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1. Introduction

Suppose that 2 = (0, Ly) x (0, L,) x (0, L,). For any ¢ € H! (£2), we define an energy of the form

per

_ -1 1 4_1 2 £ 2
E(fl’)—/;z{«? (4¢ 2¢>+ 2|V¢>| }dX, (1.1)

where the interface width parameter ¢ > 0 is a small constant. See [1] for a detailed derivation of E. The conserved
gradient dynamics on §2 is given by

hp =V MGV, pi=8E =2 (47— ) —e4p, (12)

where M(¢) > 0 is a mobility, and u is the chemical potential. Periodic boundary conditions are imposed for both the
phase field, ¢, and the chemical potential, x, as well as the higher order derivatives. It is easy to see that Eq. (1.2) is mass
conservative, and the energy (1.1) is non-increasing in time along the solution trajectories of (1.2).

There have been a great deal of existing numerical works for the CH equations and related physical models, and many
of them have been analyzed at a mathematical level; see the related Refs. [2-13], et cetera. In particular, it is observed
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that, in the numerical error analysis for this nonlinear gradient flow, the convergence constant is independent of the time
step s and spatial grid size h; while it usually depends on the final time T and on the interface parameter ¢ in a singular
way. A careful calculation reveals its dependence on T and ¢ in the form of exp (Ce‘mOT), with mgp an integer, which
comes from the application of a discrete Gronwall inequality in the analysis.

Meanwhile, there have been a few recent works on the improved convergence constant for the CH equation (1.2).
Specifically, Feng and Prohl [14] proved - for a first-order in time, fully discrete finite element scheme - that the
convergence constant is of order 0(e”s~™), for some positive integer mg and a constant Cy > 0 that is independent of ¢.
Two more recent work of Feng, Li and Xing [15,16] apply a similar technique to analyze a first-order in time, discontinuous
Galerkin (DG) scheme for the Allen-Cahn/Cahn-Hilliard equations. Such an elegant improvement was based on a subtle
spectrum analysis for the linearized Cahn-Hilliard operator (with certain given structure assumptions of the solution),
provided in earlier PDE analysis literature [17-21], et cetera.

On the other hand, all these existing works dealt with a first order temporal discretization. A direct extension of this
numerical analysis technique to a second order (in time) scheme poses a serious challenge, due to the complicated form
of the nonlinear terms and lack of a uniform-in-time estimate for the higher order H™ norms of the numerical solution.

In this paper we provide such an improved error estimate for a second order scheme to the CH equation, which has
been introduced in a recent article [22]. For simplicity of presentation, we focus on the semi-discrete case, without spatial
discretization; an extension to the fully discrete scheme could be carried out in an appropriate manner. The energy
stability turns out to play an important role in the long time numerical simulation of the gradient flows. Among the
numerical approaches to ensure the energy stability, the convex-splitting idea, originated by Eyre’s pioneering work [23],
has attracted a great deal of attention. See the related works for the phase field crystal (PFC) equation and the modified
version [24-30], epitaxial thin film growth models [31-36], ternary system [37], the Cahn-Hilliard-Hele-Shaw (CHHS)
and related models [38-46].

Among these energy stable works, extensive numerical experiments have shown a great advantage of the second
order temporal splitting over the standard first order one in terms of numerical efficiency and accuracy. In addition, the
second order energy stable scheme for the CH equation, as reported in [22,42,47,48], enjoys many advantages over the
standard second order temporal approximations [8,49-52], in particular in terms of the unconditional energy stability,
unconditionally unique solvability, the availability of a uniform-in-time H? numerical stability, et cetera.

On other hand, a careful calculation reveals that, for the error estimate reported in [22,42,47,48], the convergence
constant depends on % in an exponential growth form, which comes from the application of discrete Gronwall inequality
in the analysis. To overcome this difficulty, we have to derive a uniform-in-time (discrete) H™ (for mg > 3) bound for the
numerical solution. In more detail, these bounds are dependent upon the initial H™ data, % (in a polynomial form), and
independent of T. Since this bound is available for any mo > 3, a subtle observation implies that ||¢™ ! — ¢™ ||, (with ¢
the numerical solution, £ an integer) is of order O(s), with the constant independent of T, using certain discrete Hélder and
Sobolev estimates. In other words, we are able to derive a uniform-in-time O(s) estimate for ||¢™*! — ¢™||;¢, independent
of the convergence analysis. Moreover, we observe that, a difference analysis between ¢™*! — ¢™ and ¢™ — ¢™ ! leads
to a uniform-in-time O(s?) estimate for |[¢"™*! — 2¢™ + ¢™!||4¢, and the constant is dependent upon % in a polynomial
form, independent of T.

Such a refined estimate is crucial to the improved error analysis in an H~! norm. Both the error function for the
chemical potential and the numerical error function are evaluated at the time instant t™*1/2 and their differences with
the exact numerical forms are analyzed with the help of [|¢™+! — 2¢™ + ¢™~1||4¢ estimate (for certain integer £), which
has been proved to be of order O(s?). Consequently, with all these preliminary estimates at hand, we could apply the
spectrum analysis for the linearized Cahn-Hilliard operator [17-19], and arrive at an H~! error estimate of order O(s?),
with the convergence constant in the form of 0(e‘%”¢~™0), with C, independent of .

