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A POSITIVITY-PRESERVING, ENERGY STABLE AND
CONVERGENT NUMERICAL SCHEME FOR THE CAHN-HILLIARD
EQUATION WITH A FLORY-HUGGINS-DEGENNES ENERGY*

LIXIU DONGT, CHENG WANG!, HUI ZHANGS, AND ZHENGRU ZHANGY

Abstract. This article is focused on the bound estimate and convergence analysis of an un-
conditionally energy-stable scheme for the MMC-TDGL equation, a Cahn-Hilliard equation with a
Flory-Huggins-deGennes energy. The numerical scheme, a finite difference algorithm based on a con-
vex splitting technique of the energy functional, was proposed in [Sci. China Math., 59:1815, 2016].
We provide a theoretical justification of the unique solvability for the proposed numerical scheme, in
which a well-known difficulty associated with the singular nature of the logarithmic energy poten-
tial has to be handled. Meanwhile, a careful analysis reveals that, such a singular nature prevents
the numerical solution of the phase variable reaching the limit singular values, so that the positivity-
preserving property could be proved at a theoretical level. In particular, the natural structure of
the deGennes diffusive coefficient also ensures the desired positivity-preserving property. In turn, the
unconditional energy stability becomes an outcome of the unique solvability and the convex-concave
decomposition for the energy functional. Moreover, an optimal rate convergence analysis is presented
in the £*° (O,T;Hh_l)ﬁé2 (O,T;H,ll) norm, in which the the convexity of nonlinear energy potential has
played an essential role. In addition, a rewritten form of the surface diffusion term has facilitated the
convergence analysis, in which we have made use of the special structure of concentration-dependent
deGennes type coefficient. Some numerical results are presented as well.

Keywords. Cahn-Hilliard equation; Flory-Huggins energy; deGennes diffusive coefficient; energy
stability; positivity-preserving; convergence analysis.
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1. Introduction

Composite hydrogel is an important material in the polymeric field, such as topolog-
ical gels (TP), nanocomposite hydrogels (NC), macromolecular microspheres (MMSs),
and so on [35]. Phase transition is the foundational phenomena of these materials. It is
urgently expected to understand the progress of phase transition and find the important
microscopic factors to determine the microstructure and property of hydrogels. Here
we present a numerical approximation of the phase transition of the macromolecular
microsphere composite (MMC) hydrogel, which has a well-defined reticular structure
and high mechanical strength [22]. Zhai and Zhang [43] have developed a reticular free
energy according to the structures of the MMC hydrogel, based on Boltzmann entropy
theory. Then they presented a mathematical model to state the phase transition of the
MMC hydrogels, so-called MMC-TDGL equation and also similar to the Cahn-Hilliard
equation. However, it possesses the reticular Flory-Huggins-deGennes free energy and
variable diffusive coefficient, called deGennes diffusion coefficient. Zhang et al. [24,26]
present some numerical approximations to perfectly simulate this MMC-TDGL equa-
tion.
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Allen-Cahn and Cahn-Hilliard equations are traditional phase field models with
Ginzburg-Landau or Flory-Huggins energy density [19]. In some cases, certain stochastic
force term has been added in the model, such as Cahn-Hilliard-Cook model, and these
models can be used to describe the structural evolution of mixtures with polymers
and block copolymers [19]. Concerning the computation and analysis of these models,
Du et al. had a series of works [9,10,16]. Yang et al. presented invariant energy
quadratization(IEQ) approximation [41,42,45-47]. Chen et al. used the phase field
method to investigate composite materials and presented some numerical methods [15].
Shen et al. designed a few high-order energy-stable numerical schemes and provided the
corresponding error estimates [29-34]. These works investigated the nucleation by using
string method in virtue of stochastic Allen-Cahn and Cahn-Hilliard equations [44].

Since the pioneering work by Elliott [17] and Eyre [18], the convex splitting approx-
imation has been a popular numerical approach to solve gradient flows with energy sta-
bility. The fundamental observation is that the energy E admits a splitting into purely
convex and concave parts, that is, E=FE.— E,, where E. and E, are both convex. Such
an idea has also been applied to a wide class of gradient flows in recent years. Both
first and second order accurate in time algorithms have been developed. See the related
works for the PFC equation and the modified PFC (MPFC) equation [14, 37, 38, 40];
the epitaxial thin film growth models [1,4,7,23,28,36], the Cahn-Hilliard flow and its
coupling with fluid motion [2,3,6,12,13,21,27,39], etc.

