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Abstract We present and analyze a uniquely solvable and unconditionally energy stable
numerical scheme for the Functionalized Cahn—Hilliard equation, including an analysis of
convergence. One key difficulty associated with the energy stability is based on the fact
that one nonlinear energy functional term in the expansion is neither convex nor concave.
To overcome this subtle difficulty, we add two auxiliary terms to make the combined term
convex, which in turns yields a convex—concave decomposition of the physical energy. As
a result, both the unconditional unique solvability and the unconditional energy stability of
the proposed numerical scheme are assured. In addition, a global in time szer stability of the
numerical scheme is established at a theoretical level, which in turn ensures the full order
convergence analysis of the scheme, which is the first such result in this field. To deal with
an implicit 4-Laplacian term at each time step, we apply an efficient preconditioned steepest
descent algorithm to solve the corresponding nonlinear systems in the finite difference set-
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up. A few numerical results are presented, which confirm the stability and accuracy of the
proposed numerical scheme.

Keywords Functionalized Cahn—Hilliard equation - Finite difference method - Energy
stability - Convergence analysis - Preconditioned steepest descent solver
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1 Introduction

The Functionalized Cahn—Hilliard (FCH) model was first derived to describe phase separation
of an amphiphilic mixture in [35]. More recent works may be found in [20,24,33,34,44,45],
where, in particular, the FCH equations were extended to describe membrane bilayers [20,24],
membranes and networks undergoing pearling bifurcations [7,24,27,45], the formation of
pore-like and micelle network structures [33,34,45]. Consider the standard Cahn—Hilliard
(CH) energy [3,9,10] given by

I ROV SERN L
fo<¢>—f9{;1¢ S8+ 5 vo| }dx, (1.1

with Q@ ¢ R?, D = 2 or 3. The variable ¢ : Q@ — R is an order parameter, and ¢ is the
width of interface. According to Fp, the lowest energy “pure phase states” are ¢ = =+1.
We assume that 2 = (0, Ly) x (0, Ly) x (0, L;) and ¢ is Q-periodic. The Cahn-Hilliard
chemical potential is the variational derivative of F:

o 1= 05F0 = 6 — ¢ — 209 (12)
Herein we consider a dimensionless energy of a binary mixture:
g2 2
F(p) = N nodx — nFo(e), (1.3)
Q

where 7 is a parameter. When n > 0, (1.3) represents the FCH energy [24,39,44]; when
n < 0, (1.3) is the Cahn—Hilliard-Willmore (CHW) energy [47,48,52]. More precisely,
(1.3) represents the strong FCH energy when n = O(e~') and weak FCH energy when
n = O(1) [24]. The FCH chemical potential is the variational derivative of F:

o= 8pF =329 — (de 2+ 1) 7 + (672 +n) ¢+ A% + (2+ne?) Ag

+6¢|Ve|* — 6V - (¢*V9). (1.4)
Finally, the FCH equation is the conserved H~! gradient flow [24,42,44]
0p =V -(M(@P)Vu), (1.5)

where M(¢) > 0 is a diffusion mobility. Sufficiently regular, periodic solutions of the
FCH equation (1.5) are mass conservative, that is, d; jQ ¢(x,t)dx = 0, and dissipate the
energy (1.3) at the rate

4F = / M(@)|VulPdx.
Q

The FCH equation (1.5) is a sixth-order, highly nonlinear parabolic equation. Numerical
approximation of (1.5) is very challenging because of the high derivative order and the high
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nonlinearity. One of the biggest challenges is to overcome the numerical stiffness encountered
with time-space discretization. Roughly speaking, since the equation is sixth-order parabolic,
an explicit numerical scheme is expected to encounter a severe CFL condition: s < ChS,
with s and £ the time and space step sizes. On the other hand, a fully implicit scheme, such as
the backward Euler method, may still be only conditionally stable, and, very likely, will only
be conditionally solvable. Ideally, one would like a scheme that preserves the time-invariant
quantities of the PDE, such as mass conservation and the energy dissipation rate. The first
invariant is easily maintained, while the second one is a major challenge. Often, one attempts
only to design a scheme that will dissipate the free energy at the numerical level, without
directly controlling the rate of dissipation. In particular, one wants F(¢**1) < F(¢¥), where
@* is the approximated phase variable at time step k, given some mild CFL condition, or
no CFL condition whatever. Energy dissipation imparts some notion of norm stability for
the PDE and the numerical method, as we will see. Finally, for large-scale calculations in
practice, novel efficient numerical linear and nonlinear solvers have to be carefully developed.
We will address this issue in the paper as well.

There have been a few previous works on the numerical approximation of the FCH equa-
tion. In [11], Chen ef al. presented an efficient linear, first-order (in time) spectral-Galerkin
method for the FCH equation. Their scheme, which utilized linear stabilization terms, is
unconditionally solvable, but not necessary energy stable. Jones studied a semi-implicit
numerical scheme for the FCH equation in his PhD thesis [42]. He proved the energy stabil-
ity of his scheme but not the unique solvability. In a more recent work, [19], fully implicit
schemes with pseudo-spectral approximation in space for the FCH equation are proposed.
While the authors of [19] proved neither energy stability nor solvability, they did carry out
several tests to show the accuracy and efficiency of their methods. In another work [37], Guo
et al. presented a local discontinuous Galerkin (LDG) method to overcome the difficulty
associated with the higher order spatial derivatives. Energy stability was established for the
semi-discrete (time-continuous) scheme. Their fully discrete scheme was based on the time
discretization in [11]. In [51] the authors developed a Runge-Kutta exponential time inte-
gration (EKR) method for the diffuse Willmore flow, an equation that is closely related to
the FCH and CHW models (1.5). This method works well when M = 1, but may need to
be significantly modified otherwise. It enables one to generate high-order single-step meth-
ods, which have a significant advantage over multistep methods when the time step changes
adaptively. To our knowledge, there has been no rigorous convergence analysis for the FCH
model in the existing literature.

In this paper we propose and analyze an efficient computational scheme for solving the
FCH equation primarily, though the theory will be applicable to the CHW equation as well. To
assure both the unique solvability and unconditional energy stability, we look for a convex—
concave decomposition of the physical energy F. However, for the FCH equation (1.5), such
a decomposition is highly challenging, due to a subtle fact that the expansion of F (see (2.5)
below) contains a non-convex, non-concave term, namely, 3 fQ ¢2 Iqul2 dx. To overcome
this well-known difficulty, we add and subtract a non-trivial auxiliary term in the energy
functional, so that a convex—concave decomposition for the FCH energy becomes available.
In turn, we derive a numerical scheme which treats the convex terms implicitly and concave
terms explicitly, and the unconditional unique solvability and unconditional energy stability
follow immediately. To our knowledge, the scheme proposed is the first to preserve both
properties at a theoretical level.

As aresult of the proposed numerical scheme, a challenging discrete nonlinear 4-Laplacian
term appears at each time step in the equations. We apply an efficient preconditioned steepest
descent (PSD) solver, recently proposed and analyzed in [28], to solve the nonlinear system.
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The main idea is to use a linearized version of the nonlinear operator as a pre-conditioner,
or in other words, as a metric for choosing the search direction. The convexity of the non-
linear energy functional assures the geometric convergence of the PSD iteration sequence.
In practice, only a few constant-coefficient Poisson-like equations need to be solved at each
iteration stage, which greatly improves the numerical efficiency over Newton-type methods.

Moreover, we also present a global in time szer stability of the numerical scheme. This
uniform in time bound enables us to derive the full order convergence analysis, with first
order temporal accuracy and second order spatial accuracy. In addition, such a convergence
is unconditional, without any requirement between the time step size s and the spatial mesh
h. To the authors’ knowledge, this is the first such theoretical result for the FCH/CHW model.