To simplify the presentation greatly, we employ no spatial discretization and work on a periodic domain. We deal only
with the temporal discretization herein. In Section 2 we review the numerical scheme and its mathematical properties,
such as the unique solvability, unconditional energy stability, and a uniform-in-time (discrete) H? stability. The higher
order H™ (for my > 3) numerical stability analysis is presented in Section 3. Subsequently, a uniform-in-time estimate
for both [|¢™! — ¢™||ye and ||¢™F! — 2¢™ + ¢™ || is provided in that section. In Section 4 we present the primary
result of the paper, namely, an H~! error estimate of order O(s?), with the convergence constant dependent on é in a
polynomial form. Finally, some concluding remarks are made in Section 5.

2. Review of the numerical scheme and a few stability results

For simplicity, we assume that £2 = (0, 1)>. Let M € Z™, and set s := T/M, where T is the final time. For simplicity
of presentation, we take M = 1. The second order accurate, semi-discrete numerical scheme can be expressed in weak
form as follows [22]: for 1 <m <M — 1, given ¢™, ¢! € H}, (£2), find ¢+, ™2 € H]}, (£2), such that

per

(¢rn+1 _ ¢)1’I’I7 V) +s (VM/TI’H-VZ’ V\)) — 0’

Vv e Hp (£2), (2.1)
e (X (¢m+1’ ¢m) — G, W) +e (V(imﬂ/z’ Vlﬁ) _ (Mm+1/2, W) -0,
Yy e HL (£2), (2.2)

per
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where
1
X (¢m+1’ ¢m) =13 (¢m+1 ¢m) ((¢m+l)2 4 (¢m)2) ’ (2.3)

. 3 1

m+1/2 ., —m - am—1
¢ = 2¢ 2¢> ) (2.4)
o 3 1

m+1/2 .~ m+1 ~pm—1
¢ = 4¢ + 4¢ . (2.5)

Meanwhile, ours is a two-step method, requiring either a special starting strategy or two starting values. For simplicity of
presentation, we will assume that both ¢°, ¢! ngr(.Q) are given and correspond to the true PDE solution, @. In other
words,

¢%:=@(-,0) and ¢':=d(-,s), (26)

so that, among other properties,

1 +/S V()2 dt = E@°) and (¢ — ¢ 1) =0
0

where u is the exact (true) chemical potential of the PDE. The local truncation error of the proposed scheme is
second-order with respect to time.

Meanwhile, as demonstrated in [22,42], the original energy functional E is not guaranteed to be non- increasing in time;
however, we can guarantee the dissipation of another modified energy. To be precise, for all ¥, ¢ € Hper(.Q), define an
alternate numerical energy via

~ 1
E¢.v):=E@)+ - ||¢_W||2+%”Vh @ -l (2.7)

Note that this energy is consistent with the energy (1.1). For example, suppose that u : £2 x [0, T] — R is a sufficiently
regular, £2-periodic function and set us := u( -, tp + s). Then, clearly, E(uq, us) — E(u( -, tp)), as s — 0.

The unique solvability and unconditional energy stability for the second order scheme (2.1) have been established for
the fully discrete case [22]; the analysis for the semi-discrete scheme is even simpler, and we recall it in the next theorem.

Theorem 2.1. The second-order scheme (2.1) is uniquely solvable for any time step-size s > 0, and it is mass conserving, i.e.,
(¢™ 1 —¢™ 1) =0, for all 0 < m < M — 1. In addition, suppose that ¢"™+1, ¢™, ¢™ ! € H,.(£2) are solutions to (2.1). The
second-order scheme (2 1)is uncondlrlonally energy stable with respect to (2.7), meaning thatfor any time step-size s > 0 and
anyl<m<M-—1, E(q&m“ oM < E(d)'11 @™ 1). More precisely,

E@™, ¢™ +5 | Vi 2|* + R (Asp™) = E(p™, o™ 1), (2.8)
where

~ ~ 1 ,~
R(E$™) = & |V (G + o |3 29

and
Zs(pm — ¢m+] _ 2¢m +¢1Tl—1.

If¢° o' € ngr(ﬂ) are given as in (2.6), where the exact PDE solution, @ is sufficiently regular, then we have the following
stabilities

— < — —Iq

||V¢||Loo(0 T;12) * 02—111’13<XM ”V¢ || Cl & C]S (210)
[ omax, |¢™]7 < Cre = Cre™, (2.11)
||¢||f°O(O,T;H1) = OE‘)l‘na<XM ||¢ || = C]‘S = Clgikls (2.12)

where ky is a positive integer and C; > 0 is a constant that is independent of s, T, and e.
A uniform-in-time L*(0, T; H?) bound of the numerical solution has also been established in [22] at the fully discrete
level. Using similar techniques, the estimate can be established at the semi-discrete level:

Theorem 2.2. Assume that the hypotheses of Theorem 2.1 hold. Then, if s < Ce~!, where C > 0 is a certain constant that is
independent of e, we have

||¢“f°°(0,T;H2) = Oina<XM ||¢ || 2 = CZ e — CZE 27 (213)

where k, is a positive integer and C; > 0 is a constant that is independent of s, T, and ¢.

3
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Remark 2.3. We shall assume, from this point forward, that ¢°, ¢! € H,,,(£2) have sufficient additional spatial regularity

to guarantee that ¢ € Hper( ), forall k=2,..., M, for my € N as large as desired.

