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Abstract. In this work, we propose and analyze a second-order accurate numerical
scheme, both in time and space, for the multi-dimensional Poisson-Nernst-Planck sys-
tem. Linearized stability analysis is developed, so that the second order accuracy is
theoretically justified for the numerical scheme, in both temporal and spatial discretiza-
tion. In particularly, the discrete W'* estimate for the electric potential field, which
plays a crucial role in the proof, are rigorously established. In addition, various numer-
ical tests have confirmed the anticipated numerical accuracy, and further demonstrated
the effectiveness and robustness of the numerical scheme in solving problems of practi-
cal interest.
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1. Introduction

The Poisson—Nernst—Planck (PNP) system has been widely used in modeling transmem-
brane ion channels, semiconductor, and electrochemical devices. The Poisson’s equation
describes the electrostatic potential stemming from the charge density that consists of mo-
bile ions and fixed charges. The Nernst-Planck equations model the diffusion and migration
of ion species in the gradient of electrostatic potential. For symmetric 1 : 1 electrolytes, the
ion transport is described by the PNP system

n,=D,An—efV-(D,nV¢), (1.1a)
pe=D,Ap+efV-(D,pVé), (1.1b)
— Vg0,V =e(p—n)+p/, (1.10)
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where p and n are the concentrations of positive and negative charged species, D, and
D, are their diffusion constants, e is the elementary charge, 8 is the inverse of thermal
energy, ¢ is the electrostatic potential, ¢, is the vacuum permittivity, €, is the relative
permittivity(or dielectric coefficient), and pf is the density of fixed charge.

Let L, Dy, and cy be the characteristic length, diffusion constant, and concentration,

£0€r
2Be2¢,
bulk ionic concentration ¢, and homogenous dielectric coefficient ¢,. We shall introduce
the following dimensionless parameters and variables:

respectively. Denote another characteristic length Ap = for an ionic solution with

X=x/L, t=tDo/LAp, P=p/co, fi=n/co, (1.2a)
Dpz D, /Dy, D,=D,/Dy, ¢=Pep, p'=pf/cye. (1.2b)

Rescaling above quantities and dropping all the tildes lead to a nondimensionalized PNP
system

A
o ="7D,V (Vp+pV),
A
on= TDDHV- (Vn—nve¢), (1.3)

2
—2L—]23A¢=p—n+pf.

For ease of presentation, we choose a computational domain Q = (0,1)3, and consider
zero Neumann boundary conditions

a¢ dp 9In
a—o, %—E—O on 9. (14)
L2

222"

Recently, there has been growing interests in incorporating effects that are beyond the
mean-field description to the PNP theory, such as the steric effect, ion-ion correlations, and
inhomogeneous dielectric environment [12,13,16,19,22,23,27,31]. Various versions of
modified PNP theory have been developed to account for such ignored effects within the
framework of the PNP theory. For instance, the steric effect of ions have been taken into
account by including excess free energy of solvent entropy [13-15, 22, 33], hard-sphere
interaction kernels [12, 27], or the fundamental measure theory [23]. A modified PNP
model has been proposed to consider Coulombic ion-ion correlations in inhomogeneous
dielectric environment [19].

Due to the nonlinear coupling of the electrostatic potential and ionic concentrations, it
is not trivial to solve the PNP system analytically, even numerically. Much effort has been
devoted to the development of numerical methods that possess desired properties [1-3, 5,
8-10,17,18,20,21,24-27,29,32]. For instance, a hybrid numerical scheme that employs
adaptive grids has been proposed to solve a two-dimensional PNP system [25]. A delicate
temporal discretization scheme has been recently developed to preserve free energy dy-
namics [8]. Using Slotboom variables, Liu and Wang [17] have developed a free energy

For simplicity, we denote by C,, = ATDDH ,Cp = ATDDP, and k =
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satisfying finite difference scheme for a 1D PNP system. Also, they have constructed a free
energy satisfying discontinuous Galerkin method, in which the positivity of numerical solu-
tions is enforced by an accuracy-preserving limiter [18]. A finite element discretization that
is able to enforce positivity of numerical solutions has been proposed for the PNP system,
as well as the PNP system coupled with the incompressible Navier-Stokes equations [24].

