
doi:10.1093/imanum/drv065

Stability and convergence of a second-order mixed finite element method for the
Cahn–Hilliard equation

Amanda E. Diegel

Department of Mathematics, The University of Tennessee, Knoxville, TN 37996, USA
diegel@math.utk.edu

Cheng Wang

Department of Mathematics, The University of Massachusetts, North Dartmouth, MA 02747, USA
cwang1@umassd.edu

and

Steven M. Wise∗

Department of Mathematics, The University of Tennessee, Knoxville, TN 37996, USA
∗Corresponding author: swise@math.utk.edu

[Received on 19 November 2014; revised on 27 July 2015]

In this paper, we devise and analyse an unconditionally stable, second-order-in-time numerical scheme
for the Cahn–Hilliard equation in two and three space dimensions. We prove that our two-step scheme
is unconditionally energy stable and unconditionally uniquely solvable. Furthermore, we show that the
discrete phase variable is bounded in L∞(0, T ; L∞) and the discrete chemical potential is bounded in
L∞(0, T ; L2), for any time and space step sizes, in two and three dimensions, and for any finite final
time T . We subsequently prove that these variables converge with optimal rates in the appropriate energy
norms in both two and three dimensions. We include in this work a detailed analysis of the initialization
of the two-step scheme.

Keywords: Cahn–Hilliard equation; spinodal decomposition; mixed finite element methods; energy
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1. Introduction

Let Ω ⊂ R
d , d = 2, 3, be an open polygonal or polyhedral domain. For all φ ∈ H1(Ω), consider the

energy (Cahn & Hilliard, 1958)

E(φ)=
∫
Ω

{
1

4ε

(
φ2 − 1

)2 + ε

2
|∇φ|2

}
dx, (1.1)

where φ is the concentration field and ε is a positive constant. The phase equilibria are represented by
the values φ = ±1. One version of the celebrated Cahn–Hilliard equation is given by Cahn (1961) and
Cahn & Hilliard (1958):

∂tφ = εΔμ, in ΩT , (1.2a)

μ= ε−1
(
φ3 − φ

) − εΔφ, in ΩT , (1.2b)

∂nφ = ∂nμ= 0, on ∂Ω × (0, T), (1.2c)

c© The authors 2015. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.

IMA Journal of Numerical Analysis (2016) 36, 1867–1897

Advance Access publication on December 17, 2015

 at U
niversity of T

ennessee L
ibrary on O

ctober 10, 2016
http://im

ajna.oxfordjournals.org/
D

ow
nloaded from

 

http://imajna.oxfordjournals.org/
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whereμ := δφE is the chemical potential. The boundary conditions represent local thermodynamic equi-
librium (∂nφ = 0) and no-mass-flux (∂nμ= 0). Clearly E(φ)� 0 for all φ ∈ H1(Ω). Additionally, for all
ε > 0 and φ ∈ H1(Ω), there exist positive constants K1 = K1(ε) and K2 = K2(ε) such that

0<K1 ‖φ‖2
H1 � E(φ)+ K2. (1.3)

A weak formulation of (1.2a–1.2c) may be written as follows: find (φ,μ) such that

φ ∈ L∞ (
0, T ; H1(Ω)

) ∩ L4
(
0, T ; L∞(Ω)

)
, ∂tφ ∈ L2

(
0, T ; H−1(Ω)

)
, μ ∈ L2

(
0, T ; H1(Ω)

)
,

and there hold for almost all t ∈ (0, T)

〈∂tφ, ν〉 + εa (μ, ν)= 0 ∀ν ∈ H1(Ω), (1.4a)

(μ,ψ)− εa (φ,ψ)− ε−1
(
φ3 − φ,ψ

) = 0 ∀ψ ∈ H1(Ω), (1.4b)

where

a (u, v) := (∇u, ∇v), (1.5)

with the ‘compatible’ initial data

φ(0)= φ0 ∈ H2
N (Ω) := {

v ∈ H2(Ω) | ∂nv = 0 on ∂Ω
}

. (1.6)

Here we use the notations H−1(Ω) := (H1(Ω))∗ and 〈·, ·〉 as the duality paring between H−1 and H1.
Throughout the paper, we use the notation Φ(t) :=Φ(·, t) ∈ X , which views a spatiotemporal function
as a map from the time interval [0, T] into an appropriate Banach space, X . The system (1.4a) and
(1.4b) is mass conservative: for almost every t ∈ [0, T], (φ(t)− φ0, 1)= 0. This observation rests on the
fact that a (φ, 1)= 0, for all φ ∈ L2(Ω). Observe that the homogeneous Neumann boundary conditions
associated with the phase variables φ and μ are natural in this mixed weak formulation of the problem.

The existence of weak solutions is a straightforward exercise using the compactness/energy method,
for example, Elliott & Zheng (1986). It is likewise straightforward to show that weak solutions of (1.4a)
and (1.4b) dissipate the energy (1.1). In other words, (1.2a–1.2c) is a mass-conservative gradient flow
with respect to the energy (1.1). Precisely, for any t ∈ [0, T], we have the energy law

E(φ(t))+
∫ t

0
ε ‖∇μ(s)‖2

L2 ds = E(φ0). (1.7)

The Cahn–Hilliard equation is one of the most important models in mathematical physics. On its
own, the equation is a model for spinodal decomposition (Cahn, 1961). However, the Cahn–Hilliard
equation is more often paired with equations that describe important physical behaviour of a given
physical system, typically through nonlinear coupling terms. Prominent examples include the Cahn–
Hilliard–Navier–Stokes equation, describing two-phase flow (Liu & Shen, 2003; Feng, 2006; Kay &
Welford, 2007; Shen & Yang, 2010b; Grün, 2013; Grün & Klingbeil, 2014), the Cahn–Hilliard–Hele–
Shaw equation (Lee et al., 2002a,b; Wise, 2010), which describes spinodal decomposition of a binary
fluid in a Hele–Shaw cell, and the Cahn–Larché equation (Larché & Cahn, 1982; Fratzl et al., 1999;
Garcke & Weikard, 2005; Wise et al., 2005) describing solid-state, binary phase transformations
involving coherent, linear-elastic misfit.
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SECOND-ORDER MIXED FINITE ELEMENT METHOD

The Cahn–Hilliard equation is a challenging fourth-order, nonlinear parabolic-type partial differ-
ential equation. Naive explicit methods suffer from severe time-step restrictions for stability. On the
other hand, fully implicit numerical methods must contend with a potentially large, ill-conditioned non-
linear system of algebraic equations. There remains a great need for sophisticated stable and efficient
numerical schemes for the Cahn–Hilliard equation. Indeed, extensive research has been conducted in
this area, in particular for first-order-accurate-in-time schemes; see Aristotelous et al. (2013), Chen
& Shen (1998), Elliott & Larsson (1992), Elliott & Stuart (1993, 1996), Feng (2006), Feng & Prohl
(2004), Furihata (2001), Guan et al. (2014), He et al. (2006), Kay & Welford (2006, 2007), Kim
et al. (2003), Wise (2010) and the references therein. Less commonly investigated are second-order-
accurate-in-time numerical schemes. In general, the analysis of second-order schemes for nonlinear
equations can be significantly more difficult than that for first-order methods. Nevertheless, such work
has been reported in the following articles (Elliott, 1989; Du & Nicolaides, 1991; Chen & Shen, 1998;
Furihata, 2001; Shen & Yang, 2010a; Shen et al., 2012; Benešova et al., 2014; Guillén-González &
Tierra, 2014; Wu et al., 2014; Aristotelous et al., 2015). We mention, in particular, the secant-type
algorithms described in Du & Nicolaides (1991) and Furihata (2001). With the notation Ψ (φ) :=
1
4 (φ

2 − 1)2, the secant scheme of Du & Nicolaides (1991) for the Cahn–Hilliard equation may be
formulated as

φn+1 − φn = sεΔμn+1/2, μn+1/2 := ε−1Ψ (φ
n+1)− Ψ (φn)

φn+1 − φn
− ε

2

(
Δφn+1 +Δφn

)
. (1.8)

This scheme is energy stable. However, it may not be unconditionally uniquely solvable with respect
to the time step size s. (See Elliott, 1989; Du & Nicolaides, 1991; Furihata, 2001 for details.) Lack of
unconditional solvability may be problematic, as coarsening studies using the Cahn–Hilliard equation
may involve very large time scales, requiring potentially very large time steps for efficiency.

There are few recent works examining second-order (in time) methods for the Cahn–Hilliard
equation that we should highlight. Very recently, Benešova et al. (2014) introduced and analysed a
temporally second-order numerical scheme for the approximate solution of a modified Cahn–Hilliard
equation using an implicit midpoint rule and spatial discretization by the Fourier–Galerkin spectral
method. (The model is the same as was considered in Aristotelous et al. (2013) and Diegel et al. (2015)
using mixed finite element discretizations.) The stabilities proved in Benešova et al. (2014) may be
viewed as conditional—in the sense that there is a restriction on the time step size for stability in
terms of the model parameters—but the authors emphasize that the stabilities also may be viewed as
unconditional, since the time step restrictions do not depend on any spatial discretization parameters.
(This terminology is inconsistent in the literature.) The solvability issue aside, one very nice feature
of the implicit midpoint rule is, of course, the small local truncation error, relative to the splitting-type
methods examined herein and elsewhere. The authors show existence and uniqueness of their scheme
along with several stability results, and they prove optimal convergence of their scheme. Specifically,
they are able to demonstrate the L∞(0, T ; L∞) stability of their scheme, provided the time step is smaller
than a constant depending only on the model parameters, which, as in our paper, is the key to proving
convergence.

Wu et al. (2014) proposed a semi-discrete second-order convex-splitting scheme for a family of
Cahn–Hilliard-type equations with applications to diffuse interface tumour growth models. Taking
advantage of a (quadratic) cut-off of the double-well energy and artificial stabilization terms, they are
able to show unconditional energy stability for their scheme. Moreover, their scheme has the advan-
tage of being linear. However, they do not prove convergence of their scheme, and it is not clear if the
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analyses used here could be straightforwardly extended to gain the higher-order stabilities needed to
prove convergence. In particular, Wu et al. (2014) use the standard Crank–Nicolson method to handle
the highest-order linear diffusion term. Our analysis has suggested that, at least in the finite difference
and finite element contexts, a more dissipative treatment of this term may be required in order to gain
the higher-order stability estimates needed for convergence analysis.

Guillén-González & Tierra (2014) made a careful examination of several second-order in time
numerical schemes for the Cahn–Hilliard problem (some of which have already been presented in the
literature) and study the constraints on the physical and discrete parameters to assure energy stability,
unique solvability, and in the case of nonlinear schemes, the convergence of Newton’s method to the
nonlinear schemes. To save computational cost, they develop a new adaptive time-stepping algorithm
based on the numerical dissipation introduced in the discrete energy laws at each time step. The authors
are able to show some useful energy stability estimates, but they do not establish higher-order stabilities
or the convergence of their schemes.

In contrast to the papers referenced above, we propose and analyse a new second-order-accurate-in-
time, fully discrete, mixed finite element scheme for the Cahn–Hilliard problem (1.2a–1.2c), which is
closely related to the finite difference scheme proposed in Guo et al. (2015):

φn+1
h − φn

h = sεΔhμ
n+1/2
h , (1.9a)

μ
n+1/2
h := 1

4ε

(
φn+1

h + φn
h

) ((
φn+1

h

)2 + (
φn

h

)2
)

− 1

ε

(
3

2
φn

h − 1

2
φn−1

h

)
− εΔh

(
3

4
φn+1

h + 1

4
φn−1

h

)
,

(1.9b)

where Δh above is a finite difference stencil approximating the Laplacian, and φh and μh are grid
variables. The formulation of the scheme (1.9a) and (1.9b) uses a convex splitting of the energy (Elliott
& Stuart, 1993; Eyre, 1998; Wise et al., 2009; Feng & Wise, 2012). Observe that the energy (1.1) may
be represented as the difference between two purely convex energies:

E(φ)= Ec(φ)− Ee(φ)= 1

4ε
‖φ‖4

L4 + ε

2
‖∇φ‖2

L2 + |Ω|
4ε

− 1

2ε
‖φ‖2

L2 . (1.10)

The idea is then to treat the variation of Ec implicitly and that of Ee, explicitly. The advantages of the
scheme (1.9a) and (1.9b) are threefold. The scheme is unconditionally energy stable, unconditionally
uniquely solvable and converges optimally in the energy norm. The scheme is nonlinear, but it results as
the gradient of a strictly convex functional. In our finite element version of the scheme, the stability and
solvability statements we prove are completely unconditional with respect to the time and space step
sizes. In fact, all of our a priori stability estimates hold completely independently of the time and space
step sizes. We use a bootstrapping technique to leverage the energy stabilities to achieve unconditional
L∞(0, T ; L∞(Ω)) stability for the phase field variable φh and unconditional L∞(0, T ; L2(Ω)) stability
for the chemical potential μh. With these stabilities in hand, we are then able to prove optimal error
estimates for φh and μh in the appropriate energy norms.

The remainder of the paper is organized as follows. In Section 2, we define our second-order mixed
finite element version of the scheme and prove the unconditional solvability and stability. In Section 3,
we prove error estimates for the scheme under suitable regularity assumptions for the PDE solution. In
Section 4, we present the results of numerical tests that confirm the rates of convergence predicted by
the error estimates.