This article is organized as follows. In Sect. 2 we describe the convex—concave decompo-
sition of the energy functional, formulate the numerical scheme, and establish a global in time
szer stability of the numerical scheme. In Sect. 3 we present the main results of our analysis,
including the consistency, stability and convergence of our scheme. The finite difference
approximation is outlined in Sect. 4, and the preconditioned steepest descent solver is formu-
lated in Sect. 5. Subsequently, a few numerical results are presented in Sect. 6, respectively.
Finally, we give some concluding remarks and some future work in Sect. 7.

2 The Numerical Scheme
2.1 Some Preliminaries

For simplicity of presentation, we denote (-, -) as the standard L? inner product and || - || as
*

the standard L% norm. We use the notation HI;} (2) = (leer(Q)) ,and (-, -) is the duality

paring between Hp;rl (2) and leer(Q). To define an energy for this system we need a norm

on a subspace of Hp;: (2). With L°2(52) denoting those function in L?(€2) with zero mean,
we set

Ho (Q) = Hpo () NL2(Q),  Hpel(Q) = {v € Hi (@) | (v, 1) = 0} ) @.1)

CI

Next, we define a linear operator T : ﬁp_erl(Q) — ﬁl}er(Q) via the following variational
problem: given ¢ € Hp;rl (R),find T(¢) € Iflpler(Q) such that
(VT@), V) = (&, X), VX € Hpor (). 22)

T is well-defined, as guaranteed by the Riesz Representation Theorem. The following facts
can be easily established [21,28].

Lemma 2.1 Let ¢, & € Hp;r' (2) and, for such functions, we set
€8 = (VT©), VIE) = (£, T(E) = (5, T(©)- (2.3)

Then, (-, - )ﬁp;rl defines an inner product on A

per (R2), and the induced norm is equivalent

to (in fact, equal to) the operator norm:

6 = @ Dt = sup X 24)

0£x Eg[}cr ” VX ”
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Consequently, we have (¢, x)| < ”Cllflp’er' IVxll, for all x € leer(Q) and ¢ € I"]p_erl(Q)~
= Clgl.

Furthermore, for all ¢ € L*(S2), we have the Poincaré type inequality: ||§||ﬁ;;|!

for some C > 0.

2.2 A Convex—Concave Energy Decomposition

For any ¢ € szer(Q), the FCH energy in (1.3) may be expanded as

g2

2

n 2, ¢ 2
+= +=a

> 2>|I¢II ) lAg]l

-2
F@ =5 1915 — (7247 ) 1613 + <

?752 2 2 2
- 1+7 IVel~+3 Q¢ IVo|~ dx. (2.5)

To design a numerical scheme with unconditional energy stability, we look for a
convex—concave decomposition of the FCH energy. However, unlike the energies for the
Allen—Cahn [30], Cahn—Hilliard and its variants [4,13,21,26,31,36], phase field crystal
(PFC) [50,53], epitaxial thin film [12,49] equations, a direct application the convex—concave
decomposition is not available the FCH energy (1.3). The main difficulty is associated with
the last term in (2.5),

G(¢) = / 367 |V dx, 2.6)
Q

which is neither convex nor concave. To overcome this difficulty, we perform a careful
analysis for the following energy functional:

H() := /Q (A@* + Vo[ + 3¢ |Vo|?) dx. 2.7)

Lemma 2.2 H : Wple‘f (2) — R is convex provided that A > 1.

Proof We denote g(¢) := 3¢2 |V¢|? and h(¢) := A(¢* + |Vo|*) + g(¢), so that G(¢) =
Jo (@) dx and H(¢) = [, h(¢) dx. Based on the pointwise inequalities,
(¢1 +¢2)2 _ Pt 'V (m +¢2) PP ; Véa|®

, Yo, ¢,
) = 2 1, 2

which come from the convexity of g2 (x) = x%and rp(x) = x - x, we find that

g<¢1 ;m) _; <¢>1 ;m)z V<¢1 ;m) P09 VAP + Vel

- 2 2
2 2 2 2
A careful comparison with £ (d");g AR ;3¢2\V¢zl shows that
8@ +e@) («m + ¢2) _ 3@ =DV — IV
2 2 - 4

(@ — D> + (V1> — IV21H)?) . (2.8)

ol W

> —

Meanwhile, the convexity of g4(x) = x* and r4(x) = |x|* indicates the following inequali-
ties:

pi+e; (i +h
2 2

4 3 3
) > S (o] + ¢ —2¢7¢3) = g(qbf — 3% 2.9)
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and
4

A%

Vi + [Vgal* 'V <¢1 +¢2>

3 4 4 2 2
—(|V \% — 2|V - |V
> 7 8(\ é11" + |Vl [Vo1l” - [Véal)

3
= guvmz — V)2 (2.10)

A combination of (2.8), (2.9) and (2.10) implies that
h h
(¢1) + h(¢2) _h(¢1;¢2> >0, Y. b

2

provided that A > 1. As a result, an integration over 2 leads to the following fact:

Hp) + HgD)
2

H<¢l ;"1’2) >0, Vou, o, ifA> 1.

The convexity of H is assured under the condition A > 1. O

Corollary 2.3 The energy F : ngr(Q) — R possesses a convex—concave decomposition:

F (@) = Fe(P) — Fe(@), 2.11)

with

- £7% ¢ AV 2 4 4 2 2
Fe(@) := . 705 + 7+§ ¢ +?(A¢) + A"+ |VoIh) + 397 |Vo|°} dx,
2.12)
and

._ o NN ne’ ) 4 .
Fo(e) ._/ {(e +7)¢ +<1+—>|v¢| + A(¢* + Vo) )}dx, (2.13)
o 4 2

where both F., F : szer(Q) — R are strictly convex provided A > 1.

We recall the following proposition from [53]:

Proposition 2.4 Suppose that ¢, ¥ € ngr(Q) and that F admits a (not necessarily unique)
convex—concave decomposiiton into F = F. — F, then

F(p) — F(¥) < (8¢ Fe(p) — 8 Fe(Y), b — ). (2.14)
Ifop, v € ngr(Q) only, then (2.14) can be interpreted in the weak sense.

2.3 The Proposed Numerical Scheme

Based on the decomposition in (2.12) and (2.13) for the physical energy F(¢), we consider
the following semi-implicit, first-order-in-time numerical scheme:

P =gk =5V (M@OVR). (6 65) = 7@ — 85 F@h), 215)
where, precisely,
A (61 65) =362 )T+ 4AGT) 4 (72 4 gttt 4 2%

+ 6kt ‘V¢k+l ’2 _6v. <(¢k+l)2v¢k+l) _4AV. <|V¢k+l|2v¢k+l)
(2.16)
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— (e (@ + @+ ) A9k — AT + 44V - (IV9H V).

The scheme may be expressed in a weak form as follows: find the pair (¢, ) € szer(SZ) X
Hp,, () such that

(¢.v) +s(MVp, Vv) = (g.v), @17
(3:720° +440° + 2 4 g, ¥) + 220, AV) + 6@ [V y)  (218)
+6(07V9. V) +4A(IVOPPVH. V) = () = (f. ). 2.19)

where g = ¢X, M = M(¢¥), and
f=8F@b) = e + )@ = @+ 1) Agk + AN — 44V - (IVgHPVY)

Observe that, if p* € H2 () is given, we have g, f € L2, (Q) = L?(Q).

per per

Theorem 2.5 The proposed numerical scheme (2.15) is uniquely solvable and uncondition-

ally energy stable: F(¢*T1) < F(¢X). In particular, if p* € ngr(.Q), then ¢* 1 € szer(Q).

