the discrete normal derivative term
in (2.20) and (2.22). Further note that second-order spatial accuracy is ensured at the boundary.
This present technique requires an assumption that equation (1.11) can be extended beyond the
boundary and the exact solution is sufficiently regular, so that the ghost point evaluations (at
j = −1 and j = N + 1) could be considered. By the standard summation-by-parts formulae
introduced in the paper, we can prove easily that the method is mass conservative. In particular,
if a solution exists at each time level n ∈ N, then

ϕn := ⟨ϕn, 1⟩ =
〈
ϕ0, 1

〉
= ϕ0 := β0, (2.23)

ϕnB := ⟨ϕnB, 1⟩Γ =
〈
ϕ0B, 1

〉
Γ
= ϕ0B =: βB,0, (2.24)

ϕnT := ⟨ϕnT , 1⟩Γ =
〈
ϕ0T , 1

〉
Γ
= ϕ0T =: βT,0. (2.25)

3 Unique solvability and positivity preserving properties

We need to define a subspace of grid functions that are mean-zero in the bulk and boundary regions
simultaneously. To do so, we need a special class of grid functions.

Definition 3.1. The function f ∈ Vp,x(Ω) is called a bulk-boundary constant-mass function
iff

fi,j :=


fB,0, i ∈ Z, j = 0,

fT,0, i ∈ Z, j = N,

f0, i ∈ Z, 1 ≤ j ≤ N − 1,

(3.1)

where fB,0, fT,0, f0 ∈ R are constants. The vector subspace of all bulk-boundary constant-mass
functions is denoted M . The grid function subspace

H :=
{
q ∈ V̊p,x(Ω)

∣∣∣ qB := q⋆,0 ∈ V̊p,x(ΓB) and qT := q⋆,N ∈ V̊p,x(ΓT )
}

is called the bulk-boundary mean-zero space. The grid functions qB := q⋆,0 ∈ V̊p,x(ΓB) and
qT := q⋆,N ∈ V̊p,x(ΓT ) are called the boundary projections of q.

The following proposition will help with our analysis. Its proof is straightforward and, therefore,
omitted.

Proposition 3.1. Suppose that ϕ ∈ H and f ∈ M , that is, ϕ is a bulk-boundary mean-zero grid
function and f is a bulk-boundary constant-mass function. Then

⟨ϕ, f⟩Ω = 0, ⟨ϕ⋆,0, f⋆,0⟩Γ = 0, ⟨ϕ⋆,N , f⋆,N ⟩Γ = 0. (3.2)

Furthermore, suppose ψ ∈ Vp,x(Ω) satisfies ψ = α0 (bulk average mass), ψB = αB,0 (bottom
boundary average mass), and ψT = αT,0 (top boundary average mass), where α0, αB,0, αT,0 are
constants and

ψB := ψ⋆,0 and ψT := ψ⋆,N

are the boundary projections of ψ. Define the bulk-boundary constant mass function

ai,j :=


αB,0, i ∈ Z, j = 0,

αT,0, i ∈ Z, j = N,
1

1−h
[
α0 − h

2 (αB,0 + αT,0)
]
, i ∈ Z, 1 ≤ j ≤ N − 1.

(3.3)
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Then
ψ − a ∈ H.

In other words, ψ − a is a bulk-boundary mean-zero function.

We will need a technical lemma for the proof of Proposition 3.2 to follow. The straightforward
proof of the lemma is omitted for brevity.

Lemma 3.1. Suppose that f ∈ Vp,x(Ω), gT ∈ Vp,x(ΓB), and gB ∈ Vp,x(ΓB). Suppose that, for all
ψ ∈ H,

⟨f, ψ⟩Ω + ⟨gT , ψT ⟩Γ + ⟨gB, ψB⟩Γ = 0,

where we continue to use the convention that ψT = ψ⋆,N and ψB = ψ⋆,0. Then, there are constants
C0, CT,0, CB,0 ∈ R such that

fi,j + C0 = 0, ∀ i ∈ N, 1 ≤ j ≤ N − 1, (3.4)

h

2
fT,i + gT,i + CT,0 = 0, ∀i ∈ N, (3.5)

h

2
fB,i + gB,i + CB,0 = 0, ∀i ∈ N. (3.6)

To make the expression of the scheme and its properties more compact, let us define

I(ϕ) := (1 + ϕ) ln(1 + ϕ) + (1− ϕ) ln(1− ϕ),

from which it follows that
I ′(ϕ) = ln(1 + ϕ)− ln(1− ϕ).

We have the following equivalence property.

Proposition 3.2. Define the functional

Fnh (ϕ) :=
1

2s
∥ϕ− ϕn∥2−1,h,Ω +

1

hs
∥ϕB − ϕnB∥2−1,h,Γ +

1

hs
∥ϕT − ϕnT ∥2−1,h,Γ

+ ε−1

(
⟨I(ϕ), 1⟩Ω +

2

h
⟨I(ϕB), 1⟩Γ +

2

h
⟨I(ϕT ), 1⟩Γ

)
+
ε

2
⟨ϕ,Lhϕ⟩Ω +

κ

h
⟨ϕB,−∆x

hϕB⟩Γ +
κ

h
⟨ϕT ,−∆x

hϕT ⟩Γ

− ε−1θ0

(
⟨ϕn, ϕ⟩Ω +

2

h
⟨ϕnB, ϕB⟩Γ +

2

h
⟨ϕnT , ϕT ⟩Γ

)
,

(3.7)

where
ϕB := ϕ⋆,0, ϕT := ϕ⋆,N , ϕnB := ϕn⋆,0, ϕnT := ϕn⋆,N

are the point-wise boundary projections of ϕ and ϕn into the spaces Vp,x(ΓB) and Vp,x(ΓT ), respec-
tively. If Fnh has a stationary point in the admissible set

Ah :=
{
ϕ ∈ Vp,x(Ω)

∣∣ −1 < ϕi,j < 1, 0 ≤ j ≤ N, i ∈ Z, ϕ = β0, ϕB = βB,0, ϕT = βT,0
}
, (3.8)

then this point is a numerical solution of the scheme (2.15) – (2.22). Conversely, if a numerical
solution of the scheme (2.15) – (2.22) exists, then it is a stationary point of the functional Fnh .
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Proof. To start, observe that the numerical solution of (2.15) and (2.16) can be equivalently rewrit-
ten as

ε−1(I ′(ϕn+1)− θ0ϕ
n)− ε∆hϕ

n+1 + Cn +
1

s
L−1
h (ϕn+1 − ϕn) = 0, (3.9)

where Cn ∈ R is a constant that must be included since L−1
h (ϕn+1 − ϕn) is technically mean zero.