1870

 at U
niversity of T

ennessee L
ibrary on O

ctober 10, 2016
http://im

ajna.oxfordjournals.org/
D

ow
nloaded from

 

http://imajna.oxfordjournals.org/


SECOND-ORDER MIXED FINITE ELEMENT METHOD

2. A mixed finite element convex splitting scheme

2.1 Definition of the scheme

Let M be a positive integer and 0 = t0 < t1 < · · ·< tM = T be a uniform partition of [0, T], with
τ = ti − ti−1 and i = 1, . . . , M . Suppose Th = {K} is a conforming, shape-regular, quasi-uniform family
of triangulations of Ω . For q ∈ Z

+, define Sh := {v ∈ C0(Ω) | v|K ∈Pq(K), ∀K ∈ Th} ⊂ H1(Ω). Define
Sh := Sh ∩ L2

0(Ω), with L2
0(Ω) denoting those functions in L2(Ω) with zero mean. Our mixed second-

order splitting scheme is defined as follows: for any 1 � m � M − 1, given φm
h ,φm−1

h ∈ Sh, find
φm+1

h ,μm+1/2
h ∈ Sh such that

(
δτφ

m+1/2
h , ν

)
+ εa

(
μ

m+1/2
h , ν

)
= 0 ∀ν ∈ Sh, (2.1a)

ε−1
(
χ

(
φm+1

h ,φm
h

)
,ψ

) − ε−1
(
φ̃h

m+1/2
,ψ

)

+ εa
(
φ̌h

m+1/2
,ψ

)
−

(
μ

m+1/2
h ,ψ

)
= 0 ∀ψ ∈ Sh, (2.1b)

where

δτφ
m+1/2
h := φm+1

h − φm
h

τ
, φ

m+1/2
h := 1

2
φm+1

h + 1

2
φm

h , φ̃h
m+1/2

:= 3

2
φm

h − 1

2
φm−1

h , (2.2)

φ̌h
m+1/2

:= 3

4
φm+1

h + 1

4
φm−1

h , χ
(
φm+1

h ,φm
h

)
:= 1

2

((
φm+1

h

)2 + (
φm

h

)2
)
φm+1/2. (2.3)

Since this is a multi-step scheme, it requires a separate initialization process. For the first step, the
scheme is as follows: given φ0

h ∈ Sh, find φ1
h ,μ1/2

h ∈ Sh such that
(
δτφ

1/2
h , ν

)
+ εa

(
μ

1/2
h , ν

)
= 0 ∀ν ∈ Sh, (2.4a)

ε−1
(
χ

(
φ1

h ,φ0
h

)
,ψ

) − ε−1
(
φ0

h ,ψ
) + τ

2
a
(
μ0

h,ψ
) + εa

(
φ

1/2
h ,ψ

)
−

(
μ

1/2
h ,ψ

)
= 0 ∀ψ ∈ Sh,

(2.4b)

where φ0
h := Rhφ0, and the operator Rh : H1(Ω)→ Sh is a standard Ritz projection:

a (Rhφ − φ, ξ)= 0 ∀ξ ∈ Sh, (Rhφ − φ, 1)= 0. (2.5)

Note that the scheme requires initial data for the chemical potential, μ0
h ∈ Sh, which is defined as

μ0
h := Rhμ0, where

μ0 := ε−1
(
φ3

0 − φ0
) − εΔφ0. (2.6)

Theorem 2.1 The scheme (2.1a) and (2.1b), coupled with the initial scheme (2.4a) and (2.4b), is
uniquely solvable for any mesh parameters h and τ , and for any model parameters.

Proof. The proof is based on convexity arguments and follows in a similar manner as that of Theorem
5 from Hu et al. (2009). We omit the details for brevity. �

Remark 2.2 Note that it is not necessary for solvability and some basic energy stabilities that the
μ-space and the φ-space be equal. However, the proofs of the higher-order stability estimates, in
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particular, the proof in Lemma 2.9, do require the equivalence of these spaces. We do, however, use
the equality of the spaces to our advantage in Lemma 2.7, although it should be noted that a proof for
this lemma is possible without the equality of spaces.

Remark 2.3 The elliptic projections are used in the initialization for simplicity in the forthcoming error
analysis. However, other (simpler) projections may be used in the initialization step, as long as they have
good approximation properties.

2.2 Unconditional energy stability

We now show that the solutions to our scheme enjoy stability properties that are similar to those of
the PDE solutions, and moreover, these properties hold regardless of the sizes of h and τ . The first
property, the unconditional energy stability, is a direct result of the convex decomposition. We begin
the discussion with the definition of the discrete Laplacian, Δh : Sh → Sh, as follows: for any vh ∈ Sh,
Δhvh ∈ Sh denotes the unique solution to the problem

(Δhvh, ξ)= −a (vh, ξ) ∀ξ ∈ Sh. (2.7)

In particular, setting ξ =Δhvh in (2.7), we obtain

‖Δhvh‖2
L2 = −a (vh,Δhvh).

See, for example, Feng et al. (2007).

Lemma 2.4 Let
(
φ1

h ,μ1/2
h

)
∈ Sh × Sh be the unique solution of the initialization scheme (2.4a) and

(2.4b). Then the following first-step energy stability holds for any h, τ > 0:

E
(
φ1

h

) + τε

∥∥∥∇μ1/2
h

∥∥∥2

L2
+ 1

4ε

∥∥φ1
h − φ0

h

∥∥2

L2 � E
(
φ0

h

) + ετ 2

4

∥∥Δhμ
0
h

∥∥2

L2 , (2.8)

where E(φ) is defined in (1.10).

Proof. Setting ν = τμ
1/2
h in (2.4a) and ψ = τδτφ

1/2
h = φ1

h − φ0
h in (2.4b) yields the following:

τ
(
δτφ

1/2
h ,μ1/2

h

)
+ τε

∥∥∥∇μ1/2
h

∥∥∥2

L2
= 0, (2.9)

ε−1
(
χ

(
φ1

h ,φ0
h

)
,φ1

h − φ0
h

) − ε−1
(
φ0

h ,φ1
h − φ0

h

) + ε a
(
φ

1/2
h ,φ1

h − φ0
h

)

+ τ

2
a
(
μ0

h,φ1
h − φ0

h

) − τ
(
μ

1/2
h , δτφ

1/2
h

)
= 0. (2.10)

Adding Eqs. (2.9) and (2.10), using Young’s inequality, and the following identities:

(
χ

(
φ1

h ,φ0
h

)
,φ1

h − φ0
h

) = 1
4

(∥∥φ1
h

∥∥4

L4 − ∥∥φ0
h

∥∥4

L4

)
, (2.11)

(
φ0

h ,φ1
h − φ0

h

) = 1
2

(∥∥φ1
h

∥∥2

L2 − ∥∥φ0
h

∥∥2

L2 − ∥∥φ1
h − φ0

h

∥∥2

L2

)
, (2.12)

the result is obtained. �
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We now define a modified energy

F(φ,ψ) := E(φ)+ 1

4ε
‖φ − ψ‖2

L2 + ε

8
‖∇φ − ∇ψ‖2

L2 , (2.13)

where E(φ) is defined as above.

Lemma 2.5 Let
(
φm+1

h ,μm+1/2
h

)
∈ Sh × Sh be the unique solution of (2.1a–2.1b), and (φ1

h ,μ1/2
h ) ∈

Sh × Sh, the unique solution of (2.4a) and (2.4b). Then the following energy law holds for any h, τ > 0:

F
(
φ�+1

h ,φ�h
) + τε

�∑
m=1

∥∥∥∇μm+1/2
h

∥∥∥2

L2
+

�∑
m=1

[
1

4ε

∥∥φm+1
h − 2φm

h + φm−1
h

∥∥2

L2

+ ε

8

∥∥∇φm+1
h − 2∇φm

h + ∇φm−1
h

∥∥2

L2

]
= F

(
φ1

h ,φ0
h

)
, (2.14)

for all 1 � �� M − 1.

Proof. Setting ν =μ
m+1/2
h in (2.1a) and ψ = δτφ

m+1/2
h in (2.1b) gives

(
δτφ

m+1/2
h ,μm+1/2

h

)
+ ε

∥∥∥∇μm+1/2
h

∥∥∥2

L2
= 0, (2.15)

ε−1
(
χ

(
φm+1

h ,φm
h

)
, δτφ

m+1/2
h

)
− ε−1

(
φ̃h

m+1/2
, δτφ

m+1/2
h

)

+ εa
(
φ̌h

m+1/2
, δτφ

m+1/2
h

)
−

(
μ

m+1/2
h , δτφ

m+1/2
h

)
= 0. (2.16)

Combining (2.15) and (2.16), using the identities

(
χ

(
φm+1

h ,φm
h

)
, δτφ

m+1/2
h

)
−

(
φ̃h

m+1/2
, δτφ

m+1/2
h

)

= 1

4τ

(∥∥∥(
φm+1

h

)2 − 1
∥∥∥2

L2
−

∥∥∥(
φm

h

)2 − 1
∥∥∥2

L2

)
+ 1

4τ

(∥∥φm+1
h − φm

h

∥∥2

L2 − ∥∥φm
h − φm−1

h

∥∥2

L2

)

+ 1

4τ

∥∥φm+1
h − 2φm

h + φm−1
h

∥∥2

L2 (2.17)

and

a
(
φ̌h

m+1/2
, δτφ

m+1/2
h

)
= 1

2τ

(∥∥∇φm+1
h

∥∥2

L2 − ∥∥∇φm
h

∥∥2
L2

)

+ 1

8τ

(∥∥∇φm+1
h − ∇φm

h

∥∥2

L2 − ∥∥∇φm
h − ∇φm−1

h

∥∥2

L2

)

+ 1

8τ

∥∥∇φm+1
h − 2∇φm

h + ∇φm−1
h

∥∥2

L2 , (2.18)

and applying the operator τ
∑�

m=1 to the combined equation result in (2.14). �
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In the sequel, we will make the following stability assumptions for the initial data:

E
(
φ0

h

) + τ 2
∥∥Δhμ

0
h

∥∥2

L2 + ∥∥Δhφ
0
h

∥∥2

L2 � C, (2.19)

for some constant C> 0 that is independent of h and τ . Here, we assume that ε > 0 is fixed. In fact,
from this point in the stability and error analyses, we will not track the dependence of the estimates on
the interface parameter ε, though this may be of importance, especially if ε tends to zero.

Lemma 2.6 Let (φm+1
h ,μm+1/2

h ) ∈ Sh × Sh be the unique solution of (2.1a) and (2.1b), and (φ1
h ,μ1/2

h ) ∈
Sh × Sh, the unique solution of (2.4a) and (2.4b). Then the following estimates hold for any h, τ > 0:

max
0�m�M

[∥∥∇φm
h

∥∥2
L2 +

∥∥∥(
φm

h

)2 − 1
∥∥∥2

L2

]
� C, (2.20)

max
0�m�M

[∥∥φm
h

∥∥4
L4 + ∥∥φm

h

∥∥2
L2 + ∥∥φm

h

∥∥2
H1

]
� C, (2.21)

max
1�m�M

[∥∥φm
h − φm−1

h

∥∥2

L2 + ∥∥∇φm
h − ∇φm−1

h

∥∥2

L2

]
� C, (2.22)

τ

M−1∑
m=0

∥∥∥∇μm+1/2
h

∥∥∥2

L2
� C, (2.23)

M−1∑
m=1

[∥∥φm+1
h − 2φm

h + φm−1
h

∥∥2

L2 + ∥∥∇φm+1
h − 2∇φm

h + ∇φm−1
h

∥∥2

L2

]
� C, (2.24)

for some constant C> 0 that is independent of h, τ and T .

Proof. Starting with the stability of the initial step, inequality (2.8), and considering the stability of the
initial data, inequality (2.19), we immediately have

∥∥∇φ1
h

∥∥2

L2 +
∥∥∥(
φ1

h

)2 − 1
∥∥∥2

L2
+ ∥∥φ1

h

∥∥4

L4 + ∥∥φ1
h

∥∥2

L2 + ∥∥φ1
h

∥∥2

H1 + τ

∥∥∥∇μ1/2
h

∥∥∥2

L2
� C. (2.25)

The triangle inequality immediately implies

F
(
φ1

h ,φ0
h

) = E(φ1
h)+ 1

4ε

∥∥φ1
h − φ0

h

∥∥2

L2 + ε

8

∥∥∇φ1
h − ∇φ0

h

∥∥2

L2 � C.

This, together with (2.14) and the fact that F(φm+1
h ,φm

h )� E(φm+1
h ), for all 0 � m � M − 1, establishes

all of the inequalities. �

We are able to prove the next set of a priori stability estimates without any restrictions on h and τ .
See Diegel et al. (2015) for a definition of discrete negative norm ‖·‖−1,h.
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Lemma 2.7 Let (φm+1
h ,μm+1/2

h ) ∈ Sh × Sh be the unique solution of (2.1a) and (2.1b), and
(
φ1

h ,μ1/2
h

)
∈

Sh × Sh, the unique solution of (2.4a) and (2.4b). Then the following estimates hold for any h, τ > 0:

τ

M−1∑
m=0

[∥∥∥δτφm+1/2
h

∥∥∥2

H−1
+

∥∥∥δτφm+1/2
h

∥∥∥2

−1,h

]
� C, (2.26)

τ

M−1∑
m=0

∥∥∥μm+1/2
h

∥∥∥2

L2
� C(T + 1), (2.27)

τ

M−1∑
m=1

[∥∥∥Δhφ̌h
m+1/2

∥∥∥2

L2
+

∥∥∥φ̌h
m+1/2

∥∥∥4(6−d)/d

L∞

]
� C(T + 1), (2.28)

for some constant C> 0 that is independent of h, τ and T .