3. Some estimates of the numerical scheme
3.1. L*° (0, T; H™) (mg > 3) bound of the scheme

The uniform-in-time H! and H? bound of the numerical solution have been demonstrated in [22]. Meanwhile, these
two bounds are not sufficient to assure an error estimate with the desired improved convergence constant. In this section,
we establish the uniform-in-time H™ bound, for any mg > 3, of the numerical solution. We will see that such a bound
depends on ¢! to some integer power.

Theorem 3.1. Assume that the hypotheses of Theorem 2.1 hold. Then, if s < 176Ck/ase, where Cz > 0 is a constant of elliptic
regularity, used below, we have

@l oo0,7:13) = Lna<XM ”¢ ” 3 <G = Ge™ f, (3.1)

where ks is a positive integer and C3 > 0 is a constant that is independent of s, T, and &.

Proof. Taking v = A3¢™+! in (2.1) gives
_ (¢m+1 — " A3¢m+l) _ el (A3¢m+l A$m+]/2)
o7l (AT, Ax (@™, ") — es (A%, 4% =0, (32)
An application of integration-by-parts using periodic boundary conditions yields
_ (¢m+1 _ ¢m’ A3¢m+l) — (VA(¢m+1 _ ¢m)’ VA¢YTI+1)
1 112 2
= 2 (Ivasm |~ |vagr]2)
1 2
+ 5 [Vag™t =™ (3.3)
For the concave diffusion term, we have
(A3¢m+l A$m+l/2) — (VA2¢m+l VA(}’TH—]/Z)

<a ”VA2¢m+1 ”2 + i HVA(Em+1/2 ”2

2 m+1|2 i m||2 l m—1/|2
<o |[vaze" T4 = [VAGT|" 4+ — | VA" (3.4)
for any o > 0. Meanwhile, the quantities ||V A¢™||?, |V Agp™! ||2 can be controlled by
2 (g
[Vag [ = oo Vo[ + o [ V29| = 5 1o 35)
for any o > 0, for £ = m, m — 1. A combination of (3.4) and (3.5) shows that
(A3¢m+l’ A(;5m+1/2) <a ”VAzd)mﬁ ”2 + 97(1 HVA2¢m ”2
m—1 5C1 €
HW\ 6" + TR (36)
for any o > 0.
The bi-harmonic diffusion term can be analyzed as follows:
_ <A3¢m+1’ A2$m+1/2) _ HVA P H 4 (Va 2¢mH1 v A2 )
2 me1)2 L 2 m+1]2 2 m—1 2)
>3 A2 8(HVA ¢" "+ [vare™
- 2 varenn - oo @)

As one might expect, all of the difficult work is in dealing with the nonlinear term. Regarding this, we begin with the
following inequality:

—(A3¢m+],AX( m+l m) (VA2¢m+1’VAX(¢m+1’¢m))
< |vaze™| - [VAx(e™ !, ¢™)| . (3.8)
4
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The rest work is focused on obtaining a useful estimate for ||VAX(¢”1+1, ¢>’")||. To this end, a detailed expansion and
repeated application of Holder’s inequality implies that

[vax@™ . gm] = c[(16™ [+ 167 ) - (197 s + [97],)
(16" e + 16" ) - (197 e + 197],0)
(1907 s+ [vam ) | 59)

Meanwhile, based on the uniform-in-time H? bound (2.13) for the numerical solution, the following Sobolev inequalities
are available:

[6°),2 < Cae (3.10)
|6 + [V 16 = Cll0°],2 = CCae. (3.11)

3 1
o N L L
<C (Wn; A%t |* + o ||H2>
5 1
<c (101 192 + o))
<C (cfs |vaet ||% + c2,8> , (3.12)

2 1
[0l = o'l 191
2 1
<c (101 1926 + o'l

<C (ci |vaet ||% + c2,8> , (3.13)

for £ = m, m + 1, where the Gagliado-Nirenberg inequality [53] has been extensively used. In more details, the first
step of (3.12) stands for an application of Gagliado-Nirenberg inequality, while the second step is based on the following
elliptic regularity

19 lls < CCUI N2 + 1 A%°11),

which is always valid for ¢¢ satisfying periodic boundary condition, i.e, both ¢¢, A¢¢ and A%¢¢ are periodic. The third
step of (3.12) is based on the following inequalities

|4%¢ |7 = (A%, A%¢") = —(VAg, VA% ') < [VAG'| - VA%,
2
[VAgt||” = (VA VAP') = —(Ap", A%") < | Ag"|| - [ A%¢°]l,
1 2 1 2
sothat [[A%¢°| < |Ag®ll3 - IVA%H 15 < ll9°ll,, - IVA%e1I5,

in which the integration by parts and periodic boundary conditions have been extensively used. Inequality (3.13) could be
derived in a similar manner. The first step stands for an application of weighed interpolation inequality, while the second
step is based on the following elliptic regularity

“llys < CUlIP Il + VA% ),

which is always valid for ¢* satisfying periodic boundary condition, i.e, both ¢, A¢® and A?¢¢, VA%¢* are periodic. In
turn, a substitution of (3.11)-(3.13) into (3.9) yields

[vaxtem,om) < (), (Ivarem P+ [vaigm]) 4 c2.). (3.14)
Going back to (3.8), we arrive at
(A%, Ax(@™H, ¢M) < CCi (”VAzd,mH”% 1| vazem - ||VA¢”1||%>
4 CCZBs ||VA2¢m+l H
2
= = (V2™ " + |vazem|?)
+Ce7*C, + Ce 3¢S, (3.15)

in which the Young's inequality was repeatedly applied in the last step.