The boundary conditions for ϕn+1 must still applied separately via the use of ghost cells. However,
we may effectively eliminate the values at the ghost cell points. To do so, we write (2.20) and (2.22)
in the equivalent forms

εD̃yϕ
n+1
⋆,0 =

1

s
(−∆x

h)
−1(ϕn+1

B − ϕnB) + CB,n + ε−1(I ′(ϕn+1
B )− θ0ϕ

n
B)− κ∆x

hϕ
n+1
B , (3.10)

−εD̃yϕ
n+1
⋆,N =

1

s
(−∆x

h)
−1(ϕn+1

T − ϕnT ) + CT,n + ε−1(I ′(ϕn+1
T )− θ0ϕ

n
T )− κ∆x

hϕ
n+1
T , (3.11)

where CB,n and CT,n are constants. Now, observe that, in general, for any ϕ ∈ V+
p,x(Ω),

−∆hϕi,j =


Lhϕi,0 +

2
hD̃yϕi,0, i ∈ Z, j = 0,

Lhϕi,N − 2
hD̃yϕi,N , i ∈ Z, j = N,

Lhϕi,j = −∆hϕi,j , i ∈ Z, 1 ≤ j ≤ N − 1.

(3.12)

Thus, at the boundary points, the solution of the scheme must satisfy

−ε∆hϕ
n+1
i,0 = εLhϕ

n+1
i,0 +

2ε

h
D̃yϕ

n+1
i,0

= εLhϕ
n+1
I,0 +

2

h

(1
s
(−∆x

h)
−1(ϕn+1

B − ϕnB)i + CB,n

+ ε−1(I ′(ϕn+1
B,i )− θ0ϕ

n
B,i)− κ∆x

hϕ
n+1
B,i

)
, (3.13)

and

−ε∆hϕ
n+1
i,N = εLhϕ

n+1
i,N − 2ε

h
D̃yϕ

n+1
i,N

= εLhϕ
n+1
i,N +

2

h

(1
s
(−∆x

h)
−1(ϕn+1

T − ϕnT )i + CT,n

+ ε−1(I ′(ϕn+1
T,i )− θ0ϕ

n
T )− κ∆x

hϕ
n+1
T,i

)
. (3.14)

For the boundary points, then, combining (3.9), (3.13), and (3.14), we have

0 = ε−1(I ′(ϕn+1
i,0 )− θ0ϕ

n
i,0) + Cn +

1

s
L−1
h (ϕn+1 − ϕn)i,0

+ εLhϕ
n+1
I,0 +

2

h

(1
s
(−∆x

h)
−1(ϕn+1

B − ϕnB)i + CB,n

+ ε−1(I ′(ϕn+1
B,i )− θ0ϕ

n
B,i)− κ∆x

hϕ
n+1
B,i

)
, (3.15)

and

0 = ε−1(I ′(ϕn+1
i,N )− θ0ϕ

n
i,N ) + Cn +

1

s
L−1
h (ϕn+1 − ϕn)i,N

+ εLhϕ
n+1
i,N +

2

h

(1
s
(−∆x

h)
−1(ϕn+1

T − ϕnT )i + CT,n

+ ε−1(I ′(ϕn+1
T,i )− θ0ϕ

n
T )− κ∆x

hϕ
n+1
T,i

)
. (3.16)
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( =⇒ ): Now, suppose that Fnh has a stationary point, ϕ ∈ Ah. In other words, for any ψ ∈ H,

0 =
dFnh
dτ

(ϕ+ τψ)

∣∣∣∣
τ=0

.

First, observe that, given ϕ ∈ Ah and ψ ∈ H, ϕ+ τψ ∈ Ah, provided τ ∈ R is sufficiently small. It
follows that

0 =
dFnh
dτ

(ϕ+ τψ)

∣∣∣∣
τ=0

=
1

s

〈
ψ,L−1

h (ϕ− ϕn)
〉
Ω
+

2

hs

〈
ψB, (−∆x

h)
−1(ϕB − ϕnB)

〉
Γ
+

2

hs

〈
ψT , (−∆x

h)
−1(ϕT − ϕnT )

〉
Γ

+ ε−1

(〈
I ′(ϕ), ψ

〉
Ω
+

2

h

〈
I ′(ϕB), ψB

〉
Γ
+

2

h

〈
I ′(ϕT ), ψT

〉
Γ

)
+ ε ⟨ψ,Lhϕ⟩Ω +

κ

h
⟨ψB,−∆x

hϕB⟩Γ +
κ

h
⟨ψT ,−∆x

hϕT ⟩Γ

− ε−1θ0

(
⟨ϕn, ψ⟩Ω +

2

h
⟨ϕnB, ψB⟩Γ +

2

h
⟨ϕnT , ψT ⟩Γ

)
. (3.17)

Appealing to our technical lemma, Lemma 3.1, it follows that

1

s
L−1
h (ϕ− ϕn)i,j + ε−1I ′(ϕi,j) + εLhϕi,j − ε−1θ0ϕ

n
i,j + C̃n = 0, ∀ i ∈ N, 1 ≤ j ≤ N − 1, (3.18)

where C̃n ∈ R is a constant. Furthermore, at the top boundary points,

0 =
ε−1

2
(I ′(ϕn+1

i,N )− θ0ϕ
n
i,N ) +

ε

2
Lhϕ

n+1
i,N +

1

2s
L−1
h (ϕn+1 − ϕn)i,N

+
1

hs
(−∆x

h)
−1(ϕT − ϕnT )i +

1

h
ε−1

(
I ′(ϕT,i)− θ0ϕ

n
T,i

)
− 1

h
κ∆x

hϕT,i + C̃T,n, (3.19)

where C̃T,n ∈ R is a constant, and at the bottom boundary points,

0 =
ε−1

2
(I ′(ϕn+1

i,0 )− θ0ϕ
n
i,0) +

ε

2
Lhϕ

n+1
i,0 +

1

2s
L−1
h (ϕn+1 − ϕn)i,0

+
2

hs
(−∆x

h)
−1(ϕB − ϕnB)i +

1

h
ε−1

(
I ′(ϕB,i)− θ0ϕ

n
B,i

)
− 1

h
κ∆x

hϕB,i + C̃B,n, (3.20)

where C̃B,n ∈ R is a constant. Comparing (3.9), (3.15), and (3.16) with (3.18), (3.19), and (3.20),
respectively, and adjusting the constants as necessary, we have the result.

