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in 2 and 3 dimensions. The highest and lowest order terms of the equations are constant-
coefficient, positive linear operators, which suggests a natural preconditioning strategy.
Such nonlinear elliptic equations often arise from time discretization of parabolic equations
that model various biological and physical phenomena, in particular, liquid crystals, thin

[F(g{,‘:;%r_isfder nonlinear elliptic equation film epitaxial growth and phase transformations. The analyses of the schemes involve
Sixth-order nonlinear elliptic equation the characterization of the strictly convex energies associated with the equations. We
p-Laplacian operator first give a general framework for PSD in Hilbert spaces. Based on certain reasonable
Steepest descent assumptions of the linear pre-conditioner, a geometric convergence rate is shown for the
Pre-conditioners nonlinear PSD iteration. We then apply the general theory to the fourth and sixth-order

Finite differences

Fast Fourier transform

Thin film epitaxy

Square phase field crystal model

problems of interest, making use of Sobolev embedding and regularity results to confirm
the appropriateness of our pre-conditioners for the regularized p-Lapacian problems. Our
results include a sharper theoretical convergence result for p-Laplacian systems compared
to what may be found in existing works. We demonstrate rigorously how to apply the
theory in the finite dimensional setting using finite difference discretization methods.
Numerical simulations for some important physical application problems - including thin
film epitaxy with slope selection and the square phase field crystal model - are carried out
to verify the efficiency of the scheme.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Let Q C RY, d =2, 3, be a rectangular domain. In this work we are interested in efficient solution techniques for fourth
and sixth-order nonlinear elliptic equations that have p-Laplacian terms. The fourth-order problem reads as follows: given
f Q-periodic, find u Q-periodic such that

u—sv-(|VulP=2vu) +se’A%u=f, (1.1)

where 0 <& <1 and s is a positive parameter. The sixth-order problem is as follows: given f, g Q-periodic, find u, w
Q-periodic such that
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u—Aw=g, (1.2a)
SAU —SV - (|Vu|p’2Vu)+582A2u—w:f, (1.2b)

where 0 <& <1, s> 0, and A > 0 are parameters. The highest order positive diffusion term, parameterized by ¢, is often
referred to as the surface diffusion, following the thin film applications described below.

We will refer to problems (1.1) and (1.2a)-(1.2b) as regularized p-Laplacian problems. However, this is primarily for ease of
reference. The highest order surface diffusion term, though parameterized by the “small” coefficient € > 0, must be present
for the related physical models to make sense and is not an artificial regularization. In other words, we will not consider
and are not concerned with the singular limit & N\ 0.

These model equations arise most commonly from the time discretization for certain time-dependent physical models.
For example, consider the thin epitaxial film model with slope selection

ou=V- (qul2 Vu) — Au — szAzu,

in [28,32,35,38], where u is the spatially periodic height of the film. The 4-Laplacian term in combination with the negative
Laplacian term gives energetic preference to facets with unit slope, a continuum-level model of the Ehrlich-Schwoebel
kinetic barrier. The highest order term models a small amount of surface diffusion, which smooths the corners where the
facets merge. In the square Swift-Hohenberg (SSH) equation

=B —Du+n —u+a (qu|2Vu) —2Au+A%u, a>0, B,neR,
studied in [11,22,20,30], and the square phase field crystal (SPFC) equation

Btu=A<you+y1Au+82A2u—V'(qu|2Vu>>, WeER, y; >0,

studied in [15,19,20,30], the 4-Laplacian term gives preference to square-symmetry arrays of “dots” in the density field u.
In general, such localized structures play important roles in biological, chemical, and physical processes [23].

For these time-dependent problems, convex decomposition schemes have been proposed and analyzed in [32,35] to
obtain unconditional unique solvability and unconditional energy stability. The convex decomposition scheme for the thin
film model is [35]

U™ — sV - (VUM PVU™) +se? A%um = u™ ! —sau™ T,

where s > 0 is the time step size, and the superscripts indicate the time discretizations. The convex decomposition scheme
for the SPFC model - which can be inferred from the general principles in [35,37] - is precisely

syou™ — sV - <|Vu’"|2Vum> +5e2A%2uM — WM = — sy AUl

assuming )y, ¥1 > 0. These schemes are nonlinear and require one to deal with the p-Laplacian term at the implicit time
level. We remark that there are also second-order-in-time convex decomposition schemes for such nonlinear parabolic
equations, as described in [32], which have similar nonlinear structures. In any case, solving nonlinear elliptic equations
with the p-Laplacian term is challenging, because of its highly nonlinear nature. In [32,35], the authors used a nonlinear
conjugate gradient algorithm to solve the nonlinear system at each implicit time step. Such naive gradient methods are
guaranteed to converge due to the global convexity of the equations, but are not necessarily efficient.

Several works develop and analyze numerical schemes for nonlinear elliptic equations involving the p-Laplacian operator.
The works [2,3,25,29,34,39,40] are based on finite element approximations in space. Recently, the vanishing moment method
for the p-Laplacian was proposed in [18]. In that method, the highest order term is purely artificial, whereas, for the
models above, the surface diffusion term is small, but non-vanishing. A hybridizable discontinuous Galerkin method for
the p-Laplacian was proposed in [10]. Of these works, [25,39,40] are primarily focused on efficient solvers for the elliptic
equations with p-Laplacian terms, rather than, say, error estimates.

The main goal of this paper is to design a general framework of preconditioned steepest descent (PSD) methods for
certain nonlinear elliptic equations with p-Laplacian terms. The main idea is to use a linearized version of the nonlinear
operator as a pre-conditioner, or in other words, as a metric for choosing the search direction. We propose and analyze
the preconditioned steepest descent methods for both the fourth- and sixth-order p-Laplacian problems mentioned above.
Herein we present numerical simulations for the 6-Laplacian thin film epitaxy and the H~! gradient flow SPFC model by us-
ing the proposed method. While we restrict our focus to the p-Laplacian problems herein, the search direction framework is
general and can be applied to other nonlinear equations, such as the Cahn-Hilliard (CH) equation [5,7,31,33], functionalized
Cahn-Hilliard (FCH) Equation [8,13,16], for example.

The convergence analyses of the nonlinear iteration algorithms we propose for the p-Laplacian equations are quite chal-
lenging, due to the highly nonlinear nature of the problems. However, we are able to recast the equations as equivalent
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minimization problems involving strictly convex functionals in Hilbert spaces. Once this is done, we are able to characterize
the properties of general pre-conditioners that will result in geometric convergence rates. This general approach is applica-
ble to both the 4th and 6th order equations at the space-continuous level, as well as the approximation of these problems
in finite dimensions using finite differences. Though we do not explore it here, we remark that the theory is extensible to
the pseudo-spectral, spectral-Galerkin, and mixed finite element settings as well, using the appropriate discrete Gagliardo-
Nirenburg inequalities. To our knowledge, the only related theoretical results available in the existing literature are to be
found in [25], in which finite element PSD solvers were designed and analyzed. Specifically, it was proved in [25] that their
method converges with the rate O (k—#), where k is the iteration index and g = p%z > 0. In this article, we provide a theo-

retical analysis with a geometric convergence rate O (a¥), with 0 <« < 1, for the finite difference PSD solver applied to the
regularized p-Laplacian problems.