Proof. Let Qh : L2(Ω)→ Sh be the L2 projection, i.e., (Qhν − ν, ξ)= 0 for all ξ ∈ Sh. Suppose
ν ∈ H1(Ω). Then, by (2.1a) and (2.4a), for all 0<m<M − 1

(
δτφ

m+1/2
h , ν

)
=

(
δτφ

m+1/2
h ,Qhν

)
= −ε

(
∇μm+1/2

h , ∇Qhν
)

� ε

∥∥∥∇μm+1/2
h

∥∥∥
L2

‖∇Qhν‖L2

� Cε
∥∥∥∇μm+1/2

h

∥∥∥
L2

‖∇ν‖L2 , (2.29)

where we used the H1 stability of the L2 projection in the last step. Applying τ
∑M−1

m=0 and using
(2.23) we obtain the first estimate of (2.26). The second estimate of (2.26) follows from the inequality
‖ν‖−1,h � ‖ν‖H−1 , which holds for all ν ∈ Sh.

To prove (2.27), for 1 � m � M − 1 we set ψ =μ
m+1/2
h in (2.1b) to obtain

∥∥∥μm+1/2
h

∥∥∥2

L2
= ε−1

(
χ

(
φm+1

h ,φm
h

)
,μm+1/2

h

)
− ε−1

(
φ̃h

m+1/2
,μm+1/2

h

)
+ εa

(
φ̌h

m+1/2
,μm+1/2

h

)

� C
∥∥χ (

φm+1
h ,φm

h

)∥∥2

L2 + 1

4

∥∥∥μm+1/2
h

∥∥∥2

L2
+ C

∥∥∥φ̃h
m+1/2

∥∥∥2

L2
+ 1

4

∥∥∥μm+1/2
h

∥∥∥2

L2

+ C
∥∥∥∇φ̌h

m+1/2
∥∥∥2

L2
+ 1

2

∥∥∥∇μm+1/2
h

∥∥∥2

L2
.

And, similarly, setting ψ =μ
1/2
h in (2.4b), we have

∥∥∥μ1/2
h

∥∥∥2

L2
� C

∥∥χ (
φ1

h ,φ0
h

)∥∥2

L2 + 1

6

∥∥∥μ1/2
h

∥∥∥2

L2
+ C

∥∥φ0
h

∥∥2

L2 + 1

6

∥∥∥μ1/2
h

∥∥∥2

L2
+ C

∥∥∥∇φ1/2
h

∥∥∥2

L2

+ 1

2

∥∥∥∇μ1/2
h

∥∥∥2

L2
+ 1

6

∥∥∥μ1/2
h

∥∥∥2

L2
+ Cτ 2

∥∥Δhμ
0
h

∥∥2

L2 .

Hence, using the triangle inequality, (2.21), and the initial stability (2.19), we have for all
0 � m � M − 1,

1

2

∥∥∥μm+1/2
h

∥∥∥2

L2
� C

∥∥χ (
φm+1

h ,φm
h

)∥∥2

L2 + 1

2

∥∥∥∇μm+1/2
h

∥∥∥2

L2
+ C.

1875

 at U
niversity of T

ennessee L
ibrary on O

ctober 10, 2016
http://im

ajna.oxfordjournals.org/
D

ow
nloaded from

 

http://imajna.oxfordjournals.org/


A. E. DIEGEL ET AL.

Now, using Lemma 2.6, we have the following bound for all 0 � m � M − 1

∥∥χ (
φm+1

h ,φm
h

)∥∥2

L2 = 1

16

∥∥∥(
φm+1

h

)3 + (
φm+1

h

)2
φm

h + φm+1
h

(
φm

h

)2 + (
φm

h

)3
∥∥∥2

L2

� C
∥∥∥(
φm+1

h

)3
∥∥∥2

L2
+ C

∥∥∥(
φm+1

h

)2
φm

h

∥∥∥2

L2
+ C

∥∥∥φm+1
h

(
φm

h

)2
∥∥∥2

L2
+ C

∥∥∥(
φm

h

)3
∥∥∥2

L2

� C
∥∥φm+1

h

∥∥6

L6 + C
∥∥φm

h

∥∥6
L6 � C

∥∥φm+1
h

∥∥6

H1 + C
∥∥φm

h

∥∥6
H1 � C, (2.30)

where we used Young’s inequality and the embedding H1(Ω) ↪→ L6(Ω), for d = 2, 3. Hence,

∥∥∥μm+1/2
h

∥∥∥2

L2
�

∥∥∥∇μm+1/2
h

∥∥∥2

L2
+ C. (2.31)

Applying τ
∑M−1

m=0 , estimate (2.27) now follows from (2.23).

Setting ψh =Δhφ̌h
m+1/2

in (2.1b) and using the definition of the discrete Laplacian (2.7), it follows
that for all 1 � m � M − 1

ε

∥∥∥Δhφ̌h
m+1/2

∥∥∥2

L2
= −εa

(
φ̌h

m+1/2
,Δhφ̌h

m+1/2
)

= −
(
μ

m+1/2
h ,Δhφ̌h

m+1/2
)

− ε−1
(
φ̃h

m+1/2
,Δhφ̌h

m+1/2
)

+ ε−1
(
χ

(
φm+1

h ,φm
h

)
,Δhφ̌h

m+1/2
)

= a
(
μ

m+1/2
h , φ̌h

m+1/2
)

− ε−1
(
φ̃h

m+1/2
,Δhφ̌h

m+1/2
)

+ ε−1
(
χ

(
φm+1

h ,φm
h

)
,Δhφ̌h

m+1/2
)

� 1

2

∥∥∥∇μm+1/2
h

∥∥∥2

L2
+ 1

2

∥∥∥∇φ̌h
m+1/2

∥∥∥2

L2
+ C

∥∥∥φ̃h
m+1/2

∥∥∥2

L2
+ ε

4

∥∥∥Δhφ̌h
m+1/2

∥∥∥2

L2

+ C
∥∥χ (

φm+1
h ,φm

h

)∥∥2

L2 + ε

4

∥∥∥Δhφ̌h
m+1/2

∥∥∥2

L2
.

Using the triangle inequality, (2.21) and (2.30), we have

ε

∥∥∥Δhφ̌h
m+1/2

∥∥∥2

L2
�

∥∥∥∇μm+1/2
h

∥∥∥2

L2
+ C. (2.32)

Applying τ
∑M−1

m=1 , the first estimate of (2.28) now follows from (2.23).
To prove the second estimate of (2.28), we use the discrete Gagliardo–Nirenberg inequality Diegel

(2015):

∥∥ψm
h

∥∥
L∞ � C

∥∥Δhψ
m
h

∥∥d/2(6−d)

L2

∥∥ψm
h

∥∥3(4−d)/2(6−d)

L6 + C
∥∥ψm

h

∥∥
L6 ∀ψ ∈ Sh, (d = 2, 3). (2.33)

Applying τ
∑M−1

m=1 and using H1(Ω) ↪→ L6(Ω), (2.21) and the first estimate of (2.28), the second esti-
mate of (2.28) follows. �
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Remark 2.8 We point out that the T-dependence in the estimate (2.26) may not be optimal in the
finite element context. While one might expect that there should be no dependence upon T at all in the
estimates, other Galerkin finite element analyses, for example, Aristotelous et al. (2013), Diegel et al.
(2015) and Kay et al. (2009), have observed similar linear-in-T stability estimates for first-order-in-time
schemes. We point out that when using finite differences in space on a cubic domain, one can eliminate
the T-dependence using techniques that may (or may not) extend to the Galerkin finite element setting;
see Guo et al. (2015). In any case, this linear dependence upon the final time in the estimate (2.26) will
propagate through the following stability estimates.

Lemma 2.9 Let (φm+1
h ,μm+1/2

h ) ∈ Sh × Sh be the unique solution of (2.1a–2.1b), and (φ1
h ,μ1/2

h ) ∈ Sh ×
Sh, the unique solution of (2.4a–2.4b). Assume that

∥∥μ0
h

∥∥2
L2 � C, independent of h. Then the following

estimates hold for any h, τ > 0:

τ

M−1∑
m=0

∥∥∥δτφm+1/2
h

∥∥∥2

L2
� C(T + 1), (2.34)

max
0�m�M−1

∥∥∥μm+1/2
h

∥∥∥2

L2
� C(T + 1), (2.35)

for some constant C> 0 that is independent of h, τ and T .

Proof. The proof is divided into three parts.
Part 1. We first establish ∥∥∥μ1/2

h

∥∥∥2

L2
+ τ

∥∥∥δτφ1/2
h

∥∥∥2

L2
� C. (2.36)

To this end, setting ν = τδτφ
1/2
h in (2.4a) and ψ = 2μ1/2

h in (2.4b) and, adding the resulting equations,
we have

2
∥∥∥μ1/2

h

∥∥∥2

L2
+ τ

∥∥∥δτφ1/2
h

∥∥∥2

L2

= 2

ε

(
χ

(
φ1

h ,φ0
h

)
,μ1/2

h

)
− 2

ε

(
φ0

h ,μ1/2
h

)
− τ

(
Δhμ

0
h,μ1/2

h

)
− 2ε

(
Δhφ

0
h ,μ1/2

h

)

�
∥∥∥μ1/2

h

∥∥∥2

L2
+ C

∥∥χ (
φ1

h ,φ0
h

)∥∥2

L2 + C
∥∥φ0

h

∥∥2

L2 + Cτ 2
∥∥Δhμ

0
h

∥∥2

L2 + C
∥∥Δhφ

0
h

∥∥2

L2 .

Thus,
∥∥∥μ1/2

h

∥∥∥2

L2
+ τ

∥∥∥δτφ1/2
h

∥∥∥2

L2
� C, (2.37)

considering the initial stability (2.19), (2.21) and (2.30).
Part 2. Next we prove that

∥∥∥μ3/2
h

∥∥∥2

L2
+ τ

∥∥∥δτφ3/2
h

∥∥∥2

L2
� C. (2.38)
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Setting m = 1 in (2.1b) and subtracting (2.4b), we obtain

(
μ

3/2
h − μ

1/2
h ,ψ

)
= εa

(
φ̌h

3/2 − φ
1/2
h ,ψ

)
− 3

2ε

(
φ1

h − φ0
h ,ψ

) − τ

2
a
(
μ0

h,ψ
)

+ ε−1
(
χ

(
φ2

h ,φ1
h

) − χ
(
φ1

h ,φ0
h

)
,ψ

)
(2.39)

= εa

(
3

4
τδτφ

3/2
h + 1

4
τδτφ

1/2
h ,ψ

)
− 3

2ε

(
φ1

h − φ0
h ,ψ

) − τ

2
a
(
μ0

h,ψ
)

+ ε−1
(
χ

(
φ2

h ,φ1
h

) − χ
(
φ1

h ,φ0
h

)
,ψ

)
. (2.40)

Additionally, we take a weighted average of (2.1a) with m = 1 and (2.4a) with the weights 3
4 and 1

4 ,
respectively, to obtain,

(
3
4δτφ

3/2
h + 1

4δτφ
1/2
h , ν

)
= −εa

(
3
4μ

3/2
h + 1

4μ
1/2
h , ν

)
∀ν ∈ Sh. (2.41)

Taking ψ = 3
4μ

3/2
h + 1

4μ
1/2
h in (2.40), ν = (3τ/4)δτφ

3/2
h + (τ/4)δτφ

1/2
h in (2.41), and adding the results

yields

(
μ

3/2
h − μ

1/2
h ,

3

4
μ

3/2
h + 1

4
μ

1/2
h

)
+ τ

∥∥∥∥3

4
δτφ

3/2
h + 1

4
δτφ

1/2
h

∥∥∥∥
2

L2

= − 3

8ε

(
φ1

h − φ0
h , 3μ3/2

h + μ
1/2
h

)
− τ

8ε
a
(
μ0

h, 3μ3/2
h + μ

1/2
h

)

+ 1

4ε

(
χ

(
φ2

h ,φ1
h

) − χ
(
φ1

h ,φ0
h

)
, 3μ3/2

h + μ
1/2
h

)

= − 3

8ε

(
φ1

h − φ0
h , 3μ3/2

h + μ
1/2
h

)
+ τ

8ε

(
Δhμ

0
h, 3μ3/2

h + μ
1/2
h

)

+ 1

4ε

(
χ

(
φ2

h ,φ1
h

) − χ
(
φ1

h ,φ0
h

)
, 3μ3/2

h + μ
1/2
h

)