( ⇐= ): The other direction is simple. If (3.18), (3.19), and (3.20) all hold, then the solution of
those three equations must be a stationary point of Fnh .

Proposition 3.3. The functional Fnh is strictly convex over the admissible set Ah.

Proof. Fix ϕ ∈ Ah. Let ψ ∈ H be arbitrary. For all τ in a (sufficiently small) neighborhood of 0,
ϕ+ τψ ∈ Ah. The second variation is

d2Fnh
dτ2

(ϕ+ τψ)

∣∣∣∣
τ=0

=
1

s

〈
ψ,L−1

h ψ
〉
Ω
+

2

hs

〈
ψB, (−∆x

h)
−1ψB

〉
Γ
+

2

hs

〈
ψT , (−∆x

h)
−1ψT

〉
Γ

+ ε−1

(〈
ψI ′′(ϕ), ψ

〉
Ω
+

2

h

〈
ψBI

′′(ϕB), ψB
〉
Γ
+

2

h

〈
ψT I

′′(ϕT ), ψT
〉
Γ

)
+ ε ⟨ψ,Lhψ⟩Ω +

κ

h
⟨ψB,−∆x

hψB⟩Γ +
κ

h
⟨ψT ,−∆x

hψT ⟩Γ
≥ 0. (3.21)

The variation is strictly positive if ψ ∈ H is not identically the zero grid function.
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Our next task is to prove that Fnh always has a unique minimizer, which is also a stationary
point. The following preliminary estimates are needed for the unique solvability analysis. The
proofs are similar to an associated result in [14] and are omitted for brevity.

Lemma 3.2 ([14]). Suppose that φ⋆, φ̂ ∈ Vp,x(Ω), with φ̂ − φ⋆ ∈ V̊p,x(Ω). Assume that −1 <
φ̂i,j , φ

⋆
i,j < 1, for all 0 ≤ i, j ≤ N . The following estimate is valid:

∥L−1
h (φ̂− φ⋆)∥∞,Ω ≤ C1, (3.22)

where C1 > 0 only depends on Ω. Similarly, for f, g ∈ Vp,x(Γ), with f − g ∈ V̊p,x(Γ), and −1 <
fi, gi < 1, for all 0 ≤ i ≤ N , the following estimate becomes available:

∥(−∆x
h)

−1(f − g)∥∞,Γ ≤ C2, (3.23)

where C2 > 0 only depends on ΓT , ΓB.

Theorem 3.1. Given ϕn ∈ Vp,x(Ω), with −1 < ϕni,j < 1, 0 ≤ i, j ≤ N , and ϕn = β0, ϕnB = βB,0,

ϕnT = βT,0, there exists a unique solution ϕn+1 ∈ Vp,x(Ω) to the scheme (2.15) – (2.22), with

−1 < ϕn+1
i,j < 1, 0 ≤ i, j ≤ N, and ϕn+1 = β0, ϕ

n+1
B = βB,0, ϕ

n+1
T = βT,0. In particular, the

solution is the unique minimizer and stationary point of the functional Fnh , and we write

ϕn+1 = argmin
ϕ∈Ah

Fnh (ϕ).

Proof. Recall that Fnh is a strictly convex functional over the domain Ah. Consider the following
closed, convex domain: for δ ∈ (0, 1/2),

Ah,δ := {ϕ ∈ Ah | −1 + δ ≤ ϕi,j ≤ 1− δ, 0 ≤ j ≤ N, i ∈ Z} . (3.24)

Since Ah,δ is a convex, compact set, there exists a (not necessarily unique) minimizer of Fnh over
Ah,δ. The key point of our positivity analysis is that such a minimizer could not occur at one of
the boundary points of Ah,δ, if δ is sufficiently small.

Fix δ ∈ (0, 1/2). Let us suppose that the minimizer ϕ⋆ ∈ Ah,δ of F
n
h occurs at a boundary point

of Ah,δ, by which we mean that ϕ⋆ ∈ Ah and

∥ϕ⋆∥∞,Ω = 1− δ.

Without loss of generality, we assume that

ϕ⋆i0,j0 = −1 + δ,

for some grid point (i0, j0). Suppose that ϕ⋆ attains its maximum value at the point (i1, j1). To
start with, let us assume that neither (i0, j0) nor (i1, j1) appear on one of the physical boundary
sections, ΓB or ΓT . The physical boundary cases will be analyzed later. By the fact that ϕ⋆ = β0,
it is obvious that ϕ⋆i1,j1 ≥ β0.

Consider the directional derivative: for any ψ ∈ H,

dFnh
dτ

(ϕ+ τψ)

∣∣∣∣
τ=0

=
1

s

〈
ψ,L−1

h (ϕ− ϕn)
〉
Ω
+

2

hs

〈
ψB, (−∆x

h)
−1(ϕB − ϕnB)

〉
Γ
+

2

hs

〈
ψT , (−∆x

h)
−1(ϕT − ϕnT )

〉
Γ

+ ε−1

(〈
I ′(ϕ), ψ

〉
Ω
+

2

h

〈
I ′(ϕB), ψB

〉
Γ
+

2

h

〈
I ′(ϕT ), ψT

〉
Γ

)
+ ε ⟨ψ,Lhϕ⟩Ω +

κ

h
⟨ψB,−∆x

hϕB⟩Γ +
κ

h
⟨ψT ,−∆x

hϕT ⟩Γ

− ε−1θ0

(
⟨ϕn, ψ⟩Ω +

2

h
⟨ϕnB, ψB⟩Γ +

2

h
⟨ϕnT , ψT ⟩Γ

)
. (3.25)