For such nonlinear analyses, the essential difficulty has always been associated with the subtle fact that the numerical so-
lution has to be bounded uniformly in certain functional norms, so that a bound for the iteration error could be established.
For the p-Laplacian problems, typically a uniform WP bound of the numerical solution is available at each iteration stage,
and such a bound may be used to derive an O(k—#) convergence rate for the PSD iteration. However, for the regularized
p-Laplacian problems, one observes that a linear operator with higher-order diffusion may be utilized so that a uniform H2
bound of the numerical solution may be obtained. Specifically, the existence of the surface diffusion term 2AZ2u enables
us to derive a geometric convergence rate O (aX) for the PSD iteration, which gives a sharper theoretical result than the
existing one in [25]. Our strategy comes at a cost that we point out at the offset: a linear, positive, constant-coefficient op-
erator of order 4 or 6 must be inverted to obtain the search direction. But, since we are interested in applications involving
coarsening processes over periodic domains, the FFT can be utilized to make this process efficient.

The remainder of the paper is organized as follows. In section 2, we present a general preconditioned steepest descent
(PSD) method for nonlinear equations in Hilbert spaces, and provide the convergence rate estimates for the PSD method. The
application of the general theory to the fourth-order regularized p-Laplacian problem is formulated in section 3. The PSD
scheme for the sixth-order regularized p-Laplacian problem is outlined in section 4. Subsequently, in section 5, we introduce
a two-dimensional finite difference discretization and provide the fully discrete convergence analysis. Applications to thin
film epitaxy with slope selection and the SPFC model and the numerical results are presented in section 6. Concluding
remarks are offered in section 7.

2. Preconditioned steepest descent methods
2.1. Non-quadratic energy functionals in Hilbert spaces

Here we outline the general theory for preconditioned steepest descent (PSD) in a Hilbert space [1,9,14,26]. Suppose
that H is a (real) Hilbert space with the inner product (-, -)y and induced norm | - ||. We consider an energy functional
E[-]: H— R with the following properties:

(E1) E is twice Fréchet differentiable for all points v € H. For each fixed v € H, SE[v](-) : H— R is the continuous lin-
ear functional equal to the first Fréchet derivative at v, and, for each fixed v € H, §?E[v](-, -): H x H— R is the
continuous bilinear operator equal to the second Fréchet derivative at v.

(E2) For every v € H,

0582E[v]($,§), Vé&eH, (2.1)
and
O<82E[v](§,.§), V&eH\{0}. (2.2)

This implies the strict convexity of E.
(E3) E is coercive with respect to the norm on H, i.e., there exist constants C; > 0, C; > 0 such that

Cillvii <Ev]I+C2, VveH.
If E satisfies (E1)-(E3), it follows [9] that there is a unique element u € H with the property that
E[u] <E[v], VYVveH, with E[u] < E[v], forv #u,
and this minimizer further satisfies
8E[u](¢)=0, VE&e€eH.

We wish to construct, via preconditioned steepest descent (PSD), a sequence that converges to the unique minimizer.
By H’ we denote the continuous dual of H. When it is convenient, we use the symbol (-, -)y : H x H— R to denote the
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dual pairing between H’ and H. Consider a linear operator £: H — H’. This operator £, which we call the pre-conditioner
induces a bilinear form on H:

W, &) :=(L[v],&)n =L[VIE), Vv, §€H.
We assume that £ satisfies the following properties:
(L1) (-, -)z : H x H— R is symmetric, i.e.,
W, 8)c=E,v)e, Vv, §eH;
(L2) (-, -) is continuous with respect to the standard topology of H, i.e., there is some C3 > 0 such that
v, &)l =Clvligllély, Yv,§eH;
(L3) (-, -) is coercive with respect to H, i.e., there is some C4 > 0 such that

Callvlf <, v)z, YveH.

It follows that (-, -)z : H x H— R is an inner product on H, equivalent to the primary inner product (-, -)y. The induced
norm, |[v||z :=+/(v, V), is equivalent to the primary norm. By the Riesz Representation Theorem, if f € H’, then there
exists a unique uy € H such that

(up,&)c=flEl=(f.&)n, VéEe€H,
with
flE]

Jusle =10z ’ZOQEIGH €Nz

where the second norm is the £-induced operator norm.
Suppose that u¥ € H is given. We define the following search direction problem: find d* € H such that

(d", g)ﬁ — _SE [uk] (€), VEeH. (2.3)

We call d* the kth search direction. In operator form, we write £[d"] = —§E[u*] in H'. The functional —§E [u*] is called the
residual of u¥. By the Riesz Representation Theorem, we discover that

s = ]

k+1

Hi_l . (2.4)

We then define the next iterate u as
uk =k 4 odk, (2.5)
where oy € R is the unique solution to

o ;= argmin E[u* + ad"] = argzero SE[u* + aed®](d¥). (2.6)

aeR aeR

Therefore, we have the fundamental orthogonality relation

SE[u + apd®1(d) = SE[u*T1(d*) = 0. (2.7)

It follows that the sequence {uk},io C H generated by the preconditioned steepest descent algorithm converges to the
unique minimizer u € H. We now wish to estimate the convergence rate.

2.2. Estimates of the convergence rate for the PSD method

We summarize some standard results.

Proposition 2.1. Suppose that E satisfies (E1)-(E3). It follows that, for any v, & € H,
SE[vI(§ —v) < E[§] - E[v] = SE[51(5 —v), (2.8)

and, consequently,

0= (BE[E] = SE[vD) (§ — V).
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[ee}

o C H be computed via (2.5). Then, for every k > 0 we have E[ukt1] <

Proposition 2.2. Suppose that E satisfies (E1)~(E3). Let {u*}
E[uk]. Furthermore, a, > 0, as long as uk #U.

Proof. Using the orthogonality relation (2.7) and the convexity inequality (2.8), we find

Now, suppose d¥ # 0. Then, by Taylor’s theorem, (2.4), and (2.2),

2 o 2
d’<H£ + 2R §2E[0%(dX, d*) > E[u¥] — o ‘ |

E[u**1) = E[uf] — oy, S

Equivalently, we get

2
d = E[uf] — E[u**11 >0,

(047% ‘
which implies that o > 0. O

Proposition 2.3. Suppose that E satisfies (E1)-(E3) and u € H is the unique minimizer of E. Then, for any & € H,
0 <E[§]— E[u] < (BE[E] — SE[u]) (§ —u) =SE[£]1(E —uw),

and, consequently,

0<E[uX1— E[u] < (35[u’<] - 8E[u]) @® —u) = SE[uf @k — u). (2.9)

Proof. This follows immediately from (2.8), because §E[u](§) =0, for all § e H. O

Now, we make the following further assumptions about the pre-conditioner £ with respect to the derivatives of the
energy E:

(L4) There is a constant Cs5 > 0 such that

Cs I — vII% < (BE[E] — SE[V]) (5 — V), (2.10)

for all v,& € H.
(L5) Suppose B :={v e H | E[v] < Ep} is non-empty. (This is the case if, for example, one chooses Ey = E[0].) There is a
constant Cg = Cg(Eg) > 0 such that, for all v € B, and any & € H,

52l 6| = Co g1 11)

Remark 2.4. We note that, practically speaking, (L5) is harder of the last two conditions to enforce. In some sense, if the
norm induced by £ is not “strong” enough, then there does not exist Cg > 0 so that (L5) is satisfied.

Theorem 2.5. Suppose that assumptions (E1)-(E3) and (L1)-(L5) are valid. Let {u" }:io C H be the sequence generated by (2.5). Then

0 < E[u*] — E[u] < (C7)Y(E[u®] — E[u)), (212)
where
0<Crm1— 55 1 (213)
<(7:= 2C6 < I. .

