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ARTICLE INFO ABSTRACT
MSC: In this article, we propose and analyze a global-in-time energy stable third-order accurate
65M70 in time exponential time differencing multi-step (ETD-MS) numerical scheme for the Landau-
65M12 Brazovskii (LB) equation, which is a generic model to describe weakly first-order order-disorder
65T50 phase transition for isotropic systems. The ETD-based explicit multi-step temporal discretization
35K30 . . . . . . . . . .

is combined with the Fourier collocation spectral approximation in the numerical design,
Keywords:

and a third-order stabilizing term is added to ensure energy stability. In turn, a global-in-
time energy estimate for the ETD-MS numerical scheme is established. In more details, an
s ) . a-priori assumption at the previous time steps, combined with an H? estimate of the numerical
Exponential time differencing . ) ) > N L
Fourier eigenvalue analysis solution at the next time step, is the key point in the analysis. Such a global-in-time energy
Optimal rate convergence analysis estimate is the first such result of a third-order stabilized numerical scheme for a gradient flow.
Moreover, an £°(0,T; £2)n¢>(0,T; Hﬁ) error estimate is derived, with the help of careful Fourier
eigenvalue analysis. Numerical experiments are conducted to verify the theoretical results, and
several structures in block copolymers are effectively simulated for a long time in two- and
three-dimensional spaces, which demonstrate the accuracy and high efficiency of the proposed
numerical scheme.

Landau-Brazovskii model
Global in time energy stability

1. Introduction

The phase field crystal model has been used to study the microstructural evolution of crystal growth on atomic length and
diffusive time scales [1]. The LB equation in [2] is one important phase field crystal model in modern physics, which is a general
framework for systems undergoing a phase transition driven by a short-wavelength instability between the disordered liquid and
ordered crystalline phases [3]. This model has been applied to a variety of specific physical systems, including block copolymers [4,5]
and liquid crystals [3]. Within the mean-field approximation, it has been demonstrated that the LB model can account for many
ordered structures such as the lamellar, cylindrical, and spherical phases [4,6].

In fact, the LB model in [7] is an approximate theory of self-consistent field theory in weak segregation. The free energy density
functional [2,3,6,8] is given by

2

E(p) = / <%[(A + DeP* + F(¢)> dx, (@]
Q

where F(¢) = %dz“ - %(1:3 + %d)z; the order parameter ¢(x, 1) is the real-valued periodic function, which is the density deviation

of a kind of monomer from the disordered phase; £ a and y > 0 are phenomenological constants [8]. In comparison with the
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typical Swift-Hohenberg model in [9] with double-well bulk energy, the LB energy functional includes a cubic term that can be
used to characterize the asymmetry of the order phase [10]. Notice that E(¢) is invariant under the transformation ¢ — —¢,
y — —y. Furthermore, the following mean zero condition of order parameter is imposed on the LB system, to ensure the mass
conservation [11]:

_-—L _
¢ = Tl Qq’)dx 0. (2)

To find the stationary states of the LB model, the L?-gradient flow of the free energy reads as

9% _ _SE _

_£2 24—
T &@+1yd - f(9) 3

where f(¢) = F'(¢p) = ad — %qbz + %qﬁ. Inspired by the conservative Allen-Cahn (CAC) equation developed in [12], a nonlocal
Lagrange multiplier is added to conserve the total mass of ¢, thus the total system (CAC-LB) becomes

%—"5 =2+ 12— SO, @) = / (Ed+ /@) dx. ©)

t 12l Jao

The system (4) satisfies two important physical properties: the energy dissipation law in the sense that %E < 0, and the mass
conservation represented by ¢ = 0. Another efficient method that similarly preserves mass is the projection method [13]. As one
typical system of phase field modeling, the LB model has played a key role in explaining how fluctuations affect the properties of
order-disorder phase transitions [2,9,10]. Therefore, an accurate, stable and effective numerical method for the LB model is highly
desired.

Various unconditionally energy stable schemes for phase field crystal equation have been reported in the existing litera-
ture [11,14-18], such as the common semi-implicit scheme [19], the convex splitting approach [20-25] and the stabilization
methods [26,27].

High-order numerical schemes have attracted a lot of attention in recent years [28-30]. In particular, the exponential time
differencing (ETD) is a very effective method [25,27,31-38] to deal with parabolic equations, which achieves high-order accuracy
by explicit treatment of nonlinear terms. Specifically, the ETD method involves exact integration of the linear part, followed by an
approximation to the nonlinear terms [39,40], with two popular approaches: the multi-step algorithm [41] and the Runge-Kutta
method [42].