� 1

4

∥∥∥μ3/2
h

∥∥∥2

L2
+ C

∥∥∥μ1/2
h

∥∥∥2

L2
+ C

∥∥φ1
h

∥∥2

L2 + C
∥∥φ0

h

∥∥2

L2 + Cτ 2
∥∥Δhμ

0
h

∥∥2

L2

+ C
∥∥χ (

φ2
h ,φ1

h

)∥∥2

L2 + C
∥∥χ (

φ1
h ,φ0

h

)∥∥2

L2

� 1

4

∥∥∥μ3/2
h

∥∥∥2

L2
+ C

∥∥∥μ1/2
h

∥∥∥2

L2
+ C,

where we have used Young’s inequality, (2.19), (2.21) and (2.30). Considering Part 1 and the
inequalities

∥∥∥∥3

4
δτφ

3/2
h + 1

4
δτφ

1/2
h

∥∥∥∥
2

L2

= 9

16

∥∥∥δτφ3/2
h

∥∥∥2

L2
+ 3

8

(
δτφ

3/2
h , δτφ

1/2
h

)
+ 1

16

∥∥∥δτφ1/2
h

∥∥∥2

L2

� 9

16

∥∥∥δτφ3/2
h

∥∥∥2

L2
− 3

8

∥∥∥δτφ3/2
h

∥∥∥
L2

∥∥∥δτφ1/2
h

∥∥∥
L2

+ 1

16

∥∥∥δτφ1/2
h

∥∥∥2

L2

� 3

8

∥∥∥δτφ3/2
h

∥∥∥2

L2
− 1

8

∥∥∥δτφ1/2
h

∥∥∥2

L2
,
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and
(
μ

3/2
h − μ

1/2
h ,

3

4
μ

3/2
h + 1

4
μ

1/2
h

)
= 3

4

∥∥∥μ3/2
h

∥∥∥2

L2
− 1

2

(
μ

3/2
h ,μ1/2

h

)
− 1

4

∥∥∥μ1/2
h

∥∥∥2

L2

� 1

2

∥∥∥μ3/2
h

∥∥∥2

L2
− 1

2

∥∥∥μ1/2
h

∥∥∥2

L2
,

we have
1

4

∥∥∥μ3/2
h

∥∥∥2

L2
+ 3τ

8

∥∥∥δτφ3/2
h

∥∥∥2

L2
� C

∥∥∥μ1/2
h

∥∥∥2

L2
+ τ

8

∥∥∥δτφ1/2
h

∥∥∥2

L2
+ C � C. (2.42)

Part 3. Finally, we will establish

∥∥∥μ�+1/2
h

∥∥∥2

L2
+ τ

8

�∑
m=2

∥∥∥δτφm+1/2
h

∥∥∥2

L2
� C(T + 1). (2.43)

For 2 � m � M − 1, we subtract (2.1b) from itself at consecutive time steps to obtain

(
μ

m+1/2
h − μ

m−1/2
h ,ψ

)
= εa

(
φ̌h

m+1/2 − φ̌h
m−1/2

,ψ
)

− ε−1
(
φ̃h

m+1/2 − φ̃h
m−1/2

,ψ
)

+ ε−1
(
χ

(
φm+1

h ,φm
h

) − χ
(
φm

h ,φm−1
h

)
,ψ

)
= εa

(
3
4τδτφ

m+1/2
h + 1

4τδτφ
m−3/2
h ,ψ

)
− ε−1

(
3
2τδτφ

m−1/2
h − 1

2τδτφ
m−3/2
h ,ψ

)

+ 1
4ε

(
ωm

h

(
φm+1

h − φm−1
h

)
,ψ

)
, (2.44)

for all ψ ∈ Sh, where ωm
h :=ω

(
φm+1

h ,φm
h ,φm−1

h

)
and

ω (a, b, c) := a2 + b2 + c2 + ab + bc + ac.

Additionally, we take a weighted average of the m + 1
2 and m − 3

2 time steps with the weights 3
4 and 1

4 ,
respectively, of (2.1a) to obtain

(
3
4δτφ

m+1/2
h + 1

4δτφ
m−3/2
h , ν

)
= −ε a

(
3
4μ

m+1/2
h + 1

4μ
m−3/2
h , ν

)
, (2.45)

for all ν ∈ Sh, which is well defined for all 2 � m � M − 1. Taking ψ = 3
4μ

m+1/2
h + 1

4μ
m−3/2
h in (2.44),

ν = τ( 3
4δτφ

m+1/2
h + 1

4δτφ
m−3/2
h ) in (2.45), and adding the results yields

(
μ

m+1/2
h − μ

m−1/2
h ,

3

4
μ

m+1/2
h + 1

4
μ

m−3/2
h

)
+ τ

∥∥∥∥3

4
δτφ

m+1/2
h + 1

4
δτφ

m−3/2
h

∥∥∥∥
2

L2

= −τ
ε

(
3

2
δτφ

m−1/2
h − 1

2
δτφ

m−3/2
h ,

3

4
μ

m+1/2
h + 1

4
μ

m−3/2
h

)

+ 1

4ε

(
ωm

h

(
φm+1

h − φm−1
h

)
,

3

4
μ

m+1/2
h + 1

4
μ

m−3/2
h

)
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= −τ
ε

(
3

2
δτφ

m−1/2
h − 1

2
δτφ

m−3/2
h ,

3

4
μ

m+1/2
h + 1

4
μ

m−3/2
h

)

+ τ

4ε

(
ωm

h δτφ
m+1/2
h ,

3

4
μ

m+1/2
h + 1

4
μ

m−3/2
h

)

+ τ

4ε

(
ωm

h δτφ
m−1/2
h ,

3

4
μ

m+1/2
h + 1

4
μ

m−3/2
h

)

� 3τ

8ε

∥∥∥δτφm−1/2
h

∥∥∥
L2

∥∥∥3μm+1/2
h + μ

m−3/2
h

∥∥∥
L2

+ τ

8ε

∥∥∥δτφm−3/2
h

∥∥∥
L2

∥∥∥3μm+1/2
h + μ

m−3/2
h

∥∥∥
L2

+ τ

16ε

∥∥ωm
h

∥∥
L3

∥∥∥δτφm+1/2
h

∥∥∥
L2

∥∥∥3μm+1/2
h + μ

m−3/2
h

∥∥∥
L6

+ τ

16ε

∥∥ωm
h

∥∥
L3

∥∥∥δτφm−1/2
h

∥∥∥
L2

∥∥∥3μm+1/2
h + μ

m−3/2
h

∥∥∥
L6

.

Hence,

(
μ

m+1/2
h − μ

m−1/2
h ,

3

4
μ

m+1/2
h + 1

4
μ

m−3/2
h

)
+ τ

∥∥∥∥3

4
δτφ

m+1/2
h + 1

4
δτφ

m−3/2
h

∥∥∥∥
2

L2

� τ

8

∥∥∥δτφm+1/2
h

∥∥∥2

L2
+ τ

32

∥∥∥δτφm−1/2
h

∥∥∥2

L2
+ τ

32

∥∥∥δτφm−3/2
h

∥∥∥2

L2

+ Cτ
∥∥∥μm+1/2

h

∥∥∥2

H1
+ Cτ

∥∥∥μm−3/2
h

∥∥∥2

H1
,

where we use the H1(Ω) ↪→ L6(Ω) embedding to achieve the following bound:

∥∥ωm
h

∥∥
L3 =

∥∥∥(
φm+1

h

)2 + (
φm

h

)2 + (
φm−1

h

)2 + φm+1
h φm

h + φm+1
h φm−1

h + φm
h φ

m−1
h

∥∥∥
L3

� C
∥∥φm+1

h

∥∥2

L6 + C
∥∥φm

h

∥∥2
L6 + C

∥∥φm−1
h

∥∥2

L6 � C.

Applying
∑�

m=2 and using the following properties:

(
μ

m+1/2
h − μ

m−1/2
h ,

3

4
μ

m+1/2
h + 1

4
μ

m−3/2
h

)

= 1

2

(
μ

m+1/2
h − μ

m−1/2
h ,μm+1/2

h + μ
m−1/2
h

)

+ 1

4

(
μ

m+1/2
h − μ

m−1/2
h ,μm+1/2

h − 2μm−1/2
h + μ

m−3/2
h

)

= 1

2

∥∥∥μm+1/2
h

∥∥∥2

L2
− 1

2

∥∥∥μm−1/2
h

∥∥∥2

L2
+ 1

8

∥∥∥μm+1/2
h − μ

m−1/2
h

∥∥∥2

L2

− 1

8

∥∥∥μm−1/2
h − μ

m−3/2
h

∥∥∥2

L2
+ 1

8

∥∥∥μm+1/2
h − 2μm−1/2

h + μ
m−3/2
h

∥∥∥2

L2
,

1880

 at U
niversity of T

ennessee L
ibrary on O

ctober 10, 2016
http://im

ajna.oxfordjournals.org/
D

ow
nloaded from

 

http://imajna.oxfordjournals.org/


SECOND-ORDER MIXED FINITE ELEMENT METHOD

∥∥∥∥3

4
δτφ

m+1/2
h + 1

4
δτφ

m−3/2
h

∥∥∥∥
2

L2

= 9

16

∥∥∥δτφm+1/2
h

∥∥∥2

L2
+ 3

8

(
δτφ

m+1/2
h , δτφ

m−3/2
h

)
+ 1

16

∥∥∥δτφm−3/2
h

∥∥∥2

L2

� 9

16

∥∥∥δτφm+1/2
h

∥∥∥2

L2
− 3

8

∥∥∥δτφm+1/2
h

∥∥∥
L2

∥∥∥δτφm−3/2
h

∥∥∥
L2

+ 1

16

∥∥∥δτφm−3/2
h

∥∥∥2

L2

� 3

8

∥∥∥δτφm+1/2
h

∥∥∥2

L2
− 1

8

∥∥∥δτφm−3/2
h

∥∥∥2

L2
,

we conclude

1

2

∥∥∥μ�+1/2
h

∥∥∥2

L2
+ τ

16

�∑
m=2

∥∥∥δτφm+1/2
h

∥∥∥2

L2
� 1

8

∥∥∥μ3/2
h − μ

1/2
h

∥∥∥2

L2
+ 3τ

16

∥∥∥δτφ3/2
h

∥∥∥2

L2
+ 1

2

∥∥∥μ3/2
h

∥∥∥2

L2

+ 5τ

32

∥∥∥δτφ1/2
h

∥∥∥2

L2
+ Cτ

�∑
m=0

∥∥∥μm+1/2
h

∥∥∥2

H1
� C(T + 1),

for any 2 � �� M − 1, where we have used Parts 1 and 2 and estimates (2.23) and (2.27). The proof is
completed by combining all three parts. �

Lemma 2.10 Let (φm+1
h ,μm+1/2

h ) ∈ Sh × Sh be the unique solution of (2.1a) and (2.1b), and (φ1
h ,μ1/2

h ) ∈
Sh × Sh, the unique solution of (2.4a) and (2.4b). Then the following estimates hold for any h, τ > 0:

∥∥∥Δhφ
1/2
h

∥∥∥2

L2
+

∥∥∥φ1/2
h

∥∥∥2

L∞
� C, (2.46)

max
1�m�M−1

[∥∥∥Δhφ̌h
m+1/2

∥∥∥2

L2
+

∥∥∥φ̌h
m+1/2

∥∥∥4(6−d)/d

L∞

]
� C(T + 1), (2.47)

for some constant C> 0 that is independent of h, τ and T .

Proof. To prove the first estimate of (2.46), set ψ =Δhφ
1/2
h in (2.4b) and use the definition of the

discrete Laplacian (2.7) to obtain

ε

∥∥∥Δhφ
1/2
h

∥∥∥2

L2
= −εa

(
φ

1/2
h ,Δhφ

1/2
h

)

= ε−1
(
χ

(
φ1

h ,φ0
h

)
,Δhφ

1/2
h

)
− ε−1

(
φ0

h ,Δhφ
1/2
h

)
−

(
μ

1/2
h ,Δhφ

1/2
h

)
+ τ

2
a
(
μ0

h,Δhφ
1/2
h

)

� ε

2

∥∥∥Δhφ
1/2
h

∥∥∥2

L2
+ C

∥∥χ (
φ1

h ,φ0
h

)∥∥2

L2 + C
∥∥φ0

h

∥∥2

L2 + C
∥∥∥μ1/2

h

∥∥∥2

L2
+ Cτ 2

∥∥Δhμ
0
h

∥∥2

L2

� ε

2

∥∥∥Δhφ
1/2
h

∥∥∥2

L2
+ C.