Proof. Consider the function g(e) := E[u¥ + ad¥] — E[u¥], « € R. Then g(0) =0, and g has a global minimum at ¢ > 0. By
coercivity and continuity of E, there is a S, oy < Bx < 0o, such that g(8¢) =0, and, for all @ € [0, Bi],

E[u* + ad*] < E[u*] < E[u®] =: E,.
By Taylor's theorem, there is a y = y (u¥, d*, @) € (0, 1), such that

2
E[u* + ad®] — E[u¥] = S E[uX](d*) + %825[9"]((1", dy,
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Bk

Fig. 1. The functions g(a) = E[u* + ad®] — E[u*] and f(a) = (— + %CG)H(SE[U"]IIZK1 from (2.14). The function g, which is strictly convex, is dominated
by the function f, which is quadratic, on the interval [0, B].

where 6% := u* + (1 — y)ad®. By convexity of E,

E[0"] < y E[u] + (1 — ) E[uf + ad"] < E[u¥] < E[u°] = Eq.

Using estimate (2.11) - with the set B defined with respect to Eq = E[u®] - and norm equality (2.4), we get, for all
a [0, Bl

2 2
g() = E[u¥ + ad"] — E[u¥] < as E[u¥](d) + %ce Hd" H£

; = f(a). (2.14)

Now, the function f() is quadratic, f(0) =0, f(Br) > g(Bk) =0, and f’(0) < 0. See Fig. 1. Thus f has a minimum in
(0, Br). In fact, the minimum is achieved at 0 < o} := Cle < Bk. Then we have

2
= (—a+5-Co) o1

Kk k k k k k k||
E[u” + od”] — E[u"] < g(oy) = E[u” + 03 d"] — E[u"] < — ‘SE[u ] - = f (o),

A
2Cq
or, equivalently,

E[ut] — E[u*+1] > —— ‘
— 2Cg

Now, using estimates (2.9) and (2.10) we obtain

2
k
et

0 < E[uk] — E[u] < — H(SE[uk]Hz
= =G5 P

Combining the last two estimates, we get the result
2C

0 < Elu) - Elul = 2= (Ew¥) - E).
5

or, equivalently,
2C
0 < E[uk1] — E[u] < (C—G - 1) (E[uk] - E[u"“]) :
5
Since E[uft1] > E[u], as long as u**! £ u, and E[u¥] > E[ukt1), this last inequality implies that
Cs

0<—<1.
2Cg

A little more manipulation reveals the equivalent inequality

k+1y _ _& ky_
0 < E[u**1] E[u]§<1 2c; ) (Bt~ Er),

and the result follows. O
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If the following property holds, we get a simple corollary of the last theorem.

(L6) There is a constant Cg > 0, such that, for every v, & € H,
Cg €117 < [8*EVIEE, €)]. (2.15)

This implies the strong convexity of E and is, therefore, stronger that (E2).

Corollary 2.6. Suppose that assumptions (E1)-(E3) and (L1)-(L6) are valid. Let {u"}lfozo C H be the sequence generated by (2.5), and
define ek ;= u — u*. Then

2 E[u®] — E[u
[ = (cp EL =l ]CS l (216)
Proof. By Taylor’s theorem and estimate (2.15), we have
E[u*] — E[u] = SE[u](e") + %82E[9k](6", ek
- %SZE[Gk](ek, k) > Cg ’ek i (217)

where 0¥ is in the line segment from u¥ to u. The result follows from (2.12). O
3. Nonlinear elliptic equations on periodic domains
3.1. Notation for periodic Sobolev spaces

For the remainder of paper £ c RY with d =2, 3 is a rectangular domain. In what follows, if d = 2 we assume p € [2, 50):
whereas if d =3 we suppose p € [2, 6]. Most of the physically relevant cases correspond to p being an even integer, however,
all of our arguments hold for any value of p in the indicated ranges. The Sobolev spaces of periodic functions are defined

as follows: for q € [1, o0], we set

Wg’eqr(Q) = {u € Wk’q(]Rd) uis Q—periodic} ,

loc
where k € N is the differentiability index. Observe that WS‘J(Q) =: Lger(Q) = L9(2). We denote the norm of Wg‘e‘f.(Q) by
Il - lyka, or just || - |[a when k=0. In the case g =2 and k =0, we denote by (-,-) and || - || the inner product and norm,

respectively. We set H’[‘,er(Q) = W’l;ézr(Q) and immediately remark that, given the range of p, we have ngr(Q) — W;é’r) (Q).
For k € N, the continuous dual of ngr(Q) is denoted by ng"r(Q) and their pairing by (-, ). We set (-, -) := (-, -)1.
If Lé(sz) denotes the set of functions in L2(2) with zero mean, we define

Al (Q) = Hiu (@ NL3(Q), HLQ) = [v € Hod(9) ‘ v, 1) = 0] .

We define a linear operator T: .1 (Q) — HJ..(Q) via the following variational problem: given ¢ € H (), T[¢] € H}o ()
solves

(VTIELVX) = (8. x). VX € Hlo ().

From the Riesz representation theorem it immediately follows that T is well-defined. We define the inner product

(€ &)y 1= (VTIELVTIED = (. TIED = (€, Tl V¢,& € Hph().

The induced norm is denoted || - || sk The following facts can be easily established [12]:

Lemma 3.1. On A, () the norm || - [ equals the operator norm: for all ¢ € Hy1(2),

(¢, x)
Kl = sop 1K
P oyt VX

Consequently, we have |(¢, x)| < H{llﬁp_elr IVxll, forall x € H;er(Q) and ¢ € I:I;Te]r(g)' Furthermore, for all ¢ € L%(Q), we have the
Poincaré type inequality: ||¢ ”H;elr <C|l¢|l, for some C > 0.
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3.2. Afourth-order regularized p-Laplacian problem

We consider the following weak formulation of (1.1): given f € Lf,er(Q), find u e ngr(Q) such that

@) +5 (IVulP2Vu, V&) + 562 (Au, AE) = (£,6), V& € Haer(D), (3.1)
where 0 <& <1 and s > 0 are parameters. Equation (3.1) is mass conservative in the following sense: (u — f, 1) = 0. One
can show that the solution of the weak formulation is a minimizer of the following energy: for any v € ngr(Q),

1 , S b s€? )
E[v]:=§IIV—f|| +EIIVVIILp+7IIAUII . (3.2)

It is not difficult to show that E satisfies (E1)-(E3). The first derivative of E at a point v may be calculated as follows: for
2
any & € Hpe (€2),

drE[Y + TEllpmo = SEIVI(E) = (v = £.6) +5 (IVVIP 2V, VE ) + 567 (Av, Af).
Thus, our original problem is equivalent to the following: find u € Hj,.(2), such that, for all & € Hpe (%), SE[u](§) =0,
which is equivalent to (3.1). This problem has a unique solution, which is, in turn, the unique minimizer of the energy

(3.2):

u:= argmin E[v].
veH3(Q)

The following estimate holds: for all v, & € Hﬁer(Q),

BEWI@)] < v — fII - IEN+sIVVIE,  IVENL +se? [Av] - | A

The second variation is a continuous bilinear operator. Given a fixed v € ngr(sz), the action of the second variation on the
arbitrary pair (£, 1) € He(2) x HZ..(R) is given by

SEWIE ) = &) +s(1VvP~2vE, Vi)
+(p—2)s (|Vu|P—4vV L VE, Vv vn) +se2 (AL, A7),
and we have the bound
[2E1E )| < 161 - Il + 5 19V I 2 IVE L 1971
+ (P =25 IVIL V8N 190l + 562 [ AE] - | An]. (33)

; s .2 -2 :
For this problem we define the pre-conditioner L : Hier () — Hpi () via

(L[v], &) := (v, &) +5s(Vv,VE) + sg2 (Av, AE), Ve ngr(Q).