Meanwhile, a theoretical justification of energy stability without Lipschitz assumption on the non-linearity turns out to be a
very challenging issue. Shen and Yang [43] proved energy stability for both Allen-Cahn and Cahn-Hilliard equations by a nonlinear
truncation technique. This idea has been extended in recent works [27,44,45]. An alternate approach is to justify an L* bound of the
numerical solution [25,35,46,47]. In particular, for the phase field crystal equation, a local in time bound of the numerical solution
has been established in [25], with the help of the convergence estimate with a fixed final time. Instead of such a local-in-time
analysis, a global-in-time H? estimate has also been derived in [35], which in turn justifies the L* bound. As a result, the explicitly
computed nonlinear term could be appropriately bounded, and the energy stability becomes theoretically available.

The goal of this paper is to develop a fully discrete, third order accurate (in time) numerical scheme for the LB system (4),
with global-in-time energy stability at any final time. We apply the ETD-based multi-step approximation in time and the Fourier
collocation spectral method in space. In more details, a second-order Lagrange approximation is applied to the nonlinear terms, and
an artificial stabilizing term Ar3$ is added, where A is a positive constant independent of time step 7. In addition, a global-in-
time energy stability estimate for the numerical scheme is established, with the help of an H? estimate for the numerical solution.
Accordingly, the uniform-in-time || - ||, bound for the numerical solution and A are recovered by a Sobolev embedding from H? to
L*. To derive a uniform bound for the various global operators involved in the algorithm, we perform careful eigenvalue estimates
for these operators. Moreover, mass conservative property has also been proved. A careful Fourier eigenvalue analysis results in an
£%0,T; %) N ¢®0,T; HZ) error estimate for the proposed scheme. Furthermore, a few numerical experiments are carried out to
verify the accuracy, effectiveness and energy stability of the proposed scheme. Specifically, two-dimensional (2D) and 3D periodic
crystal structures in block copolymers are effectively obtained in a long-time simulation.

This article is organized as follows. In Section 2, the fully discrete scheme of the LB model is proposed. We review the Fourier
collocation spectral spatial approximation and introduce the third order ETD-based scheme; some preliminary estimates are derived
and the mass conservation property is proved. Afterward, a global-in-time energy stability analysis is established in Section 3. In
Section 4, the third-order convergence analysis for the numerical scheme is presented, in the #°(0,T; HNe*0,T; Hfl) norm. In
addition, a few numerical experiments are performed in Section 5. Finally, some concluding remarks are made in Section 6.

2. The numerical scheme

A fully discrete numerical scheme is proposed for the LB equation in this section. We first review Fourier collocation spectral
spatial approximation, and develop a third-order ETD-based scheme with a stabilization term Az3 %. Afterward, some preliminary
estimates are presented, with the help of Fourier eigenvalue analysis. In addition, the mass conservation analysis is established.
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2.1. Review of the fourier collocation spectral approximation

Firstly, a brief introduction to the Bravais lattice and reciprocal lattice is necessary. Each of the d-dimensional periodic system
can be described by a Bravis lattice [8], namely, R = Z?’:l pi;, p; € Z, where the vector a, € RY forms the primitive Bravis lattice
A = (a;,a,,...,a,;) € R™? The associated reciprocal lattice becomes R* = Z,il Pb;, P, € Z. The primitive reciprocal lattice vector
b; € R? satisfies the dual relationship a,b; = 276, ;. Without loss of generality, we will discuss the 2D problem thereafter.

Denote the computational domain as 2 = (0,L,) x (0, L)), and consider an invertible matrix B = 2z - diag(L;l,L;l) e R,
L L

associated with the 2D primitive reciprocal lattice. Let N be a even number, and A, = g hy = ﬁ All the variables are
evaluated at the regular numerical grid (x;,y)), with x; = ih,, y; = jh,, 0 <i, j <2N. We set a uniform time step size as 7 > 0,

and 1; = it for 0 £ i < co. All the 2D periodic grid functions on £, are denoted by M+, and BV is the space of trigonometric
polynomials in x and y of degree up to N. In this paper, C is a general constant, independent of the mesh size A,, , and time step
size .
We denote the index sets
P={(ij))€Z?0<ij<2N}, (5)
K={k:=kN" €eR*-N<kI<N}. )
For f € M*, we define an interpolation operator I, that reserves the function value on points (x;,y)), (i, /) € P, i.e., Ty f(x;,y,) =
f (xi, y j)'