Theoretical analysis of the numerical methods for the PNP system turns out to be very
challenging, and the convergence analysis works for the nonlinear system is very limit-
ed. Motivated by the variational energy structure of the PNP system, the energy stability
analysis has attracted a great deal of attentions [8,11,17,18,24], in terms of either the
logarithmic free energy or a simplified electric energy. Meanwhile, a theoretical justifica-
tion of the convergence analysis has not been available in these works, due to the difficulty
in the nonlinear error estimate. Among the existing theoretical works on the convergence
analysis, it is worthy of reviewing the following works. A semi-discrete scheme was an-
alyzed in [30], with the spatial convergence estimate is given. A convergence proof was
provided for certain class of fully discrete finite element schemes, while the convergence
order has not been justified. A first order (in time) scheme was proposed and analyzed
in [10], with a semi-implicit treatment for the nonlinear term, and an optimal rate con-
vergence estimate was provided. The only theoretical analysis for a second order (in time)
scheme could be found in [28], in which a fully implicit treatment for the nonlinear term
is involved. The second order convergence order in time has been proved in the article,
while a theoretical justification of the unique solvability of the numerical scheme is not
available, due to the implicit treatment for the nonlinear term.

In this article, we propose and analyze a second order in time, centered difference
numerical scheme for the PNP system (1.3). In particular, a modified version of Adams-
Moulton interpolation formula is applied to the diffusion term, and the coefficient distribu-
tion at the temporal stencil points, " and "}, leads to a much improved stability prop-
erty than the standard Crank-Nicolson approximation, in comparison with the one used
in [28]. Also, a fully explicit treatment is taken for the nonlinear convection term, with an
application of second order accurate Adams-Bashforth extrapolation formula. Because of
its linear nature, the unique solvability of the proposed numerical scheme is automatically
assured. In addition, we provide an optimal rate convergence analysis for the numerical
scheme. The key difficulty in the nonlinear error estimate has always been associated with
a bound of the numerical solution in certain norms. In the PNP system, instead of obtain-
ing the £*° bound of the numerical solution, which has been a standard approach, we only
make use of the discrete % bound of the discrete gradient for the numerical solution of
electric potential, namely, ||V ¢||,. In turn, the discrete £* estimate of the numerical error
function for n and p has to be derived, and such an estimate could be accomplished via
the Sobolev interpolation inequality at a discrete level. On the other hand, to obtain the
bound for [|[V¢||4, we apply the linearized stability analysis. In more details, the discrete
€2 convergence estimate up to the previous time step yields a discrete Hﬁ bound of the nu-
merical solution for ¢, by making use of a discrete elliptic regularity inequality. Moreover,
with the help of discrete Sobolev embedding, from H}f to Wh1 4 a bound for IVoll4 could
be derived, up to the previous time step. Due to the explicit treatment of the nonlinear
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convection term, such a bound is sufficient to pass through the convergence estimate at the
next time step, so that an induction analysis becomes available. A combination of all these
techniques yields the desired convergence result, and such a convergence is unconditional,
i.e., no scaling law between the time step size At and spatial resolution h is needed, since
we have avoided using the inverse inequality in the analysis. This is the first such result
for the PNP system.

This paper is organized as follows. In Section 2 we present the fully discrete numerical
scheme. A preliminary estimate is provided in Section 3, which gives the discrete £ and
Wh1 # estimate of a grid function. Subsequently, the optimal rate convergence analysis is
established in Section 4. Some numerical results are presented in Section 5. Finally, some
concluding remarks are made in Section 6.

2. The numerical scheme

The variables n, p, ¢ are cell-centered evaluated at (i +1/2,j +1/2,k +1/2). For
simplicity of presentation, we assume N, =N, = N, = N and Ax = Ay = Az = h, with
h= % The following notations of centered differences using different stencils at different
grid points are introduced to facilitate the description:

g(x+h/2) —g(x —h/2)

n ,
glx—h)—2g(x)+g(x+h)
h? '

ng(x) =

D2g(x) =

The corresponding operators in the y and z directions can be defined in a similar way; the
details are skipped for breviy.

In the dynamic equation (1.1a) for n, the nonlinear term V - (nV¢) can be approxi-
mated by centered difference as

M(V,n)=Vy- (nvh¢) =D, (an¢) +Dy (nDy¢) +D, (nDz¢)
t (il'ilkil) 2.1)
at (i+5,j+7, 5 ) .
Similar centered difference method can be applied to dynamic equation (1.1b) for p; the
corresponding approximations to the two nonlinear terms are given below:

HN(V$,p)=Vy- (pVho) =D, (pDxd) + Dy (pDy$) + D, (pD.¢), (2.2)

and both terms are evaluated at the mesh points (i £1/2,j+1/2,k+1/2). The boundary
conditions for these physical variables are implemented through finite difference approx-
imation. The boundary extrapolation formulas for n and p can be derived in the same
manner:

Nit1/2,j+1/2,~1/2 = Nit1/2,j+1/2,1/2> Pi+1/2,j+1/2,—1/2 = Di+1/2,j+1/2,1/2+ (2.3)
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The other four boundary sections can be dealt with in the same way; the details are skipped
for brevity.
The following second order (in time) numerical scheme is proposed:

pk+1 _ ok

At

_ 3 g, L xa) _~[3 koky L k=1 k-1

=C,Ay 4n +4n C, 2%(V¢ ,n%) ZLMI(VqS ) (2.4a)
pkHl _ pk

At

=C.A §k+llk—1 C Eﬂvkk—l,/ﬁ/vk_l k-1 2.4b

—ph4p+4p +p2h(¢,P)2h(¢,P),(-)
k+1 _ktl k+1 _k+1
Mit1yo,j+1/2,-1/2 = Mix1/2,j+1/2,1/2>  Pix1/2,j+1/2,-1/2 = Pix1/2,j+1/2,1/2° (2.4d)
¢k+1 — ¢k+1 (246)

i+1/2,j+1/2,—1/2 i+1/2,j+1/2,1/2°

Notice that the solution to the Poisson’s equation with homogeneous Neumann boundary
conditions is not unique, up to an additive constant. In numerical simulations, we set the
electrostatic potential at one corner to be zero to single out the solution. Such a treatment
does not affect the numerical simulation and analysis.

Remark 2.1. The proposed scheme is a three-step method that requires two levels of initial
data. To prepare the first two levels of initial data, we use a backward Euler discretization
of the Nernst-Planck equations to compute for one time step.

Remark 2.2. In the multi-step scheme, we choose specific combinations of the coefficients.
A modified version of Adams-Moulton interpolation formula is applied to the diffusion
term, with extra weight on the implicit time level. Such a treatment leads to a much
improved stability property than the standard Crank-Nicolson approximation.

2.1. Discrete inner product and norm

For any pair of variables ¢, ¢? which are defined at the mesh points (i + 1/2,j +
1/2,k+1/2), (such as n, p, ¢, etc.), the discrete L?-inner product is given by

N—-1N—-1N-—

by _ b 3
<¢a’¢ >_ Z Z : ¢ia+1/2,j+1/2,k+1/2 ¢i+1/2,j+1/2,k+1/2h : 2.5

k=0 j=0 i=

—_

Clearly all the discrete L? inner products defined above are second order accurate. The
corresponding discrete L2 norms can be defined accordingly, and we denote them by ||-||,.
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In addition to the standard |[|-||, norm, we introduce a discrete |||, norm for any p > 1.
For example, for the phase variable ¢, which is evaluated at the mesh points (i +1/2,j +
1/2,k+1/2), its discrete ||-||, norm is given by

N-1N-1N-1 ,
H¢||p = |Piv1/2,j+1/2041721F | - (2.6)
k=0 j=0 i=0
For its discrete gradient, the following definitions are introduced:
1
[visll, = (Ip<sll; +IIpy|l; + |9 ;)’ 2.72)
N-1N-1N-1

with HDxti)Hp h? |(Dye )i jr1/2,0+1/217 5

||
IM

-
Il
o

i

2
L
=
L
2
,_.

HDy¢H§=hSZ ZKD ®iv1/2,jk+1/21F s
k=0 j=1 i=0
N-1N-1N-1
HDZ‘P”i =h I(Dz)iz1/2,j41/2,k 1P (2.7b)

-
Il
_
~.
I
(=}
I§
o

The corresponding ||||, (p = 1) norms for the other physical variables can be defined in a
similar manner.

3. Preliminary estimate

Consider a discrete grid function f, evaluated at the mesh points (i +1/2,j+1/2,k +
1/2). If f satisfies the discrete Neumann condition, as given by (2.3), it has a correspond-
ing discrete Fourier Cosine transformation in quarter wave sequence:

N-1
. AN Imxiy1/2 Mmmnyjii/2 NNZk11/2
fir1/2,j+1/2k+1/2 = E A, m,nf7 mn COS = cos = cos =
1,m,n=0 ,’ L L L

1, ifl#0,m#0,n#0,
\/I, if one among [,m,n is 0,

with o, =
i \/i, if two among [, m,n are 0,
\/I, ifl=m=n=0,

where x5 = (i+ %)h, Yir12 =0+ %)h, Zy1/2 = (k+ %)h. Then we make its extension
to a continuous function:

N-1
R [mtx mmy nmnz
fn(x,y,2)= Z al,m,nfll’vm’n cos A cos cos A 3.1

1,m,n=0




Convergence Analysis for PNP System 613

where

AN 8 Lt [rtx mmy nmnz
Simn = 73 ap mnfn(x,y,z)cos 5 cos 7 cos dedydz.
0o Jo Jo

The following result gives a bound of the discrete £4 norm of the grid function in terms of
the continuous L% norm of its continuous version; also see the related analyses in [4,6,7],
in which the periodic boundary conditions are considered.