Clearly, this is a positive, symmetric operator, and it satisfies assumptions (L1)-(L3), and one can see the similarities with
the nonlinear operator in (3.1). We now proceed to find the positive constants for which Cs, Cg, Cg assumptions (L4)-(L6)
are satisfied.

Remark 3.2. We could also consider the possibility of changing the metric in the descent direction calculation by, for

example, defining the linear operator Ly : Hpe () — Hpor(R) via

p—2
(LelV].€) = (0.8) + (\Vu"\ v, vs) +567 (AU, AE), Y § € Higr(S).
This is similar to the idea in [26]. The search direction is then found as follows: find d¥ e Hf,er(Q) such that

(Lild“] §) = —3E [uk] ), V& € HEer().

Our theory does not cover this case, and we will not consider it further here. We plan to examine this in a future work.
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Lemma 3.3. Suppose that p € [2, o0) whend = 2, and p € [2, 6], ifd = 3. For any & € H2..(S2), we have

per
||é§||l IIASIIL1 if d=2 (2, 00)
P L l =2, €[2,00),
Vel <Cof 215 S, P (34)
lENIZe—% - Ag# 2%, if d=3, pel2,6],
for some Cg = Co(d, p) > 0.
Proof. This follows from the Gagliardo-Nirenberg interpolation inequality and elliptic regularity. O
Lemma 3.4. For any v, £ € H2,.(),
Csll& — vIZ < (BE[&] — SE[V]) (€ — v), (3.5)

where C5 = min (% ss‘%>. Let Eg be given, such that B := {v € ngr(Q) | E[v] < Eo} is non-empty. For any v € B and any & €
H2o (92),

2B, 8| < Co g1, (36)
where
1 -1 202D 1, 4 o
T+ P e » sPC0, for pel2,00), d=2,
- e 5% 6p 65, o
=11+ (p—1 (54Tpp> w (—5;1[_’6) R Cécfo 2 for pel2,6), d=3, (3.7)
1+(p—1e2c2chy? for p=6, d=3,

1
and C19 = (pEg) ?. We can take Cg = Cs to satisfy estimate (2.15) of assumption (L6).

Proof. Clearly
(BE[E]1 —8E[V]) (6 —v) = [IE — V]| +s&? |AE — V)2
+s (|V§|P—2vg — VY|PV, V(£ — v)) .

In addition, the following estimate is available:

1
(1v&P2ve = [VuP2V0. V(= 1)) = 55 IVE =)}y 20, forp=2. (38)
The simple interpolation inequality

IVEI? <[IEN- A8, V& € HE (),

in conjunction with Young’s inequality yields

1 ,  s&? 21 1 2
S I8 =vIT+ ——IAG —V)II" 2 s2 1§ — VI - [AE — ) = s2£ [VE — )7

As a consequence, we get
(BE[E]1 = 8E[V]) (5 —v) > | — v[® +se [ A(E — v)||?
1 2, 1 5 2 1 2
> S lE —vI?+ S5 [AGE = )IF +s2e [VE -7,

and we conclude that estimate (3.5) is valid by choosing C5 = min(%, es‘%).
Next we derive (3.6). Suppose v € B. From (3.3) we have

-2
[2EWIE. )| < 1617 + (0 = Ds IVVIE, V€ IE, +ss? A&, (3.9)
Now, since v € B,

1
VViie < (pEo)? =: Cio.
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Suppose that d =2. An application of the Sobolev inequality (3.4) in Lemma 3.3 indicates that

1 p p% 2-1) =1 1) 2 p % 2<p 1)
pr | — € P s IIVEIILp<pPIISII"~ — € IIA%‘II
p—1 p-1
< |lg11% +se? | ag |2,
where Young's inequality is applied in the second step. It follows that,
) 1 2p—1  2(p-1) 1 _2
(b= DsIVVIL VeI < 0 =177 e 0 s GGel? (1el? + se? 1ag ). (3.10)

Substituting (3.10) in (3.9) yields

1 -1 201D 1 )
2B, 6| < (1 ECER A s o ) (IE 12 + 52 1 AE ).
We conclude that estimate (3.6) is valid by choosing

-1 =2(p-1)

c6—1-% (p—1) 7 e F sp cgcpz.

Note that both Cg and Cy¢ are € and s independent. Following the similar arguments, for p € [2,6), d =3, we get
4\ ap \F
p o\ p TR R P
Cg=1+(p—1 s g 20 C5CT, ~.
o1+ )<6 p) (5p—6> 2o

For the case p =6, d =3, the Sobolev inequality (3.4) degenerates to [|[V&|;» < Cg| A£||, for any & € ngr(Q). Hence, we
have

IE1% + se® | AE|1? > se® | A&[|* > se*Co 2 | VE T .
and
[2EWIE. )| = (14— De72C3ck?) (eI + 6 1Ag 1.
Therefore, estimate (3.6) is valid by choosing
Co=1+(p—T1e2cich?

That we can take Cg = Cs is the result of a simple calculation that we omit for the sake of brevity. The proof is com-
plete. O

4. A sixth-order regularized p-Laplacian problem

We now study problem (1.2a)-(1.2b). A weak formulation is given as follows: for f, g e Lper(SZ) find u Hper(Q) and

W € Hpe (R) such that
W, )+ (YW, V) = (g.%). VX €Hp(Q), (4.1a)
.. 8) +5(1VuP2Vu, VE) +56% (Au, A8) — (W,6) = ([,6), V& € HL(R), (4.1b)

where A >0, and ¢ € (0, 1]. This problem is mass-conservative, in the sense that (u g,1)=0,and (w—srg+ f,1)=0, and
it can be recast as a minimization problem with an energy that involves the H-! norm. In particular, for any v € ngr(Q)
we define

per

1 _ . As 5 s p . s€? )
Hﬂ=5(v—g+gTw—g+gD+§4w+gH—%wf)+—HVM”+~5WAW

1 se2
zillv—g+gllH 1+ ||v+g|| - (v, f)+—IIWI| +7||AVI|2, (4.2)

where by g we denote the average of g over 2. Observe that v — g+ g € Hper, which is required for this energy to make
sense. It is straightforward to show that E satisfies (E1)-(E3), with respect to the Hilbert space H = Iilger(Q). The first
variation of E is given as follows: for any & € I:If)er(Q),
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drE[v +T&]l;c0=80EW]E)= Tlv—-—g+8L.E) +rs(v+ g8 —(f.,&)
+s (|Vv|P—2W, vg) 1582 (Av, AE).

The unique minimizer of E - let us call it u, € H2, () for the moment - satisfies E[u,](€) =0, for all & € A2, (Q). By the
definition of the T operator, there is a unique element w, € I:Iger(Q) such that

W, = —Tu, — g+ gl
Therefore, we have, for all £ € I:Iger(Q),
$. (s + 8.8) +5 (IVUL P72V, VE ) + 552 (A, A§) = (Wa ) = (£.6).

Setting u :=u, + g and w := w, + sAZ — f and using the fact that & is of zero mean, we have
$.(u, &) +5 (IVulP 2Va, Ve ) + 582 (Au, A8 = (W, ) = (£.§), V&€ Al
Using the definition of the T operator again, we conclude that w, € 13111331.(52) satisfies

(VW VY) =— (U, —g+8 X)),
for all x € H}. (), which implies that

Vw, V) =—u-g,x).