5
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A combination of (3.2), (3.3), (3.6), (3.7) and (3.15) results in

[vagm|* - [vae™ | + (*‘9 - *) s|vazgm|?
9« ) A
= (o g)slvaem |’ + (5 +5)sIvaze | +sts.. (3.16)
with
\ 5C
Gy = Ce75CE, +673C5,) + 80{13’;.

Choosing o = %82 fixes 63,5 and yields
[Vag™ ' |* = [Vag™|* +es [va?m |’
< ES(HVA%'” [+ Va2 "|*) + sCs... (3.17)

Now, addmg ||VA2¢m || to both sides of the last inequality gives

785 |

[Vagm | +es [varem "+ Jo [ va?em |
45¢s 17es m—1
< |vaem|* + === HVA o+ = ||VA " + 5Cs.e. (3.18)
We define a modified “energy”
= |[vagm |’ + % |vazgm|? 4 L2 = [vatem|”. (3.19)
Then, it follows that
R O O 2 LR (320)

Meanwhile, with the help of the elliptic regularity estimate |[VAf| < Cil|VA?f|, the following inequality could be
derived:

198 1les

pslvatm | L vaten| = Z[varem [+ S5 am 621
provided that
2
o< 175G 2

The details are left for interested readers. Note that the condition in (3.22) is very easily satisfied, as the bound on the
right-hand-side will typically be greater than 1. As a result, we arrive at

ES ES 2 N
1 G4 Z |[vaZe™ " < G" 4 sCs,. 3.23
(1+ 50 ) &'+ S5 Ivagm | < s, (323)

Applying an induction argument with the last estimate, we get

~(m+1) . ¢
o < ( es ) m o 16GiGoe _ 4 16C,§Cg,5.
R

& &

(3.24)

Finally, (3.1) is a direct consequence of (3.24) and the elliptic regularity:
6" e = (g™ | + [Vag™ )

= C(Ge+[Vag™)

<C (Cu + (Gm+1)1/2)

4GC,?
<cC <C2,s +(G) 2+ =25 ) =G (3.25)
&

Note that C3, depends on ¢~! in a polynomial form, since 63,2 does. The proof of Theorem 3.1 is complete. O

Using similar tools, a uniform-in-time H® bound for the numerical solution could be established, for any £ > 3, by
setting v = A’¢™t1 in (2.1). The details are left for interested readers.

6
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Theorem 3.2. Assume that the hypotheses of Theorem 2.1 hold. Then, if s < Ce™!, where C > 0 is a certain constant, we
have

@l o.11e) = omax 6™ [,e < Cee = Cee ™, (3.26)

<m=<M

where k, is a positive integer, which increases as £ increases, and C, > 0 is a constant independent of s, T, and e.

Remark 3.3. The global-in-time H? bound for the numerical solution, Cz, in (3.25), depends singularly on . In more
details, we have

Cre =0(e™), (3.27)
Gy = 0(e™13), (for the 3-D case, as derived in [22]), (3.28)
30 = 0(7199), (3.29)
G = 0(e™), (3.30)

so that k3 = 55.

In comparison, for the 2-D case, the corresponding index increases at a much lower rate; a careful analysis reveals
that Gy, = 0(e™"), Co.e = O(e~7*9), G5, = O(e~O*9)), (with § > 0, 8’ > 0), so that k3 = 10. This in turn shows that, the
higher order H® norm grows at a much faster rate for the 3-D CH flow than the 2-D version, which comes from different
Sobolev inequalities.

3.2. Estimates for |¢™' — ¢™|| . and |¢™ ! —2¢™ + ¢™ 1,
The following estimate is needed in later analysis.

Theorem 3.4. Assume that the hypotheses of Theorem 3.2 hold. Then we have

max [¢™" —¢™| , <Dy, =D, (3.31)
0<m<M-1

where n, is a positive integer, which increases as ¢ increases, and D, > 0 is a constant independent of s, T, and .

Proof. The numerical scheme (2.1) shows that
[ = @™ e =s | Ar™ e (3.32)

By the expansion (2.2) for ™ "2, the following estimates could be derived, helped by repeated applications of the Holder
inequality and Sobolev embedding:

4G (@™ @™y = € (6™ ™) ez
m 3 m
< (1™ s + 0" sz

< CClipes (333)
[A5™ e < € (|07 sz + 6™ [ ev2)

< CCrye, (3.34)
[ 2262 <€ (0 s + 97 )

< CCeyae, (3.35)

with the uniform-in-time estimates (3.26) used. Consequently, a substitution of (3.33)-(3.35) into (3.32) yields
o™ — o™ ”Hz <Dpes Deei=C (7" (Cligie + Covnie) +6Crsae) - (3.36)

Note that Dy . depends on ¢~1 in a polynomial form, since both C,;, . and Ce+4,c do as well. This completes the proof of
Theorem 3.4. O

In addition, to analyze the second order accurate (in time) scheme, we need the following estimate.

Theorem 3.5. Assume that the hypotheses of Theorem 3.2 hold. Then we have
max @™ = 2™+ ¢" | 0 < Ques®, Que = Qe ™, (3.37)

1<m=<M-1

where my is a positive integer, which increases as ¢ increases, and Q, > 0 is a constant independent of s, T and «.