For the MMC-TDGL equation, a convex splitting of the discrete energy in tempo-
ral approximation, combined with the centered difference discretization in space, was
proposed and studied in [25]. This scheme was proved to be unconditionally energy-
stable, provided that the positivity-preserving property is valid for the numerical solu-
tion of the phase variable. On the other hand, although this property was extensively
demonstrated in the numerical experiments [25], a theoretical justification has not been
available. One well-known challenge for the numerical scheme with the Flory-Huggins
energy density has always been associated with the singularity of the numerical solution
as the phase variable approaches limit values. In an earlier work [8], the authors ana-
lyzed a fully discrete finite element scheme based on the backward Euler approximation
for the Cahn-Hilliard equation with a logarithmic free energy; some theoretical results
about the positivity property of the numerical solution were obtained. On the other
hand, as stated in a remark in [8]: our analysis requires the condition k<4~/62. This
s a consequence of the non-convexity of the free energy. Even though it is independent
of the spatial mesh, this condition is restrictive because v<1. In addition, an energy
stability analysis has not been justified for the fully discrete scheme in [8], either, due
to the implicit treatment of the concave expansive term. In a more recent work [5], the
authors presented a finite difference scheme based on the convex-concave decomposition
of the free energy with logarithmic potential and established a theoretical justification of
the positivity property, regardless of time step size. This improvement has been based
on the following fact: the singular nature of the logarithmic term around the boundary
values prevents the numerical solution from reaching these singular values, so that the
numerical scheme is always well-defined as long as the numerical solution stays similarly
bounded at the previous time step.

In this article, we perform a theoretical investigation of the numerical scheme pro-
posed and studied in [25]. In fact, this scheme is equivalent to a minimization of a
strictly convex discrete energy functional at each time step. Then we can transform the
positivity-preserving analysis of the numerical solution into the minimization problem
of this functional, via a rigorous proof by contradiction. Because of the implicit treat-
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ment for the logarithmic terms, which comes from the convex splitting approach, we can
make use of the following subtle fact: the singular feature of the logarithmic function
guarantees that such a minimizer could not occur on a limit value at all. In fact, such
an estimate could not pass through if the logarithmic term is explicitly updated. More-
over, the term associated with the deGennes diffusive coefficient x(¢)=1/[36¢(1— ¢)]
is very challenging, due to its singularity. With the help of the following inequality:
L6 (¢1) (2 — d1) < k(¢2), V1,02 € (0,1), for the deGennes coefficient, which plays an
essential role in the analysis, we can establish the positivity-preserving property for the
numerical solution.

In addition to the existence, uniqueness, positivity-preserving property and un-
conditional energy stability of the numerical scheme, we also provide an optimal rate
convergence analysis, which has not been reported for the MMC-TDGL equation in
the existing literature. The key difficulty in the convergence analysis has always been
associated with the logarithmic potential term. In general, if the nonlinear term is a
polynomial approximation, an estimate of the £°° bound for the numerical solution en-
ables one to justify the convergence analysis. However, such an £°° bound turns out to
be not sufficient to derive the convergence analysis with the logarithmic potential, due
to the singular nature as the numerical solution approaches the limit values. Here we
treat the three nonlinear logarithmic terms as a whole, and make full use of the convex-
ity of the associated nonlinear terms, which indicates that the corresponding nonlinear
error of the inner product is always non-negative. Moreover, a control of the linear
expansive term is not available using a standard convexity analysis. To overcome this
subtle difficulty, we divide the surface diffusion term into two convex parts: one term
can be analyzed in a manner similar to the logarithmic term, with the help of its con-
vexity property, and the other term can be used to control the explicit error estimate
associated with the Huggins interaction. In turn, the convergence analysis could go
through at a theoretical level.

The rest of the paper is organized as follows. In Section 2, we present the mathe-
matical model of the phase transition of the MMC hydrogel. In Section 3, we review
the unconditional energy-stable numerical scheme proposed in [25], and state the main
theoretical results. The detailed proof for the positivity-preserving property of the nu-
merical solution is provided in Section 4, and the detailed convergence analysis is given
by Section 5. The numerical simulation results are presented in Section 6. Finally, some
concluding remarks are given in Section 7.

2. The model equation: MMC-TDGL equation
We consider a bounded domain QCR?. For any ¢€ H(f), with a point-wise
bound, ¢ € (0,1/p) C(0,1), the energy functional is given by

B(O)= [ (S(0)+H(0) +x()|Vol?) dx. (21)
where S(¢)+ H(¢) is the reticular free energy density for the MMC hydrogels
56)=2m 4 L (1 po)n(1—pg), H@)=xo(1-po),  (22)
T T 1T

and k(¢) is the deGennes coefficient
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In this model, we denote by x the Huggins interaction parameter, by N; the degree
of polymerization of the polymer chains, and by N5, which does not appear explicitly
in (2.1), the relative volume of one macromolecular microsphere. The other numbers
a,B,7 and p depend on Ny and Ni, as given by

2
[Ny N N.
a:ﬂ'( 2+21> ) B: - y T:\/WNQNL P:1+72
s T

7TN2

Note that all these parameters are positive. Besides, p is a little greater than one. The
modeling detail can be referred to [43].

In turn, the MMC-TDGL equation for the MMC hydrogels becomes the following
H~! gradient flow associated with the given energy functional:

Op=2A0p, p=0sE=5(¢)+H(¢)+K(9)|Ve]*~2V-(5($)V9)

_ (%+ Nil)lngs—pln(l—m) —2xp¢
20—1 9 Vo
e —gp VOV (18¢<1—¢>) 4

Also notice that we have discarded the constant terms in the representation for the
chemical potential y, since these terms will not play any role in the H~! gradient flow.

3. The numerical scheme
In the spatial discretization, the centered finite difference approximation is applied.
We recall some basic notations of this methodology.