It follows that solving (4.1a)-(4.1b) is equivalent to minimizing the coercive, strictly convex energy (4.2), after the appropri-
ate affine change of variables.
The second variation of E is a continuous bilinear operator. Given a fixed v € HIZ,EI.(Q), the action of the second variation

on the arbitrary pair (&, 1) € A2 (R) x Hp () becomes

SEVIE 1) = &, TO0D) + 45 &, ) +5 (19 2VE, Vi)
+(p-2)s (|Vv|P—4W VE, V- Vn) + 562 (AE, An).
Similar to the estimate in the fourth-order case (3.3), we have the bound
[5ED1E, 1] < 18151 Il gy + 25 KE - Il + 5 UV I 2 19 191
+(@—2)s ||VV||IL)p_2 IVENL VRl +se AL - llAn],
which implies that
(I 6] = 117, + 51617 + (= Vs IVVIL,? IVE T, + 567 A8, 43)

for all v, & € H2,.(Q).

per
For the sixth order problem, we define the pre-conditioner £ : Hﬁer(Q) — I:IEQZF(Q) via

(LIV).§) = Sh (0. €) F (1. §) 1 +5 (VY. VE) 567 (AV, AE). V& € Higr(Q). (44)

This operator satisfies (L1)-(L3). To show that it satisfies (L3)-(L6), we need some technical results.

9}
Lemma 4.1. For every & € Hp. () we have

2
3

HE NS (4.5)

r—1
Hper

and

1
IVEIl < ||-‘E||E,l;e1r |Ag]5 . (4.6)
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Proof. Using integration by parts we get

IVEI? = =, A&) < [I&] - I1AE]. (4.7)
The definition of the 1115;(9) norm implies that

IE1% = (5,8) < 1§02 IVEL (4.8)

Therefore, a combination of (4.7) and (4.8) leads to

1 1 1 1 1
IVEI < 11&NZ - [1A&]2 < ||?;'||;;71 V&N - |Ag| 2,
per

so that
3 1 1
IVEN? < NIE1 ;-1 I1AE]2,
per

which yields the second inequality. The first may be proved in a similar way. O

Similar to before, the Gagliardo-Nirenberg inequality, together with elliptic regularity, yield the following interpolation
result.

Lemma 4.2. Suppose that p € [2,00) whend =2, and p € [2,6],ifd =3. Forany & € I:If,er(Q), we have

1—2

2
1§17, 1A817%, if d=2, pel2,00),

per

1

V&l =Co (4.9)

. 7.1
Il P NAEIET7, if d=3, pel2,6],
per
for some C9 = Co(d, p) > 0.

We can now find the coefficients Cs, Cg, and Cg, which establish properties (L4)-(L6) and therefore guarantee the geo-
metric convergence of the PSD method for the sixth-order case.

Lemma 4.3. For any v, £ € HZ, (), we have

Cs & — vIIZ < (SE[£] — SE[V]) (5 — V), (4.10)

where C5 = min (% e%s‘%) Let Eg be given such that B := {S € H%er(Q) | E[&] < EO} is non-empty. For any v € B and any & €
H ger(Q), the following estimate is valid:

2B, 6)| < ol (411)
where

Z 230 46 o

- = 2
l—i—(p—l)(%”) » (3;—32) P e sCciche, for pel2,00), d=2,

Ce = i S 412
6 1+(p—1)(6‘i—"p) % (72—56) P e w s C2CP? for pel2.6), d=3, (4.12)

1+ (p— e 2c2chy?, for p=6,d=3,
1
and C1o = (pEo) ?. We can take Cg = Cs to satisfy estimate (2.15) of assumption (L6).
Proof. The proof is similar to that of Lemma 3.4, and we omit it for the sake of brevity. The details may be found in [17]. O

Remark 4.4. We note that a mixed formulation of the sixth-order regularized p-Laplacian problem - expressed in strong
form in (1.2a)-(1.2b) and in weak form in (4.1a)-(4.1b) - in order to preserve the proper variational structure of the problem.
Specifically, observe that the p-Laplacian term appearing in (1.2b) is the gradient of a convex energy functional. However, if
one applies —A to (1.2b), so that the variable w is dropped, a composition of the p-Laplacian and regular Laplacian operators
yields a nonlinear term that could not be represented as the gradient of a convex energy. In short, the variational/convexity
structure would be lost and the theoretical convergence could not be justified.
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5. Finite difference spatial discretization in 2D
5.1. Notation

In this subsection we define the discrete spatial difference operators, function space, inner products and norms, following
the notation used in [24,32,35-37]. Let 2 = (0, L) x (0, L), with L > 0. We write L =m -h, where m is a positive integer. The
parameter h = % is called the mesh or grid spacing. We define the following two uniform, infinite grids with grid spacing
h>0:

E::{xH% lieZ}), C:={x|ie€Z},
where x; = x(i) := (i — —) h. Consider the following 2D discrete periodic function spaces:

1=V

Vit e Vi j.a,pezf,

Vper::{V:EXE%R‘ l+ +am, j+1 _Hgm’

Cper 1= {VZC xC—R ‘ Vi,j = Vitam, j+Bm> Vl,],Ot,,BGZ},

ggui= Vi Ex CoR vy =01 i Vi J @ B,
5331'—{‘) CXE—)R’ L = Va4 +ﬂm,vt,j,oe,,aez}.

The functions of Vpe, are called vertex centered functions; those of Cpe are called cell centered functions. The functions of 5§ewr
are called east-west edge-centered functions, and the functions of Sgesr are called north-south edge-centered functions. We also
define the mean zero space

m
Cper := v € Cper | — Z =V=
We now define the important difference and average operators on the spaces:

1 1
Axv,-Jr%,D = 5 (Vi+1,u + Vi,\:!)’ DxV,-Jr%,D = h (Vi+1,u - Ui,u),

1

1
Ava’H_% = 3 (Vm,i+1 + UEI.,I')’ DyUD,H_% = h (Vu,i+1 - VD,i)7

with Ay, Dy : Cper — E541 if O is an integer, and Ay, Dy : Epe; — Vper if O is a half-integer, with Ay, Dy : Cper — &pg; if O is

an integer, and Ay, Dy : £ ‘e"’r — Vper if O is a half-integer. Likewise,
. 1 . l
axVi g = 5 (VH_%’D + vi_%’u) , dxvig:= b (”i+%,\j - vl._%,u),

1 1
ayvp,j = 2<D]+1+UD,]'*%>’ dYVUJ::E(‘)D,H%_vD,I*%)’

yvith Ay, dy: 5§er — Cper if O is an integer, and ax, dy: Vper — gggr if O is a half-integer; and with ay, dy :El‘,f‘esr — Cper if O
is an integer, and ay, dy : Vper — E5¢ if O is a half-integer.
Define the 2D center-to-vertex derivatives D, ©y : Cper — Vper COMponent-wise as

Dviyy j1 = Ay(Dx0)i1 41 =Dx(AyV)1 4y
1
= on (Vz+1 J41 = Vij+1 T Vi1, Vi,j)’
OyVist jrt = AxDyV)ipy jy1 =Dy(Axv)ipy 1y
1

2h (VH-l j+1 — Vig1,j + Vij+1 — 1)i,j)-

The utility of these definitions is that the differences ®y and Dy are collocated on the grid, unlike the case for Dy, Dy.
Define the 2D vertex-to-center derivatives dx, 0y : Vper = Cper COMponent-wise as

Vi j i=ay(dxv)ij = dx(ayv)i,j
1
= 27 (b = Vimgiey TVied ~Vepit)
Vv ji=ax(dyv) j = dy(axV);,
1
= o7 (P gred =t
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Now the discrete gradient operator, V}': Cper — Vper X Vper, is defined as

1,Dyv

v .
ViVipl jyy = @xvipr i1

i+3,j+1)"