Iyfx,y)= Z (f/\c)kei[(Bk)T(X’y)T] , ”
kEK,’
(7 e N ®)
(2N +1)2 (L/z);p

in which the Fourier collocation coefficients (f,), could be obtained by discrete Fourier transformation. The discrete differentiation
operators in the x-direction is defined as

Dy =Y 2kri (7l B0 "], 02y, = Y _4k z? £ el B0 "],
kek LX kek

The differentiation operators D, f, D}f in the y-direction could be similarly derived. For any f,g € MY, = (LT, g =
(&', 85" € MY x MV, the discrete gradient, divergence and Laplace operators, are introduced as

D.f
\ f=< x
N D,/

The spectral approximation to the L? (denoted as #?) inner product (-, -) v, norm || - || », norm || - || ., norm || - || L (1 £ p < ), norm
|- ”Hm and semi-norm | - |Hm (m € Z,), are given by

(-8 =hhy Y fig Ifllx = V. s

), VN'f=Dxf1+Dyf2, ANf=D§f+D§f.

(i.j)eP
E.2n =hh, Y fig +rlel, IFlly = VE ),
(i.j))eP
1
1l =, max 1. 17 = (hehy Y, 15517)7
0 (i.,j))ePr
1 1
111 =( > IIDafIIi/>2, lap = (X 10713 )%,
la|<m |a|=m

where as above a = (a',a?) is a 2-tuple of nonnegative integers with |a| = a' +a?, and D, = D' D;z. The following lemma has been
established in existing works.

Lemma 2.1 (See [31,32,37,48,49]). For any functions f, g € MV, g=(¢) e MY x MY, we have the following summation by
parts formula:

(fsVy @ =—(Vuf.8n: (FLANON =~V f .V =@ f 8w

The function 7 = T f is denoted as the continuous periodic expansion of f, and the following approximation property is valid
for the interpolation operator 7 .

Lemma 2.2 (See [49]). As long as f and all its derivatives (up to mth order) are continuous and periodic on €2, the convergence of the
derivatives of the projection and interpolation is given by

05 f =" T fll 2 SCN*¥™|[fllggm, O<k<m m> )

l\)l&.

where d represents the dimension.
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In order to preserve the bound in space of H™, the following lemma is introduced. In fact, the case of k = 0 was proven in earlier
works [50,51], and the case of k > 1 was analyzed in a recent article [52].

Lemma 2.3 (See [52]). For any ¢ € BN in dimension d, we have

Iy ol ge < Vmllollge, k €Z, k >0. (10)

The mass conservation identity is discretized as 7= f. 1 =0, which implies that the Fourier collocation coefficients

1
N I-Qj\/'l (
satisfy (f.)y = 0. The subset of zero-mean grid functions is taken into consideration

M(’)‘/={UGMN|E=0}={veMN‘(ﬁ)():O}.

Define the linear operator Ly = &*(4, + I)> + kI, with ¥ > 0, which is symmetric positive definite on MON . The space-discrete
scheme for the equation is to find a function $ 1 [0,00) = Mé‘/ such that

{ Lh(0) =-Lyd(t) — fy(@1), 1€ (0,0, an

$0) = ¢y, 1=0,

where

In@) =gW) - By), &)=/ ) -«kv, Py)= ﬁ(é‘zv + £, Dy

and ¢, € M(;f is given by the initial data.
2.2. The third-order ETD multi-step numerical scheme

We explicitly approximate the term f (1)) with a second-order Lagrange approximation, leading to a linear system. Meanwhile,

a stabilization term Ar3 20

is introduced, where A is a positive constant independent of z.
Denote ¢,(t,) by ¢}, for n > 0. The following numerical scheme is proposed.

For n > 2, find qﬁZ“(t) S S I MON such that for any ¢ € [¢,,1,,,],

d¢n+l(t) d¢n+l(t) 2 )
’;t + A ’:h +Lydit (==Y £ —1,)fn (@), 12)
i=0
where
3s 52 2s 2 s 52
4 =l+=+—, ¢ =-=-=, 7 =—+ —.
o) + 2t * 272 1) T 72 29 2t * 272