Proof The existence and unique solvability follows from standard convexity analyses. For
the stability, let ¢ = ¢**! and ¢ = ¢ in (2.14) to find

F@ = F oY) = (070 = 8,705, 971 — ¢F)
=5 (. V- (M@HVi)) == (Vi M@" Vi) <0,
where we have interpreted the right-hand-side of (2.14) in the weak sense. O

Remark 2.6 A slightly simpler numerical algorithm than ours was studied in Jones’ thesis
[42]:

Pt — gt =5V (M(cbk)Vﬂ) . (2.20)
i <¢k+l’¢k) _ 3872(¢k+1)5 +(e 2+ n)¢k+l +82A2¢k+l — (4% + n)(¢k)3
T+ nEz)AfiJk + 6¢k+llv¢k|2 _6V. <(¢k+1)zv¢k+l) .2

In other words, a semi-implicit treatment is applied to the non-convex, non-concave energy
term (2.6). A careful analysis shows that, if the numerical algorithm (2.20)—(2.21) is solvable,
then it is energy stable. It was proved in [42] that this nonlinear numerical scheme has at
most one solution. However, for the numerical method proposed in [42], the solvability issue
has not been fully theoretically justified.

To ensure both the unconditional unique solvability and unconditional energy stability of
our scheme, we have to add and subtract two auxiliary terms in the energy decomposition, as
given by (2.12)—(2.13); this is the first numerical approach to preserve both solvability and
stability properties, unconditionally for the FCH/CHW models.

Remark 2.7 In addition to the first order convex splitting schemes, various second order
accurate energy stable schemes have been reported in recent years, such as the ones for
the Cahn—Hilliard [22,23,36], phase field crystal (PFC) [5,6,25,40], epitaxial thin film [14,
43,46], etc. We notice that most of these second order numerical approaches are based on
the Crank—Nicolson temporal approximation. On the other hand, a direct extension of the
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first order scheme (2.15) to the Crank—Nicolson version is not directly available for the FCH
equation (1.5). Such a difficulty comes from the non-convex, non-concave term G(¢) in (2.6),
since an application of Crank—Nicolson approach leads to a difficulty to justify the unique
solvability.

Instead, we believe that the idea of a modified 2nd order BDF approach, which has been
successfully applied to the Cahn—Hilliard [54] and the epitaxial thin film [29] models, could
be similarly used to derive a unique solvable, energy stable, second order accurate numerical
scheme to the FCH/CHW model. Of course, many more technical details have to be involved
with a much more careful way, due to the appearance of the non-convex, non-concave term
G(¢), as well as the subtle fact that the concave energy part contains a few highly nonlinear
terms. The details have to left to the future works.

2.4 Global-in-Time H?2,. Stability of the Numerical Scheme

per
For simplicity, we will take the mobility M = 1 in the remainder of the paper.

Lemma 2.8 There are constants Cq, C1 > 0 such that, for all ¢ € Q),

per(
£ 6 204112
ra lolls + Coe H¢||szﬂ < F(¢) + Ci. (2.22)

Proof For the concave diffusion term in (2.5), an application of Cauchy’s inequality shows
that

g2 1-1—77‘92
————< AP+ —5= lI$l*. Vn>o0.
4(1+T)

&2
(1 + —) IVl \|A<i>||2 +Calgl?, (2.24)

IVel* = /Q¢-A¢dx = lell-lAgl <

(2.23)
Then we obtain

with C2 := (1 + ’75 Y2672 = 0(e~2). Applications of Holder’s inequality imply that

l¢lis = loligs, Nolis = ol

|Q‘1/12 |Q|I/%

Now, define C3 := Cy — <¥ + %) + 1 > 0; we note that C3 = 0(872). As a consequence
of the last two inequalities, we get

L

5 lolzs = 6|Q|1/2 s (1 + > I¢li7s — Ca, (2.25)
L6 6 .2 2

- - 2.2
6 lolzs = R lol® = e"Cs ligll” — Cs, (2.26)

for some constants C4, Cs > 0, which are of order 1, where Young’s inequality was repeated
applied. Therefore, a combination of (2.5), (2.24), (2.25) and (2.26) yields

\%

e 6 2, € 2
F@) z ——lIglzs + 117+ 7 Al = Cr,

v

=2
3
— 191155 + Co? 913, = €1, 2.27)
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where C; 1= ¢ 2(C4+Cs) = O(¢72) and the elliptic regularity estimate ||¢>||?_12 <

C0(||¢>||2 + ||A¢||2) was applied in the second step. m]

Corollary 2.9 Suppose that ¢ € ngr(Q). For any positive integer k, we have

F(9% + C
<Cgi= ——F—.
HZ 6 Coe?

o'

(2.28)

Proof The unconditional energy stability in Theorem 2.5 implies that, for any positive integer
k,
F@h) < F¢Y). (2.29)

A combination of (2.22) and (2.29) yields the result. ]

Remark 2.10 Note that the constant Cg is independent of k and s, but does depends on ¢. In
particular, C¢ = 0@E™.

3 Convergence Analysis
3.1 Main Result

We introduce the regularity class
R1 = C2([0, T]; Cer(2) N C ([0, T1; Cpep () N LP(I0, T]; Cor (). (B.1)

per

We have the following convergence result.

Theorem 3.1 Let ® € R be the exact periodic solution of the FCH equation (1.5) with the
initial data ®(0) = ¢g € szer(Q). Suppose ¢ is the space-continuous numerical solution
of (2.15). Then the following error estimate is valid:

& — ¢||g:>c(047-;1.°1p*er1) + P - ¢”£2(0,T;Hp20r =Cs, (3.2)

where the constant C > 0 is independent of s but depends on the regularity of the exact
solution.

3.2 Proof of the Main Result
3.2.1 Consistency Analysis

The theorem is proved in a number of steps. Define ®F = (-, 1). A detailed Taylor
expansion implies the following truncation error:

(Dk+l _ qu

= A(35*2(4>’<+')5 — B2+ (@)} 4 (672 + Ot 4 2 A2 QK
N

2
£ 2+ ne2)ADK + 6kt ‘Vcbk“ ) —6V.- ((d>’<+‘)2vq>k+‘)

FAADRH) — 44V . <|vq>"+'\2vq>’<+') (3.3)

—4A(@")3 4 44V - (|vq>k|zvq>k)) Tk,
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with Hrk H < Cs . Consequently, with an introduction of the error function
F =k — ¢k, Vik>o0, (3.4)

we get the following evolutionary equation, by subtracting (2.16) from (3.3):

e"“s— & A<3572 ((¢k+1)4 @RIkt | (k12 (gh+1)2 4 k1 gkt 1)3 (¢k+1)4) ot
— (e 4y +44) ((¢k)2+¢k¢k +(¢k)2) K 4 (672 + ekt 4 g2 A2k
Q@+ ey Ak 4 ekt )V©k+1‘2+6¢k“ (V(¢k+1 +¢k+1)-Vek“)

_6v. ((chJrl T gkt ek g pk+l 4 (¢k+l)2vek+1)
144 ((¢k+1)2 + kI gkHL (¢k+1)2) pes
_4AV . ((v(¢k+1 Tkt vektlyg okl |V¢k+1‘zvek+l)

1 4AV . ((V(Cbk +¢5) . vekyvok + |V¢>k|2Vek)) + ¥, (3.5)

In addition, from the PDE analysis for the FCH equation and the global in time szer

stability (2.28) for the numerical solution, we also get the L>°, W!-® and szer bounds for
both the exact solution and numerical solution, uniform in time:

10 1z, 195 Iwre, 19505z, < €70 ¢ Nz, 95 lwro. 165152, < C7. Yk =0,
(3.6)

where the 3-D embeddings of ngr into L and into W!-© have been applied. Note that C7

and Cg are time independent constants, that depend on ¢ as o@E™.