The standard 2D discrete Laplacian, Ap : Cper = Cper, is given by

1
Anvij:=dx(Dxv)ij +dy(Dyv)ij= 15 (Vit1,j + Viet,j + Vi a1+ Vijo1 —4vi ).

The 2D vertex-to-center average, A : Vper = Cper, is defined to be

1
Av ji= 1 (Vig1,j + Vie1,j + Vij1 + Vij—1) -
The 2D skew Laplacian, A,‘; : Cper = Cper, is defined as

AK Vi j = 0x(DxV)i j + 0y (Dyv)i j
= 21? (Vig1,j1 + Vie1js1 4 Vig1jo1 + Vie1,j-1 — 4vij) .
The 2D discrete p-Laplacian operator is defined as
vy - (|V,;’v|p_2 thv)ij =0 (rDxV)i j + 0y (rDyv)i j,
with
p—2

I
._ 2 2
ri+%,j+% = [(@xu)w%’]}% + (@yu)i+%’j+%i|
Clearly, for p=2, Ajv =V} - (|Vl;’v|p72 thv).
Now we are ready to define the following grid inner products:

m n
(v,€),:=h? szi,jlﬁi,j, Vv, & € Cper,

i=1 j=1

<vaE> = (A(V§)71)2s v, S evper,
[V, Elew = (Ax(vE), 1)y, v, & €€,
[U7 ";:]ns = (AY(UE)! 1)2 ) v, S € g;)lesl‘

Suppose that ¢ € C‘per, then there is a unique solution Ty[¢] € @per such that —ApTy[¢] = ¢. We often write, in this case,

Thl¢]= —Aff{. The discrete analogue of the I:Il;elr inner product is defined as

(6.8) 1= ThlED2 = (Thl¢1. §)2, &, & € Cper,

where summation-by-parts [32,37] guarantees the symmetry and the second equality.
We now define the following norms for cell-centered functions. If v € Cper, then Hv||271 = (v,V)_1. If v € Cper, then

||v||§ =V, V)y; ||v||5 = (|v|p, 1)2 (1<p<o0) and [|[v]s :=MaxXi<i<m |vi,j|. Similarly, we define the gradient norms: for
1=j=n
ve Cper,

[0V ]2 = VP ). VWP o= (0% + @y 0215 = V)0 VEV]? € Voer, 25 p < o0,
and

IVaV1I3 := [Dxv, DxVlew + [Dyv, Dyv],.-
5.2. Discrete Sobolev inequalities

Lemma 5.1. Suppose that p € [2, 00), d = 2, we have

p—1

1 p—1
> - IAnElL" v §e(
Ava4 <C ”5”2 | Ap ) pers
|viel, = cof 1614 NonEla” ,
IENTT - IAREl, ™, ¥V & €Cper,

for some Cqg = Cq(p) > 0.
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Proof. The proof for p =4,d =2 can be found in [17]. O

Remark 5.2. Though we have focused on the case d =2 in this section, we can also define our operators and norms, in
particular V¢ and ||V,§,’§ » in three space dimensions. Then for p € [2, 6], we expect

3 _1 5_3
2p 4 472

A , vV € Cper,

”V,:’E”prQ ||$||217% || hf”é{l 5 ﬂper

IEN7, " IAREN; P, ¥ & €Cper,

for some Cg = Cg(d =3, p) > 0.
5.3. Convergence for the discretized fourth-order problem

The discrete version of (1.1) can be expressed as follows: given f € Cper, find u € Cper such that
u—sV,;’-<|V,¥u|p72V,‘{u>+S£2Aﬁu=f. (5.1)

This represents a second-order approximation of the solution of (1.1). As in the space continuous case, we formulate an
equivalent minimization problem. Using the definitions from subsection 5.1, we have the following discrete energy: given
f € Cper, for any v € Cper, define

1 se?
Enlvli= v = fI3+ — [V v ][+ -l avi3. (52)

|
b
This (discrete) energy satisfies (E1)-(E3). The discrete variational derivative at v € Cper is
SEn[v1(E) :=dcEn[v + 1&]lc=0
= (= [, )2+ (VP 2D, Di&) + (VP Dy, Dy&) + 587 (Anv, Apk)2
= = [, 2 +s(VyvIP 2 Vv, VYE) + 582 (Apv, Ank)2
= (v —f—=svy- (|V,;’v|p_2 Vﬁ’v) +582Aﬁv,$>2,
for all £ € Cper, where we have used summation-by-parts [32,37] to obtain the last equality. Given a fixed v € Cper, the
action of the second variation on the arbitrary pair (£, 7) € Cper X Cper is given by

S2En[VIE, m) = &,y + (VY vIPT2VYE, Vi)
+(p = s(IVR VP4V - VYE VYV - Vi) + 567 (ArE, AnTp), -
We have the bound:
-2
S2Enlv1E. m| < N2 Inll +s Vv, Vs, [Vinl,
-2
+ =25 [V [ [ Viel, [Vinl, +se® 1ang 12 1Aanml, - (53)
For this problem, we define the pre-conditioner via
(. 8) g, = LalVIE) == (0, E)2 +S[Dxv, DxElew + S[Dyv, Dy&]  + 5% (Apv, Apé)2
= (v —SApv +582A,%v, &),

for all v, & € Cper, where we have used summation-by-parts to establish the second equality. In other words,

Ly[V] =V —sApv +se2Ajv.
One will notice the similarity of the pre-conditioner with the nonlinear operator in (5.1). The induced norm is

Iz, = . )z, = VI3 +sIVavl3 +se® [Apvlly

defined for every v € Cper.
Mimicking the proofs in the continuous case, using summation-by-parts in place of integration-by-parts, and Lemma 5.1,
we get the following result, whose proof is omitted:
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Lemma 5.3. For any v, & € Cper,

Csll& — V7, < (SER[E] — 8E[v]) (¢ —v), (5.4)
where Cs = min (% ss*%). Let Eq be given, such that B := {v € Cper | Eplv] < EO} is non-empty. For any v € B and any & € Cper,
we have

[R2EnlvIE. )| < Co 12, . (5.5)
where

c6:1+%(p—1)¥ e b spc2ch?, (5.6)

1
and C1o = (pEo) ?. We can take Cg = Cs to satisfy estimate (2.15) of assumption (L6).

5.4. Convergence for the discretized sixth-order problem

The (second-order accurate) discrete version of (1.2a)-(1.2b) can be expressed as follows: given f, g € Cper, find u, w €
Cper such that

u—Apw=g,
shu—sVp - (’Vﬁl’u|p_2 V,‘l’u) +se?Aju—w=f.
As before, it is convenient to switch to the mean-zero version: find u,, w, € éper such that
Uy — Apwe =g — g,
shu, — sV, - (]V,‘l’u,|p_2 V,;’u*) +5e2Afuy —wo=f—f.

Similar to fourth-order regularized p-Laplacian problem, we define the following discrete energy: for every v € (f'per

1 _ As _ s sg?
Enlvli= 5 lv—g+21%, + 5 v+ &5 — v, f) + 5 [Vavly + = 1anvi3.

For the discrete sixth order problem, we define a linear operator Ly, : éper — (:'per via

(.8, = La[VIE) 1= 5k (0, €)y + (1, &)1 +S[DxV, DxElew +S[Dyv, Dy ], + 5% (Apv, Apé)2

= (skv — ARV + 52 A2V — Ty [—V], 5)2,
where the second equality may be seen using summation-by-parts [32,37]. This operator satisfies (L1)-(L3), and the next
result, which we give without proof for the sake of brevity, shows that (L4)-(L6) are satisfied as well.