14



Let us pick the direction ψ ∈ H, such that

ψi,j = δi,i0δj,j0 − δi,i1δj,j1 , (3.26)

where δk,ℓ is the Kronecker delta function. The following equality is valid:

1

h2
dτ F

n
h (ϕ

⋆ + τψ)|τ=0 =
1

s

(
L−1
h (ϕ⋆ − ϕn)i0,j0 − L−1

h (ϕ⋆ − ϕn)i1,j1

)
+ ε−1

(
ln(1 + ϕ⋆i0,j0)− ln(1− ϕ⋆i0,j0)

)
+ ε−1

(
− ln(1 + ϕ⋆i1,j1) + ln(1− ϕ⋆i1,j1)

)
+ ε(Lhϕ

⋆
i0,j0 − Lhϕ

⋆
i1,j1)− ε−1θ0(ϕ

n
i0,j0 − ϕni1,j1). (3.27)

Because of the fact that ϕ⋆i0,j0 = −1 + δ and ϕ⋆i1,j1 ≥ β0, we have

ln
(
1 + ϕ⋆i0,j0

)
− ln

(
1− ϕ⋆i0,j0

)
= ln(δ)− ln(2− δ0) = ln

(
δ

2− δ

)
,

− ln
(
1− ϕ⋆i1,j1

)
+ ln

(
1− ϕ⋆i1,j1

)
≤ − ln(1 + β0) + ln(1− β0) = ln

(
1− β0
1 + β0

)
.

Thus,

ε−1
(
ln

(
1 + ϕ⋆i0,j0

)
− ln

(
1− ϕ⋆i0,j0

)
− ln

(
1− ϕ⋆i1,j1

)
+ ln

(
1− ϕ⋆i1,j1

))
≤ ε−1 ln

(
δ

2− δ

)
+ ε−1 ln

(
1− β0
1 + β0

)
. (3.28)

For the first two terms appearing in (3.27), an application of Lemma 3.2 indicates that

−2C1 ≤ L−1
h (ϕ⋆ − ϕn)i0,j0 − L−1

h (ϕ⋆ − ϕn)i1,j1 ≤ 2C1. (3.29)

Since ϕ⋆ achieves its minimum value at the grid point (i0, j0), with

−1 + δ = ϕ⋆i0,j0 ≤ ϕ⋆i,j

for any arbitrary grid point (i, j), and its maximum value at the grid point (i1, j1), with

ϕ⋆i,j ≤ ϕ⋆i1,j1 ≤ 1− δ,

for any (i, j), we conclude that

Lhϕ
⋆
i0,j0 = −∆hϕ

⋆
i0,j0 ≤ 0 and Lhϕ

⋆
i1,j1 = −∆hϕ

⋆
i1,j1 ≥ 0,

which implies that
ε
(
Lhϕ

⋆
i0,j0 − Lhϕ

⋆
i1,j1

)
≤ 0. (3.30)

For the numerical solution ϕn at the previous time step, a point-wise bound ∥ϕn∥∞ ≤ 1 indicates
that

−2θ

ε
≤ ϕni0,j0 − ϕni1,j1 ≤ 2θ

ε
. (3.31)

Combining substitution of (3.28) – (3.31) into (3.27) yields

1

h2
dτ F

n
h (ϕ

⋆ + τψ)|τ=0 ≤
1

ε

(
ln

(
δ

2− δ

)
+ ln

(
1− β0
1 + β0

))
+ 2

C1

s
+ 2

θ0
ε
. (3.32)
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Define the following quantity:

C3 :=
1

ε
ln

(
1− β0
1 + β0

)
+ 2

C1

s
+ 2

θ0
ε
. (3.33)

It is obvious that C3 is a fixed, finite number, provided the time step size s > 0 and the interface
parameter ε > 0 are fixed, though the parameter blows up to infinity, as s, ε↘ 0. For fixed s and
ε, we may choose 1/2 > δ > 0 small enough so that

1

ε
ln

(
δ

2 + δ

)
+ C3 < 0. (3.34)

This in turn reveals that

dτ F
n
h (ϕ

⋆ + τψ)|τ=0 ≤
1

ε
ln

(
δ

2 + δ

)
+ C3 < 0 < 0. (3.35)

If δ is sufficiently small, such an inequality contradicts the assumption that Fnh has a minimum at
ϕ⋆, since the directional derivative is negative in a direction pointing into the interior of Ah,δ.

In the case that the minimum is achieved at one of the physical boundaries, the argument is
a little more involved. Let us assume the minimizer is given by ϕ⋆, with ϕ⋆i0,0 = −1 + δ, at the
physical boundary grid point (i0, 0) ∈ ΓB. Meanwhile, we suppose that ϕ⋆ attains its maximum
value over the bottom boundary section, at the boundary point (i1, 0). As usual, we denote by ϕ

⋆
B,

ϕ⋆T the point-wise projections of ϕ⋆ onto Vp,x(ΓB) and Vp,x(ΓT ), respectively. Because of the fact
that ϕ⋆B = βB,0, it is obvious that ϕ

⋆
i1,0

≥ βB,0.
We use the direction (test) function ψ ∈ H again as defined in (3.26), but with j0 = j1 = 0.

Subsequently, the directional derivative becomes

1

h2
dτ F

n
h (ϕ

⋆ + τψ)|τ=0 =
1

2s

(
L−1
h (ϕ⋆ − ϕn)i0,0 − L−1

h (ϕ⋆ − ϕn)i1,0

)
+

2

hs

(
(−∆x

h)
−1(ϕ⋆B − ϕnB)i0 − (−∆x

h)
−1(ϕ⋆B − ϕnB)i1

)
+ ε−1(

1

2
+ 2h−1)

(
ln(1 + ϕ⋆i0,0)− ln(1− ϕ⋆i0,0)

)
+ ε−1(

1

2
+ 2h−1)

(
− ln(1 + ϕ⋆i1,0) + ln(1− ϕ⋆i1,0)

)
+
ε

2
(Lhϕ

⋆
i0,0 − Lhϕ

⋆
i1,0)− κh−1(∆x

hϕ
⋆
i0 −∆x

hϕ
⋆
i1)

− ε−1θ0(
1

2
+ 2h−1)(ϕni0,0 − ϕni1,0). (3.36)

In comparison with (3.27), in which the minimum value point (i0, j0) is located within the interior
of the grid, a distinguishing feature of the directional derivative (3.36) is the coefficient in front of
the singular logarithmic terms, which is ε−1(12 + 2h−1), instead of ε−1 in (3.27). In either case,
the corresponding coefficients are positive, and this crucial fact will play an essential role in the
positivity-preserving analysis.