3.2.2 Stability and Convergence Analysis
First, we recall that the exact solution to the FCH equation (1.5) is mass conservative:
/ O(x,1)dx = / d(x,0)dx, Vt>O0.
Q Q

On the other hand, the numerical solution (2.15) is also mass conservative. In turn, we
conclude that the numerical error function ef € szer(Q):

ek ::/ekdx:/eozo, since e = 0.
Q Q

Consequently, we define y* := (—A)~lek I-°Ip_er1 (2) as
—AyF =eF, with /Ql/fk dx =0.
Define I;,i = 1,---, 10 by
I = _68—2S/Q((q>k+1)4+(¢k+l)3¢k+l 4 (@R (k)2
)2

+©k+l(¢k+1)3+(¢k+l)4) ‘ek+1 dx,
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b= —8As/ ((@FH1)2 4 @k HIGhHT 4 (g+1)2) |k,
Q
I := 22 + ne2)s(Vek, vk Ty,

Iy = 2(4872 +n+ 4A)s / (((Dk)z + d>k¢k + (¢k)2> eke]ﬁleX’
Q

‘ 2

Is := —125/ [VOKH 2 (k12 gx,
Q

Io = _12S/ 1 (V(q>k+1 4okt Vek+1> HHax,

I = —12s (S:q)k—o—l T R HkHIg htT | (gh+1 27k Vek+1>7

Ig == —8As <(V(<I>k+1 T k) L VR vkt L vgkt 2yekt! VekH) ’
Io := 8As ((V(<1>k 165 . VeV 1 [VekPVek, Ve"“) ,

Lo = —2s(z%, .

Taking an L? inner product of the error equation (3.5) with 2y* gives

er

10
k412 k2 k+1 k2 -2 k412 2 k+112
N % o — N5+ 1 — e l1% 27> +mslle 1> +2e%s | A2 = ) I,
H, H, H,
per P per ]

57

where integration-by-parts has been repeatedly applied.
The local truncation error term /19 can be bounded by the Cauchy inequality:
=2 ) <20 < P e (3.8)
Meanwhile, an application of an interpolated Sobolev inequality shows that
2/3 1/3 2/3
1T < Calle P, Y < Collet TR Al A 3.9)
per per per

where a standard estimate of elliptic regularity was applied at the second step, considering
the fact that ek+1 = 0. Subsequently, an application of Young’s inequality gives

2
_ &
1017 < Croe™ 1M 1%,y + = 1A%,
per 8
and its combination with (3.8) yields

=265 = 1P+ Croe T eI, + %me"“nz. (3.10)
The first integral term /; turns out to be non-positive,
I <0, (3.11)
due to the fact that
(DFFY* 1 (@FF1)3gkHT 1 (@12 (k12 4 pk+l (kD)3 o gk 1)+ > .

Since (@F+1)2 4 pkHlgktl 4 (¢*+1)2 > 0, similar estimates can be derived for /> and
Is:

2
L= —8As/ ((<1>k+1)2 T+ pRFIgh+l 4 (¢k+1)2) ‘ekH) dx<0,  (3.12)
Q
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Is = —12s/ VoA 12 (k1) 2gx < 0. (3.13)
Q

For the term I3, we denote C| = 2 + 7]82 and observe that
I3 =2Cys(Vek, Vet < Cpis(Vek |1 + Ve ). (3.14)
Meanwhile, a similar estimate as (3.9) could be carried out to bound || Vef*!|:

k+1 k+1,1/3 k+1,2/3 k+11/3 k+1,2/3
Ve < Coalled ™ 112, ek 7D < Cisle I, - adH PR, (3s)
per per per

so that an application of Young’s inequality leads to

IV 2 < Crae™ e G + %Me"*' I (3.16)
The term || VeX || can be bounded in the same fashion:
g2
IVeHI® < Crse™ ek + ge—llaet™. (3.17)
Substituting (3.16) and (3.17) into (3.14), we get
Iy = Cies (||ek+l|\i7,l + ||e"||§_c,4) FSs (1P L IaME). Gy
per per 8

For the term I, we denote C17 = 4e6=% 4+ 1 + 4A. By the L™ bound in (3.6) for both the
exact and numerical solutions, we see that

(@)% + dF ¥ + (") < 3C2. (3.19)
This in turn implies that
Iy < 2C17s1(@5)? + @ Gk + (%) 21l oo - ek || - f1e*H)
< 6C17C3s ||k - 1€kt < 3C17CEs ek + 112, (3.20)

Meanwhile, the estimate (3.10) can be performed with alternate coefficients, so that the
following inequalities are available:

2

& .
— Al |?, forj =k, k+ 1. 3.21
240172 I I J (3.21)

le/ 11 < Cislle’ 15, +
per
Subsequently, its combination with (3.20) yields

2

k2 k412 €
Iy < Cros | |le*||%_; + |le -1 | +
4= Cio (H [P

& k12 k2
e, 8s<||Ae 12 + [ Aek] ) (3.22)

For the term /g, we start from an application of Holder inequality:

Io = —lzs/ #H1 (V(q>k+l TSI Wk+1) Ay
Q

IA

k+1 k+1 k+1 k+1 k+1
Caosll g lzoe - (IVOF s + 1V o) - 195 3 - €4 o

< Co1Cs - Ve 3 - eI, (3.23)

@ Springer



1950 J Sci Comput (2018) 76:1938-1967

in which the L> and W!° stability bounds for the exact and numerical solutions were
recalled in the second step of (3.6). Moreover, the first term || Vektl Il;3/2 can be bounded in
the following way:
Vet 32 < Conl Ve < Coslle I, - laek 1127, (3.24)
per
with an earlier estimate (3.15) recalled. For the second term ||e**! | 1.6, a3-D Sobolev embed-

ding could be applied so that
1/3
el e < Coull Ve < Coslle L2, - a2, (3.25)
per

We also note that the zero-mean property for ef+!

combination of (3.23)—(3.25) results in

was used in the first step. Therefore, a

2
2. k+1,2/3 k+14/3 k+1)2 € k+1)2
Is < Co6Cysle || LA < Copslle 2+ Zslaekt 2, (3.26)
Hper Hper 8

with the Young’s inequality applied in the last step.
For the term /7, we decompose it into two parts: I; = I7.1 + 172, with

Iy = —12s <(¢k+l T gk kg @kt Vek+1)’ (3.27)

Iy = —12s ((¢’<+‘)2Vek+‘, Vek“) . (3.28)

It is clear that the second part is always non-positive:
Iy = —12s/ (@ TH2 Vel 2ax < 0. (3.29)
Q

For the first part, an application of Holder inequality shows that

k+1 k+1 k+1 k+1 k+1
I71 < Cogs(19* Iz + 119" o) - VO 6 - [VE T 132 - 11e* T 16
< CooCysl|VE | 13 - 1€ s (3.30)

Again, the L* and W16 bounds (3.6) for the exact and numerical solutions were recalled in
the second step. Furthermore, by repeating the same analyses as (3.24)—(3.25), we are able
to arrive at the following estimate, similar to (3.26):

2
11 = CaoChs - 12, AT < Caslleh 1, + slad |2 (33D
per per
Consequently, a combination of (3.28), (3.29) and (3.31) leads to
k+12 &2 k12
I; < Cyislle"™ I5-1 + =sllAe e (3.32)
ber 8

Similarly, the term Ig is also decomposed into two parts: Ig = Ig | + I3 2, with

Iz,1 = —8As ((V(d>’“rl F k) L vkt vkt Vek+1> ,

—8As (|v¢>’<+1 [2vekt, Vek+1) = —8As/ Vet Aax < 0.
Q

Ig»

For the first part /g 1, the following estimate is available, in a similar way as (3.30)—(3.31):

Ig1 < Caas(IVO | L6 + V@F o) - IVOFH 16 - Ve Lo - VR
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< CCs|| Vet s - Ve

2 k+1 k+1)1/3 k+12/3
< CoaCas| AT 1M L0 - adH
T
2 k+1,,5/3 k+11/3 k412 & k+12
< C3sCIs|| AT b2 < Caeslle T2 + —sllaek !,
Hper Hper 8

in which the W' bound (3.6) for the exact and numerical solutions was recalled in the

second step, the 3-D Sobolev embedding from szer into W16 and the estimate (3.15) were

used in the third step, and the Young inequality was applied at the last step. Then we arrive
at