7
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Proof. Taking a difference between ¢™! — ¢™ and ¢™ — ¢™ !, we have

o 207 97 = L = ) 339
with

T R T 8”()( (o™ ™) — x (o™ 0™ )

3 m m—1 1 m—1 m—2
S = ¢+ S - 9m)
1

—eA (%(qﬁm“ —¢") + Z(¢m - ¢>'"_1)) ; (3.39)

and

1
X (@ 9") = x (7. 9" ) = Z (@I + (9T = 47+ @™ — 9" )

4
+(¢m+1 +¢rn)2(¢rn+l _¢m)
(@ GG+ "™ - ). (3.40)

In more detail, we observe that all the right-hand-side terms in (3.39) contain a factor of ' — ¢!, m—1<i<m+1.
With the help of (3.26) and (3.31), we are able to derive (3.37) in a similar manner as in Theorem 3.4. The details are
skipped for simplicity of presentation. O

Remark 3.6. A uniform bound for [|¢™+! — 2¢™ + ¢™!||4¢, given by (3.37), will play an essential role to establish an
improved convergence analysis for a second order accurate (in time) scheme, as will be demonstrated in later sections.
In comparison, Such a uniform estimate is not needed in the corresponding error analysis for the first order (accurate) in
time schemes, as reported in [14-16,54].

3.3. Some related estimates for the exact solution
As before, by ®@(x, y, z, t) we denote as the exact solution of the CH equation (1.2), with sufficiently regular, periodic
initial data. The following estimates could be derived by performing a standard energy estimate and Sobolev analysis. The

details are skipped for brevity.

Lemma 3.7. The following estimates are valid for the exact solution ®:

@l rmey < Cip = Cie™™, V=1, (3.41)
18¢® 00,7216y < D, :=Dje™™, V£=0, (3.42)
||8t2(p||L°°(o,T;Hf) SQL=Q/e™, Vex>0, (3.43)

where k;, n, and m, are increasing sequences of positive integers — not necessarily the same as those specified before - and
C;, D, and Q; are positive constants that are independent of T, and e.

Remark 3.8. The derivation of (3.42) and (3.43) is based on applying the original CH equation (1.2) and taking its temporal
derivative, combined with the L>(0, T; H*) estimate (3.41), so that the H® norm of the first and second order temporal
derivatives are converted into certain spatial H™ norms of the exact solution.

The following result is a consequence of Lemma 3.7.

Lemma 3.9. Denote @™'/2 = 1(¢™! + &™) and @mH1/2 = @( . t™+1/2) The following estimates are valid for the exact
solution @:

jmax_ [t —on|, <Dy, D, = Die, (3.44)
1<rn11‘1<“:11\)/l(—1 H(pmH — 20" + o™ ”Hf = ézsszv éi*s = é{*g—mg7 (3.45)

max H¢m+1 _gmH1/2 4 gpm

1<m<M-1

1 A *
240 (3.46)

for any ¢ > 1, where k,, n, and m, are increasing sequences of positive integers - not necessarily the same as those specified
before - and D and Q; are positive constants that are independent of T, and .

8
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Remark 3.10. The derivation of (3.44)-(3.46) is based on the following Taylor expansions (in time)

O — @M = 53, P(&1), & € (L ™), (3.47)
2
S
et _ 2™ 4 M1 = Eafqb(gz), & e (™1, M, (3.48)
2
A S
Q™M 2™t/ 4 ™M = @afqb(gg), & e (™, ™, (3.49)

combined with the established estimates (3.42) and (3.43).

As a direct consequence, the following L° bound could be derived; this estimate will be used in the improved error
analysis in the next section.

Corollary 3.11. We have the following estimate
H(q>m+1/2)2 — (T2 H < CSEy., with Ey, = Eye 1, (3.50)
LOO
where ji is a positive integer and E; is a positive constant that is independent of s, T, and e.

Proof. First, we observe that

H((pm+l/2)2 — (@mH12Y HLOO _ H(¢m+1/2 FBmI2) L (@12 ém+1/2)H

< (||¢m+1/2 HLoo + [@m+i2 HLOO) ) Hq)mﬂ/z _ gmt12 Hm- L s
The first two terms can be controlled via Sobolev inequality:
[&™ 2 = o™, = G
Gm+1/2 HLOO < ClPlore) < O (3.52)

with (3.41) recalled. The second term appearing in (3.52) can be analyzed as follows:

qumﬂ/z _ $mHi2 H <C Hcpm+1/2 _ qgmﬂ/z‘
Lo T

H2

1
=C H §(<pm+l _ 2@(’ tm+l/2) + @m)

H2
<Clo™" —20(, ")+ 0",

<CQ; ., (3.53)
with the estimate (3.46) applied. As a result, a substitution of (3.52) and (3.53) implies (3.50), with
Ere > (G035,

and its dependence on ¢! is clearly in a polynomial pattern. This completes the proof of the corollary. O
4. Error analysis with an improved convergence constant

The numerical error functions are defined as

&k — pk _ ¢k7 (z)k+1/z — %((z,kﬂ + J)kL é,k+1/2 — ;&)k _ %a)k—1. (4.1)

Since the exact solution to the CH equation (1.2) is mass conservative, we have

/q§(~,t)dx=/ ®(-,0)dx:=fo, Vt>D0. (4.2)
2 2

On the other hand, the numerical scheme is also mass conservative:

/¢mdx=/¢°dx=ﬂ0, v m> 0. (4.3)
2 2

As a result, we get

/&mdx:o, ¥m>0. (4.4)
2
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Here we use the notation H_'(£2) = (Hl (.Q))*, and (-, -) is the duality pairing between H-!(£2) and H] (£2). We

per per per per

need a norm on a subspace of Hl;e}(ﬂ). With L(Z,(.Q) denoting those function in L[?(£2) with zero mean, we set

Hl(2) = Ho(2) N I3(2),  HW(2) = {v e Hyl(£2) | (v, 1) =0}, (4.5)

per per per per
) We define a contiﬁnuous linear operator T : I:Il;e}(.Q) — I:I;er(.Q) via the following variational problem: given ¢ €
H,o(£2), find T(¢) € HJ.(£2) such that

per
(VT(£), VX) = (¢, x)  Vx e H(£2). (4.6)

T is uniquely defined, as is guaranteed by the Riesz Representation Theorem. The following facts are easily established.