Similar to the inequalities (3.28) – (3.31), the following estimates are valid:

1/2 + 2/h

ε

(
ln(1 + ϕ⋆i0,0)− ln(1 + ϕ⋆i0,0)− ln(1− ϕ⋆i0,0) + ln(1− ϕ⋆i1,0)

)
(3.37)

≤ 1/2 + 2/h

ε

(
ln

(
δ

2− δ

)
+ ln

(
1− βB,0
1 + βB,0

))
(3.38)
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−C1

s
≤ 1

2s

(
L−1
h (ϕ⋆ − ϕn)i0,0 − L−1

h (ϕ⋆ − ϕn)i1,0
)
≤ C1

s
, (3.39)

−2
C2

hs
≤ 1

hs

(
(−∆x

h)
−1(ϕ⋆B − ϕnB)i0 − (−∆x

h)
−1(ϕ⋆B − ϕnB)i1

)
≤ 2

C2

hs
, (3.40)

ε

2

(
Lhϕ

⋆
i0,0 − Lhϕ

⋆
i1,0

)
≤ 2h−2, (3.41)

κ

h

(
−∆x

hϕ
⋆
i0 +∆x

hϕ
⋆
i1

)
≤ 0, (3.42)

and, finally,

−θ0(1 + 4/h)

ε
≤ θ0(1/2 + 2/h)

ε

(
ϕni0,0 − ϕni1,0

)
≤ θ0(1 + 4/h)

ε
. (3.43)

Subsequently, a substitution of (3.38) – (3.43) into (3.36) results in

1

h2
dτ F

n
h (ϕ

⋆ + τψ)|τ=0 ≤
1/2 + 2/h

ε
ln

(
δ

2 + δ

)
+ C4, (3.44)

where

C4 :=
1/2 + 2/h

ε
ln

(
1− βB,0
1 + βB,0

)
+
C1 + 4C2/h

s
+

2ε

h2
+ θ0

1 + 4/h

ε
.

As before, C4 a constant for fixed s > 0, h > 0, and ε > 0, though it is singular, as s, h, ε↘ 0. Of
course, for any fixed s, ε, and h, the value of δ > 0 could be chosen to be sufficiently small so that

1

h2
dτ F

n
h (ϕ

⋆ + τψ)|τ=0 ≤
1/2 + 2/h

ε
ln

(
δ

2 + δ

)
+ C4 < 0. (3.45)

Again, this inequality contradicts the assumption that Fnh has a minimum at ϕ⋆, since the directional
derivative is negative in a direction pointing into the interior of Ah,δ.

Using a similar analysis, we are able to prove that, if the minimizer is given by ϕ⋆, with
ϕ⋆i0,N = −1 + δ, at a boundary grid point (i0, N) ∈ ΓT , the same inequality (3.35) becomes
available, which in turn leads to a contradiction.

One more case needs to be taken into consideration. If the minimum value of the minimizer
function occurs at one interior point, with ϕ⋆i0,j0 = −1 + δ, while its maximum value is achieved
at one boundary point, say (i1, 0), without loss of generality. Again, an obvious bound becomes
available, ϕ⋆i1,0 ≥ β0, due to the fact that ϕ⋆ = β0. In turn, a careful evaluation of (3.25), with the
direction ψ given by (3.26), gives

1

h2
dτ F

n
h (ϕ

⋆ + τψ)|τ=0 =
1

s

(
L−1
h (ϕ⋆ − ϕn)i0,j0 −

1

2
L−1
h (ϕ⋆ − ϕn)i1,0

)
− 2

hs
(−∆x

h)
−1(ϕ⋆B − ϕnB)i1 + ε−1

(
ln(1 + ϕ⋆i0,j0)− ln(1− ϕ⋆i0,j0)

)
+ ε−1(

1

2
+ 2h−1)

(
− ln(1 + ϕ⋆i1,0) + ln(1− ϕ⋆i1,0)

)
+ ε(Lhϕ

⋆
i0,j0 −

1

2
Lhϕ

⋆
i1,0) + κh−1∆x

hϕ
⋆
i1

− ε−1θ0ϕ
n
i0,j0 + ε−1θ0(

1

2
+ 2h−1)ϕni1,0. (3.46)

Using similar estimates as in the first two cases, we are able to prove that

1

h2
dτ F

n
h (ϕ

⋆ + τψ)|τ=0 ≤ ε−1 ln

(
δ

2 + δ

)
+ C5 < 0, (3.47)
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in which C5 stands for another constant for fixed s > 0, h > 0 and ε > 0. The technical details are
skipped for the sake of brevity. Of course, such an inequality contradicts the assumption that Fnh
has a minimum at ϕ⋆, since the directional derivative is negative in a direction pointing into the
interior of Ah,δ.

As a result, global minimum of Fnh over Ah,δ could not occur at a boundary point ϕ⋆ such that
ϕ⋆i0,j0 = 1− δ, for some (i0, j0), so that the grid function ϕ⋆ has a global maximum at (i0, j0). The
analysis follows similar ideas as outlined above, and the details are left to interested readers.

Therefore, the global minimum of Fnh over Ah,δ could only possibly occur at an interior point,
for δ > 0 sufficiently small. Since Fnh is a smooth function, we conclude that there must be a
solution ϕ ∈ Ah,δ (provided that δ is sufficiently small), so that

dτ F
n
h (q + τψ)|τ=0 = 0, ∀ψ ∈ H, (3.48)

which is equivalent to the numerical solution of (3.9). Therefore, there exists a numerical solution
to (3.9), over the compact domain Ah,δ ⊂ Ah, with point-wise positive values for 1 + ϕn+1 and
1− ϕn+1. The existence of a positive numerical solution is established.

Meanwhile, since Fnh is a strictly convex function over Ah, the uniqueness analysis for this
numerical solution (over the open set Ah) is straightforward, following a convexity analysis. The
proof of Theorem 3.1 is complete.