Lemma 3.1. We have
||fH4 < ﬁd HfN”L‘“ HVth4 < «/Ed HVfNHL4 with d the dimension. 3.2)

Proof. For simplicity of presentation, we focus our analysis in the 2-D case; for the 3-D
grid function, the analysis could be carried out in a similar, yet more tedious way:.
We denote the following grid function

8i+1/2,j+1/2 = (fi+1/2,j+1/2)2- (3.3)
A direct calculation shows that .
17115 = Cllell.) - (3.4)

Note that both norms are discrete in the above identity. Moreover, we assume the grid
function g has a discrete Fourier expansion as

N-1
L7tx; mmny;
N i+1/2 Yij+1/2
8it1/2,j+1/2 = 1 mE:O a,m (gc )l,m cos 7 cos H R (3.5)

and denote its continuous version as

N-1
Itx mmy

G(x,y)= E a; (g COS —— CcOS ———. 3.6

( .y) e, l,m(gc )l,m i i ( )

With an application of the Parseval equality at both the discrete and continuous levels, we

have v
L on-

lsl; =liG12: = 712

1,m=0

On the other hand, we also denote

2
(&)1 - 3.7)

2N—2
R lmtx mmy
H(X’ J’) = (fN(x’y))z = : al,m(hN)l,m cos i, cos i € <@2N—2’ (3'8)
[,m=0

where &,y _, is the space of trigonometric polynomials in x and y of degree up to 2N — 2.
The reason for H € &,y _, is because fy € #y_;. We note that H # G, since H € P,y _,,
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while G € #_,, although H and G have the same interpolation values on at the numerical
grid points (X;1/2, Yj+1/2)- In other words, g is the interpolation of H onto the numerical
grid point and G is the continuous version of g in &y _;. As a result, collocation coefficients
giV for G are not equal to hN for H, due to the aliasing error. In more detail, for 0 <I,m <
N — 1, we have the following representations:

)= By = () mn + (B s 1<I<N-2,1<m<N-2,
(EN)Z,m_(iIN)l+N,m_ \/E(EN)l,m+N+ \/ECBN)Z+N,m+N: 1<l <N-2, m=0,
(BN)l,m_(ilN)l-t-N,m: 1<I<N-2, m=N-1,

(BN)l,m_ ﬁ(ilN)l+N,m_ (EN)l,m+N+‘/§(EN)l+N,m+N’ L= 0, I=m=N-2,
(gi\[)l,mz< (BN)l,m_ ﬁ(ilN)l+N,m_ ‘/E(EN)l,erN"}_ Z(BN)lJrN,meN: =0, m=0,

(ilN)l,m_ ﬁ(ilN)l+N,m: = 0, m=N-1,
(BN)l,m_(ilN)l,erN: l=N_1, 1<m<N-2,
(BN)l,m_ﬁ(ilN)l,m-ﬁ-N: l :N_]., m = 0,
(BN)l,m: l =N-1, m=N-1.
With an application of Cauchy inequality, it is clear that

N-1 ) IN-2 )

D@ ] =4 D (@] (3.9)

1,m=0 1,m=0

Meanwhile, an application of Parseval’s identity to the Fourier expansion (3.8) gives

, 1 Z2N—2 . ,
H|*=-1L h : (3.10)
IH? =2 MZ_O|( im]
Its comparison with (3.7) indicates that
lsll3 =G> < 4lH1, ie. [, <21iH] 3.11)

with the estimate (3.9) applied. Meanwhile, since H(x,y) = (fy(x, y))z, we have

HfNHL“: (”H”z)%o (3.12)

Therefore, a combination of (3.4), (3.9) and (3.12) results in

11 = (lell)? < @I < v2]|fi] - (3.13)

This finishes the proof of (3.2) for d = 2.

The 3-D case could be analyzed in the same fashion, and the details are skipped for
the sake of brevity. The second inequality of (3.2) could be proved in a similar way. This
finishes the proof of Lemma 3.1. O

The next proposition, which corresponds to a discrete version of Sobolev inequality, is
crucial in the nonlinear stability and convergence analysis.
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Proposition 3.1. The following estimate is valid:

1 3
I£1ls < Callf [l + Col|£1]3 - [|onrf]l3 - (3.14a)
[Vaf |y < Cs || Anf] (3.14b)

2 B
where Cy, C, and Cj are constants independent on h.

Proof. Parseval’s identity (at both the discrete and continuous levels) implies that

N-1 1 N-1
Z |fi+1/2,j+1/2,k+1/2|2:gNS Z el (3.15a)
L,j,k=0 [,m,n=0
, 1., N
||fN||L2=§L3 D RN (3.15b)
I,m,n=0