3.1. Discretization of space and a few preliminary estimates. We use the
notation and results for some discrete functions and operators from [20, 39, 40]. Let
Q=(0,L;) x (0,Ly), where for simplicity, we assume L,=L,=:L>0. Let NeN be
given, and define the grid spacing h:=L/N. We also assume-but only for simplicity of
notation, ultimately-that the mesh spacing in the z and y-directions are the same. The
following two uniform, infinite grids with grid spacing h >0, are introduced

E::{pi+1/2 | iEZ}, C:= {pi | ieZL

where p; =p(i):= (i —1/2) -h. Consider the following 2-D discrete N2-periodic function
spaces:

Cpertz {V:OXO%R | Vi j =VitaN,j+8N> Vi,j,a,BEZ},

Eree ={ViEXC R | vigy j=Vi g ranyions Vija,BELY.

Here we are using the identification v; j =v(p;,p;), et cetera. The space &, is analo-

gously defined. The functions of Cpe, are called cell centered functions. The functions

of &, and &Y, are called edge-centered functions. We also define the mean-zero space

o . h?
Cper = VECper |0=V:i=— Z Vi j

In addition, 5per is defined as gper =y X E ey
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We now introduce the difference and average operators on the spaces:

1
AgVigapy ji= 3 (Vit1,j Vi), Dyvigrys = n (Vit1,j —Vig)s
1 1
Ay gy =5 Wigri+vig), Dyvigpys: =5 Wi —vig),
with Az, Dy :Cper = Eners Ayy Dy 1 Cper — E3, Likewise,
1 1
AglVij =75 (’/i+1/2,j + Vz‘—l/z,j) o davigi= h (’/z‘+1/2,j - Vz‘—l/z,j) g

2
1
ayz/i’j = 5

1
(’/i,j+1/2 + Vm‘—l/z) o dyvigi= n (Vz;j+1/z - Vm‘—l/2) )

with ag, d; S;fer—>Cper7 Gy, dy :5g’er—>Cper. The discrete gradient gradient Vp, :Cper —

gpcr is given by
Vnvij = (DavVisis js Dyvi )
and the discrete divergence Vh-:gper — Cper is defined via
Vh'f_;,j =d. f;+dy [},

where f (f*,fY) €&per- The standard 2-D discrete Laplacian, Ay, :Cper — Cper, be-
comes

Apvi,ji=dy(Da)ij+dy(Dyv); ;
1
=52 (Vig1,jFVic1,j+Vigjr1+Vijo1—4vi ;).
More generally, if D is a periodic scalar function that is defined at all of the edge center

points and f € Eper, then D f Eé'per, assuming point-wise multiplication, and we may
define

Vi ( Df) dy (Df*); ;+dy (DfY), ;-
Specifically, if v € Cpey, then V), - (DV), ) :Cper — Cper is defined point-wise via
Vi (DVhl/)m. =d; (DDyv); ;+dy ('DDyl/)i’j .
Now we are ready to define the following grid inner products:

N
<V7§>Q::h2 Z Vi,jgi,jv Vagecpeu [V7§]x:: <a$(V§)71>Qv v, §€ per»

ij=1

[V?ﬂy:: <a’y(yg)71>ﬂ’ v, €€ per*

(LB =SB+ B, Fi= (0 ) €6per, i=1,2.

In turn, the following norms could be appropriately introduced for cell-centered
functions. If v € Cper, then ||VH2 (vv)gs vy = ([P, 1)q, for 1 <p<oo, and |v|
maxi<; j<n |Vij|. We define norms of the gradlent as follows: for v e Cper,

IV nvll3 = [Vav, Vivlg = [Dav, Davl], + [Dyv, Dy,
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and, more generally, for 1 <p < oo,

1

19l = (1Dl 1)+ 1Dyl 1], ) (3.1)
Higher order norms can be similarly formulated. For example,
2 2 2 2 2 2
e =l + IVavlly, Wiz = +1Anvls.

LEMMA 3.1. Let D be an arbitrary periodic, scalar function defined on all of the edge
center points. For any ¥,v €Cper and any fEEper, the following summation by parts
formulas are valid:

(0.90-F) == [Vad] . @.Vi- OVi))g== Vit DVirlg.  (32)

To facilitate the convergence analysis, we need to introduce a discrete analogue of
the space H L (), as outlined in [38]. Suppose that D is a positive, periodic scalar

per
function defined at all of face center points. For any ¢ €Cper, there exists a unique

P e Coper that solves
Lp():==Vp- (DVp)=¢—¢, (3.3)

where ¢:= Q|71 (¢,1),. We equip this space with a bilinear form: for any ¢1, ¢2 € épcr,
define

(91,02) p1 :=[DViih1, Vita]q, (3.4)

where 9; eéper is the unique solution to

L‘D(wi):: —Vh~(DVhwi):q§i, i:1,2. (35)
The following identity [38] is easy to prove via summation-by-parts:
(B1,02) o ={¢1,L5" (¢2) Yo = (L' (¢1) ,92) s (3.6)
and since Lp is symmetric positive definite, ( -, - ) -1 is an inner product on Coper [38].
When D=1, we drop the subscript and write £, =L, and in this case we usually
write (-, ) -1=:(-,-)_q,. In the gerneral setting, the norm associated to this
b .
inner product is denoted [|¢,-1:=,/(¢,9) -1, for all (bGCoper, but, if D=1, we write
D D
-l =1

The following preliminary results are associated with the existence of a convex
splitting.
PROPOSITION 3.1.
(1) S and -H are both convex in (0,1/p), where S and H are defined by (2.2);
(2) K (u,v):=r(u)v? is conver in (0,1/p) x R, where k is defined by (2.3);
(3) Ki(u,v):=(r(u) — 35)v* and Ko(v):=3:v* are both convez in (0,1/p) xR and R,
respectively.