Lemma 5.4. Forany v, & € (fper, the following inequality is valid
Cs 11§ — V”zgh < (8En[§]1 = SEp[V]) (6 —v),

where Cs = min (% 8%5_%). Let Eq be given such that B := {S € Cper

Eplé] < Eo} is non-empty. For any v € B, we have

[82Enlv16. )] = Co 12, .

for all & € Cper, where
2

2-3p
3p\ 3 3p \ ¥ 46 2 5 4 5
Cg=1 - = &g 3 s3wC5Cy, 7,
6 +(P )(2) (3p_2> 9%-10

1
and C1o = (pEp,0) ?. We can take Cg = Cs to satisfy estimate (2.15) of assumption (L6).
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6. Numerical experiments

In this section we perform some numerical experiments to support the theoretical results. The finite difference search
direction equations and Poisson equations are solved efficiently using the Fast Fourier Transform (FFT). We would like to
point out that the Fourier pseudo-spectral method can be used to discretize space, and, once again, one can utilize the FFT
for the inversion of the linear systems. For descriptions of the pseudo-spectral methods, see, for example, [4,6,21].

6.1. Thin film epitaxy model with slope selection

In this section we recall the convex decomposition numerical scheme in [35] for the thin film epitaxy model with slope
selection. Suppose that € c R? is a rectangular domain. The energy of an epitaxial thin film is given by

1 1 &?
5[u]=/{Ewuv’—§|Vu|2+7|Au|2}dx, Vu e Hp (),

where, p >4 is even, u:  — R is the height film, and ¢ is a constant. The L? gradient flow is
FU=—w, wi= 55:—V~(|Vu|l’*2 Vu)+Au+€2A2u, (6.1)

and w is called the chemical potential. The model predicts the emergence of a faceted thin film, whose facets have slopes
of magnitude approximately one, that coarsens over time. The fully-implicit convex decomposition scheme in 2D [35] can
be written in operator format as A [u™t1] = f, where

Nalv]:==v —sVy - <|V,fl’v|p_2 V,‘{v) +e2sAty,  f=u"—sApun, (6.2)

and s > 0 is the time step. Hence, the scheme can be reformulated as the fourth-order problem (5.1) with f =u" —sAyu"
and p >4 and even.
In way of summary, to solve Aj[u] = f, suppose that iterate u* e Cper is given. (Note that k is the PSD solver iteration

index, not the time step index, the latter of which we usually denote by n.) We first compute the search direction d* € Cper
via (2.3):

Lpld"] = d* — sApd* + se* Ald¥ = — SEu[u*]
= — <u" —f—svy- (‘V,;’u"
= f — Nalu"],

where Ej, is as defined in (5.2). This equation is efficiently solved using FFT. Once d¥ is found, we perform a line-search
according to (2.6): find o, € R such that q(ay) = 0, where

p—2
Vﬁuk> + sszAﬁu">

q(a) := SEp[uk + ad*](d¥)

p—2
= <u" +ad — f—sv)- (‘V,;’ Wk + ad®) VY (uk + adk)> +se2 A2k + adb), d")
2

- (/\/h[u" +ad)— f,d’<)2.

The approximation sequence is then updated via u*¥*! = u¥ + ozd*. When p =4 (p = 6), a short calculation shows that q is
a cubic (quintic) polynomial whose coefficients can be easily obtained. Moreover, the theory predicts that there is a unique
global root for q.

6.1.1. Convergence and complexity of the PSD solver

In this subsection we demonstrate the accuracy and efficiency of the PSD solver by using the epitaxial thin film model
with slope selection. We present the results of some convergence tests and perform some sample computations to demon-
strate the convergence and near optimal complexity with respect to the grid size h.

To simultaneously demonstrate the spatial accuracy and the efficiency of the solver, we perform a typical time-space
convergence test for the fully discrete scheme (6.2) for the slope selection model. As in [32,35], we perform the Cauchy-type
convergence test using the following periodic initial data [32]:

2 4m(y—1.4
u(x, y,0) = 0.1sin’ (%) -sin (%)

—0.1cos (M) - sin (27‘[Ty> (6.3)
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Table 1
Errors, convergence rates, average iteration numbers and average CPU time for each time step. Parameters are given in the text, and the initial data are
defined in (6.3). The refinement path is s = 0.1h2.

he hy p=4 p=6
16w Il Rate #iter Tepu (hf) 1w ll2 Rate Hiter Tepu (hf)
32 32 6.2192 x 1073 - 4 0.0007 9.3074 x 1073 - 5 0.0009
32 32 1.2685 x 1073 229 2 0.0024 1.6392 x 1073 251 3 0.0032
32 32 2.6046 x 10~* 2.28 2 0.0114 2.9046 x 1074 2.50 2 0.0141
22 32 5.9639 x 1073 213 2 0.0475 6.5325 x 107° 215 2 0.0616
22 22 1.4526 x 1073 2.04 2 0.3560 1.5886 x 1073 2.04 2 0.4636
104 T T T T T T T 107 T
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Fig. 2. Complexity tests showing the solver performance for changing values of h, ¢, s and p. Parameters are given in the text.

where © = (0,3.2)2. In this test, we compute the Cauchy difference, 8, := Un, (T) — Icf(uhC(T)), where he =2hy, and Icf
is a bilinear interpolation operator that maps the coarse grid approximation up, onto the fine grid. We take a quadratic
refinement path, ie., s =h%/10, to equalize the spatial and temporal error contributions. At the final time, T = 0.32, we
expect the global error to be O(s) + @ (h%) = O(h?) in the discrete | - |2 and || - |o NOrms, as h, s — 0. The other parameter
is given by € = 0.1. The norms of Cauchy difference, the convergence rates, average iteration number and average CPU time
can be found on Table 1. Second-order convergence is observed. At the same time, the average iteration count for the solver
remains at around 2. Since we are using a quadratic refinement path, increasing the grid size by a factor of two (decreasing
the grid spacing by 2) means increasing the number of time-space degrees of freedom by a factor of 16. But the CPU time
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t = 8000 t = 10000

Fig. 3. Time snapshots of the evolution with PSD solver for the epitaxial thin film growth model with p =4 at t = 10, 1000, 3000, 6000, 8000 and 10000.
Left: contour plot of u, Right: contour plot of Au. The parameters are & = 0.03, 2 = [12.8]2, s = 0.01. These simulation results are consistent with earlier
work on this topic in [32,35,38]. (For interpretation of the colors in this figure, the reader is referred to the web version of this article.)

increases at a much slower rate. The complexity can be offset, of course, by the fact the starting guesses for the solver at
each independent time level are better for smaller time step sizes.

To more directly investigate the complexity of the PSD solver we perform another series of tests to determine the
dependences of the convergence rates on ¢, h, s, and p, in particular. Consider the following spatially periodic function
parametrized by s:

i, y,s)= % sin (277x) cos (27 y) cos(s). (6.4)

First we calculate f := A\, [Ih (ﬂ( - -,s))] € Cper, Where I : Cger(sz) — Cper is the canonical grid projection operator. Then

we compute the sequence {uk},fio via the PSD algorithm, with the initialization

up j =1(pi, pj, 0) + s sin (47 p;) sin (67 ),

hence u* — 7, (ﬁ(-, -,s)), as k — oo. Define yy := luk — 7, (ﬁ(-, ~,s)) lloo- We stop the PSD algorithm when y, <71 :=
1x 1078,

In Fig. 2 we plot y4 versus k, on a semi-log scale, for various choices of h, ¢, s and p. In Fig. 2(a) p =4, s =0.01 and
& =0.03; in Fig. 2(b) p=4, s=0.01 and h =1/512; in Fig. 2(c) p =4, h=1/512 and ¢ = 0.03; in Fig. 2(d): h =1/512,
s =0.01 and & = 0.03. As can be seen in Fig. 2(a), the convergence rate (as gleaned from the error reduction) is nearly
uniform and nearly independent of h. Figs. 2 (b) and (c) indicate that more PSD iterations are required for smaller values of
¢ and larger values of s, respectively. Fig. 2(d) shows that the number of PSD iterations increases with the value of p. These
general trends are expected form the theory.