This in turn results in (based on the fact that hkN = L)

N-1 1. N-1 R
IFl =1 D5 Vil = gk’ Do U=l (3.16)
i,j,k=0 [,m,n=0

For the comparison between the discrete and continuous gradient, we start with the fol-
lowing Fourier expansions:

fix1y2,j41/2 04172 — fic1/2,j41/2,k+1/2

(Dxf)ij1/2k+1/2 = h
= N L Mmmnyjii/2 NTZk41/2
= Al m a1 f] y p SID —— COS ~ cos = , (3.17a)
= e o L L
,m,n=0
g N . Ll mmnyjii/2 NMZyy1/2
(OefN)ija1/2k+1/2 = Al mn V1] mn SID —— COS = cos = (3.17b)
|- s I I I
,m,n=0
with
2sin % i
=, V=——. 3.18
M o 1 7 (3.18)

In turn, an application of Parseval’s identity yields

1. N-1 R
|(Dfo§=gL3 D7 wPIRY, 2 (3.192)
1,m,n=0
2 1., 3 R
lociullia = g2° 20 WPIAN A (3.19b)

[,m,n=0
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The comparison of Fourier eigenvalues between |u;| and |v;| shows that

2
—v| <lwl<Iv| for 0<I<N-1. (3.20)
T

This indicates that )
; Ha’ffN”L2 = ”DXf”z = HafoHLz . (3.21)

Similar comparison estimates can be derived in the same manner to reveal

2
E”vaHLz S IVefllz = IVl (3.22)

It can be proved analogously that

4
Al < 1Al < 1Ayl (3.23)

On the other hand, we make use of (3.2) in Lemma 3.1. For the continuous function
fn(x,y,2), we have the following estimate in Sobolev embedding:

llie =& llrs = Ml -l < CIll® - sl + ot s

< |||+ G ]| - [ (3.242)
[V fx |l < G| afu]|,2- (3.24b)

Finally, a combination of the equivalence estimates (3.16), (3.22), (3.23), (3.2) in Lem-
ma 3.1 and the Sobolev inequalities (3.24a), (3.24b) result in the desired inequalities
(3.14a), (3.14b). The proof of Proposition 3.1 is finished. O

4. Convergence analysis
The following is the main theorem of this paper.

Theorem 4.1. Let n,, p,, ¢, be the exact solution of the PNP (1.3) with the boundary condi-
tions (1.4) and let (nAt,h,pAt,h, qut,h) be the numerical solution of (2.4a)-(2.4e). Then the
following convergence result holds as /At and h go to zero:

e = nacplle=co,rse2) +11Pe = Pacplleso,riezy + 1Pe = P achlle(o,r;m2)
<C(At*+h?), (4.1)

where the constant C depends only on the regularity of the exact solution and the fixed charge
function pf.
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4.1. Consistency analysis

Our goal is to construct approximate profiles n, P, ® and and show that they satisfy the
numerical scheme (2.4a)-(2.4e) up to an O(At? + h?) error.
We denote

N 1/2 4172 k4+1/2 = (Me)(Xi1/2, Yig1/20 Zks1/2) (4.2a)

Pi1j2j41/2k+1/2 = (P)(Xit1/25 Yit1/25 Zkt1/2) (4.2b)

for 0 <1i,j,k < N —1 (at interior grid points). In addition, an even symmetric “ghost"
point extrapolation is taken for n and P:

N;i1/2+1/2,-1/2 = Miv1/2,j+1/2,1/20  Piv1/2,j+1/2,-1/2 = Piv1/2,j+1/2,1/2 4.3

following the discrete boundary condition (2.3). Similar even symmetric extrapolation
formulas can be derived at four other boundary sections.

To facilitate the convergence analysis in later sections, we construct the approximate
profile & through the following discrete Poisson’s equation

—Ap® =x(P—n+p/) with DQir1/2j+1/2,-172 = Pix1/2,j+1/2,1/2- (4.4)
Moreover, a careful analysis indicates the following consistency between ¢ and ¢,:

2= ez < CH? (4.5)

provided that ¢, is smooth enough. Note that ||'||th,oo denotes the discrete W2* norm, in
which the point-wise maximum norm of the given discrete function is measured, up to its
second order finite differences.