The initial step is to find d’;.(t) 1 [0,4] > M(f]‘/ such that for any 7 € [0,1,],

dal (@) dal(®)
h + 3 h

@ o — i + Lvay(0 = =y (@), 13)
dg, (1) dg, (1) -
I AT 4 Ly g0 = = fla) + T (o). (14)

where 4’2 = ‘12 = ¢. The second step is to find ¢7 () : [t},7,] > MON such that for any ¢ € [t;,1,],

dr dt
Note that ¢} (1) = ¢k(t,), k=0,....n.
Integrating (12)-(14) from ¢, to t,,,, with an integration factor X', where K = (1 + A7>)~! L. Then we obtain an explicit
expression of ¢*!, ¢} and ¢2.
ETD-MS3: For n > 2,

+ Ly} = =< () + == fn (). (15)

Pt = e KNt — TG (KyT) Py (9))

— 76 (Ky D) [3 Py @) — 2Py @)+ S (@)

— oK) [ Fn (@) - Fn @ + @) 16)
ay, = e "Ny — 7Go(Ky 7) Fy (ho). a7
), = KNy — 76y (Kn ) Fy () — 761 (Kn ) [Fy(a)) — Fy(d)] » (18)
¢h =eENTp, — 1G)(KyT)Fy () — 76\ (K ) [Fy(9}) — Fy(dby)] - 19)
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with
Go(KyT) = (Ky)™' (I — KN ),
Gi(Kyt) = (Ky) ' I = (Kyo)™ ' (I — 58],
G (Ky7) = (Ky) ' = 2Ky o)™ '(I = (Ky) ' —e7Fvey)),
Fry() =1+ A7 fy (o).

Remark 2.1. In this article, a continuous version of Dupont-Douglas type stabilization term Ar3% is introduced to ensure the
energy stability while achieving third-order accuracy, where A is a positive constant independent of time step z. This approach is
a general method and can be extended to construct higher order (k > 3) energy stable schemes [36].

2.3. Some preliminary estimates

To facilitate the global-in-time energy estimate and convergence analysis for the numerical scheme, the following preliminary
estimates are derived in this subsection, which will be applied in the later analysis.
The following two lemmas will be extensively applied in the nonlinear analysis.

Lemma 2.4. For any v,w € MY, satisfying
ol < mo, lwlle < mp, (20
for some constants my > 0, we have
1
17) = F@0)lly < @+ ymg+ Smllo = wlly, 21

2

20t+l(+§2+2ym0+m0
llo = wllp- (22)

1+ A3

1Fy@) - Fy)lly <

Proof. By the Lagrange mean value theorem, we have

1£©) = F@)lly = 17600 = Wl < @+ ymy + 2mdllo = wlly, (23)

where §, € (v, w). In turn, the following inequality is valid for the nonlinear term Fy:

1

I Fy @) — Fy )y < s IS @) = f)lly + xllv —wlly)

1+
1 2
- - - —w), 1
+ 1+ A)2y] I(f @) = fw)+ & (0 —w), Dylly
2 K+ &2
< - - . 24
ST A If @) = f)ll + 1T AD lv = wll 5 24)
A substitution of (23) into (24) completes the proof. []
Lemma 2.5. For any periodic grid function f, we have
1/ lleo < 17Nz < C1AFT+ 1w Flla)s (25)
IV A Dl Ao - IV Al (26)
IV Dl < 411l oo - IV a fllns (27)
IVaFlly < CollAp £l (28)

in which the constant 61 and 62 are only dependent on £, independent of h,, h,, f and k.

Proof. An application of the Sobolev inequality implies that

Ifleo S NTn Sl £ CUTn SN2 + WAL N fll2) = CULS N + AN Sl ar)- (29)
Denote f = f,.,, + /. Because of the fact that f,,,, = 0, we get

171w < CUl fuewolly + 17D 1 newllar < ClAN frewllar < ClAN Ly (30)
This finishes the proof of inequality (25). Also notice that (f)* € B*N and (f)? € B2N. By Lemma 2.3, we arrive at

IV A SOl IV P2 < VRNV 2 <N - IV p F s (31D
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IV x Dl =IVI (PP < VDAV 2 < 4Tl - IV xS DLy (32)
Inequality (28) is obvious, based on the elliptic regularity, combined with the fact that ||V - f|l - = IV Fll, 14 vl =14 fl. O

For operators G;(a) (i = 0, 1,2) in the numerical scheme (16)-(19), the following result will be applied in the subsequent analysis.

Lemma 2.6 (See [31,35]). For a >0,

(i) G;(a) is decreasing, for i =0,1,2.
- i 1 6@ %@
(i) Gy(a) <1, G(a) < 3 Gy(a) < ¥ G <l @ <1, Va>0.