6.1.2. Long-time coarsening behavior for the thin film model with p =4, 6
Coarsening processes in thin film systems can take place on very long time scales [27]. In this subsection, we perform
(now standard) long time behavior tests for p =4, 6. Such test, which have been performed in many places, will confirm
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Fig. 4. Log-log plot of Roughness and energy evolution for the simulation depicted in Fig. 3.

-

t = 3000 t = 6000

Fig. 5. Time snapshots of the evolution with PSD solver for the epitaxial thin film growth model with p =6 at t = 10, 1000, 3000 and 6000. Left: contour
plot of u, Right: contour plot of Au. The parameters are € = 3.0 x 1072, Q = [12.8]2, s = 0.01. (For interpretation of the colors in this figure, the reader is
referred to the web version of this article.)

the expected coarsening rates and serve as benchmarks for our solver. See, for example, [32,35]. The initial data for the
simulations are taken as essentially random:
u) ;=0.05-Q2r;j — 1), (6.5)

where the r; j are uniformly distributed random numbers in [0, 1]. Time snapshots of the evolution for the epitaxial thin
film growth model with p =4 can be found in Fig. 3. The coarsening rates for the p =4 case are given in Fig. 4. These
simulation results are consistent with earlier work on this topic in [32,35,38], showing the surface roughness, W, grows like

t3 and the energy, E, decays like £=5. We also present the numerical simulations for the epitaxial thin film growth model
with p =6 in Fig. 5. Notice in Fig. 5 that the evolution process is significantly different from the process depicted in Fig. 3.

6.2. Square phase field crystal model

Suppose that Q@ c RY, d =2, 3 is a rectangular domain. The energy of square phase field crystal (SPFC) model is given by
[15,19,20,30]:

2
Yo, N 2, ¢ 2 1 4
= LAST A v/ - v
Elu] /{2” 2| u|+2|Au|+4| ul}dx,
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t = 5000, 9000

Fig. 6. Time snapshots of the evolution with PSD solver for squared phase field crystal model at t = 1, 10, 20, 40, 60, 80, 100, 200, 500, 1000, 5000 and 9000.
The parameters are € =1.0,A =0.5,y; =2.0,Q = [100]% and s = 0.01. (For interpretation of the colors in this figure, the reader is referred to the web
version of this article.)

where u: 2 — R corresponds to the number density field of the atoms, and ¢ > 0, yp, 1 > 0 are parameters. The SPFC
model is the H~! gradient flow of this energy and is given by

du=Aw, w:=38=pu+yAu+e’A’u—-v. <|Vu|2 Vu) )

We propose the following fully-implicit, nonlinear convex decomposition scheme
2
un+1 _ Ahwn+] =g, syou”H —SV};] . <‘V}‘,’u”+1‘ V}\l/un+1> +382Aﬁu”+] _ Wn+] =f, (6.6)

where g =u" and f = —y1Apu". Using the techniques of [35,37], we can prove that this scheme is unconditionally energy
stable. The fully discrete scheme can also be rewritten in operator format as N,[u"t1] = f, where

Nalv]:=syov +se2Ajv — sV} - (|V,¥v|2 V,‘{v) — Tp[-v + gl
We can shift the scheme from the affine space of solutions - whose elements v satisfy (v -g, 1)2 =0 - to the mean zero
space, but this is not necessary for practical implementation. Otherwise, this scheme is in the scope of our theory, and,
according to the prescription in Section 5.4, the pre-conditioner should be

Lplv] :=syov —sApv + sszAﬁv — Tp[—V].

Given uk e Cper, With (u" -8, 1)2 =0, we compute the search direction d¥ e (fper by solving the sixth order linear problem
Lyld*] = f — Ny[u¥] using FFT. Once d* is found, we perform the line-search: find o € R such that g(ctx) = 0, where

a@ = (Nilu* +ad - £,d") .

After this, we update the approximation via u**! = u* + qd*. As before, q is a cubic polynomial (since p = 4) whose
coefficients can be precomputed. But this time, two of the coefficients involve the T, = —Ah_1 operator. Specifically, for q(«)
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Fig. 7. Time snapshots of the evolution with PSD solver for squared phase field crystal model at t =1, 10, 20, 40, 60, 80, 100, 200, 600, 800, 1000 and 3000.
The parameters are € =1.0,A =0.5,y;1 =2.0,Q2 = [100]% and s = 0.01. (For interpretation of the colors in this figure, the reader is referred to the web
version of this article.)

we need to compute
(0ot 1] ) = (i~ ] ), o (o],

- (¢ 1] e 4]

where we have used the linearity and symmetry properties of the Tj, operator. These terms have only to be calculated once
per line search, and can be efficiently computed using FFT. In fact, observe that we only need to compute T [dk], at the
cost of a single FFT, per line search!

The 4-Laplacian term in (6.6) gives preference to rotationally invariant patterns with square symmetry. We perform a
simple test showing the emergence of these patterns in this subsection. The initial data for those simulations are similar
to (6.5), but we add nucleation sites at specific locations in the domain. The rest of the parameters are given by ¢ = 1.0;
A=y =0.5; y1 =2.0; Q= (0,100)?; and s = 0.01. The time snapshots of the evolution by using the given parameters are
presented in Figs. 6 (one nucleation site) and 7 (four nucleation sites). These tests confirm the emergence of the rotationally
invariant square-symmetry patterns in the density field u.

7. Summary and conclusions

A preconditioned steepest descent (PSD) solver is proposed and analyzed for fourth and sixth-order regularized p-
Laplacian equations. Solution of the highly nonlinear finite difference equations are equivalent to the minimizations of
associated strictly convex energies. The energy dissipation property of the PSD solver leads to a bound for the numerical
solution at each iteration stage. This fact, coupled with an upper-bound for the second derivative of the energy with re-
spect to the metric induced by the pre-conditioner, leads to a geometric convergence rate for our (PSD) solver, which is
proved rigorously for both the continuous and discrete space cases. In the present setting the pre-conditioner is a linear,
constant-coefficient, positive, and symmetric finite difference operator. The key to the efficiency of our method is that this
pre-conditioner can be efficiently inverted using the FFT. Various numerical results are presented in this article, including
a convergence test and a complexity analysis for the PSD solver, as well as long-time simulation results for the thin film
epitaxy model with slope selection (both p =4 and p =6) and the square phase field crystal model.
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Since we have shown rigorously that our equations result as the gradients of strictly convex functionals, it also possible
to use Newton’s method (or a quasi Newton's method) to solve the nonlinear equations. One will still obtain global con-
vergence, and in fact, we expect the convergence rate to be faster than geometric. On the other hand, in the case of (5.1),
say, Newton’s method requires one to invert a complicated, non-constant coefficient, fourth-order linear finite difference
equation. One could not use FFT for the inversion of this operator but would have to design an efficient solver for this
purpose. This is a non-trivial task. So, in summary, although the (quasi) Newton’s method would give a faster convergence
rate than the PSD solver - in particular, super-linear convergence ||e’“rl | <C ||e"||’3, B > 1, versus a geometric convergence
rate — the PSD solver is, at least currently, much more efficient.
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