Lemma 4.1. Let ¢, & € H(82) and, for such functions, set

per

Then, (-, -)y-1 defines an inner product on Iflp‘e}(Q), and the induced norm is equivalent to the operator norm:

lelys = V@ O = sup X (48)

oyeris, 1V iz

Consequently, for all x € H),(£2) and all ¢ € I:Ip‘e}(.Q), 1, x| < IClly-1 IV x|l 2. Furthermore, for all ¢ € L3($2), we have
the Poincare type inequality: for some C > 0, || [|y-1 < C 1< ]l 2-

The zero-mean property (4.4) shows that, the H~! norm for the numerical error function, ||¢¥|| y-1, is well defined.
4.1. Statement of the main theorem
The following theorem is the main result of this paper.

Theorem 4.2. Suppose that the initial data ®( -, 0) = ¢o € H3_(£2) and that s satisfies the scaling law

per
s < Célt, (4.9)

where |, is a sufficiently large positive integer and C is some positive constant. Also assume that ¢ € (0, &g), with ¢ specified
in Proposition 4.6. Then the following convergence result is valid:

max 1571 < B2 with R — ReeGTeo 41
max_ ™[ ,- <R:s*, with R eolego, (4.10)

where ]y is a positive integer, Cj and R* are positive constants that are independent of s and e.
4.2. Consistency analysis and the equation for the error function

With a second order temporal approximation taken, the following consistency estimate could be derived:

(pm+l —pm 12
——=a (7' (@™ — ™) — e A@™TV2) 4 (4.11)

where

P2 — % (¢m+1 n cpm)’ Hrm+1/2

) < Cs?e7h,
H-1

For the numerical scheme (2.1), we rewrite it in an alternate form, to facilitate the error analysis presented later. The
following estimate could be derived:

¢m+1 _ ¢m _

A (8—1 ((¢m+1/2)3 _ ¢m+1/2) _ 8A¢m+1/2) + t;11+1/2’ (4.12)
S

where

oV = 1 (g7 1 gm), e = cstein (4.13)
2 BT

Remark 4.3. We note that the temporal discretization for both the approximate projection solution (4.11) and the
numerical solution (4.12) is very different from the original numerical scheme (2.1). The purpose for these forms is for
the simplicity of an error analysis with an improved convergence constant, as will be observed later.

10
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The temporal truncation error estimate (4.11) is based on the following transformations

o™ _ pem12y = L (@mtt _apemiiy 4 om) (4.14)
2

((pm+1/2)3 _ (@(tm+l/2))3 — % (¢m+1 _ 2¢(tm+1/2) + ¢m)

. ((¢m+1/2)2 + @2 (M2 4 (q;(tm+1/2))2) , (4.15)

combined with the established estimates (3.41) and (3.46) for &.
Similarly, the temporal truncation error estimate (4.12) is based on the following transformations

¢m+l/2 _ $m+1/2 _ % (¢m+l — 2™ + ¢m71) , (4.16)
¢m+]/2 _ &mjtl/z — _% (¢m+1 _ 2¢m + ¢m—1) , (4_17)
X (O™, 9") — (6772 = S 4 gM — 9", (418)

combined with the established estimates (3.26), (3.31) and (3.37) for the numerical solution.

Subtracting (4.11) from the reformulated numerical scheme (4.12) yields

$m+1 _ (}m
— A (8_1 (((pm-H/Z)B _ (¢m+1/2)3 _ (%m-#l/z) _ gAa)m-H/Z)
S
42, (4.19)
where
|[e™2 ., < CsPe 5. (4.20)

4.3. A preliminary estimate for the numerical error term

By a comparison between (3.26) (in Theorem 3.2), (3.31) (in Theorem 3.4), (3.37) (in Theorem 3.5) and (3.41)-(3.46)
(for the exact solution) in Lemma 3.7, the following estimates are straightforward.

Lemma 4.4. For the numerical error function, we have

max "], = €L =ceT, (4.21)
pmax @ —g"|, < Dits, Dl =Ce, (422)
Lmax [[mt =297 6" < Qs Q=T (423)

for any £ > 1 and m > 0, where k,, n, and m, are increasing sequences of positive integers and C is a constant independent
of s, T and e.

Remark 4.5. Note that these bounds for the numerical error function do not rely on the error and convergence analysis;
all of them are final time independent.

4.4. Review of the spectrum estimate for the linearized Cahn-Hilliard operator
The following linearized spectrum estimate has been established in [14,17-19]. We recall it here.

Proposition 4.6 ([14]). There exist 0 < gy < 1 and another positive constant Cy such that the principle eigenvalue of the
linearized Cahn-Hilliard operator satisfies

-1 204y 2
o BP0y ) +elvyl

AcH -
2
VeHper(2) Y1l
¥

> —G, (4.24)

forany t >0, ¢ € (0, &), where @ is the exact solution to the Cahn-Hilliard problem.