Proof. For S, H, K, differentiating S, H, K5 twice, we obtain

2
§"(¢) = <1+1>1+ P g =—2xp, Ki(v)=—=>0.

N ) o 1—po’ 18
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When ¢ € (0,1/p), we have S”(¢) >0 and H"(¢) <O0.

For K (u,v):=r(u)v?, by some careful calculations, we obtain the Hessian matrix

of K:
(3u?—3u+1)v>  (2u—1)v
VQK: ( 18u3(1—u)?  18u?(l—u)? > )

(2u—1)v 1
18u?(1—wu)? 18u(1—u)

The first-order principal minors of the matrix V2K are

3u? —3u+1)v? 1

_( _
Dl— Q—M.

C18ud(1—w)d
The second-order principal minor is

02

Dy =det(V*K) = B

These principal minors are all non-negative when u € (0,1/p) and v €R. The Hessian
matrix V2K is positive semi-definite and thus K is convex in (0,1/p) x R.

For Ki(u,v):=(k(u) — 55) v?, by some careful calculations, we obtain the Hessian

matrix of K7i:
(3u?—3u+1)v?  (2u—1)v
V2K1 _ ( 18u3(1—w)3  18u?(l—u)? ) )

(2u—1)v u?—u+1
18u2(1—u)? 18u(1—wu)

The first-order principal minors of the matrix V2K are

D1:(3u273u+1)02’ Dy u27u+1.
18u3(1—u)3 18u(1—w)
The second-order principal minor is

3
Dia =det(V*K) = fgrar— e

These principal minors are all non-negative when u € (0,1/p) and v€R. The Hessian
matrix V2K is positive semi-definite and thus K is convex in (0,1/p) x R. d

Define the discrete energy F':Cper =R as

N

F(¢)=n* Z (S(hi3)+H(ig)+5(6i5)(az((Dap)?)ij+ay((Dyd)?)i ;)

S (swi,j)+H<¢i,j>+<n<¢i,j>—

1
2 36><az<<Dm¢>2>i,j+ay<<py¢)2)i7j)>

1 2
— ||V . 3.7
o Va6l (37
LEMMA 3.2 (Existence of a convex splitting). Assume that ¢ € Cper. Defining

N N
Fs(@)=h">_ S(¢i;), Fel¢)=Fu(¢)==h>_ H(di,),

i,j=1 4,J=1
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N

Fic, (6) =12 3 (6(61) ~ 36)(@((Dad))is + 0 (D)),
2 Y 1 2 2 1 2
Fia(0) = Y o (@a((Dad))i-+ay (D46 )ig) = 55 V402

We have

F(¢)=Fe(¢) — Fe(9) = Fs(9) + Fie, (¢) + Fi» (¢) = Fu (),

where Fo(@),Fe(9),Fs($),Fi, (), Fk,(¢) and Fr($) are convez.

3.2. The fully discrete numerical scheme and the main theoretical results
We follow the idea of convexity splitting and consider the following semi-implicit, fully
discrete schemes: given ¢ € Cper, find ¢" 1, "1 € Cper, such that

ot —¢” = AtApp™t, (3.8)
P = Gy Fo(¢" ) — 0g Fe(4™)
= 0y Fs(¢" ) +04Fk, (") + 04 Fi, (0" 1) — 69 Fr (™)
= S'(@") + K (") (a2((D20")?) +ay (Dyo")?))
—2dy (Agk(¢™ ) D™ ) —2d, (Ay k(9" ) Dy 1)
+H'(¢™), (3.9)
where
§(0)= (2 + - )mo—pln(1—po), H'(6)=~2xpd, K(6)= sz
3642(1—0)?

Ny
Since p follows the Laplacian Ay, we omit the constants in the expressions S’(¢) and
H'(¢) above.
If solutions to the scheme (3.8)-(3.9) exist, it is clear that, for any n €N,

0: =127 (@ ) =107 (¢ 1) g = =10 H o 1) =9,
with |¢"| < 1. Thus we get (¢ — ¢y, 1)q=0.
The following result concerning the unconditional energy stability was similar to
the work by Li, Qiao and Zhang [25].
THEOREM 3.1.  The scheme (3.8)-(3.9) is unconditionally energy-stable, i.e., for any
time step At >0, we always have

F(¢) + At | Va5 < F (65,

in other words,

2

F(o* )+ At < F(¢").