Remark 3.1. The positivity preserving analysis used herein has been successfully applied to var-
ious gradient flow models, such as the Cahn-Hilliard equation with Flory-Huggins energy poten-
tial [11, 12, 14, 21, 19, 20, 22, 45, 46], the liquid film droplet model [47], the Poisson-Nernst-Planck
system [34, 35, 40], the reaction-diffusion system with detailed balance [31, 32, 33], etc. In these
works, the convex nature of the energy functional associated with singular term has played an es-
sential role. This feature prevents the numerical solution approach the singular limit values of −1
and 1, which turns out to be the key point in the analysis.

4 Total energy stability analysis

With the positivity-preserving and unique solvability properties for the numerical scheme (2.15)
– (2.22) established, a stability analysis for the total energy could be established. The following
discrete energy is introduced:

Eh(ϕ) := ε−1
(
⟨I(ϕ), 1⟩Ω + ⟨I(ϕB), 1⟩Γ + ⟨I(ϕT , 1⟩Γ

)
− θ0

2ε

(
∥ϕ∥22,Ω + ∥ϕB∥22,Γ + ∥ϕT ∥22,Γ

)
+
ε

2
⟨ϕ,Lhϕ⟩Ω − κ

2

(
⟨ϕB,∆x

hϕB⟩Γ + ⟨ϕT ,∆x
hϕT ⟩Γ

)
, (4.1)

where
I(ϕ) = (1 + ϕ) ln(1 + ϕ) + (1− ϕ) ln(1− ϕ).

Theorem 4.1. For any time step size s > 0, the numerical solution of (2.15) – (2.22) satisfies

Eh(ϕ
n+1) + s(∥∇hµ

n+1∥22,Ω + ∥Dxµ
n+1
B ∥22,Γ + ∥Dxµ

n+1
T ∥22,Γ) ≤ Eh(ϕ

n), (4.2)

so that Eh(ϕ
n) ≤ Eh(ϕ

0), for all n ∈ N.
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Proof. Taking a discrete inner product of (2.15) with µn+1 gives

⟨ϕn+1 − ϕn, µn+1⟩Ω =
〈
ϕn+1 − ϕn, ε−1

(
I ′(ϕn+1)− θ0ϕ

n
)
− ε∆hϕ

n+1
〉
Ω

= s
〈
µn+1,∆hµ

n+1
〉
Ω

= −s∥∇hµ
n+1∥22,Ω, (4.3)

in which the homogeneous discrete Neumann boundary conditions for µn+1 have been applied.
Next, the convexity of I(ϕ), implies that〈

ϕn+1 − ϕn, I ′(ϕn+1)
〉
Ω
≥

〈
I(ϕn+1), 1

〉
Ω
− ⟨I(ϕn), 1⟩Ω (4.4)〈

ϕn+1
B − ϕnB, I

′(ϕn+1
B )

〉
Γ
≥

〈
I(ϕn+1

B ), 1
〉
Γ
− ⟨I(ϕnB), 1⟩Γ (4.5)〈

ϕn+1
T − ϕnT , I

′(ϕn+1
T )

〉
Γ
≥

〈
I(ϕn+1

T ), 1
〉
Γ
− ⟨I(ϕnT ), 1⟩Γ (4.6)〈

ϕn+1 − ϕn,−ϕn
〉
Ω
≥ −1

2
(∥ϕn+1∥22,Ω − ∥ϕn∥22,Ω). (4.7)〈

ϕn+1
B − ϕnB,−ϕnB

〉
Γ
≥ −1

2
(∥ϕn+1

B ∥22,Γ − ∥ϕnB∥22,Γ). (4.8)〈
ϕn+1
T − ϕnT ,−ϕnT

〉
Γ
≥ −1

2
(∥ϕn+1

T ∥22,Γ − ∥ϕnT ∥22,Γ). (4.9)

Meanwhile, for the surface diffusion term, an application of the summation-by-parts identity (2.11)
(in Lemma 2.1) indicates that

−
〈
ϕn+1 − ϕn,∆hϕ

n+1
〉
Ω
=

[
∇h(ϕ

n+1 − ϕn),∇hϕ
n+1

]
Ω

−
〈
D̃yϕ

n+1
⋆,N , ϕ

n+1
⋆,N − ϕn⋆,N

〉
Γ
+
〈
D̃yϕ

n+1
⋆,0 , ϕ

n+1
⋆,0 − ϕn⋆,0

〉
Γ
. (4.10)

The estimate for the first term on the right hand side of (4.10) comes from the convexity of
∥∇hϕ∥22,Ω: [

∇h(ϕ
n+1 − ϕn),∇hϕ

n+1
]
Γ
≥ 1

2

(
∥∇hϕ

n+1∥22,Ω − ∥∇hϕ
n∥22,Ω

)
. (4.11)

For the boundary terms appearing in (4.10), we recall the representation formula (3.10) and obtain

ε
〈
D̃yϕ

n+1
⋆,0 , ϕ

n+1
⋆,0 − ϕn⋆,0

〉
Γ
= ε

〈
D̃yϕ

n+1
⋆,0 , ϕ

n+1
B − ϕnB

〉
Γ

=
1

s

〈
(−∆x

h)
−1(ϕn+1

B − ϕnB), ϕ
n+1
B − ϕnB

〉
Γ

+
〈
ε−1(I ′(ϕn+1

T )− θ0ϕ
n
T )− κ∆x

hϕ
n+1
T , ϕn+1

T − ϕnT
〉
Γ
. (4.12)

Similarly,

−ε
〈
D̃yϕ

n+1
⋆,N , ϕ

n+1
⋆,N − ϕn⋆,N

〉
Γ
= −ε

〈
D̃yϕ

n+1
⋆,N , ϕ

n+1
T − ϕnT

〉
Γ

=
1

s

〈
(−∆x

h)
−1(ϕn+1

T − ϕnT ), ϕ
n+1
T − ϕnT

〉
Γ

+
〈
ε−1(I ′(ϕn+1

T )− θ0ϕ
n
T )− κ∆x

hϕ
n+1
T , ϕn+1

T − ϕnT
〉
Γ
. (4.13)