Remark 4.7. The spectrum analysis that established the estimate (4.24) was derived for the linearized Cahn-Hilliard
operator [17-19], under a homogeneous Neumann boundary condition. An extension of this analysis to the one with the
periodic boundary condition is straightforward, and the details are skipped for the sake of brevity.

11
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4.5. Error analysis: Proof of Theorem 4.2

Since both ¢™*! and ¢™ have zero-mean, we introduce
Wt =T¢! =(=A)"¢", L=mm+1
Taking an inner product with (4.19) by @™ = 2(w™! + &™) gives

1 (&m+l _ q'am’ ﬁ)m-H + ﬁ)m) _ 8_1 (((®m+l/2)3 _ (¢m+1/2)3 _ ém+1/2) , Aﬁ)m+1/2)

2
+e (Aq;erl/z, A&}mH/Z) — (.L.m+1/2, a)m+1/2) , (4_25)

with the integration-by-parts formula applied.
The subsequent estimates are standard:

(("i)rrH—] _ ém’ a)m—H + a)m) — _ (A(ﬁ)m-%—l _ wm)’ &)TTH—] + &)m)
— (V(lz)m+1 _ lZJm), V(l"bm+l + l’i}m))
~ 2 ~
= [vam|* ~ |var|*

= 6" s = 19" -1 - (4.26)

(712, 2GR = — (g ) = — [, (427)

_ (((¢m+1/2)3 _ (¢m+1/2)3) , Aa)m+1/2)
_ ((((pm+l/2)3 _ (¢m+1/2)3) , J)I’I’H—l/Z)
_ ((((pm+l/2)2 + ¢m+1/2¢m+1/2 + (¢m+1/2)2) , ((}m+1/2)2) , (428)

(A(Z,erl/z7 Aa}m+1/2) — _ (A¢m+1/2, $m+1/2) — ||V(;5m+1/2 ”2 ’ (4'29)
and, finally,
_(Tm+1/2’ a)m+1/z) < ||rm+1/2 le1 . ”vwm+1/2 ”2

e R T

1 1 -
< ST (17 + 17 ) (4.30)

The rest work is focused on the nonlinear estimates. The following a-priori assumption is made.

IA

A

An a-priori assumption up to time step t™. We assume a-priori that the numerical error function has the desired
convergence as given by (4.10), at time steps up to t™.

¢ ly-1 <R's>,  R=cCe%Te0, £ <m. (4.31)
For the nonlinear inner product (4.28), we begin with the following identity:

(¢m+1/2)2 + (pm+l/2¢m+1/2 +(¢m+1/2)2
— 3(¢m+1/2)2 _ 3¢m+1/2&5m+1/2 + (g)m+l/2)2. (432)

As a result, we get
11 — ((((pm+1/2)2 + <pm+l/2¢m+1/2 + (¢m+1/2)2) , (&m+1/2)2)
> 3 ((¢m+1/2)2 ($m+1/2)2) —-3 (¢m+1/2¢~)m+1/2 ($m+1/2)2)
= 3((@" 2R (G"R) + &1 + &2, (4.33)
where
& =3 (((DM-H/Z)Z _ (@m+1/2)2 ((Z)m+1/2)2)
& = _3/ ¢m+1/2((2‘)m+1/2)3dx.
2

12
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The first term can be controlled as follows.

il = 3feom iy —@mny| gy’

< Ey, | (4.34)

|62 < (672 s - 8™ s = CETE 672 (4.35)
&l < Cszﬁf,zél.a (X

<Ry s+ e (19™ 120 + 1™ 1%0) - (4.36)

~ Al A 2
with R}, = Ce! (C;",”;ELE) , in which the L estimate (3.50) (in Corollary 3.11) was applied in the second step of (4.34).
For the second nonlinear error term appearing in (4.33), we begin with

N L e R PR i

cc, @™ (4.37)

|&2|

IA

IA

with the estimate (3.41) applied in the last step. Meanwhile, the following observation is made:

(z)nﬂ—l/z — ¢m+1/2 4 %(a’mﬁ—l _ 2q~§m _’_(im—l)’ so that

67

IA

C (I6™ 21 + 16™ " — 2™ + "3 )
= C (1™ 21 + 18" = 26" + 6" 3,
C (N8 213 +°(Q10)?) (4.38)

with the preliminary estimate (4.23) applied in the last step. Moreover, the Sobolev inequalities indicate that

A

IA

o o o 3 o 1
Tm+1/2 Tm+1/2 Tm+12)[4 | am+2| 2
H¢ 13 =¢ H¢ H1/2 =€ H¢ H-1 ‘d) H3
N o 3
< ) (18" =1 + g™ llg-1)*
< (G4 (RY)as?. (4.39)

The preliminary estimate (4.21) was applied in the third step and the a-priori assumption (4.31) was recalled in the

last step, due to the fact that $™"2 is only involved with the error function at t™ and t™!. Subsequently, a substitution
of (4.38) and (4.39) into (4.37) yields