The result now follows. The second estimate of (2.46) follows from (2.33), the embedding H1(Ω) ↪→
L6(Ω), (2.21) and the first estimate of (2.46).
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Setting ψ =Δhφ̌h
m+1/2

in (2.1b) and using the definition of the discrete Laplacian (2.7), we get

ε

∥∥∥Δhφ̌h
m+1/2

∥∥∥2

L2
= −εa

(
φ̌h

m+1/2
,Δhφ̌h

m+1/2
)

= −
(
μ

m+1/2
h ,Δhφ̌h

m+1/2
)

− ε−1
(
φ̃h

m+1/2
,Δhφ̌h

m+1/2
)

+ ε−1
(
χ

(
φm+1

h ,φm
h

)
,Δhφ̌h

m+1/2
)

� C
∥∥∥μm+1/2

h

∥∥∥2

L2
+ ε

2

∥∥∥Δhφ̌h
m+1/2

∥∥∥2

L2
+ C

∥∥∥φ̃h
m+1/2

∥∥∥2

L2

+ C
∥∥χ (

φm+1
h ,φm

h

)∥∥2

L2

� C + C
∥∥∥μm+1/2

h

∥∥∥2

L2
+ ε

2

∥∥∥Δhφ̌h
m+1/2

∥∥∥2

L2
,

where we have used the triangle inequality and (2.30). Hence,
∥∥∥Δhφ̌h

m+1/2
∥∥∥2

L2
� C + C

∥∥∥μm+1/2
h

∥∥∥2

L2
,

for 1 � m � M − 1, and the first estimate of (2.47) follows from (2.35). The second estimate of (2.47)
follows from (2.33), the embedding H1(Ω) ↪→ L6(Ω), (2.21) and the first estimate of (2.47). �

Lemma 2.11 Let (φm+1
h ,μm+1/2

h ) ∈ Sh × Sh be the unique solution of (2.1a) and (2.1b), and (φ1
h ,μ1/2

h ) ∈
Sh × Sh, the unique solution of (2.4a) and (2.4b). The following estimates hold for any h, τ > 0:

max
0�m�M

[∥∥Δhφ
m
h

∥∥2
L2 + ∥∥φm

h

∥∥4(6−d)/d

L∞

]
� C(T + 1), (2.48)

for some constant C> 0 that is independent of h, τ and T .

Proof. We begin by proving the stability for the first time step. A simple application of the triangle
inequality gives the first estimate of (2.48) for m = 1 as follows:

∥∥Δhφ
1
h

∥∥
L2 = ∥∥Δhφ

1
h +Δhφ

0
h −Δhφ

0
h

∥∥
L2 �

∥∥Δhφ
1
h +Δhφ

0
h

∥∥
L2 + ∥∥Δhφ

0
h

∥∥
L2

� 2
∥∥∥Δhφ

1/2
h

∥∥∥
L2

+ ∥∥Δhφ
0
h

∥∥
L2 � C,

where we have used the stability of the initial data, inequality (2.19) and the first estimate of (2.46).
Next, using (2.33), H1(Ω) ↪→ L6(Ω), (2.21) and the first estimate of (2.48), we get the second estimate
of (2.48) for m = 1. For 2 � m � M − 1, by definition:

∥∥∥Δhφ̌h
m+1/2

∥∥∥2

L2
= ∥∥Δh

(
3
4φ

m+1
h + 1

4φ
m−1
h

)∥∥2

L2

= 9
16

∥∥Δhφ
m+1
h

∥∥2

L2 + 3
8

(
Δhφ

m+1
h ,Δhφ

m−1
h

) + 1
16

∥∥Δhφ
m−1
h

∥∥2

L2

� 9
16

∥∥Δhφ
m+1
h

∥∥2

L2 − 3
16

∥∥Δhφ
m+1
h

∥∥2

L2 − 3
16

∥∥Δhφ
m−1
h

∥∥2

L2 + 1
16

∥∥Δhφ
m−1
h

∥∥2

L2

= 3
8

∥∥Δhφ
m+1
h

∥∥2

L2 − 1
8

∥∥Δhφ
m−1
h

∥∥2

L2 .
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With repeated application of the last estimate and using the first estimate of (2.47), we find

∥∥Δhφ
2m
h

∥∥2

L2 � 8
3

(
1 + 1

3 + (
1
3

)2 + · · · + (
1
3

)m−1
)

C(T + 1)+ (
1
3

)m ∥∥Δhφ
0
h

∥∥2

L2

� 8
3 · 3

2 C(T + 1)+ (
1
3

)m · C � C(T + 1),

and

∥∥Δhφ
2m+1
h

∥∥2

L2 � 8
3

(
1 + 1

3 + (
1
3

)2 + · · · + (
1
3

)m−1
)

C(T + 1)+ (
1
3

)m ∥∥Δhφ
1
h

∥∥2

L2

� 8
3 · 3

2 C(T + 1)+ (
1
3

)m · C � C(T + 1),

and the first estimate of (2.48) follows. The second estimate of (2.48) follows from (2.33), the first
estimate of (2.48) and the embedding H1(Ω) ↪→ L6(Ω). �

3. Error estimates for the fully discrete convex splitting scheme

In this section, we provide a rigorous convergence analysis for our scheme in the appropriate energy
norms. We shall assume that weak solutions have the additional regularities

φ ∈ L∞ (
0, T ; W 1,6(Ω)

) ∩ H1
(
0, T ; Hq+1(Ω)

) ∩ H2(0, T ; H3(Ω)) ∩ H3(0, T ; L2(Ω)),

φ2 ∈ H2
(
0, T ; H1(Ω)

)
,

μ ∈ L2
(
0, T ; Hq+1(Ω)

)
,

(3.1)

where q � 1. The norm bounds associated with the assumed regularities above are not necessarily
global-in-time, and therefore can involve constants that depend upon the final time T . We also assume
that the initial data are sufficiently regular so that the stability (2.19) holds. Weak solutions (φ,μ)
to (1.4a) and (1.4b) with the higher regularities (3.1) solve the following variational problem: for all
t ∈ [0, T],

(∂tφ, ν)+ εa (μ, ν)= 0 ∀ν ∈ H1(Ω), (3.2a)

(μ,ψ)− εa (φ,ψ)− ε−1
(
φ3 − φ,ψ

) = 0 ∀ψ ∈ H1(Ω). (3.2b)

We define the following: for any real number m ∈ [0, M ],

tm := mτ , φm := φ(tm), Eφ,m
a := φm − Rhφ

m, Eμ,m
a :=μm − Rhμ

m;

and for any integer 0 � m � M − 1,

δτφ
m+1/2 := φm+1 − φm

τ
, σ

m+1/2
1 := δτRhφ

m+1/2 − δτφ
m+1/2,

σ
m+1/2
2 := δτφ

m+1/2 − ∂tφ
m+1/2, σ

m+1/2
3 := 1

2φ
m+1 + 1

2φ
m − φm+1/2

σ
m+1/2
4 := χ

(
φm+1,φm

) − (
φm+1/2

)3
.
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Then the PDE solution, evaluated at the half-integer time steps tm+1/2, satisfies

(
δτRhφ

m+1/2, ν
) + εa

(
Rhμ

m+1/2, ν
) =

(
σ

m+1/2
1 + σ

m+1/2
2 , ν

)
, (3.3a)

εa

(
1

2
Rhφ

m+1 + 1

2
Rhφ

m,ψ

)
− (

Rhμ
m+1/2,ψ

)

= (
Eμ,m+1/2

a ,ψ
) − 1

ε

(
χ

(
φm+1,φm

)
,ψ

) + 1

ε

(
φm+1/2,ψ

)

+ εa
(
σ

m+1/2
3 ,ψ

)
+ 1

ε

(
σ

m+1/2
4 ,ψ

)
, (3.3b)

for all ν,ψ ∈ Sh. Restating the fully discrete splitting scheme, Eqs. (2.1a), (2.1b), (2.4a) and (2.4b), we
have, for all ν,ψ ∈ Sh,

(
δτφ

1/2
h , ν

)
+ εa

(
μ

1/2
h , ν

)
= 0, (3.4a)

εa
(
φ

1/2
h ,ψ

)
−

(
μ

1/2
h ,ψ

)
= −1

ε

(
χ

(
φ1

h ,φ0
h

)
,ψ

) + 1

ε

(
φ0

h + τ

2
∂tφ

0,ψ
)

; (3.4b)

and, for 1 � m � M − 1, and all ν,ψ ∈ Sh,

(
δτφ

m+1/2
h , ν

)
+ εa

(
μ

m+1/2
h , ν

)
= 0, (3.5a)

εa
(
φ

m+1/2
h ,ψ

)
+ ε

4
a
(
φm+1

h − 2φm
h + φm−1

h ,ψ
) −

(
μ

m+1/2
h ,ψ

)

= −1

ε

(
χ

(
φm+1

h ,φm
h

)
,ψ

) + 1

ε

(
φ̃h

m+1/2
,ψ

)
. (3.5b)

Now let us define the following additional error terms: for any integers 0 � m � M ,

Eφ,m
h := Rhφ

m − φm
h , Eφ,m := φm − φm

h , (3.6)

and, for any integers 0 � m � M − 1

Eμ,m+1/2
h := Rhμ

m+1/2 − μ
m+1/2
h , Eμ,m+1/2 :=μm+1/2 − μ

m+1/2
h . (3.7)

Setting m = 0 in (3.3a) and (3.3b) and subtracting (3.4a) and (3.4b), we have

(
δτEφ,1/2

h , ν
)

+ εa
(
Eμ,1/2

h , ν
)

=
(
σ

1/2
1 + σ

1/2
2 , ν

)
, (3.8a)

ε

2
a
(
Eφ,1

h + Eφ,0
h ,ψ

)
−

(
Eμ,1/2

h ,ψ
)

= (
Eμ,1/2

a ,ψ
) − 1

ε

(
χ

(
φ1,φ0

) − χ
(
φ1

h ,φ0
h

)
,ψ

)

+ 1

ε

(
φ1/2 − φ0

h − τ

2
∂tφ

0,ψ
)

+ εa
(
σ

1/2
3 ,ψ

)

+ 1

ε

(
σ

1/2
4 ,ψ

)
. (3.8b)
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Similarly, subtracting (3.5a) and (3.5b) from (3.3a) and (3.3b), yields, for 1 � m � M − 1,

(
δτEφ,m+1/2

h , ν
)

+ εa
(
Eμ,m+1/2

h , ν
)

=
(
σ

m+1/2
1 + σ

m+1/2
2 , ν

)
, (3.9a)

ε

2
a
(
Eφ,m+1

h + Eφ,m
h ,ψ

)
+ ετ 2

4
a
(
δ2
τE

φ,m
h ,ψ

)
−

(
Eμ,m+1/2

h ,ψ
)

= (
Eμ,m+1/2

a ,ψ
) − 1

ε

(
χ

(
φm+1,φm

) − χ
(
φm+1

h ,φm
h

)
,ψ

)

+ 1

ε

(
φm+1/2 − φ̃h

m+1/2
,ψ

)
+ ε a

(
σ

m+1/2
3 ,ψ

)

+ 1

ε

(
σ

m+1/2
4 ,ψ

)
+ ετ 2

4
a
(
δ2
τ φ

m,ψ
)
, (3.9b)

where τ 2δ2
τψ

m :=ψm+1 − 2ψm + ψm−1.
Now, define the additional error terms

σ
m+1/2
5 := χ

(
φm+1

h ,φm
h

) − χ
(
φm+1,φm

)
, (3.10)

σ
m+1/2
6 := φm+1/2 −

⎧⎨
⎩
φ0

h + τ

2
∂tφ

0, for m = 0

φ̃h
m+1/2

, for 1 � m � M − 1.
(3.11)

Then, setting ν = Eμ,1/2
h in (3.8a) and ψ = δτEφ,1/2

h in (3.8b), setting ν = Eμ,m+1/2
h in (3.9a) and

ψ = δτEφ,m+1/2
h in (3.9b), and adding the resulting equations, we have

ε

2
a
(
Eφ,m+1

h + Eφ,m
h , δτEφ,m+1/2

h

)
+ γmετ

2

4
a
(
δ2
τE

φ,m
h , δτEφ,m+1/2

h

)
+ ε

∥∥∥∇Eμ,m+1/2
h

∥∥∥2

L2

=
(
σ

m+1/2
1 + σ

m+1/2
2 , Eμ,m+1/2

h

)
+

(
Eμ,m+1/2

a , δτEφ,m+1/2
h

)
+ εa

(
σ

m+1/2
3 , δτEφ,m+1/2

h

)

+ 1

ε

(
σ

m+1/2
4 + σ

m+1/2
5 + σ

m+1/2
6 , δτEφ,m+1/2

h

)
+ γmετ

2

4
a
(
δ2
τ φ

m, δτEφ,m+1/2
h

)
, (3.12)

for all 0 � m � M − 1, where γm := 1 − δ0,m and δk,� is the Kronecker delta function. The terms involv-
ing γm are ‘turned on’ only when m � 1. Expression (3.12) is the key error equation from which we will
define our error estimates.