By combining all the consistency analyses above, it is straightforward to verify the
following local truncation estimates:

k+1 k
n —n 3 1
———— =C,A | =nfT14nF!
At n=h (4 4
3 1 k+2
—c, (5%(V¢k,nk)—§% (vq>’<—1,n’<—1)) s (4.62)
pktl _ pk 3 1
=C,Ay [ =PF1+-pkt
At ph (4 4
3 k pky_ L k-1 pk-1 kt3 b
+C, 5%(V<I> P )—Em(w PN 4T, 2 (4.6b)
— A@F =k (Pk+1 —nk*H! +pf) , (4.6¢)
k+1 _ Lk+1 k+1 _ pk+1
Niy1yoj+1/2,-1/2 = Nit1/2,j41/2,1/2° Pi:|:1/2,ji1/2,—1/2 - Pi:tl/2,j:i:1/2,1/2’ (4.6d)
Pk+1 — kt1 (4.6e)

i+1/2,j+1/2,—~1/2 i+1/2,j41/2,1/2°
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where
n,k+% A 2 n,k+% h2 n,k+%
Tijk = ACU e TRV
Pk+3 o, Pk+3 B2 Pk+3
Tijk =AUV " TRV Gk
., o mk+s P+ nk+sl Bk+1 . . o .
with U; ik 50U, ik 5LV ik ?,andV, ik ? associated with certain high order derivatives of

exact solution n and P. Thus, we can get

1

1
! k+1

Th ZSC(At2+h2), Tp 2 , <c(At?+h3). 4.7)

We also note a discrete W2> bound for the constructed approximate solution

[l 1Pl + 1@l < 5 “8)

at any time step t*, which comes from the regularity of the constructed solution. This
bound will be used in the stability and convergence analysis for the numerical error func-
tions.

4.2. Stability and convergence analysis

The following error functions are denoted:
i=n-n, p=P-p, $=%—¢ 4.9)

at the corresponding mesh points. Subtracting (2.4a)-(2.4e) from (4.6a) yields the follow-
ing system for the error functions:

ﬁk+1 _ =k

i 3 1., 3 . 3 )
" :CnAh(an“Jank 1) —Cy (E%(vcpk,nkﬂi%(wk,nk)
1 fke1l k-1y L k=1 ~k—1 k3
2%(v¢ ,n) 2%(v¢ AT | 1, 2 (4.10a)
Sk+1 _ =k
b —p 3 k1, Lok 3 kopky 4 o k =k
——=C,A | = - Cy | =M (VK PF) + =47 (V
etV CA S PR EVACEINOERV AL
1 fk-1 pk—1y _ L k=1 xk—1 k+3
2,/Vh(v¢ ,Ph 2%(v¢ , )|+, 7 (4.10b)
_ Ahd;k+l — K(f)k+1 _ ﬁk+1)’ (410C)
ﬁk+1 ~k+1 ~k+1 ~k+1 (410d)

i+1/2,j41/2,-1/2 — Nix1/2,j+1/2,1/2°  Pix1/2j+1/2,-1/2 = Pit1/2,j+1/2,1/2°

Tk+1 _ Tk+1
4’&1/2,]4[1/2,—1/2 - ¢ii1/2,ji1/2,1/2' (4.10e)
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First, we assume a-priori that the numerical error function (for n and p) has an £2 bound
at time step t/, j =k, k —1:

|

In turn, by the discrete Poisson’s equation (4.10c), we get

ﬁjH2+Hf)jH2§1 for j=k,k—1. 4.11)

|and?||, = @ - )|, < x|’ -], <c;  forj=kik—1, (4.12)

where C] is constant depending on k. Meanwhile, it is observed that ¢/ satisfies a homo-
geneous Neumann boundary condition. As an application of (3.14b) in Proposition 3.1,
we obtain

V3|, < Cs||and’||, < CjCs:=C5  forj=kk-1. (4.13)

Therefore, the following discrete W# bound for the numerical solution ¢/ is derived:
Vi ||, < [Vt ||, +||Ved' ||, s CCs+ C5:=C;  forj=kk-1, (414

in which the discrete W bound (4.8) for the constructed solution ®* was used.
Taking a discrete inner product with (4.10a) by the error function 2iA**! gives

42 2[5 = 42 S [0 2 5 Cbe (9,5, W,

=2At<7ﬁ+%,ﬁk+1> - 3CnAt<,/%l(V¢;k,nk), ﬁk+1> _3C,At <Jy}l(v¢k’ 7, ﬁk+1>
+ CuAt (M(VEET, 0 ), ) 4 G A (M(VORTL AR, 7).