2
&
Iy =Is1 + Is2 = Iy.1 = Caoslle! I, o + sl A2, (3.33)

The term I9 can be handled in the same way as Ig. We begin with a decomposition
Iy = Iy 1 + Iy 2, with

Io.; = 8As <(V(<1>k + 65 . Ve vk, Vek+1> ,

Io, = 8As <|v¢"+1|zw", Vek+1).
The following estimates can be carried out:

I, = Cas (IV® 16+ 96" 6) - [V OE s - [ Ve o - [ V5|
< CxCis|Ver | - IVE |

2 k k+1,1/3 k+112/3
< CaoCFs| A - 17 - ad |
pes

T

2

&

< Caos |17 + —s(IASH 2 + |adk ),
per 16

k12 k K+l 2 k 1
Iy < CarslIVO 76 - IVeXll e - IV < CaCoslIVerll e - 1]

2 k k+11/3 k+12/3
< CasClslAc |- 1102, - aeks! |
per
k412 & k412 k)2
< Caaslle™ -1 + (A7 + [[Ae™]17).
ber 16
Consequently, we get

2
&
Io=1To.1 + 1o = Casslle MG + s (UATZ + AP, (3.34)

Finally, a combination of (3.7), (3.10), (3.11), (3.12), (3.13), (3.18), (3.22), (3.26), (3.32),
(3.33) and (3.34) yields that

k4172 k2 -2 k+12 9 2 k+12
I M = 11eM 1%, 1 + 272 + mslle 12 + e?slae |
per per 8

3
< Cags (nek“ s 1€ 0, ) + gt Iac | + sl (3.35)

1
r
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Subsequently, an application of discrete Gronwall inequality leads to an £°°(0, T'; fI[;rl) Al
220, T; szer) convergence of the numerical scheme (2.15):

k
3
lef G + 387 DA < €2, (3.36)
=0

for any 1 < k < K. Note that the constant C depends on the exact solution, the physical
parameter ¢, and final time 7', independent on s. The proof of Theorem 3.1 is finished.

Remark 3.2 The convergence constant appearing in (3.2) (in Theorem 3.1) is independent
of s, while it does depend on the final time 7" and on the physical parameter €. A detailed
calculation reveals it is of the order exp (s*k T) (k is some integer), which comes from the
application of the discrete Gronwall inequality in the convergence analysis.

There have been existing works on the improved convergence constant for the pure Cahn—
Hilliard equation. Specifically, Feng and Prohl [32] proved—for a first-order in time, fully
discrete finite element scheme—that the convergence constant is of order O (e€0Tg="0),
for some positive integer m( and a constant Cp independent of ¢, instead of the singularly
e-dependent exponential growth. Similar estimates have also been obtained for the first order
convex splitting scheme applied to the Allen—Cahn and Cahn—Hilliard equations in [30,31],
respectively. In fact, these results give the sharpest convergence constant for the Cahn—Hilliard
flow in the existing literature.

Such an elegant improvement was based on a subtle spectrum analysis for the linearized
Cahn-Hilliard operator, provided in earlier publications [1,2,15-17]. On the other hand,
such a linearized spectrum estimate is not (yet) available for FCH equation (1.5), due to
the highly nonlinear nature of the expansion. In turn, an improvement of the convergence
constant reported in (3.2) cannot be applied straightforwardly. This issue will be explored in
the future works.

4 Finite Difference Spatial Discretization in 2D
4.1 Notation

In this subsection we define the discrete spatial difference operators, function space, inner
products and norms, following the notations used in [28,50,53]. Let 2 = (0, Ly) x (0, Ly),
where, for simplicity, we assume Ly = L, =: L > 0. We write L = m - h, where m is
a positive integer. The parameter 7 = % is called the mesh or grid spacing. We define the
following two uniform, infinite grids with grid spacing & > 0:

E:={xiqplie€eZ}, C:={xi|ieZ},
where x; = x(i) := (i —1/2)-h. Consider the following 2D discrete periodic function spaces:

Vper:z{v:EanR\v. L=V

t+%,j+7 i+%+am,j+%+ﬁm’ Vi, j.a.p EZ}’

Cper = {v:C x C = R| v j = Vitam j+pm. Vi, j.o, B €L},

g = v Ex Co RIvyy ;= vt g japm Vi BEZ),
Eper = {v:CxE—>R|viyj+% = Vi tam j+ L pme Vi,j,oe,ﬂeZ}.
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The functions of Vye, are called vertex centered functions; those of Cpe, are called cell centered

functions. The functions of Sgg“r are called east-west edge-centered functions, and the functions

of £x¢; are called north-south edge-centered functions. We also define the mean zero space
; n &
Cper :={V € Cper [V := @ Z vi,j =0
ij=1

We now introduce the important difference and average operators on the spaces:

1 1
Axviqipo = 5 (Ui+1,D + Vi,[l)v Dyviyipo = n (Vi+1,|:| - Vi,[j),
1 1
Ayvg gy = 3 (vo,i+1 +voi). Dyvgiyy == 7 (vois1 — o) »
with Ay, Dy : Cper — Ssg"r if Jis aninteger,and Ay, Dy : S[',‘esr — Vper if O is a half-integer,

with Ay, Dy : Cper — 5;;; if Jisaninteger,and Ay, D, : sggr — Vper if [ is a half-integer.
Likewise,

1 1
axvig = 5 (Vi+1/z,D + Vi—l/z,D)v dyvig = n (Vi+1/2,D - Vi—l/z,D),

1 1
ayvn = 5 (V0 e 0 o) dyv = 2 (00 = v0p)
with ay, dy : Sgg — Cper if [ is an integer, and ay, dy : Vper — 53; if J is a half-integer;
and with ay, d, : é'l‘;gr — Cper if O is an integer, and ay, dy : Vper — Sgé"r if Jis a
half-integer.

Define the 2D center-to-vertex derivatives Dy, Dy : Cper — Vper cCOMponent-wise as

Dyvitin, jyin = Ay(DxV)itip, jrip = Dx(AyV)itip, j+1p

1
=5 (Vi1 j+1 = Vi jrt Fvigtj = Vi j) s
DyVigips, jri2 = Ax(DyV)itips, j+1p = Dy(AxV)igips, j+i
1
= 5 (Vi1 b1 = Vit j =+ Vi j1 = Vij) -

The utility of these definitions is that the differences ® and © are collocated on the grid,
unlike the case for Dy, Dy. Define the 2D vertex-to-center derivatives 0y, 0y : Vper — Cper
component-wise as

v j = ay(dyv)ij = dy(ayv);,j

1
= (Vi = Vit joriye  Vid =t = Vi, 1)

Dyl),”j = ay (dyl)),',j = dy(axv),-,_,-
1

= o (Vi = Vi jop - Vici i = Vi j-12) -

Now the discrete gradient operator, V,g : Cper —> Vper X Vper, becomes
Vﬁvi+1/2,j+1/2 = D Vi, jri/2 DyVigy, j+12)-

The standard 2D discrete Laplacian, Ay, : Cper — Cper, is given by
1
Apviji=dy(Dyv)ij +dy(Dyv);j = 7 (vi+1,j +vi—1,j + Vi j+1 +vij—1 — 4Vi,j) .
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The 2D vertex-to-center average, A : Vper — Cper, is defined to be

le,',j = Z (v,'_l/z,j_l/z + Vieip, j+12 + Vigin, j+1p + v,-+1/2,j_1/2) ,

and the 2D center-to-vertex average, a : Cper — Vper, becomes

AVipif, j41/2 = 1 (vi,j + Vig1,j +vij+1 + Vi+1,j+1) .