Lemma 3.1 Suppose that (φ,μ) is a weak solution to (3.3a) and (3.3b), with the additional regularities
(3.1). Then for all tm ∈ [0, T] and for any h, τ > 0, there exists a constant C> 0, independent of h and τ
and T , such that

∥∥∥σm+1/2
1

∥∥∥2

L2
� C

h2q+2

τ

∫ tm+1

tm

‖∂sφ(s)‖2
Hq+1 ds, 0 � m � M − 1, (3.13)

∥∥∥σm+1/2
2

∥∥∥2

L2
� τ 3

640

∫ tm+1

tm

‖∂sssφ(s)‖2
L2 ds, 0 � m � M − 1, (3.14)
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∥∥∥∇Δσm+1/2
3

∥∥∥2

L2
� τ 3

96

∫ tm+1

tm

‖∇Δ∂ssφ(s)‖2
L2 ds, 0 � m � M − 1, (3.15)

∥∥∥∇σm+1/2
3

∥∥∥2

L2
� τ 3

96

∫ tm+1

tm

‖∇∂ssφ(s)‖2
L2 ds, 0 � m � M − 1, (3.16)

∥∥∥∥1

2

(
φm+1

)2 + 1

2
(φm)

2 − (
φm+1/2

)2
∥∥∥∥

2

H1

� τ 3

96

∫ tm+1

tm

∥∥∂ssφ
2(s)

∥∥2

H1 ds, 0 � m � M − 1, (3.17)

∥∥τ 2∇Δδ2
τ φ

m
∥∥2

L2 � τ 3

3

∫ tm+1

tm−1

‖∇Δ∂ssφ(s)‖2
L2 ds, 1 � m � M − 1, (3.18)

∥∥τ 2∇δ2
τ φ

m
∥∥2

L2 � τ 3

3

∫ tm+1

tm−1

‖∇∂ssφ(s)‖2
L2 ds, 1 � m � M − 1, (3.19)

∥∥∥∥∇
(
φm+1/2 − 3

2
φm + 1

2
φm−1

)∥∥∥∥
2

L2

� τ 3

12

∫ tm+1

tm−1

‖∇∂ssφ(s)‖2
L2 ds, 1 � m � M − 1, (3.20)

∥∥∥∇
(
φ1/2 − φ0 − τ

2
∂tφ

0
)∥∥∥

L2
� τ 3

24

∫ t1/2

t0

‖∇∂ssφ(s)‖2
L2 ds. (3.21)

Proof. The proof of each of the inequalities above is a direct application of Taylor’s theorem with
integral remainder. We suppress the details for the sake of brevity. �

Lemma 3.2 Suppose that (φ,μ) is a weak solution to (3.3a) and (3.3b), with the additional regularities
(3.1). Then, there exists a constant C> 0 independent of h and τ—but possibly dependent upon T
through the regularity estimates—such that, for any h, τ > 0,

∥∥∥∇σm+1/2
4

∥∥∥2

L2
� Cτ 3

∫ tm+1

tm

‖∇∂ssφ(s)‖2
L2 ds + Cτ 3

∫ tm+1

tm

∥∥∂ssφ
2(s)

∥∥2

H1 ds. (3.22)

Proof. We begin with the expansion

∇σm+1/2
4 = (

1
2φ

m+1 + 1
2φ

m − φm+1/2
) ∇

(
1
2

(
φm+1

)2 + 1
2 (φ

m)
2
)

+
(

1
2

(
φm+1

)2 + 1
2 (φ

m)
2
)

∇ (
1
2φ

m+1 + 1
2φ

m − φm+1/2
)

+ φm+1/2∇
(

1
2

(
φm+1

)2 + 1
2 (φ

m)
2 − (

φm+1/2
)2

)

+
(

1
2

(
φm+1

)2 + 1
2 (φ

m)
2 − (

φm+1/2
)2

)
∇φm+1/2. (3.23)
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By the triangle inequality, Young’s inequality, and the embedding H1(Ω) ↪→ L6(Ω), we have

∥∥∥∇σm+1/2
4

∥∥∥
L2

�
∥∥ 1

2φ
m+1 + 1

2φ
m − φm+1/2

∥∥
L6

∥∥∥∇
(

1
2

(
φm+1

)2 + 1
2 (φ

m)
2
)∥∥∥

L3

+
∥∥∥ 1

2

(
φm+1

)2 + 1
2 (φ

m)
2
∥∥∥

L∞

∥∥∇ (
1
2φ

m+1 + 1
2φ

m − φm+1/2
)∥∥

L2

+ ∥∥φm+1/2
∥∥

L∞

∥∥∥∇
(

1
2

(
φm+1

)2 + 1
2 (φ

m)
2 − (

φm+1/2
)2

)∥∥∥
L2

+
∥∥∥ 1

2

(
φm+1

)2 + 1
2 (φ

m)
2 − (

φm+1/2
)2

∥∥∥
L6

∥∥∇φm+1/2
∥∥

L3

� C
{∥∥φm+1

∥∥2

L∞ + ‖φm‖2
L∞ + ∥∥φm+1

∥∥
L6

∥∥∇φm+1
∥∥

L6 + ‖φm‖L6 ‖∇φm‖L6

}

× ∥∥∇ (
1
2φ

m+1 + 1
2φ

m − φm+1/2
)∥∥

L2

+ C
{∥∥φm+1/2

∥∥
L∞ + ∥∥∇φm+1/2

∥∥
L3

} ×
∥∥∥ 1

2

(
φm+1

)2 + 1
2 (φ

m)
2 − (

φm+1/2
)2

∥∥∥
H1

.

(3.24)

Using the assumed regularities (3.1) of the PDE solution, and appealing to the truncation error estimates
(3.16) and (3.17), the result follows. �

Lemma 3.3 Suppose that (φ,μ) is a weak solution to (3.3a) and (3.3b), with the additional regularities
(3.1). Then, there exists a constant C> 0 independent of h and τ , but possibly dependent upon T , such
that, for any h, τ > 0,

∥∥∥∇σm+1/2
5

∥∥∥2

L2
� C

∥∥∇Eφ,m+1
∥∥2

L2 + C
∥∥∇Eφ,m

∥∥2

L2 , (3.25)

where Eφ,m := φm − φm
h .

Proof. We begin with the detailed expansion

4∇σm+1/2
5 =

{(
φm+1

h

)2 + (
φm

h

)2 + 2φm+1
h

(
φm+1

h + φm
h

)}∇ (
φm+1

h − φm+1
)

+
{(
φm+1

h

)2 + (
φm

h

)2 + 2φm
h

(
φm+1

h + φm
h

)} ∇ (
φm

h − φm
)

+ {∇ (
φm+1 + φm

) · (
φm+1

h + φm+1
) + 2∇φm+1

(
φm+1

h + φm
h

)
+ 2φm+1∇φm+1 + 2φm∇φm

} (
φm+1

h − φm+1
)

+ {∇ (
φm+1 + φm

) · (
φm

h + φm
) + 2∇φm

(
φm+1

h + φm
h

)
+ 2φm+1∇φm+1 + 2φm∇φm

} (
φm

h − φm
)
. (3.26)
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Then, using the unconditional a priori estimates in Lemmas 2.6 and 2.11, the assumption that
φ ∈ L∞(0, T ; W 1,6(Ω)), and the embedding H1(Ω) ↪→ L6(Ω) we have, for any 0 � m � M − 1,

∥∥∥∇σm+1/2
5

∥∥∥
L2

� C
{∥∥φm+1

h

∥∥2

L∞ + ∥∥φm
h

∥∥2
L∞

}(∥∥∇Eφ,m+1
∥∥

L2 + ∥∥∇Eφ,m
∥∥

L2

)
+ C

{(∥∥∇φm+1
∥∥

L6 + ‖∇φm‖L6

)
· (∥∥φm+1

∥∥
L6 + ‖φm‖L6 + ∥∥φm+1

h

∥∥
L6 + ∥∥φm

h

∥∥
L6

)}
× (∥∥Eφ,m+1

∥∥
L6 + ∥∥Eφ,m

∥∥
L6

)
� C

∥∥∇Eφ,m+1
∥∥

L2 + C
∥∥∇Eφ,m

∥∥
L2 . (3.27)

�

Lemma 3.4 Suppose that (φ,μ) is a weak solution to (3.3a) and (3.3b), with the additional regularities
(3.1). Then, there exists a constant C> 0 independent of h and τ such that, for any h, τ > 0,

∥∥∥∇σm+1/2
6

∥∥∥2

L2
� γmCτ 3

∫ tm

tm−1

‖∇∂ssφ(s)‖2
L2 ds + Cτ 3

∫ tm+1

tm

‖∇∂ssφ(s)‖2
L2 ds

+ C
∥∥∇Eφ,m

∥∥2

L2 + γmC
∥∥∇Eφ,m−1

∥∥2

L2 + δ0,mCh2q |φ0|2Hq+1 , (3.28)

where Eφ,m := φm − φm
h and δk,� is the Kronecker delta.

Proof. For m = 0, using the truncation error estimate (3.21) and a standard finite element estimate for
the Ritz projection, we have

∥∥∥∇σ 1/2
6

∥∥∥2

L2
� 2

∥∥∥∇
(
φ1/2 − φ0 − τ

2
∂tφ(0)

)∥∥∥2

L2
+ 2

∥∥∇ (
φ0 − φ0

h

)∥∥2

L2

� 2
τ 3

24

∫ t1/2

t0

‖∇∂ssφ(s)‖2
L2 ds + Ch2q |φ0|2Hq+1 , (3.29)

with the observation that φ0
h := Rhφ0. For 1 � m � M − 1, using the truncation error estimate (3.20), we

obtain

∥∥∥∇σm+1/2
6

∥∥∥2

L2
� 3

τ 3

6

∫ tm+1

tm−1

‖∇∂ssφ(s)‖2
L2 ds + 27

4

∥∥∇Eφ,m
∥∥2

L2 + 3

4

∥∥∇Eφ,m−1
∥∥2

L2 . (3.30)

�

We now proceed to estimate the terms on the right-hand-side of (3.12). We will need the following
technical lemmas. The proof of the next result can be found in Diegel et al. (2015).

Lemma 3.5 Suppose g ∈ H1(Ω), and v ∈ Sh. Then

|(g, v)| � C ‖∇g‖L2 ‖v‖−1,h , (3.31)

for some C> 0 that is independent of h.
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Lemma 3.6 Suppose that (φ,μ) is a weak solution to (3.3a) and (3.3b), with the additional regularities
(3.1). Then, for any h, τ > 0 and any α > 0, there exists a constant C = C(α, T) > 0, independent of h
and τ , such that, for 0 � m � M − 1,

ε

2
a
(
Eφ,m+1

h + Eφ,m
h , δτEφ,m+1/2

h

)
+ γmετ

2

4
a
(
δ2
τE

φ,m
h , δτEφ,m+1/2

h

)
+ ε

2

∥∥∥∇Eμ,m+1/2
h

∥∥∥2

L2

� C
∥∥∥∇Eφ,m+1

h

∥∥∥2

L2
+ C

∥∥∥∇Eφ,m
h

∥∥∥2

L2
+ γmC

∥∥∥∇Eφ,m−1
h

∥∥∥2

L2
+ α

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h
+ CRm+1/2, (3.32)

where

Rm+1/2 = h2q+2

τ

∫ tm+1

tm

‖∂sφ(s)‖2
Hq+1 ds + h2q

∣∣μm+1/2
∣∣2

Hq+1

+ h2q
∣∣φm+1

∣∣2

Hq+1 + h2q |φm|2Hq+1 + γmh2q
∣∣φm−1

∣∣2

Hq+1

+ τ 3
∫ tm+1

tm

‖∂sssφ(s)‖2
L2 ds + τ 3

∫ tm+1

tm

∥∥∂ssφ
2(s)

∥∥2

H1 ds

+ γmτ
3
∫ tm

tm−1

‖∇∂ssφ(s)‖2
L2 ds + τ 3

∫ tm+1

tm

‖∇∂ssφ(s)‖2
L2 ds

+ γmτ
3
∫ tm

tm−1

‖∇Δ∂ssφ(s)‖2
L2 ds + τ 3

∫ tm+1

tm

‖∇Δ∂ssφ(s)‖2
L2 ds. (3.33)

Proof. Define, for 0 � m � M − 1, time-dependent spatial mass average

Eμ,m+1/2
h := |Ω|−1

(
Eμ,m+1/2

h , 1
)

. (3.34)

Using the Cauchy–Schwarz inequality, the Poincaré inequality, with the fact that
(
σ

m+1/2
1 + σ

m+1/2
2 , 1

)
= 0,

and the local truncation error estimates (3.13) and (3.14), we get the following estimate:
∣∣∣(σm+1/2

1 + σ
m+1/2
2 , Eμ,m+1/2

h

)∣∣∣ =
∣∣∣(σm+1/2

1 + σ
m+1/2
2 , Eμ,m+1/2

h − Eμ,m+1/2
h

)∣∣∣
�

∥∥∥σm+1/2
1 + σ

m+1/2
2

∥∥∥
L2

∥∥∥Eμ,m+1/2
h − Eμ,m+1/2

h

∥∥∥
L2

� C
∥∥∥σm+1/2

1 + σ
m+1/2
2

∥∥∥
L2

∥∥∥∇Eμ,m+1/2
h

∥∥∥
L2

� C
∥∥∥σm+1/2

1

∥∥∥2

L2
+ C

∥∥∥σm+1/2
2

∥∥∥2

L2
+ ε

2

∥∥∥∇Eμ,m+1/2
h

∥∥∥2

L2

� C
h2q+2

τ

∫ tm+1

tm

‖∂sφ(s)‖2
Hq+1 ds

+ C
τ 3

640

∫ tm+1

tm

‖∂sssφ(s)‖2
L2 ds + ε

2

∥∥∥∇Eμ,m+1/2
h

∥∥∥2

L2
. (3.35)
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Standard finite element approximation theory shows that

∥∥∇Eμ,m+1/2
a

∥∥
L2 = ∥∥∇ (

Rhμ
m+1/2 − μm+1/2

)∥∥
L2 � Chq

∣∣μm+1/2
∣∣
Hq+1 .