Note that the homogeneous Neumann boundary condition for 7" was used in the sum-

mation by parts for the diffusion term. In addition, the Cauchy inequality could be applied
to the other diffusion term associated with Adams-Moulton interpolation:

1 1
-3 <vhﬁ’<+1,vhﬁk—1>2 < Z (||vhﬁ’<+1||§ + ||vhﬁk—1||§). (4.15)

The estimate for the local truncation error term is standard:
1

k+1 k+
2 =k+1 2
2<17n i > < Hrn

The first nonlinear inner product on the right hand side of (4.15) is a linearized term. With
an application of summation by parts, we have

z + |75 - (4.16)

_ 3C,1<=/%(vq§k’nk)’ ﬁk+1> <cc, ||Vh<5k||2 ) anHw ) thﬁkHHz
<CC,G3 - [, = €065 et = [

~ 1
<o I8+ 1712 ) + 1gcalwar | @17
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where the discrete elliptic regularity, Vhd;kHZ <C HAhd;k
step, the discrete Poisson’s equation (4.10c) was recalled in the third step, and C4 =
C(C,C3)?/C,. Similar inequality could be derived for the third nonlinear term on the
right hand side of (4.15):

Cn<%(v¢;k71,nk71), ﬁk+1>

,» was applied in the second

- 1
<c I+ 17 ) + g o (@19

For the second nonlinear inner product on the right hand side of (4.15), we start from the
following inequality, based on summation by parts and an application of discrete Holder
inequality:

—3C, (ML), 7Y < CC, || Vig|[, - | - [2ni (4.19)

To carry out this nonlinear estimate, we recall the discrete wb4 bound (4.14) for the
numerical solution ¢*, based on the a-priori assumption (4.14). For the second term ap-
pearing on the right hand side of (4.19), we recall an application of (3.14a) in Proposition
3.1, due to a homogeneous Neumann boundary condition for ¥ and p*:

], < 53 - [t (4.200)

|ﬁk”2+CVZ

|f’kH§ : HW?"HE : (4.20b)

‘f’kuz + éZ

[l < &

In turn, a substitution into (4.19) shows that

|ﬁkH2+é2

-3C, (M(V9E ), 741 ) < cc, 5 v, (c - thﬁkui)

2
5 (42D

~ 1 1
< Co |42 + 5Cr Vi | + =G, AGE

in which the Young’s inequality was applied in the last step and C depends on C,,, Cs, o
and C,.

The fourth nonlinear inner product on the right hand side of (4.15) could be analyzed
in the same manner; the technical details are left to interested readers:

c, <¢/%1(quk*1, k=1, ﬁk+1>
<o | [+ 5.Cu [+ <G [0t (4.22)
Therefore, a combination of (4.15)-(4.18) and (4.21) leads to

1
7115 = 15415 + cose [0 = Zase [0

<ot oo + 6412 ) + Sose ([t +

1 k+1 2
+gant(thﬁkung||vhﬁ’<—1||§) F A7, (4.23)

2
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with C; = C, + Cg + 1.

The discrete energy estimate for the numerical error equation (4.10b) (for p) can be
performed in the same way. The following inequality could be derived in the same manner;
the details are skipped for brevity:

1
554115 = 1555 + Cotre Vb | = s Cone [ Va5 1
4

<oellpt e o [+ ) + Sone (5412 + 6t )

2
k+3
Tp

1
+ ngAt (||vhp’<||§ + ||vhpk—1||§) + At (4.24)

2
Finally, a combination of (4.23) and (4.24) leads to
[ s = 1* )5 + 1554 [ = (18415 + Cotre [0+ 5+ Cpae [ v
<ae( s o+ 42 ) o A+ 52

1 3 1
+ gCnAtllvhnkHﬁ + gCnAtIIthk_II@ + ngAIIIVthH%

2
) (4.25)
2

with Cg = C(C4 + €,). Summing over time steps and an application of discrete Gronwall
inequality give

o+ 115+

2

+
2

k+2 k+2
T, 2 Tp 2

3 .
+ S GV IR+ At (

N 2 |- 2
], + [[84]), < Co(ar® +7%)* Y o<k <N, (4.26)
which is equivalent to
[, + (|55, < Clo(AL* +RhY) YO <k <N (4.27)
Recovery of the a-priori bound (4.11).  With the help of the £°(0, T; ?) error estimate

(4.27) for n and p, we see that the a-priori bound (4.11) is also valid for the numerical
error functions i, p at time step t“*!, provided that

_1 N .
At < (26‘10) 2, h< (2C10) 2 with C;, dependent on T.

This completes the convergence analysis.

Combining the construction (4.2b) for n and P, and the O(h?) consistency (4.5) be-
tween ® and ¢,, completes the proof of Theorem 4.1. O
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Figure 1: Evolution of the electrostatic potential ¢ and concentrations p and n at time T=0, T =0.1,
and T =1.

5. Numerical examples

5.1. Accuracy test

We now test the performance of the proposed numerical method in a two dimensional
setting. The computational domain is chosen as Q = (—1,1)?, and we consider an asym-
metric 2:1 electrolyte with k = 1:

of (x, ) — o 100[ (43P +(y+3 )] _ p=100[ (et 3)*+(y—5)°]

_ o 100[ (e P30 ] 4 =100 (x— P+ —3)?]