“1,h

H ¢k+1 Qz)k
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Proof. The following estimate is always valid:
F(¢k+1) - F(¢k) :FC(Qkarl) - FE(¢k+1) *FC(QS’C) +Fe(‘ﬁk)
= Fo(¢"+1) = Fo(¢") — (Fe(¢"H) - Fe(¢"))
< <(5¢FC(¢k+1),¢k+1 _ ¢k>ﬂ _ <§¢Fe(¢k),¢k+1 _¢k>g
= (s Fe(¢" 1) = s Fe(0"), 01 = F)
_ <,uk+17¢k+1 _¢k>9

=At<uk+1,Ahu’“+l>Q=—Ait<(—Ah>—1(¢’““ —¢M).6" 1 =0k,

k+1 k
AT = AtH¢ —¢

“1,h
<0. (3.10)

|
The proof of the following lemma could be found in [5].

LEMMA 3.3.  Suppose that ¢1, ¢ € Cper, with (¢1—¢2,1), =0, that is, ¢1 — 2 ECDper,
and assume that || 1] <1, ||2]l <M. Then, we have the following estimate:

£ (p1—2)|| , <Ch, (3.11)

where C1 >0 depends only upon M and §2. In particular, C; is independent of the mesh
spacing h.
The proof for the following lemma and theorem will be provided in the next section.

LEMMA 3.4. Assume that ¢1, ¢2€(0,1), and k is defined by (2.3). Then

SR (60)(02—61) (). (3.12)

THEOREM 3.2. Let ¢"™ € Cper, with 0< ¢ <M, for some M >0, and ¢" <1/p, there is
a unique solution ¢"T1 € Cper to the scheme (3.8)-(3.9), with ¢"+t1=¢" and 0 < p"*! <

1y,

4. The detailed proof of the positivity-preserving property

4.1. Proof of Lemma 3.4.
Proof. The proof will be divided into two cases:
Case 1: If k'(¢1)(¢p2 — 1) <0, we see that

L (61) (62— 1) <0< K(da), (4.1)

due to the fact that x(¢2) >0, for any 0< ¢ < 1.
Case 2: If K'(¢1)(p2 — ¢1) >0, we have

%K/<¢l)(¢2 —$1) <K' (¢1) (P2 — b1) < K(P2) — K (d1) <k (d2), (4.2)

in which the second step is based on the convexity of k(¢) (in terms of ¢), and the last
step comes from the fact that x(¢;) > 0.
A combination of these two cases yields the desired result. ]
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4.2. Proof of Theorem 3.2.
Proof.  The numerical solution of (3.8) is a minimizer of the following discrete
energy functional:

T'(0)i= g 6= 8"yt - <¢Jn¢>9 T (0m22) +0-pom—pe),
+<K(¢)7aT((D’E¢) )+a’y Dy¢ >Q*2PX ¢7¢ >Qa (43)

over the admissible set

Ap={p€Cper | 0< <1y, <¢—$o71>Q:O}CRN2'

It is easy to see that J™ is a strictly convex function over this domain.
Equivalently, we consider the following functional

F () =T"(¢+ )

= 21&H50+¢0_¢n||2_1,h+71_<@+¢0,lnw>ﬂ (4.4)
1 — . Ble+¢g)
oy (o)
+(1=p(p+do),In(1—p(e+90))) g (4.5)
+ (k(p+dp): a2 ((Dap)®) +ay (Dy©)?)),
~2px{(p+60,0") g (4.6)

defined on the set

Ah = {@Géper

~Go<9<Yo—G} RV
If ¢ € Aj, minimizes Fm, then ¢:=p+ ¢y € Ay, minimizes J", and vice versa. Next, we

prove that there exists a minimizer of F™ over the domain Ah We consider the following
closed domain: for ¢ €(0,1/2),

Ah’g = {(p € Colper

5—$0§<p§1/p—6—$0}cRN2. (4.7)

Since /01;%5 is a bounded, compact, and convex set in the subspace éper, there exists a (not
necessarily unique) minimizer of F" over jlh,(;. The key point of the positivity analysis
is that such a minimizer could not occur on the boundary of folhﬁ, if 0 is sufficiently
small.

To get a contradiction, suppose that the minimizer of F™, call it ¢*, occurs at
a boundary point of /i;ug and there is at least one grid point &y = (ig,jo) such that
gagoqLaO:é. Then the grid function ¢* has a global minimum at @y. Suppose that
ay =(i1,41) is a grid point at which ¢* achieves its maximum. By the fact that ¢* =0,
it is obvious that

Yp—86> 0% + o> 0y
Since F™ is smooth over /ih#;, for all ¢ €épcr, the directional derivative is

ds]:n(‘#’* +51%)|s=0
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_ <1ln a(e* +¢p) I ilnﬂ(@*‘Fao)
T T Ny T

—pln(l—p(so*+¢o>>,w>

Q
(G r) o bt g (£ (=0 ) )
+ (K" (¢ 4+ 00) (a2 (D)%) +ay ((Dy ™)), 1), — (K(9" + P0) Ang™ 1),