Applying Lemma 3.5 and the last estimate, we have

∣∣∣(Eμ,m+1/2
a , δτEφ,m+1/2

h

)∣∣∣ � C
∥∥∇Eμ,m+1/2

a

∥∥
L2

∥∥∥δτEφ,m+1/2
h

∥∥∥
−1,h

� Chq
∣∣μm+1/2

∣∣
Hq+1

∥∥∥δτEφ,m+1/2
h

∥∥∥
−1,h

� Ch2q
∣∣μm+1/2

∣∣2

Hq+1 + α

6

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h
. (3.36)

Using Lemma 3.5 and estimate (3.15), we find

εa
(
σ

m+1/2
3 , δτEφ,m+1/2

h

)
= −ε

(
Δσ

m+1/2
3 , δτEφ,m+1/2

h

)

� C
∥∥∥∇Δσm+1/2

3

∥∥∥
L2

∥∥∥δτEφ,m+1/2
h

∥∥∥
−1,h

� C
τ 3

96

∫ tm+1

tm

‖∇Δ∂ssφ(s)‖2
L2 ds + α

6

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h
. (3.37)

Now, using Lemmas 3.2 and 3.5, we obtain

ε−1
∣∣∣(σm+1/2

4 , δτEφ,m+1/2
h

)∣∣∣ � C
∥∥∥∇σm+1/2

4

∥∥∥
L2

∥∥∥δτEφ,m+1/2
h

∥∥∥
−1,h

� C
∥∥∥∇σm+1/2

4

∥∥∥2

L2
+ α

6

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h

� Cτ 3
∫ tm+1

tm

‖∇∂ssφ(s)‖2
L2 ds

+ Cτ 3
∫ tm+1

tm

∥∥∂ssφ
2(s)

∥∥2

H1 ds + α

6

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h
. (3.38)

Similarly, using Lemmas 3.3 and 3.5, the relation Eφ,m+1 = Eφ,m+1
a + Eφ,m+1

h , and a standard finite
element error estimate, we arrive at

ε−1
∣∣∣(σm+1/2

5 , δτEφ,m+1/2
h

)∣∣∣ � C
∥∥∥∇σm+1/2

5

∥∥∥2

L2
+ α

6

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h

� C
∥∥∇Eφ,m+1

∥∥2

L2 + C
∥∥∇Eφ,m

∥∥2

L2 + α

6

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h

1890

 at U
niversity of T

ennessee L
ibrary on O

ctober 10, 2016
http://im

ajna.oxfordjournals.org/
D

ow
nloaded from

 

http://imajna.oxfordjournals.org/


SECOND-ORDER MIXED FINITE ELEMENT METHOD

� C
∥∥∇Eφ,m+1

a

∥∥2

L2 + C
∥∥∥∇Eφ,m+1

h

∥∥∥2

L2
+ C

∥∥∇Eφ,m
a

∥∥2

L2

+ C
∥∥∥∇Eφ,m

h

∥∥∥2

L2
+ α

6

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h

� Ch2q
∣∣φm+1

∣∣2

Hq+1 + C
∥∥∥∇Eφ,m+1

h

∥∥∥2

L2
+ Ch2q |φm|2Hq+1

+ C
∥∥∥∇Eφ,m

h

∥∥∥2

L2
+ α

6

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h
. (3.39)

Applying Lemmas 3.4 and 3.5, the relation Eφ,m+1 = Eφ,m+1
a + Eφ,m+1

h , and a standard finite element
error estimate,

ε−1
∣∣∣(σm+1/2

6 , δτEφ,m+1/2
h

)∣∣∣ � C
∥∥∥∇σm+1/2

6

∥∥∥2

L2
+ α

6

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h

� Cτ 3

(
γm

∫ tm

tm−1

‖∇∂ssφ(s)‖2
L2 ds +

∫ tm+1

tm

‖∇∂ssφ(s)‖2
L2 ds

)

+ C
∥∥∥∇Eφ,m

h

∥∥∥2

L2
+ Cγm

∥∥∥∇Eφ,m−1
h

∥∥∥2

L2

+ Ch2q |φm|2Hq+1 + Cγmh2q
∣∣φm−1

∣∣2

Hq+1 + α

6

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h
. (3.40)

To finish up, using (3.16),

γmετ
2

4
a
(
δ2
τ φ

m, δτEφ,m+1/2
h

)
� Cγm

τ 3

3

∫ tm

tm−1

‖∇Δ∂ssφ(s)‖2
L2 ds + α

6

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h
. (3.41)

Combining the estimates (3.35–3.41) with the error equation (3.12), the result follows. �

Lemma 3.7 Suppose that (φ,μ) is a weak solution to (3.3a–3.3b), with the additional regularities (3.1).
Then, for any h, τ > 0, there exists a constant C> 0, independent of h and τ , such that

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h
� 2ε2

∥∥∥∇Eμ,m+1/2
h

∥∥∥2

L2
+ CRm+1/2, (3.42)

where Rm+1/2 is the consistency term given in (3.33).

Proof. Define Th : Sh → Sh via the variational problem: given ζ ∈ Sh, find ξ ∈ Sh such that
a (Th(ζ ), ξ)= (ζ , ξ) for all ξ ∈ Sh. Then, setting ν = Th(δτEφ,1/2

h ) in (3.8a) and ν = Th(δτEφ,m+1/2
h ) in
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(3.9a) and combining, we have

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h
= −εa

(
Eμ,m+1/2

h , Th

(
δτEφ,m+1/2

h

))
+

(
σ

m+1/2
1 + σ

m+1/2
2 , Th

(
δτEφ,m+1/2

h

))

= −ε
(
Eμ,m+1/2

h , δτEφ,m+1/2
h

)
+

(
σ

m+1/2
1 + σ

m+1/2
2 , Th

(
δτEφ,m+1/2

h

))

� ε

∥∥∥∇Eμ,m+1/2
h

∥∥∥
L2

∥∥∥δτEφ,m+1/2
h

∥∥∥
−1,h

+
∥∥∥σm+1/2

1 + σ
m+1/2
2

∥∥∥
L2

∥∥∥Th

(
δτEφ,m+1/2

h

)∥∥∥
L2

� ε2
∥∥∥∇Eμ,m+1/2

h

∥∥∥2

L2
+ 1

4

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h

+ C
∥∥∥σm+1/2

2 + σ
m+1/2
1

∥∥∥2

L2
+ 1

4

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h

� ε2
∥∥∥∇Eμ,m+1/2

h

∥∥∥2

L2
+ 1

2

∥∥∥δτEφ,m+1/2
h

∥∥∥2

−1,h
+ CRm+1/2, (3.43)

for 0 � m � M − 1 and where we have used Lemma 3.1. The result now follows. �

Lemma 3.8 Suppose that (φ,μ) is a weak solution to (3.3a) and (3.3b), with the additional regulari-
ties (3.1). Then, for any h, τ > 0, there exists a constant C> 0, independent of h and τ , but possibly
dependent upon T , such that

ε

2
a
(
Eφ,m+1

h + Eφ,m
h , δτEφ,m+1/2

h

)
+ γmτ

2ε

4
a
(
δ2
τE

φ,m
h , δτEφ,m+1/2

h

)
+ ε

4

∥∥∥∇Eμ,m+1/2
h

∥∥∥2

L2

� C
∥∥∥∇Eφ,m+1

h

∥∥∥2

L2
+ C

∥∥∥∇Eφ,m
h

∥∥∥2

L2
+ γmC

∥∥∥∇Eφ,m−1
h

∥∥∥2

L2
+ CRm+1/2. (3.44)

Proof. This follows upon combining the last two lemmas and choosing α in (3.32) appropriately. �

Using the last lemma, we are ready to show the main convergence result for our second-order
convex-splitting scheme.

Theorem 3.9 Suppose (φ,μ) is a weak solution to (3.3a) and (3.3b), with the additional regularities
(3.1). Then, provided 0< τ < τ0, for some τ0 sufficiently small,

max
0�m�M−1

∥∥∥∇Eφ,m+1
h

∥∥∥2

L2
+ τ

M−1∑
m=0

∥∥∥∇Eμ,m+1/2
h

∥∥∥2

L2
� C(T)(τ 4 + h2q) (3.45)

for some C(T) > 0 that is independent of τ and h.

Proof. Using Lemma 3.8, we have

1

2τ

(∥∥∥∇Eφ,m+1
h

∥∥∥2

L2
−

∥∥∥∇Eφ,m
h

∥∥∥2

L2

)
+ 1

4

∥∥∥∇Eμ,m+1/2
h

∥∥∥2

L2

+ γm

8τ

(∥∥∥∇Eφ,m+1
h − ∇Eφ,m

h

∥∥∥2

L2
−

∥∥∥∇Eφ,m
h − ∇Eφ,m−1

h

∥∥∥2

L2

)

� C
∥∥∥∇Eφ,m+1

h

∥∥∥2

L2
+ C

∥∥∥∇Eφ,m
h

∥∥∥2

L2
+ γmC

∥∥∥∇Eφ,m−1
h

∥∥∥2

L2
+ CRm+1/2. (3.46)
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Letting m = 0 in the previous equation and noting that Eφ,0
h ≡ 0 and γ0 = 0, then

1

2τ

∥∥∥∇Eφ,1
h

∥∥∥2

L2
+ 1

4

∥∥∥∇Eμ,1/2
h

∥∥∥2

L2
� C1

∥∥∥∇Eφ,1
h

∥∥∥2

L2
+ CR1/2. (3.47)

If 0< τ � τ0 := 1/2C1 < 1/C1, it follows from the last estimate that

∥∥∥∇Eφ,1
h

∥∥∥2

L2
+ τ

2

∥∥∥∇Eμ,1/2
h

∥∥∥2

L2
� τCR1/2 � C(τ 4 + h2q), (3.48)

where we have used the regularity assumptions to conclude τCR1/2 � C(τ 4 + h2q). Now, applying
τ

∑�
m=0 to (3.46),

∥∥∥∇Eφ,�+1
h

∥∥∥2

L2
+ τ

2

�∑
m=0

∥∥∥∇Eμ,m+1/2
h

∥∥∥2

L2
� Cτ

�∑
m=0

Rm+1/2 + C2τ

�∑
m=0

∥∥∥∇Eφ,m+1
h

∥∥∥2

L2
+ 1

4

∥∥∥∇Eφ,1
h

∥∥∥2

L2
.

(3.49)
If 0< τ � τ0 := 1/2C2 < 1/C2, it follows from the last estimate that

∥∥∥∇Eφ,�+1
h

∥∥∥2

L2
� Cτ

�∑
m=0

Rm+1/2 + C2τ

1 − C2τ

�∑
m=0

∥∥∥∇Eφ,m
h

∥∥∥2

L2
+ 1

4

∥∥∥∇Eφ,1
h

∥∥∥2

L2

� C(τ 4 + h2q)+ Cτ
�∑

m=0

∥∥∥∇Eφ,m
h

∥∥∥2

L2
, (3.50)

where we have used (3.48) and the regularity assumptions to conclude τ
∑M−1

m=0 Rm+1/2 � C(τ 4 + h2q).
Appealing to the discrete Gronwall inequality, it follows that, for any 0< �� M − 1,

∥∥∥∇Eφ,�+1
h

∥∥∥2

L2
� C(T)(τ 4 + h2q). (3.51)

Considering estimates (3.48), (3.49) and (3.51), we get the desired result. �

Remark 3.10 From here it is straightforward to establish an optimal error estimate of the form

max
0�m�M−1

∥∥∇Eφ,�+1
∥∥2

L2 + τ

M−1∑
m=0

∥∥∇Eμ,m+1/2
∥∥2

L2 � C(T)(τ 4 + h2q), (3.52)

using the error splittings (for example, Eφ = Eφa + Eφh ) the triangle inequality, and the standard spatial
approximations. We omit the details for the sake of brevity. Furthermore, one can show similar results
for the full H1-norm on the phase field variable by using a Poincaré inequality.

4. Numerical experiments

In this section, we provide some numerical experiments to gauge the accuracy and reliability of the
fully discrete finite element method developed in the previous sections. We use a square domain
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Table 1 H1 Cauchy convergence test. The final time is T = 4.0 × 10−1, and the refinement path is
taken to be τ = 0.001

√
2h with ε= 6.25 × 10−2. The Cauchy difference is defined via δφ := φhf − φhc ,

where the approximations are evaluated at time t = T , and analogously for δμ. (See the discussion in
the text.) Since q = 2, i.e., we use P2 elements for these variables, the norm of the Cauchy difference at
T is expected to be O(τ 2

f )+ O(h2
f )=O(h2

f )

hc hf

∥∥δφ∥∥H1 Rate
∥∥δμ∥∥H1 Rate√

2/16
√

2/32 1.148 × 10−1 — 1.307 × 10−1 —√
2/32

√
2/64 2.939 × 10−2 1.95 3.299 × 10−2 1.98√

2/64
√

2/128 7.468 × 10−3 1.97 8.295 × 10−3 1.99√
2/128

√
2/256 1.913 × 10−3 1.95 2.087 × 10−3 1.99

Ω = (0, 1)2 ⊂ R
2 and take Th to be a regular triangulation of Ω consisting of right isosceles triangles.