&, < Ry s + R} s°, (4.40)
with
D ~ 3 52 D A **
R, = CC(GLARDE, R, = (G (Q%).
Therefore, a combination of (4.33), (4.36) and (4.40) results in
Iz 3((@™H2R, @R ) — e (1™ 120 + 18" 17 )
—fi’{ygs“ — k§_€s9/2 — R;ES‘S. (4.41)
Finally, a combination of (4.25)-(4.30), (4.33) and (4.41) leads to
||('Z“$m+1 ”12.171 _ ||a)m”12-171 + 28715 (3(@"14»]/2)2 _ 1’ (q'an‘H*l/Z)z) + 28$||V$m+1/2”2
< 35 (16" + 19" ) + Coh* (652002 + 7% ) + sl
2R 671 4 2Ry e 1s12 4 2R; o7 (442)
By the linearized spectrum estimate (4.24) (reviewed in Proposition 4.6, by [14]), we conclude that
28_1 (3(é§m+l/2)2 -1, (a)m-H/Z)Z) + 28”v(;>m+1/2”2
2Go)1¢™ )12

Co (g™ 12y + ™12 - (4.43)
13

%

v
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Going back to (4.42), we arrive at
™ M2y — 1™ 121 < (Co+3)s (1™ 121 + 16™11%-1)

+R; 80 4285 67151, (4.44)

with

Ry =C((Cn2+e % e 2R o7 2R, 7). (4.45)
Under the condition that

ae o142 _ 1 & )

Rppels'? = o0 ie 5= = (R)7 (4.46)
we get

I¢™ 12 — 1™ 1% 1 < (Co+ 3)s (ll&mﬁllzq + ||<3>m||271) +1A3§,855, (4.47)

H H H H

where

Ri, =R;, +1

Note that Cy + 3 is a constant independent of &, and IAZ;S is independent on R appearing in (4.31). Clearly, k;e depends
on ¢~ in a polynomial form. An application of discrete Gronwall inequality to (4.47) yields the desired error analysis:

1™ Iy < CePOTTRY st (4.48)

Recovery of the a-priori assumption (4.31) In turn, we can take Cj = Co + % and the integer index Jy could be chosen
according to the form of R ,, to recover the a-priori assumption (4.31) at time step £mEL

Moreover, R* is determined by this convergence result, so is IA%*‘S, given by f?;s = CC;"S(G;’;)%(IA?*)%. As a result, the
condition (4.46) for s could be converted into the form of (4.9). The proof of Theorem 4.2 is complete.

Remark 4.8. The HSH regularity requirement for the initial data, as stated in Theorem 4.2, is quite strong. Meanwhile,
the Cahn-Hilliard flow is a parabolic equation with a very strong smoothing property; it has been proved in an earlier
work [55] that, any ngr initial data would lead to a real analytic solution for the Cahn-Hilliard equation, with a global-
in-time Gevrey regularity. In other words, even if the initial data is not in the class of Hser, the PDE solution will become
real analytic (henceforth Cg;_’r) at any finite time. This article is more concerned with the Cahn-Hilliard flow with certain
structures; in fact, the linearized spectrum analysis (4.24) in Proposition 4.6 has to be based on such a structure for the
exact solution @, and it may not be valid for a rough initial data. As a result, we could take the real analytic initial
data, after a positive time evolution of the Cahn-Hilliard flow. Moreover, this initial data regularity requirement does not
cause any conflict with the spatial discretization. For a fully discrete scheme, with either finite difference or finite element
spatial approximation, the corresponding analysis could be carried out in a similar fashion. The technical details are left

to interested readers.

Remark 4.9. The time step has to satisfy the scaling law as indicated in (4.9): s < C¢/1. A preliminary calculation shows
that J; has to be greater than 40 for the 3-D CH flow, to make the theoretical analysis available.

Note that these two integer numbers have larger values than the ones reported in [14,15], for a few reasons. The
Allen-Cahn model covered in [15] has a well-known maximum principle, which in turn would greatly simplify the
corresponding analysis. The numerical scheme for the Cahn-Hilliard model analyzed in [14] is first order accurate; in
comparison, a second order accurate (in time) scheme is considered in our work, so that higher order temporal derivatives
have to be involved in the analysis, which in turn leads to much higher spatial norms to be uniform-in-time bounded.

On the other hand, such a restrictive requirement for s is only associated with a theoretical justification of the improved
convergence estimate. In the practical computations, as have been reported in [22], this scaling law requirement is not
needed for small ¢. And also, for the 2-D case, the scaling law index J; could be much more reduced, to approximately
15.

Remark 4.10. The techniques presented in this article could be similarly applied to many other second order accurate
energy stable schemes for 2-D and 3-D Cahn-Hilliard models, such as the finite element method [42], the Fourier pseudo-
spectral version [56], an alternate second order scheme based on the BDF temporal stencil [47,48], et cetera. The technical
details are expected to be very involved and are left to interested readers.

5. Concluding remarks

An improved error analysis is provided for a second order accurate in time, energy stable numerical scheme to the
2-D and 3-D Cahn-Hilliard equation. A uniform-in-time H™® bound of the numerical solution, for any mg > 3, is obtained
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through Sobolev estimates at a discrete level. Moreover, to analyze the second order scheme with an improved constant,
we have also obtained uniform-in-time H™® bounds for the first and second order temporal difference stencil, namely
g™+ — ¢™||ye and ||@™F! — 2¢™ + ¢™ 1|4, respectively. In the error estimate, we apply a spectrum estimate for the
linearized Cahn-Hilliard operator, so that an application of the discrete Gronwall inequality avoids a convergence constant
of the form exp(CTs~™); instead, the constant turns out to be dependent on £~ only in a polynomial order.
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