N
+h Z “(%ﬁj + %) (Dw@:Jrl/z,jz/JHl,j _Dwﬁpztl/z,jl/’ifld)

i,j=1
N
+h Y 50 +80) (Dutljystbias = Dyl aymtbiiot )

i,j=1

This time, let us pick the direction G(,gper7 such that
Yij=0i.i00j.jo = 0iir Ojijr

here §; ; is the Dirac delta function. Then the derivative may be expressed as

AT (P 450 o

(1 ) (e, +p)
S n—rde TN
-

71 5(90:;0+$0)
T

—pIn(1—p(p%, +¢o))>

— <1lnw+ L M*Pm(l*ﬂ(@zﬁ +¢0))>

—2px(05, — 0%,) — (K(¢5, + P0) Anpk, — K9k, +00) Anps,)
+(iﬁ1w*¢”¢@%lgﬁ%ww+%h0
+H’(<ﬂ30+$o)(ax((Dw&0) )+ay((Dyei,)?))

% +60)(ae((D25,)?) +ay (Dys,)?))

(90;0—17j0 +¢0)D$<p:0—1/27j0 ((plo-‘rldo +¢0 ”5%010'5'1/27]0

+

+
;\.—:\H:\H:\H B
AAA /-\

(@;oyjo—l +$O)Dy<‘0:o,jo—1/2 ((ployjo-i-l +¢0 yQOZO Jo+1/2>

( B2ty o1+ B0V Dyl sy s — BB 1 00Dyl jyn) - (48)

((7011 1,51 +¢0) x@;(l—l/%jl (()011-‘,—1,31 +¢O x@11+1/2 71

For simplicity, now let us write ¢* :=p* +@,. Since ¢y, =0 and 9% > by, we have

L5, Bo%, 1. a8 1. 86
T - +Fl 7—pln(1—pq§a0) 71 ——l—ﬁl T—pln(l pd), (4.9)
1. agy Be% ady By =
- L L ot )> X0y 2% — ). (4.
1 . + N ln . pIn(1l—po% ) > - ln = + i ln = pln(1—pgy). (4.10)

Since ¢* takes a minimum at the grid point &, with ¢%5 =3 <7

maximum at the grid point 1, with ¢% > @7 ;, for any (z,j),

Angz, 20, Angg, <0. (4.11)

7, for any (i,5), and a
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For the numerical solution ¢™ at the previous time step, the a priori assumption
|¢™]| o <M indicates that

—OM < g — L <2M. (4.12)

For the fifth term appearing in (4.8), we apply Lemma 3.3 and obtain
—201 <L7HP = ¢")a, — L7 (¢ —0")a, <2C1. (4.13)

The sixth, eighth and ninth terms appearing in (4.8) are non-positive:
K (0%, +00) (a2 (D20, )?) +ay (Dyx,)?)) <0, (4.14)

K(©7-1.4o +$O)DI¢:O—1/2 o <0, k(97114 +$O)D$¢:O+1/2 jo =0, (4.15)
K(<‘0;07j0—1+¢0) y@107]0—1/2<0 K(ga:o,jo-i-l_'—(’b()) y@10730+1/2>0 (416)

Inequality (4.14) comes from the fact that x'(¢%, +¢,) <0, since ¢, j, =95 +¢o< 3
takes a minimum at (ig,jo). Similarly, such a fact indicates that

D‘”w;o—l/%jo <0, Dx<,020+1/2,j0 >0, Dygplo Jo—1/2 = <0, Dywlo Jo+1/2 = >0, (4'17)

which in turn yields the inequalities (4.15), (4.16). For the seventh and the last two
terms appearing in (4.8), it is observed that

K (0, + o) - az((Dal,)?)

( k(97 1.4 + ) x@?l—l/z,jl —K(P7, 41,51 +$O)Dr<p:1+1/2,j1>
1

2

(¢11 ,J1 ) (¢i1 J1 ¢i1 —17]'1) + Kj(qbil —1,71 )) : D$¢i1*1/2,j1

( (¢Z17J1)(¢11,j1 ¢i1+1,j1)+"{(¢i1+17j1)> 'Dw¢i1+1/2,j1 >0, (418)

in which the last step is based on an application of Lemma 3.4, as well as the fact that
D¢y, 155, >0, Dy, 41/, 5, <0, since ¢ takes a global maximum at (i1,51). A similar
inequality could be derived:

K (0%, + o) - ay (Dyps,)?)
1 * Y o *
"‘g (“(‘Pil,jlq +¢0)Dy90:1,j171/2 - “(@Z,jﬁl +¢0)Dy%l,j1+1/2) >0. (4.19)

Consequently, a substitution of (4.9)-(4.19) into (4.8) yields the following bound on the
directional derivative:

(" )]
L ‘L‘; L @, _ 1,90 1y B 10 o
( In + In pln(1 5)) (7‘ = N1 = pln(1— pgg)
+4Mpx+26’1At !

- ((1+]\171)1n5—p1n(1—p5)> - ((71_4';1)1“(150—01“(1_0450))

p
+4Mpx +2C, At (4.20)
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We denote Co =4Mpyx+2C;At™!. Note that Cy is a constant for a fixed At, though
it becomes singular as At—0. However, for any fixed At, we may choose ¢ € (0,1/2)
sufficiently small so that

1 11, - _
( —|——)ln5 pln(1—pd) (=4 —)Ingy—pln(l—pg,) | +C2 <0. (4.21)
Ny T N
This in turn shows that, provided § satisfies (4.21),

1 n *
ﬁds]: (p* +51)|s=0 < 0. (4.22)

As before, this contradicts the assumption that F™ has a minimum at ¢*, since the
directional derivative is negative in a direction pointing into (/ihy(;)o, the interior of
Ah75.