The 2D skew Laplacian, AZ : Cper = Cper, 1s introduced as

Apvij =0, (Dxv)ij +0,(Dyv);j = Vigl,j+1 + Vi1, j+1

1
el
Vit o1 A Ve o1 — 40 )
In addition, the 2D undivided laplacian operator for non-constant mobility is

vy (MU(U)V;;U)U =0 M) D) + 0y (MP(W) Dyv); j, MY (V)

= (C‘M(V))i+l/z,j+l/2
Hence, the 2D discrete p-Laplacian operator turns out to be
Vi (I 2 91), = 0 Dy + 0, Dy,
with

p—2
2

— 2 2
Tivdj+i = [(:D"”)H%,j% + (©>'u)i+%,j+%]
Clearly, for p = 2, we have Ajv = V- <|V;,’v|p_2 V,’l’v).
Now we are ready to define the following grid inner products:
0,8 =20 X vij Wi v E € Cper, (1, E) = (AWE), 1), v, € € Vier,
WV, lew = (Ac(WE), 1)y, v, £ €&, v, Elns = (Ay(08), 1),, v, & € &

Suppose that ¢ € C°per, then there is a unique solution T, [¢] € éper such that —A, T[] = ¢.

We often write, in this case, T;[¢] = —A;l ¢. The discrete analog of the H[;rl inner product
is defined as

(€. &)y = (& TalED)y = (Thlg) 62, ¢, & € Cper

where summation-by-parts formulae [21,53] guarantees the symmetry and the second equal-
ity.

We now define the following norms for cell-centered functions. If v € éper, then ||v ||2_1 =
V)1 If v € Cper, then [[v]13 == (v, v)a: V][5 := (Iv]P, 1), (1 < p < 00), and ||v]|s :=
max<j<m |v,-, j | Similarly, we define the gradient norms: for v € Cper,

1<j<n

ya
g:[Vﬁv-V}jv]z € Voer» 2<p <00,

[Ov = (VivIP D, 9 vIP = [(@x0)? + (D,0)°]
and

V313 := [Dxv, Dxvley + [Dyv. Dyv] .

S
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4.2 Fully Discrete Finite Difference Scheme

With the machinery in last subsection, the discrete energy of FCH can be rewritten as:

Fn(@) = Fen(@) — Fen(@) 4.1)
where
i

2
&
—+ g) 1613+ 5 144015 + Hi (@), 4.2)

8_2 6
Fen(d) = N liollg + (

2
Fonle) = (5‘2 + g) lplly + <1 + %) |VEs|a+ Allgli+A|Vigls, @3)
and

Ha@) = Al + A Vigly +3 (62 (g ) (4.4)

.
Proposition 4.1 Suppose ¢ € Cper. The first variational derivative of Hy () is

SHu (@) = 44¢° — 4A (0, ([(D2d)* + (Dy$) 1D ) + 0y (D) + (D40)*1D,9))
+ 60A(D)* + (Dy$)*1 — 6 (05 (a (¢?) Do) + 0y (a (¢?) Dy0)) .

The following estimate is needed in the convexity analysis for Hy (¢).
Lemma 4.2 For f € Vyer, we have
(L f2 = (1L @H?),. 4.5)

Proof Based on the definition of the average operator 2(, we have the following expansion
and estimate:

1 2
@A) = (1(137'/247'/2 + fivipj-rp + ficip i + fi+'/2,j+l/z))

1
=7 (fiz—l/z,j—l/z + o+ e+ fi2+1/2,j+1/2> : (4.6)

Therefore, by summing over the grid index, in combination with the index counting, we
arrive at

S ANT =Y e (4.7)
i,j i,j

In turn, estimate (4.5) is a direct consequence of this inequality. This finishes the proof of
this lemma. O

Subsequently, the convexity of H, (¢), Fe 1 (¢) and F, ,(¢) are stated below.

Lemma 4.3 Suppose that ¢ € Cper and A > 1 then Hp(¢), Fe n(@) and F, y($) are strictly
convex.

Proof We denote g(¢) := 3¢2A|V};¢|2 € Cper. Consequently, we obtain Gp[¢p] =

(1, g(¢)), and Hy[p] = Gunld] + A(||¢||i + || V,’jq&”i). The following inequalities are eval-
uated at a point-wise level, for any ¢1, ¢»:

@ Springer



1956 J Sci Comput (2018) 76:1938-1967

2 2 2
("5‘;"’2) s‘b‘;"bz, at (i, j).
Lo+ 0\ IV + Vil . .
' 5 < 5 ,oat (@ +1/2, j +1/2),

which come from the convexity of g2(x) = x2 and ry(x) = x - x. Moreover, taking an
average operator 2 to the second inequality leads to the following estimate:

Q[( vy <¢1 ;¢2>

These inequalities in turn imply that

P+ L [(d1+d ? v (O1+ 2
f(157%) - (05) = (w (%)

2\ _ AV + AVl

) < > . at G, ).

2) 9T ANV + AV
<37 :

2
PARVAY 2 2|gv 2
at a point-wise level. A careful comparison with £ (d");g(%) _ 30iVienl ‘2*3% Vi#2l” shows
that
s@) +e@) («m + ¢>2) _ 361 — DAV ) — A(V,al?))
2 2 - 4

%

3
-3 (@ — 3% + AUV D11* — Vi P)?) .
(4.8)

Similarly, the convexity of g4(x) = x*and r4(x) = |x|* indicates the following inequalities:

¢?+¢§_(¢1+¢2

4 3 3
) 3 (61 + ¢35 —2¢1¢3) = 3 (¢t —¢§)27 at (i, j),

2 2
(4.9)
and
V|4 + [V |* + 4 3 i
NEOE L oy (222)| = 2 (1whont + 90alt 29 i)
3 ) 2 . .
= S (Vb = IVieal) L at G+, (4.10)

Meanwhile, the following estimate is available, with an application of inequality (4.5) in
Lemma 4.2, by taking f = |Vg¢>1|2 — |V;j¢2\2:

(1, (VP11 = Vi D) = (LANVES11* — [VEd21D)?), . (4.11)
As a result, a combination of (4.8), (4.9), (4.10) and (4.11) yields

Ha(d) + Hgp)
2

Hh<¢1;¢2>20, Vor, ¢o, ifA> 1.

The convexity of Hj, is assured under the condition A > 1.
The convexity property of F. ;(¢) and F, ,(¢) follows from the convexity of Hj, (¢).
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According to Proposition 4.1 and some other standard calculations [46], the fully dis-
cretized finite difference scheme can be rewritten as: given f, g € Cper, find ¢k+1 , /lk‘H € Cper
such that

S —sapf Tt =g, 4.12)
where
A = 8 Fen (@) — 85 Fen ()

— 38_2(¢k+l)5+4A(¢k+|)3+(£_2+n)¢k+] +6(¢k+1)291(|v,'1)¢k+1|2)+£2Aﬁ¢k+l
_ 6vi‘) . (a((¢k+1)2)vﬁ¢k+l) —4AV;; . (|V;‘)¢k+l|2v;1/¢k+l) + f, (413)

with
g=¢k fi=—@e 2+ @) + @+ neH) ALk —4A9F)} +4AV) - (VPR PP ).
(4.14)

This scheme is mass-conservative in the sense that ¢ — g € éper.

Theorem 4.4 The fully discrete scheme (4.12)—(4.14) is unconditionally discrete energy
stable, Fy, (¢)k+1) < Fn (¢k ), and unconditionally uniquely solvable.

Proof The proof follows from Lemma 4.3 and the discrete version of (2.4) found in [53]. O

The following lemma, excerpted as Proposition 2.2 in a recent work [29], plays an impor-
tant role to derive a uniform bound for the numerical solution in the discrete L, W16 and
H? norms.

Lemma 4.5 [29] For any ¢ € Cper with ¢ =0, we have

184013 = ClIGIT2, with 15 = 113 + IVadl3 + I Angll5,  (4.15)
élleo < Clidll 2 (4.16)
I#ly1s = lldlls +1Vhdlls < Cligll 2. @.17)

with C only dependent on Q.