To refine the mesh, we assume that T�, �= 0, 1, . . . , L, is an hierarchy of nested triangulations of Ω ,
where T� is obtained by subdividing the triangles of T�−1 into four congruent sub-triangles. Note that
h�−1 = 2h�, �= 1, . . . , L, and that {T�} is a quasi-uniform family. (We use a family of meshes Th such
that no triangle in the mesh has more than one edge on the boundary.) We use the P2 finite element
space for the phase field and chemical potential. In short, we take q = 2.

We solve the scheme (2.1a) and (2.4b) with ε = 6.25 × 10−2. The initial data for the phase field are
taken to be

φ0
h = Ih

{
1
2 (1.0 − cos(4.0πx)) · (1.0 − cos(2.0πy))− 1.0

}
, (4.1)

where Ih : H2(Ω)→ Sh is the standard nodal interpolation operator. Recall that our analysis does not
specifically cover the use of the operator Ih in the initialization step. But, since the error introduced
by its use is optimal, a slight modification of the analysis shows that this will lead to optimal rates of
convergence overall. (See Remark 2.3.) To solve the system of equations above numerically, we are
using the finite element libraries from the FEniCS Project (Logg et al., 2012).

Note that source terms are not naturally present in the system of equations (1.2a) and (1.2c).
Therefore, it is somewhat artificial to add them to the equations in an attempt to manufacture exact
solutions. To circumvent the fact that we do not have possession of exact solutions, and therefore can-
not compute the exact error, we instead compute the rate at which the Cauchy difference of the field
converges to zero. Specifically, Let ζ be a field variable (i.e., ζ = φ,μ). The Cauchy difference of ζ
is precisely δζ := ζ

Mf

hf
− ζ

Mc
hc

, converges to zero, where hf = 2hc, τf = 2τc and τf Mf = τcMc = T . Then,
using a linear refinement path, i.e., τ = Ch, and assuming q = 2 (piecewise quadratic approximations),
we have

∥∥δζ∥∥H1 =
∥∥∥ζMf

hf
− ζ

Mc
hc

∥∥∥
H1

�
∥∥∥ζMf

hf
− ζ(T)

∥∥∥
H1

+
∥∥∥ζMc

hc
− ζ(T)

∥∥∥
H1

=O(hq
f + τ 2

f )=O(h2
f ). (4.2)

The results of the H1 Cauchy error analysis are found in Table 1 and confirm second-order convergence
in this case. Additionally, we have proved that (at the theoretical level) the modified energy is non-
increasing at each time step. This is observed in our computations and shown in Fig. 1.
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Fig. 1. On the left, we show energy dissipation for the second-order numerical scheme for the Cahn–Hilliard problem, where we

have taken h =
√

2
32 . The initial data are given in (4.1). The other parameters are as given in the caption of Table 1. We plot both

the PDE energy E and the modified (numerical) energy F, though, at this resolution, the plots appear to overlap. On the right,
we show the same energy dissipation, magnifying the first five time steps. At the enhanced resolution, we are able to see the
difference between the modified energy F and the Cahn–Hilliard energy E.

Funding

This work is supported in part by the grants NSF DMS-1115420, 1418689, and NSFC 11271281
(C. Wang), and NSF-DMS 1115390 and 1418692 (S. M. Wise).

Acknowledgements

C.W. also thanks Shanghai Center for Mathematical Sciences and Shanghai Key Laboratory for Con-
temporary Applied Mathematics, Fudan University, for support during his visit.

References

Aristotelous, A., Karakashian, O. & Wise, S. M. (2013) A mixed discontinuous Galerkin, convex splitting
scheme for a modified Cahn–Hilliard equation and an efficient nonlinear multigrid solver. Discrete Cont. Dyn
Syst. B, 18, 1167–1198.

Aristotelous, A., Karakashian, O. & Wise, S. M. (2015) Adaptive, second-order in time, primitive-variable
discontinuous Galerkin schemes for a Cahn–Hilliard equation with a mass source term. IMA J. Numer. Anal.,
35, 1167–1198.

Benešova, B., Melcher, C. & Süli, E. (2014) An implicit midpoint spectral approximation of nonlocal Cahn–
Hilliard equations. SIAM J. Numer. Anal., 52, 1466–1496.

Cahn, J. W. (1961) On spinodal decomposition. Acta Metall., 9, 795.
Cahn, J. W. & Hilliard, J. E. (1958) Free energy of a nonuniform system. I. Interfacial free energy. J. Chem.

Phys., 28, 258.
Chen, L. Q. & Shen, J. (1998) Applications of semi-implicit Fourier-spectral method to phase field equations.

Comput. Phys. Commun., 108, 147–158.
Diegel, A. (2015) Numerical analysis of convex splitting schemes for Cahn–Hilliard and coupled Cahn–Hilliard-

fluid-flow equations. Ph.D. Thesis, The University of Tennessee.
Diegel, A., Feng, X. & Wise, S. M. (2015) Analysis of a mixed finite element method for a Cahn–Hilliard–Darcy–

Stokes system. SIAM J. Numer. Anal., 53, 127–152.
Du, Q. & Nicolaides, R. (1991) Numerical analysis of a continuum model of a phase transition. SIAM J. Numer.

Anal., 28, 1310–1322.

1895

 at U
niversity of T

ennessee L
ibrary on O

ctober 10, 2016
http://im

ajna.oxfordjournals.org/
D

ow
nloaded from

 

http://imajna.oxfordjournals.org/


A. E. DIEGEL ET AL.

Elliott, C. M. (1989) The Cahn–Hilliard model for the kinetics of phase separation. Mathematical Models
for Phase Change Problems: Proceedings of the European Workshop held at Óbidos (J. F. Rodrigues ed.).
Portugal, October 1–3, 1988. International Series of Numerical Mathematics. Berlin: Birkhäuser, pp. 35–73.

Elliott, C. M. & Larsson, S. (1992) Error estimates with smooth and nonsmooth data for a finite element method
for the Cahn–Hilliard equation. Math. Comput., 58, 603–630.

Elliott, C. M. & Stuart, A. M. (1993) The global dynamics of discrete semilinear parabolic equations. SIAM J.
Numer. Anal, 30, 1622–1663.

Elliott, C. M. & Stuart, A. M. (1996) Viscous Cahn–Hilliard equation. II. Analysis. J. Diff. Eq., 128, 387–414.
Elliott, C. M. & Zheng, S. (1986) On the Cahn–Hilliard equation. Arch. Rational Mech. Anal., 96, 339–357.
Eyre, D. (1998) Unconditionally gradient stable time marching the Cahn–Hilliard equation. Computational and

Mathematical Models of Microstructural Evolution (J. W. Bullard, R. Kalia, M. Stoneham & L. Q. Chen eds),
vol. 53. Warrendale, PA, USA: Materials Research Society, pp. 1686–1712.

Feng, X. (2006) Fully discrete finite element approximations of the Navier–Stokes–Cahn–Hilliard diffuse interface
model for two-phase fluid flows. SIAM J. Numer. Anal., 44, 1049–1072.

Feng, X., He, Y. & Liu, C. (2007) Analysis of finite element approximations of a phase field model for two-phase
fluids. Math. Comput., 76, 539–571.

Feng, X. & Prohl, A. (2004) Error analysis of a mixed finite element method for the Cahn–Hilliard equation.
Numer. Math., 99, 47–84.

Feng, X. & Wise, S. M. (2012) Analysis of a Darcy–Cahn–Hilliard diffuse interface model for the Hele–Shaw flow
and its fully discrete finite element approximation. SIAM J. Numer. Anal., 50, 1320–1343.

Fratzl, P., Penrose, O. & Lebowitz, J. L. (1999) Modelling of phase separation in alloys with coherent elastic
misfit. J. Stat. Phys., 95, 1429–1503.

Furihata, D. (2001) A stable and conservative finite difference scheme for the Cahn–Hilliard equation. Numer.
Math., 87, 675–699.

Garcke, H. & Weikard, U. (2005) Numerical approximation of the Cahn–Larché equation. Numer. Math., 100,
639–662.

Grün, G. (2013) On convergent schemes for diffuse interface models for two-phase flow of incompressible fluids
with general mass densities. SIAM J. Numer. Anal., 51, 3036–3061.

Grün, G. & Klingbeil, F. (2014) Two-phase flow with mass density contrast: Stable schemes for a thermodynamic
consistent and frame indifferent diffuse-interface model. J. Comput. Phys., 257, 708–725.

Guan, Z., Wang, C. & Wise, S. M. (2014) A convergent convex splitting scheme for the periodic nonlocal Cahn–
Hilliard equation. Numer. Math., 128, 377–406.

Guillén-González, F. & Tierra, G. (2014) Second order schemes and time-step adaptivity for Allen–Cahn and
Cahn–Hilliard models. Comput. Math. Appl., 68, 821–846.

Guo, J., Wang, C., Wise, S. M. & Yue, X. (2015) An H2 convergence of a second-order convex-splitting, finite
difference scheme for the three-dimensional Cahn–Hilliard equation. Commun. Math. Sci. (in press).

He, Y., Liu, Y. & Tang, T. (2006) On large time-stepping methods for the Cahn–Hilliard equation. Appl. Numer.
Math., 57, 616–628.

Hu, Z., Wise, S. M., Wang, C. & Lowengrub, J. S. (2009) Stable and efficient finite-difference nonlinear-multigrid
schemes for the phase-field crystal equation. J. Comput. Phys., 228, 5323–5339.

Kay, D., Styles, V. & Süli, E. (2009) Discontinuous Galerkin finite element approximation of the Cahn–Hilliard
equation with convection. SIAM J. Numer. Anal., 47, 2660–2685.

Kay, D. & Welford, R. (2006) A multigrid finite element solver for the Cahn–Hilliard equation. J. Comput. Phys.,
212, 288–304.

Kay, D. & Welford, R. (2007) Efficient numerical solution of Cahn–Hilliard–Navier–Stokes fluids in 2d. SIAM J.
Sci. Comput., 29, 2241–2257.

Kim, J. S., Kang, K. & Lowengrub, J. S. (2003) Conservative multigrid methods for Cahn–Hilliard fluids.
J. Comput. Phys., 193, 511–543.

Larché, F. C. & Cahn, J. W. (1982) The effect of self-stress on diffusion in solids. Acta Metall., 30,
1835–1845.

1896

 at U
niversity of T

ennessee L
ibrary on O

ctober 10, 2016
http://im

ajna.oxfordjournals.org/
D

ow
nloaded from

 

http://imajna.oxfordjournals.org/


SECOND-ORDER MIXED FINITE ELEMENT METHOD

Lee, H. G., Lowengrub, J. S. & Goodman, J. (2002a) Modeling pinchoff and reconnection in a Hele–Shaw cell.
I. The models and their calibration. Phys. Fluids, 14, 492–513.

Lee, H. G., Lowengrub, J. S. & Goodman, J. (2002b) Modeling pinchoff and reconnection in a Hele–Shaw cell.
II. Analysis and simulation in the nonlinear regime. Phys. Fluids, 14, 514–545.

Liu, C. & Shen, J. (2003) A phase field model for the mixture of two incompressible fluids and its approximation
by a Fourier-spectral method. Physica D, 179, 211–228.

Logg, A., Mardal, K. A. & Wells, G. N. (2012) Automated Solution of Differential Equations by the Finite
Element Method: The FEniCS Book. Berlin: Springer.

Shen, J., Wang, C., Wang, X. & Wise, S. M. (2012) Second-order convex splitting schemes for gradient flows
with Ehrlich–Schwoebel type energy: application to thin film epitaxy. SIAM J. Numer. Anal., 50, 105–125.

Shen, J. & Yang, X. (2010a) Numerical approximations of Allen–Cahn and Cahn–Hilliard equations. Discrete
Contin. Dyn. Syst. A, 28, 1669–1691.

Shen, J. & Yang, X. (2010b) A phase-field model and its numerical approximation for two-phase incompressible
flows with different densities and viscosities. SIAM J. Sci. Comput., 32, 1159–1179.

Wise, S. M. (2010) Unconditionally stable finite difference, nonlinear multigrid simulation of the Cahn–Hilliard–
Hele–Shaw system of equations. J. Sci. Comput., 44, 38–68.

Wise, S. M., Lowengrub, J. S., Kim, J. S., Thornton, K., Voorhees, P. W. & Johnson, W. C. (2005) Quantum
dot formation on a strain-patterned epitaxial thin film. Appl. Phys. Lett., 87, 133102.

Wise, S. M., Wang, C. & Lowengrub, J. (2009) An energy stable and convergent finite-difference scheme for the
phase field crystal equation. SIAM J. Numer. Anal., 47, 2269–2288.

Wu, X., van Zwieten, G. J. & van der Zee, K. G. (2014) Stabilized second-order convex splitting schemes
for Cahn–Hilliard models with application to diffuse-interface tumor-growth models. Int. J. Numer. Methods
Biomed. Eng., 30, 180–203.

1897

 at U
niversity of T

ennessee L
ibrary on O

ctober 10, 2016
http://im

ajna.oxfordjournals.org/
D

ow
nloaded from

 

http://imajna.oxfordjournals.org/

	Introduction
	A mixed finite element convex splitting scheme
	Definition of the scheme
	Unconditional energy stability

	Error estimates for the fully discrete convex splitting scheme
	Numerical experiments