Moreover, the following linear operators are also introduced to facilitate the analysis:
Gy =Go(Ky1), Gy = (Go(Kyo) ™", G\ =G (Ky1), GV =G (Ky),
G = Go(Ky1) ™' Gy (K1), G = Go(Ky) ™' Gy (K y1).
In more details, for any grid function f with the following discrete Fourier expansion:

fy = Z f’-;(ei[(Bk)T(x,»,yj)T]’ (33)

kex

an application of the operators G,,, G, G;ll) and Gf) gives

Ak

1—e 7% ~ 4 T (. y )T
(Gph)ij = z :Tfke‘[(“) Gt (34)
kek
TA ~ T(e T
Gof)iy=, 1—e—-k/\k Frell®RT o] (35)
kek
1— 1—e~ "k
A ~ T T
Gy = X~ Fee P, (36)
kek k
. e~k
2 -2 T/TlAk ~ T T
(G;Z )f)l.‘j = Z — k fke‘[(B") G (37)
kek k

with A, = (1 + A73)™! (E3(=1 + 4,)% + k), 4, = |Bk|>. The definition of operators Gf), and Gf) is similar. Meanwhile, since the

— 1 1
eigenvalues 1= AkAk and lfe’_‘fAk are non-negative, we denote G’ = (G,)? and G}’ = (Gy)?, as
1
1 1—e ™\ 2 ~ @i
Gy Py =Gifi =Y < i\ ) Frell® i), (38)
kek Tk
1
1 TA PPN T v T
(GE)())f)iJ =Gy fi; = Z <1e—-kf/‘k> fkel[(Bk) G (39)
kek -

Obviously, the operator GZO) is commutative with any differential operator in the Fourier pseudo-spectral space, and the following
summation by parts formula is valid:

(0) 0) (0) (0)
(Guf.8) = (61.G) . (Gofue)y = (G1.Gg) . (40)
The following operator is introduced to facilitate the analysis for the diffusion part:

1
N .
(Gf)f)i,j = Z <1 —— ) : ﬂkfke‘[(Bk)l(x"’Xf)l]. (41)
T

kex

The following identity could be verified in a straightforward way:
(Gakns £5) = 1G 1 “2)

1 1 1 1
Similarly, we define G;lé) = (G;ll))i, Gg) = (Gilz))?, G;ls) = (Gf))i and Gilg) = (G;j))i. The following summation by parts formula
could be derived in the same manner:

(Gg)f,g)N _ (Gf)GZg)f’G(:)g)N’ (43)
(G;ﬁf,g)N - (05,7)0297,0;,0)8)N- (44)

The following preliminary estimates are needed in the subsequent analysis, and the detailed proof will be provided in Appendices
A and B, respectively; a similar analysis has also been reported in a related work [35].
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Proposition 2.1. Assume « > £2. For any function f € Mé‘/ , we have

_2
G712, > %ﬁmucﬁ,‘”wwﬂlx T A; IGY Ax f112, (45)
t(Knf Ny 2 ﬁnfux, A1, S UGS FIR A1, + 1K fo fws (46)
GOl <M fllys IGOFlly < éllfllm G Flla < NIl (47)
G Flly < %nflm, G £l < U NG Fll < NG Fllur (48)
IGD 12, < NG £12 NG Flly < Cllfllas NG Flly < Csllf Ny (49)
where 63 = 1-2*2'

Proposition 2.2. For any functions f,g € M(J)‘/ , we have

T (G B p) |+l - IR 2 76 gl (50)
T (Kyfre 8 f) o +1GP (g = ™ N NI, > 7 (Kyg. g) - (51)

2.4. Mass conservation property of the ETD-MS3

Lemma 2.7. For the numerical scheme (12)—(15), the mass-conservation property is always valid:

0=T=FF =B n=012 o

Proof. It is clear that ¢o = 0. The lemma is proved by mathematical induction.
Denote V(1) = (a,(1),1) ., 1 € [0,1,]. Taking a discrete #* inner product with (13) by 1 yields

d ~ ~

1+ 47) (L0 + 07i0) = € + 0. D (53)
with 0 = fj;; . Applying €2 on both sides of (53) and integrating from 0 to ¢;, we obtain

Vi(t)) =€ 9V, 0) = (I = e2)(ghg. 1) - (54)

In turn, the identity (a,ll, 1) V= (¢9» 1) o+ has been derived. For the numerical scheme (14)-(15), it could be analyzed in a similar
way as in (53)-(54). Denote V|(s;) = (¢}, (s, 1) r» 51 € [0,11] and Va(sy) = (#;(s2) 1) ,» 52 € [11,1,], we have