Following similar ideas as in the analyses for the semi-discrete case, we are able to obtain
the following bound, analogous to (3.6)

195 lloo. 195 16, 196152 < €. 116 oo 195Ny 10. 16" 112 < C. (4.18)

forany k > 0. And also, the £>°(0, T’; H‘l) ne? 0, T; H2) convergence for the fully discrete
scheme (4.12)—(4.14) could be derived. The detailed proofs are skipped for the sake of brevity
and are left to interested readers.
For the convergence theorem, we define the regularity class
Ry i= C([0, T1; Coer(2)) N CH{0, T1; Cpop () N LP([0, T C5, (). (4.19)

per per per

We have the following error estimate.
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Theorem 4.6 Let ® € R; (see (4.19)) be the exact periodic solution of the FCH equation
(1.5) with the initial data ®(0) = ¢g € Hpir(Q). Suppose ¢ is the fully-discrete solution of
(4.12)—(4.14). Then the following convergence result holds as s, h goes to zero:

x 1/2
n¢mr¢W1+G%§)mmmm—&wﬁ <C(s+h%), (420

=0

where the constant C > 0 is independent of s and h.

Remark 4.7 There have been extensive works of energy stable finite difference schemes for
various gradient flows in the existing literature. On the other hand, it is the first time in this
article to analyze the skew-symmetric finite difference operators in an H~! gradient flow,
with a detailed convergence estimate established. In particular, the proof of Lemma 4.3 is not
a direct extension of that for Lemma 2.2, due to the complicated skew-symmetric and average
operators involved in the analysis, which come from the highly nonlinear 4-Laplacian terms
in an H~! format. These techniques are expected to be applicable to many other nonlinear
H~! gradient flows involved with p-Laplacian terms.

5 Preconditioned Steepest Descent (PSD) Solver

In this section we describe a preconditioned steepest descent (PSD) algorithm for advancing
the convex—concave decomposition scheme in time following the practical and theoretical
framework in [28]. The fully discrete scheme (4.12)—(4.14) can be recast as a minimization
problem with an energy that involves the || - ||2 | norm: For any ¢ € Cper,

(e 2+n)

1 se2 K
awk=yw—ﬂA+474m@+ 5 o3

2
+As l|lpllf + As | v;;unj +3 (0% A(IVE01?)), + % AR5 + 5 (2. S 1)

which is strictly convex provided that A > 1. One will observe that the fully discrete scheme
(4.12)—(4.14) is the discrete variation of the strictly convex energy (5.1) set equal to zero.
The nonlinear scheme at a fixed time level may be expressed as

Niulgl = f. (5.2)
where

Nilg] = =2, (¢ — g) + 358729 + 4sA¢> + 5(e 72 + ) + 65¢* AV pI%)
—6sVY - (a(¢?) Vi) — 4sAVY - (IVFGIP Vi) + se>Atd. (5.3)

The main idea of the PSD solver is to use a linearized version of the nonlinear operator as a
pre-conditioner, or in other words, as a metric for choosing the search direction. A linearized
version of the nonlinear operator A is defined as follows: Lj, : Cper = Cper>

LulY) = =AW +s@e 2+ +4A+6)Y — 5(6+4A) Ay + 52 A7

Clearly, this is a positive, symmetric operator, and we use this as a pre-conditioner for the
method. Specifically, this “metric” is used to find an appropriate search directtion for our
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steepest descent solver [28]. Given the current iterate ¢" € Cper, we define the following
search direction problem: find d" € éper such that

Luld"] = f = Nulg"]:==r",

where r" is the nonlinear residual of the nth iterate ¢". This last equation can be solved
efficiently using the Fast Fourier Transform (FFT).
We then define the next iterate as

¢" ! =¢" +ad", (5.4)
where o € R is the unique solution to the steepest descent line minimization problem

o := argmax E,[¢" + ad"] = argzero SEp[¢" + ad"1(d"). (5.5)
acR aeR
The theory in [28] suggests that ¢ — ¥ geometrically asn — oo, where N}, [¢Ft!] = f,
ie., qbk“ is the solution of the scheme (4.12)—(4.14) at time level k + 1. Furthermore, the
convergence rate is independent of /.

In particular, it is observed that, although the proposed numerical scheme (4.12)—(4.14)
is highly nonlinear (due to the implicit treatment of the nonlinear terms), the PSD solver
is adequate for solving such a system, since the unique solvability has been guaranteed by
Theorem 2.5.

6 Numerical Results

We perform some numerical experiments with the PSD solver to support the theoretical
results in previous sections. The finite difference search direction equations and Poisson
equations are solved efficiently using the Fast Fourier Transform (FFT). Though we do not
present it here, we can also implement the scheme by using the pseudo-spectral method for
spatial discretization [8,18,28,38].

6.1 Convergence Test

In this numerical experiment, we apply the benchmark problem in [19,42] to show that our
scheme is first order accurate in time. The convergence test is performed with the initial data

given by
2 2
¢(x,y,0) = 2exp sin( Nx)_,_Sln( 77)’)_2
Ly Ly

122e sin (75 —sin (22 2| -1 6.1)
. X — S1 — S1 —_ — — 1. .
P L. L,

We use a quadratic refinement path, i.e., s = Ch%. At the final time T = 0.32, we expect the
global error to be O(s) + O(h2) = O(h?) in either the €2 or £%° norm, as i, s — 0. Since an
exact solution is not available, instead of calculating the error at the final time, we compute
the Cauchy difference, which is defined as §y = ¢y, ;= If (¢n,), where If is a bilinear
interpolation operator. This requires having a relatively coarse solution, parametrized by 4.,
and a relatively fine solution, parametrized by / r, where h. = 2h ¢, at the same final time.
The Cauchy difference is also expected to be O(s) + O(h?) = O(h?),as h, s — 0. The other
parameters are givenby Ly, = Ly, =3.2,6 =0.18,A=1.0,n=1.0,5s = 0.1h2. The norms
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Table 1 Errors, convergence

R #; T
rates, average iteration numbers he hf H(Sd’ ”2 ate iter cp u(hf )
and average CPU time (in 32 32 2
seconds) for each time step. 16 32 1813110 - 2 0.0136
Parameters are given in the text, % % 42725 x 1073 2.09 25 0.0493
and the initial data is defined in 3.2 32 4
6.1). The2 refinement path is 242 13228 77211 10 . 247 19 0.1534
s =0.1h 58 55 1.7075 x 10~ 2.18 11 0.4809
32 32 -5
356 35 4.0134 x 10 2.09 05 2.1579
107" w
-3— h=6.4/64
=€) h=6.4/128
107 &, h=6.41256 | I
\! =¥ h=6.4/512
1073 ¢ E
8
=
= 4l ]
= 10
5
S
7o}
=10 E
GJ
=
=
106 ¢ E
107 £ E
108 , , , , . .
0 2 4 6 8 10 12 14

PSD lIterations

Fig. 1 Solver convergence (complexity) test for the problem defined in Sect. 6.1. The only difference is that
for this test, we use a fixed time step size, s = 1.0 x 10~ for all runs. We plot on a semi-log scale of the
residual || || oo With respect to the PSD iteration count n at the 20th time step, i.e., 7 = 2.0 x 10~4. The
initial data is defined in (6.1), Ly = Ly = 6.4,& = 0.18, A = 1.0, n = 1.0, and the grid sizes are as specified
in the legend. We observe that the residual is decreasing by a nearly constant factor for each iteration

of Cauchy difference, the convergence rates, average iteration number and average CPU time
(in seconds) can be found in Table 1. The results confirm our expectation for the convergence
order and also demonstrate the efficiency of our algorithm. Moreover, the semi-log scale of
the residual ||| o, With respect to the PSD iterations can be found in Fig. 1, which confirms
the expected geometric convergence rate of the PSD solver predicted by the theory in [28].