Using similar arguments, we can also prove that the global minimum of F™ over
/ih,l; could not occur at a boundary point ¢* such that ¢% +¢o=1/p— 08, for some dj,
so that the grid function ¢* has a global maximum at ay. The details are left to the
interested readers. )

A combination of these two facts shows that, the global minimum of " over Ay s
could only possibly occur at interior point ¢ € (folhﬁ)o C (Ap)°. We conclude that there
must be a solution ¢ = ¢+ ¢, € Aj, that minimizes J™ over Aj,, which is equivalent to the
numerical solution of (3.8)-(3.9). The existence of the numerical solution is established.

In addition, since J" is a strictly convex function over Ay, the uniqueness analysis
for this numerical solution is straightforward. The proof of Theorem 3.2 is complete. O

5. Optimal rate convergence analysis in (> (0,T;H1)N¢?(0,T; H')

Now we proceed into the convergence analysis. Let ® be the exact solution for the
Cahn-Hilliard flow (2.4). With sufficiently regular initial data, we could assume that
the exact solution has regularity of class R:

® € R:=H?(0,T;Cpex(2)) N L (0,T;C, () - (5.1)

Define ®n(-,t):=PnP(-,t), the (spatial) Fourier projection of the exact solution into
BX | the space of trigonometric polynomials of degree upto and including K (with N =
2K +1). The following projection approximation is standard: if ® € L>(0,T;H/ (),
for some £ €N,

@8 — @ e o gy SO B o o ey ¥ OSK<L. (5.2)

By @3, @™ we denote ®n(-,t,,) and ®(-,t,,), respectively, with ¢, =m-At. Since
® € BX, the mass conservative property is available at the discrete level:

M _ Fm—1
= |Q|/ m) dx = |Q/<I>N t—1)dx=0%"", VmeN. (5.3)

On the other hand, the solution of (3.8)-(3.9) is also mass conservative at the discrete
level:

¢m=¢m-1 VY meN. (5.4)

As indicated before, we use the mass conservative projection for the initial data: ¢°=
Pr®n(-,t=0), that is

?’jZ:(I)N(pi,pjﬂf:O). (55)
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The error grid function is defined as
P =Pu®N — ™, Vme{0,1,2,3,-}. (5.6)

Therefore, it follows that q?”:O, for any m€{0,1,2,3,---}, so that the discrete norm
||-1l_ , is well defined for the error grid function.
The following theorem is the main result of this section.

THEOREM 5.1.  Given initial data ®(-,t=0) € CS, (Q), suppose the exact solution for

Cahn-Hilliard Equation (2.4) is of regulamty class R. Then, provided At and h are
sufficiently small, for all positive integers n, such that t, =nAt<T, we have

‘ ( At Z thqsmH ) C(At+h?), (5.7)

where C' >0 is independent of n, At, and h.

én

7

Proof. A careful consistency analysis indicates the following truncation error
estimate:
(I)r]ilJrl @7\7 n+1 n+1 n+1 n n
T Ah (5¢Fs((p )+5¢FK1((I) )+(5¢FK2((I) ) 5¢FH((I>N))+T ,
(5.8)
with [|77||_1,, <C(At+h?). Observe that in Equation (5.8), and from this point for-
ward, we drop the operator Py, which should appear in front of @, for simplicity.
Subtracting the numerical scheme (3.8) from (5.8) gives

¢n+1 ¢n

A On ((5¢FS(‘I>§%+1) =04 Fs(¢™ )+ (0 Frc, (PRT) — 65 F i, (6" 1))

+(00 Frey (PN) = 06 Frey (67F1)) = (06 Fr (OF) — 5¢FH(¢”))) +7 (5.9)

Since the numerical error function has zero-mean, we see that (—Ay)~1¢™ is well-
defined, for any m >0. Taking a discrete inner product with (5.9) by 2(—A) " tent!
yields

~ 2 ~ 12
n+1 n n+l n
o)l -,

—1,h ‘

N

+2At{ 5, Fs( q>"+1 — 84 Fs(o™tY), ¢"+1>Q

{

F2A¢ <5¢FK1 R — 06 F, K1(¢n+l)’q§n+l>ﬂ
B,
() ), &

For the F, term, it is easy to know that

~ 1 . .
2At<6¢FK2 (@Xﬁl) 76¢FK2 (¢n+1)’¢n+1>9 =2At <18Ah¢n+1a¢n+1>
Q

1 -
:gAtHVm”“H%. (5.11)
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For the Fg and Fg, terms, we see that both Fg and Fg, are convex, which implies the
following result:

<5¢Fs(<1>}(,+1) _5¢Fs(¢"+1),&"+1>9 >0, (5.12)

(86 Fr, (1) =65 i, (6771),6"1) >0, (5.13)