We also have

1

s

〈
(−∆x

h)
−1(ϕn+1

B − ϕnB), ϕ
n+1
B − ϕnB

〉
Γ
= −s

〈
µn+1
B ,∆x

hµ
n+1
B

〉
Γ

= s∥Dxµ
n+1
B ∥22,Γ, (4.14)
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〈
ϕn+1
B − ϕnB,−∆x

hϕ
n+1
B

〉
Γ
≥ 1

2
(∥Dxϕ

n+1
B ∥22,Γ − ∥Dxϕ

n
B∥22,Γ), (4.15)

and similarly,

1

s

〈
(−∆x

h)
−1(ϕn+1

T − ϕnT ), ϕ
n+1
T − ϕnT

〉
Γ
= −s

〈
µn+1
T ,∆x

hµ
n+1
B

〉
Γ

= s∥Dxµ
n+1
T ∥22,Γ, (4.16)〈

ϕn+1
T − ϕnT ,−∆x

hϕ
n+1
T

〉
Γ
≥ 1

2
(∥Dxϕ

n+1
T ∥22,Γ − ∥Dxϕ

n
T ∥22,Γ), (4.17)

Then we arrive at, for the bottom boundary,

ε
〈
D̃yϕ

n+1
⋆,0 , ϕ

n+1
⋆,0 − ϕn⋆,0

〉
Γ

≥ ε−1I(ϕn+1
B )− ε−1I(ϕnB)−

θ0
2
(∥ϕn+1

B ∥22,Γ − ∥ϕnB∥22,Γ)

+
ε

2

(
∥Dxϕ

n+1
B ∥22,Γ − ∥Dxϕ

n
B∥22,Γ

)
+ s∥Dxµ

n+1
B ∥22,Γ. (4.18)

and, for the top boundary,

− ε
〈
D̃yϕ

n+1
⋆,N , ϕ

n+1
⋆,N − ϕn⋆,N

〉
Γ

≥ ε−1I(ϕn+1
T )− ε−1I(ϕnT )−

θ0
2
(∥ϕn+1

T ∥22,Γ − ∥ϕnT ∥22,Γ)

+
ε

2

(
∥Dxϕ

n+1
T ∥22,Γ − ∥Dxϕ

n
T ∥22,Γ

)
+ s∥Dxµ

n+1
T ∥22,Γ. (4.19)

Finally, substitution of (4.4), (4.7), (4.10), (4.11), (4.18) and (4.19) into (4.3) results in (4.2),
so that the total energy stability is proved. This finishes the proof of Theorem 4.1.

Remark 4.1. Many studies have discussed the convergence of convex splitting and other energy
stable schemes under classical periodical and homogeneous Neumann boundary conditions [27, 30].
Because of the spatial truncation error, the exact solution is inconsistent with the discrete mass
conservation. If we denote Φ as the exact solution and define the numerical error eϕ := ϕ−Φ, this
error function will not be mean-zero at a discrete level, so that the discrete H−1 norm ∥ · ∥−1,h is
not well-defined. Fourier projection (including Sine and Cosine projection) is a common way to
make exact solution satisfy discrete mass conservation with acceptable error [13, 14, 26]. For the
semi-discrete convergence reported in [5, 37], this problem does not happen. However, the Fourier
projection is invalid for the dynamical boundary condition. A suitable alternative to the Fourier
projection is needed, which is the difficulty in analyzing the convergence of the proposed scheme.
We will consider this issue in our future research.

5 Numerical experiments

In this section, some numerical examples will be presented to validate the proposed scheme. A
combination of multigrid method and Newton iteration is applied to deal with the nonlinear equa-
tions coupled between the interior region and the boundary section. A nonlinear full approximation
scheme (FAS) multigrid method is applied for solving the semi-implicit numerical scheme (2.15) –
(2.19). We present the convergence test and perform some 2-D sample computation results, while
a 3-D extension could be similar. The computational domain is taken as Ω = (0, 1)2, parameters
will be specified when mentioned.
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5.1 Convergence test

We first test the convergence rates of the scheme (2.15) – (2.19). For this numerical experience, we
take s = 0.001h2 so that the target convergence rate is of O(h2). Parameters are fixed as ε = 0.02,
κ = 0.02 and θ0 = 3. All the programs stop at the same final time. A smooth initial data is chosen
as

ϕ0(x, y) = 0.8 cos(4πx) cos(4πy). (5.1)

The convergence rate for the physical boundary section is indicated separately to verify the 2nd
order spatial accuracy in both the interior area and boundary section. Associated norms in different
discrete function spaces and different dimensions, defined in subsection 2.1, are displayed respec-
tively. Since the exact form of the solution is not available, instead of calculating the absolute error
at final time, we compute the Cauchy difference, instead of a direct calculation of the numerical
error:

δϕ := ϕhc − Icf
(
ϕhf

)
, (5.2)

where Icf is a projection from coarse mesh to fine mesh. This requires relatively coarse solution,
parametrized by hc, and a relatively fine solution, parametrized by hf , where hc = 2hf , at the same
final time. The detailed results are displayed in the following tables.

Boundary

Grid size 16-32 32-64 64-128 128-256

ℓ2 3.0401E-02 7.6736E-03 1.9241E-03 4.8129E-04
ℓ2 rate 1.9861 1.9957 1.9992
ℓ∞ 2.7768E-02 6.9293E-03 1.7708E-03 4.4370E-04
ℓ∞ rate 2.0027 1.9683 1.9967

Table 1: Convergence rate on the physical boundary

The whole domain

Grid size 16-32 32-64 64-128 128-256

ℓ2 1.7003E-02 4.0737E-03 9.9197E-04 2.4604E-04
ℓ2 rate 2.1024 2.0569 2.0113
ℓ∞ 2.7768E-02 7.7649E-03 2.1448E-03 6.9708E-04
ℓ∞ rate 1.8384 1.8561 1.6214

Table 2: Convergence rate over the whole domain

Table 1 and Table 2 present the errors and convergence rates, based on the data at T =
0.001 produced by the numerical scheme (2.15) – (2.19). The 2nd order convergence on the physical
boundary is indicated in Table 1, where the inner product and the associated norm are defined in the
lower dimension. It is observed that all the numerical convergence rates approach to the theoretical
value as the spatial mesh is refined.