Here the fixed charge density p/ (x,y) approximates two positive and two negative point
charges located in four quadrants using Gaussian functions with small local supports. The
initial data for concentrations are given by

p(0,x,y)=0.1, n(0,x,y)=0.2. (5.1

The initial distribution of electrostatic potential is obtained by solving the Poisson’s equa-
tion with initial concentrations. The homogeneous Neumann boundary conditions (1.4)
are applied in the numerical simulation. Fig. 1 displays the evolution of concentrations
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Table 1: The £2 error and convergence order for the numerical solutions of p, n, and ¢ with At =h.

h (?errorinp | Order | ¢?errorinn | Order | 2 errorin ¢ | Order
0.1 1.5913e-004 - 1.5913e-004 - 1.7003e-004 -
0.05 4.7390e-005 | 1.7475 | 4.7390e-005 | 1.7475 | 4.4962e-005 | 1.9190

0.025 | 1.1904e-005 | 1.9931 | 1.1904e-005 | 1.9931 | 1.1076e-005 | 2.0212
0.0125 | 2.4374e-006 | 2.2880 | 2.4374e-006 | 2.2880 | 2.4503e-006 | 2.1764

and the potential at time T = 0, T = 0.1, and T = 1. One can observe that the initial
electrostatic potential is induced by the fixed charges. As time evolves, the mobile ions are
attracted to the oppositely charged fixed charges. Accordingly, the electrostatic potential
at fixed charges gets screened by accumulated mobile ions of opposite signs. Our simula-
tion results have demonstrated that the proposed numerical scheme can effectively solve
problems of physical interest.

To verify the accuracy of the semi-implicit scheme (2.4a)-(2.4e), we numerically solve
the problem using various spatial step sizes h and temporal step sizes At, with At = h.
Table 1 lists the £ error and convergence order for numerical solutions of p,n, and ¢ at
time T = 0.5. The £2 numerical errors are obtained by a comparison between the numerical
solution and a reference solution computed with a highly refined mesh. As expected, we
can see that the £2 error decreases robustly as the mesh refines, and the convergence order
is about two for both the concentrations and electrostatic potential.

5.2. Application

To further demonstrate the effectiveness and robustness of the numerical scheme, we
apply the proposed scheme to study a singular perturbation problem when the coefficient
k in the Poisson’s equation becomes large. We take the same parameters and initial con-
ditions as the previous example, except that k varies from 1, 50, 100, and 200. We recall
that k = % Large values of k correspond to a relatively short Debye length, comparing
to the physilz:al dimension.

Since zero-flux boundary conditions are used for the Nernst-Planck equations, the total
mass of concentrations is conserved. For large k values, the boundary layer effect comes
into play and the concentration becomes high and concentrated around the fixed charges.
Fig. 2 displays the electrostatic potential and concentrations at the steady state with a
growing k. As expected, the potential and concentration become more and more concen-
trated in the vicinity of the four fixed charges. The simulation results illustrate that the

developed scheme is capable of capturing the boundary layer effects.

6. Concluding remarks

In this work, we propose and analyze a second-order accurate, both in time and space,
finite difference numerical scheme for the PNP system. The nonlinear convection terms
are treated in a fully explicit way, so that the unique solvability is automatically assured.
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Figure 2: The electrostatic potential (Left) and the concentration (Right) at the steady state with x =1,
k =50, x =100, and x = 200.
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In addition, a careful application of discrete Fourier analysis results in a discrete Sobolev
embedding from H]f into Wh1 4 which in turns yields a desired bound for the numerical
solution. With the help of such a bound, we are able to derive an optimal rate convergence
analysis for the fully discrete scheme, with second order accuracy both in time and space.
In addition, such a convergence is unconditional, i.e., no scaling law between the time step
size At and spatial resolution h is needed, since the inverse inequality has been avoided in
the analysis. The numerical results have also demonstrated the robustness, efficiency, and
accuracy of the proposed numerical scheme.

We now discuss several issues and possible further refinements of our work. In this
work, we propose a novel second-order accurate numerical scheme and focus on the anal-
ysis of convergence order. As a matter of fact, the mass conservation, preservation of the
positivity of numerical solutions, and the free-energy decay of the charged system at a dis-
crete level are of great importance to a numerical scheme for the PNP equations. Rigorous
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proof of such desired properties is a challenging task. Some progress has been made in the
literature, cf. [1,8,9,11,17,24,27]. In our numerical tests, we have numerically checked
the positivity of the numerical solutions. It remains for future work to rigorously prove the
desired properties for the proposed numerical scheme.
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