6.2 Long Time Simulation of Benchmark Problem

Time snapshots of the benchmark problem in [19,42] for the long time test can be found in
Fig. 2. The initial data is defined in (6.1) and the other parameters are givenby L, = L, = 6.4,
e=0.18,A=10,n=10,s =1x 107*and h = 6.4/256. The numerical results in Fig. 2
are consistent with earlier work on this topic in [19,42].
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AL

t = 20,50 ¢ = 100, 200

Fig. 2 Time snapshots of the benchmark problem with initial data in (6.1) at t+ = 0, 0.2, 1, 10, 20, 50,
100 and 200. The parameters are ¢ = 0.18, 2 = (0, 6.4)2, A=10,n=10,s =1x 10~%and h = 6.4/256.
The numerical results are consistent with earlier work on this topic in [19,42]

6.3 Spinodal Decomposition, Energy Dissipation and Mass Conservation

In the second test, we simulate the spinodal decomposition, energy-dissipation and mass-
conservation. We start with the following random initial condition:

$(x,y,0) =0.5+0.052r — 1), (6.2)

where r are the real random numbers in (0, 1). The rest of parameters are given by L, =
Ly,=128,6=01,A=10,n=10,s =1x 10~* and h = 12.8/256. The snapshots
of spinodal decomposition with initial data in (6.2) can be found in Fig. 3. This experiment
also simulates the amphiphilic di-block co-polymer mixtures of polyethylene. The numerical
results are consistent with chemical experiments on this topic in [41]. Figure 4 indicates that
the simulation has captured all the structural elements with hyperbolic (saddle) surfaces
identified in this work, such as short cylinders with one and two beads, cylinder undulation,
Y-junction and bilayer-cylinder junction can be found in zoom boxes.

The evolutions of discrete energy and mass for the simulation depicted in Fig. 3 are
presented in Fig. 5. The evolution of discrete energy in Fig. 5 demonstrates the energy
dissipation property, and the evolution of discrete mass clearly indicates the mass conservation

property.

6.4 Meandering Instability Simulation

In addition to the micelle network, we present the simulation results of meandering insta-
bilities [24] in this section. A temporally rescaled FCH model is used, with the following
physical energy:

F@ =% /Q 12dx — nFo($). 6.3)
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Fig.3 Snapshots of spinodal decomposition with initial datain (6.2) att = 0.01, 0.05, 0.1, 0.5, 1, 2, 5Sand 10.
The parameters are ¢ = 0.1, Q2 = [0, 12.8]2, A=10,n=1.0,s =1x 104 and h = 12.8/256

Fig. 4 Left: Snapshots of spinodal decomposition at + = 0.05. Right: Zoom boxes. Yellow box: Short
cylinders with an undulation; Red box: Short cylinders with two undulations; Blue box: Bilayer- Cylinder
junction; Orange box: Y-junction. Those numerical results are consistent with chemical experiments on this
topic in [41] (Color figure online)

In turn, the convex—concave decomposition of F and the energy stable scheme could be
derived in the same fashion as (2.15), (4.12)—(4.14).

The domain is taken as 2 = (0, L)2, with L = 12.8, and the following initial condition
is used in the computation

—1, ifx > sin(¥2) + 6.4 +0.34,
P, y,0) =1 —1, ifx <sin(¥)+6.4—0.34, (6.4)

1, otherwise.
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Fig. 5 The evolutions of discrete energy and mass for the simulation depicted in Fig. 3. Left: Energy Dissi-
pation; Right: Mass Conservation

t=10,15 t=17,20

Fig. 6 Meandering instability snapshots of the phase variable with initial data (6.4) at a sequence of time
instants: + = 10, 15, 17 and 17, over a uniform 512 x 512 mesh, computed by the proposed finite difference
scheme (4.12)—(4.14). The parameters are ¢ = 0.1, Q = [0, 12.8]2, n=0.2,s =0.001 and h = 12.8/512

The physical and numerical parameters are set as: ¢ = 0.1, y = 1, n = 0.2, s = 0.001
and 4 = 12.8/512. In Fig. 6, we present the snapshot color plots of the phase variable with
initial data in (6.4), computed by the convex—concave decomposition of the physical energy,
in combination with the proposed second order centered difference in space. A sequence of
interesting instability profiles have been observed in the numerical simulation.

To investigate the long time numerical accuracy, we also present the computational results
of the second order BDF version of the first order scheme (4.12)—(4.14), namely, a numerical
scheme in the form of

%¢k+] _ 2¢k + %¢k71
N

= Ay By Fen @ — 283 Fe n(9") — 83 Fen(@*™1)), (6.5)

in which 8¢ Fc 5 (¢) and 8y F. 1 (¢), the finite difference convex—concave decomposition
profiles, have been formulated in (4.13). Of course, a theoretical justification of the energy
stability for this second order accurate scheme will be much more involved, and it will be
left for future works. The snapshot color plots at the same time instant sequence, produced
by this second order BDF2 scheme, are displayed in Fig. 7. It is observed that these two
numerical profiles are almost identical.

In addition, we also present the numerical results computed by the following Fourier
pseudo-spectral scheme:

¢k+l _ ¢k
——?—7=AM%EW@H5*%Ew@W, (6.6)
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t=10,15 t=17,20

Fig. 7 Meandering instability snapshots of the numerical solution computed by the second order accurate
BDF?2 version of the finite difference scheme (4.12)—(4.14). The physical and numerical parameters are taken
the same as Fig. 6

t=10,15 t=17,20

Fig.8 Meandering instability snapshots of the numerical solution computed by the convex—concave decompo-
sition (2.15), in combination with Fourier pseudo-spectral spatial approximation. The physical and numerical
parameters are taken the same as Fig. 6

in which Ay stands for the Fourier pseudo-spectral approximation to the Laplacian operator,
8¢ Fc,N(¢) and 84 F, n(¢) are associated with the pseudo-spectral version of the convex—
concave decomposition. In fact, the unique solvability, discrete energy stability and local
in time convergence for the pseudo-spectral scheme could be established in a similar man-
ner. The corresponding snapshot color plots are displayed in Fig. 8. It is observed that, the
numerical profile has a similar pattern at ¢+ = 10, while some differences appear at later time
instants t = 15,¢ = 17 and ¢ = 20, although the general structures are still in a similar form.
We notice that Fourier pseudo-spectral method yields a much smaller spatial discretization
error, and a subtle difficulty associated with the staggered numerical grid has been avoided
in the numerical design.

Similarly, to investigate the long time numerical accuracy of this Fourier pseudo-spectral
code, we also present the numerical results computed by the second order BDF2 version; the
corresponding snapshot color plots are displayed in Fig. 9. It is observed that these numerical
profiles are almost identical to their version computed by the (temporally) first order scheme.

Overall, the finite difference and pseudos-spectral numerical results do not perfectly match
in the long time scale. There may be a few possible reasons for such a disagreement: (1) the
finite difference approximation may bring more numerical dissipations; (2) the staggered
mesh used in the finite difference method, in particular for the numerical evaluation of the
terms associated with the non-convex, non-concave part, |, Q 3¢2|V|? dx, may lead to more
numerical errors. In addition, the numerical differences between the Fourier pseudo-spectral
and finite difference schemes may also be dependent upon the roughness of the initial data,
and we notice that there is a jump discontinuity in the interface structure in (6.4). These
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t=10,15 t=17,20

Fig. 9 Meandering instability snapshots of the numerical solution computed by the second order accurate
BDF?2 version of the Fourier pseudo-spectral scheme. The physical and numerical parameters are taken the
same as Fig. 6

subtle issues associated with the numerical implementation will be explored in more details
in the future works.

7 Conclusion

We propose and analyze an efficient numerical scheme for solving the FCH equation. Both
the unique solvability and unconditional energy stability have been theoretically justified.

Based on the global in time ngr stability of the numerical scheme, we present a rigorous

convergence analysis. An efficient PSD method [28] is applied to solve the nonlinear system.
Various numerical results are also presented, including the first order in time accuracy test,
energy-dissipation, mass-conservation test, the micelle network structure and the pearling
instability simulations.
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