5.2 Spinodal decomposition

In this section, we perform a numerical simulation to verify energy decay and mass conservation.
The parameters are chosen as follows: ε = 0.02, θ0 = 3, κ = 1. The time step size and space step
are taken as h = 1/128, s = 10−5, respectively.
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To simulate the phenomenon of spinodal decomposition, the initial data in the bulk are chosen
to satisfy

ϕ0i,j = 0.2 + 0.02× ri,j , (5.3)

where ri,j are uniformly distributed random numbers in [−1, 1]. In Figure 1 we present several
snapshot evolutions of ϕ at the selected time instants. The physical boundary is established on the
left and right sides of the square domain, while a periodic boundary condition is imposed in the y
direction.
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(i) t=0.1

Figure 1: The phase evolution of ϕ at several time instants with initial data (5.3).

The mixture does not phase separate on the physical boundary because there are no initial
fluctuations there, and ϕ takes on the uniform value of 0.2 at the left and right boundaries. In the
snapshots, the interface is not perpendicular to the wall, in contrast to the case where homogeneous
Neumann boundary conditions are taken on the physical boundary. A transition layer at the
physical boundary forms, with a certain thickness, where a short-range wetting-type interaction
can be observed.

In the left part of Figure 2, the evolution of energy is illustrated, which indicates an energy
decay in time. We also display the evolution of mass difference of ϕ, which is defined as ϕ̄n − ϕ̄0,
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Figure 2: (a) Left: the time evolution of the energy. (b) Right: the time evolution of the mass
difference.

with ϕ̄n given by (2.23). The mass variation is displayed in the right part of Figure 2, and indicates
mass conservation of about 1× 10−9.

5.3 Droplet evolution

In this part, we initialize a square droplet with its center at point (0.5, 0.2), and one edge of
the droplet occurs at the dynamical boundary (see the first picture in Figure 3). The phase
value inside the droplet is 0.8 and outside the droplet is −0.8, and the parameters are chosen as
ε = 0.01, θ0 = 3, κ = 0.01. Figure 3 presents the evolution of the droplet. The physical, mass-
conserving boundary is now at the bottom of the domain. It is observed that the square droplet
gradually evolves into a circle and the interface forms a certain contact angle with the solid wall
that deviates from 90 degrees. Recall that a 90-degree angle would form at a physical boundary
when homogeneous Neumann boundary conditions are used. The deviation that is observed is
due to the fact that mass is separately conserved on the physical boundary, and this prevents the
formation of perpendicular contact angle.
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Figure 3: Snapshots of solution for droplet evolution at selected time instants t = 0, 1 × 10−3,
3× 10−3, 5× 10−3, 1× 10−2.

5.4 Two droplet evolution

In this part, we numerically simulate the slow fusion process of two circular droplets. As shown in
Figure 4, two droplets barely contact with each other and the bottom boundary crosses through
both of them. Two numerical simulations, with homogeneous Neumann and dynamical boundary
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conditions, respectively, are displayed in Figure 5. In the case of homogeneous Neumann boundary
condition, the interface between two kinds of liquid (yellow and blue) quickly becomes perpendicular
to the boundary. Without mass conservation on the surface, the yellow part on the boundary
merges into one very fast and lengthened slightly. In the case of dynamical boundary condition,
the total length of the yellow part basically remains unchanged, due to the mass conservation on
the surface, and the coarsening on boundary takes a longer time. The contact angle changes during
the evolution process as well.
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Figure 4: Initial profile of the fusion process of two circular droplets.
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Figure 5: (a): The evolution of droplet fusion process, with the homogeneous Neumann boundary
condition, at time instants t = 1× 10−4, 1× 10−3, 3× 10−3, 1× 10−2. (b) The evolution of droplet
fusion process, with the dynamical boundary condition at the bottom boundary, at the same time
instants.

5.5 Comparison of evolution rate

In section 5.4, it is observed that the dynamic boundary slows down the merging of structures
near the solid physical wall. Here we perform a further comparison of evolution rate between
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homogeneous Neumann and dynamical boundary conditions. The initial profile is presented in
Figure 6 and the simulation results are displayed in Figure 7. Once again, the physical boundary
is at the bottom.

More obviously than Figure 5, the blue part surrounded by yellow gradually disappears and
the mass conservation constraint greatly slows down the evolution process. We have reason to
believe that, if the yellow part spans a wider range, the difference in evolutionary speed will be
more pronounced. Also, at equilibrium, the contact angle deviates from 90 degrees with the mass-
conserving boundary condition.
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Figure 6: Initial profile of fusion process.
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Figure 7: (a): The evolution for fusion process, with the homogeneous Neumann bottom boundary
condition, at time instants t = 1× 10−4, 2× 10−3, 1× 10−2, 3× 10−2. (b) The evolution for fusion
process, with the dynamical bottom boundary condition, at time instants t = 2× 10−3, 3× 10−2,
2× 10−1, 6× 10−1.
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6 Conclusions

In this paper, we have presented a fully discrete finite difference numerical scheme of the Cahn-
Hilliard equation with dynamic boundary condition and Flory-Huggins energy functional. A log-
arithmic potential is included in the Flory-Huggins energy over the whole domain, a dynamical
evolution equation for the boundary profile corresponds to a lower-dimensional singular energy
potential, coupled with a non-homogeneous boundary condition for the phase variable. In the pro-
posed numerical scheme, a convex splitting technique is applied to treat the chemical potential, at
both the interior area and on the boundary section. Furthermore, the discrete boundary condi-
tion for the phase variable is coupled with the evolutionary equation of the boundary profile. The
resulting numerical system could be represented as a minimization of a discrete numerical energy
functional, which contains both the interior and boundary integrals. In particular, an implicit
treatment of the logarithmic term ensures the positivity-preserving property, which comes from its
singular nature as the phase variable approaches the singular limit values. The total energy stability
analysis could be theoretically justified as well. Some numerical experiments have been presented
to demonstrate the theoretical properties of the proposed numerical scheme. Convergence analysis
will be considered in the future works. In particular, a suitable process is needed to replace the
Fourier projection, in order to achieve the mean-zero property of the error function and make the
H−1 norm well-defined. Furthermore, the nonlinear scheme corresponds to high computational
costs. Therefore, we aim to design a linear structure-preserving numerical scheme in the future and
apply it to problems involving variable mobility and other types of dynamic boundary conditions.
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