For the concave part, an application of the Cauchy-Swcharz inequality gives

én

4><p<<z~5”7<5"“>Q §4xp‘

Ll

-2 2 .
<8y2p? *2‘¢" ) +%th¢”+1H2. (5.14)

The term associated with the local truncation error can be controlled in a standard way:

~ ~ 2
Y s L N P L S [P GO E)
’ -1, —1,
Then we get
_ 2 -2 At . 2
o Ao
1,h — 2
_8
Xp At‘d)n ) AtHV qb”“H += At||7'"|| = At’qﬁ"HH
1,h —1h

Let 2 < 2, such as e?=§. A substitution of (5.11)-(5.15) into (5.10) yields

|

<18 ><8X2p2At‘

$n+1H2 o én 2

—1,h ‘

At ~ 2
*HW“H
8 2

At

~ 112
¢n

¢n+1H

71h

Finally, let 1_@ > 1, we get the following estimate by using the discrete Gronwall
inequality

oo, (52 ) CBt+1), 519
This completes the proof. ]
REMARK 5.1. The Cahn-Hilliard equation with Flory-Huggins energy potential

and constant diffusion coefficient has been studied in a recent work [5]. In this pa-
per, we analyze the Cahn-Hilliard equation with the deGennes diffusive coefficient,
k() =1/[36¢(1 — ¢)], dependent on the phase variable, so-called MMC-TDGL equation.
This diffusion process was proposed by physicist P.G. deGennes [11]. The positivity-
preserving analysis for the MMC-TDGL equation follows a similar framework as in [5].
On the other hand, the estimate for the nonlinear diffusion part is much more compli-
cated and challenging than the constant-diffusion-coefficient case. In more details, for
the deGennes diffusive coefficient x(¢)=1/[366(1 — ¢)], we have to find an appropriate
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inequality, 1x/(¢1)(¢2 —¢1) < k(¢2),Ye1,¢2 € (0,1), which plays an essential role in the
analysis of the positivity-preserving property for the numerical solution.

In addition, the convergence analysis for the MMC-TDGL equation, which has re-
mained an open problem due to the highly complicated diffusion term, is provided in
this paper. In more details, we make use of the convexity of the logarithmic term and
the division of the surface diffusion to estimate the convergent analysis. Furthermore,
we treat the three nonlinear logarithmic terms as a whole, and the convexity of the
associated nonlinear terms indicates that the corresponding nonlinear error of the in-
ner product is always non-negative. Moreover, we divide the surface diffusion term
k()| V¢|* into two convex parts: one term (k(¢) — 35)|V¢|* can be analyzed in a man-
ner similar to the logarithmic term, with the help of its convexity property, and the
other term 3=|V¢|* can be used to control the explicit error estimate associated with
the Huggins interaction.

6. Some numerical results

In this part, we provide numerical simulation results for the two-dimensional scheme
(3.8)-(3.9). We use the domain =(0,64) x (0,64) and choose the parameters in the
model as x =2.37, N5 =0.16, N1 =4.34,T =25. The space step and time step are given
by h=0.25 and At=10"3, respectively. And also, the initial data is taken the same as
the one given by [25]:

do(w,y) =0.6417; j, (6.1)

where the r; ; are uniformly distributed random numbers in [—0.15,0.15].

2620 2

2600 o
2580 3
2560
2540

>

&

T 2520

£

G
2500

mass difference

2480
2460

2440 S

2420 -16
0

F1G. 6.2. The mazimum and minimum values with time.



L. DONG, C. WANG, H. ZHANG, AND Z. ZHANG 937

In the left part of the Figure 6.1, we show the energy evolution, and this figure
demonstrates the energy decay with time. The total mass error evolution is displayed
on the right part, in which the mass conservation is numerically observed.

In Figure 6.2, we present the maximum and minimum values of the numerical solu-
tion with time. The positivity-preserving property is clearly observed in the numerical
result.

F1G. 6.3. The snapshot figure of the phase variable at t=8,13,19,25.

In Figure 6.3, we present the evolution of ¢ at different time with the initial
data (6.1). The numerical results are similar to the ones shown in [25].

7. Conclusions

In this paper, we have analyzed an unconditional energy-stable finite difference
scheme based on the convex splitting of the Flory-Huggins-deGennes energy potential
for the MMC-TDGL equation, such as the unique solvability, energy stability, the bound
of the numerical solution and an optimal rate convergence analysis. In particular, we
have presented detailed theoretical analyses about the positivity-preserving property
and the optimal rate of convergence estimate. The positivity-preserving property has
been established at a theoretical level, by constructing a strictly convex discrete energy
functional and using mass conservation, combined with the following two subtle facts
that: first, the singular feature of the logarithmic function guarantees that a minimizer
could not occur on a limit value at all; second, a fundamental inequality about the
deGennes coefficient: $r/(¢1)(d2 — ¢1) <r(d2),Ye1,¢2 € (0,1). We have also presented
a detailed convergence analysis, in which the convexity of the nonlinear potential and
some technique of the surface diffusion term with concentration-dependent deGennes
type coefficient play an essential role. The numerical simulation results have also verified
the positivity-preserving property of the numerical solution.
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