Vi(t) =27V, (0) =(I — e97)(al, 1) . (55)
Va(ty) — e @Vs(t)) =(I — 2 ) (¢}, 1) + Q7Go(QT)(), — o - (56)
The above estimate indicates that ¢, = qﬁ_}' = qﬁ_fl Then we are able to assume that ¢_I;; = qﬁ’;'" = qﬁﬁ‘z, k = 3,4,...,n, and denote

Vo1 (s) = (d)Z“(s), 1) > S €l1,.1,41]. Based on the above assumption, taking an inner product with (12) by 1 leads to

1+ AT3)%V,,+1(S) + OV, (9) = E + )@, Dy 57)
Multiplying both sides of (57) by ¢?' and integrating from ¢, to t,.,, we get

Vi1 () = €OV, (1) = (T = C7)(@), Dy, (58)
which in turn gives (452“’ I)N =@ Dy O
Remark 2.2. In this article, only the 2-D analysis is presented. An extension to the 3-D case is straightforward, and the technical
details are skipped for brevity of presentation.

3. Global-in-time energy stability analysis and the uniform-in-time bound for the numerical solution

In this section, we perform a direct analysis for the numerical scheme, and derive a uniform-in-time H? estimate. Due to the
Sobolev embedding from H? to L*®, we are able to recover a uniform-in-time || -||, bound of the numerical solution and a constraint
on stability coefficient A. This in turn gives a global-in-time energy stability estimate for the ETD-MS3 scheme (16)-(19).

Note that

2
Ex(v) = (F(v), Dy + % [llANvuiJ =201V poll + N0l | - (59)

We denote E , (¢,) := Cy. The following H f norm bound for the numerical solution could be derived.
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Lemma 3.1. Assume that « > —£2. An Hﬁ bound for the solution of numerical scheme (16)—(19) is valid:

1
ENTAINES E2| (Ex @5+ (97 +36%) 125 1) 2, k=0,1,2,.... (60)

Proof. An application of Holder’s and Young’s inequalities reveals that

14 k3 1 4 4 Lok4 4
3 (o) ,1),\/ Smlltﬁhllq +977 Q| < &H%Ilq +9r71Qu |, (61)
1
IIVM¢];,IIi/ SZIMJ\/dJﬁIIif + ||¢];,||2 ) (62)
1
1947, 28515, — 65812, (63)
A combination of (59) and (61)—(63) leads to
2
Ex(@) 2 SI415, + %IIANde,IIif — (97t +3&%) 12,1 (64)
Therefore, it is obvious that
4
Ax s < = (Ex(@p) + (9r* +38%) 12x1). O (65)
Recall that d’ZH = q&_;'l = E = 4;_0 =0,n=1,2,.... Based on Lemmas 2.5 and 3.1, the following bounds for the numerical solution
could be derived:
2 1 ~
14y olly <75 (Co+ (9r* +38%) 12y41)% = Cy. (66)
lIbolleo <ol < s (1Bl + NAxholly ) < EiC i= G, 67)
1V (@)l 9ol ie - Colldydolly < 9CEC 1= G, (68)
IVA (@)D Iy <4l - Colldydolly < 26,8,C =G, (69)

where C,, C,, C; and C, are global-in-time constants.
Mathematical induction is employed to recover the ||-||, bound of the numerical solution and establish the global-in-time energy
stability for the ETD-MS3 scheme (16)—(19).

3.1. The estimate for the first two time steps

In this subsection, we aim to obtain a rough Hfl estimate for a}l, qb}l and ¢i, and recover their uniform-in-time || - ||, bound.
Meanwhile, an energy stability analysis has to be established for the numerical solution at the first two time steps.

3.1.1. The estimate for a' at the first time step
First, we aim to obtain a rough estimate for a}. Notice that ¢} = a’) = ¢,.

Lemma 3.2. Assume that |a| < &2, k > &2. Under the following O(1) constraint for the time step size

. 3502 1 x5 1 Ao
rSmm{EC3 7@6'4 ,3—2C2 }, (70)

the bounds are available at time step t,:

14y aylly < Cs. llaylle < Ce. 71)
1
where Cs = (5]2 + giz + 51252) ?,Ce=C,Cs, and C; (i = 1,...,4), are defined in (66)-(69).
These constants are global-in-time and depend only on &, y, the Sobolev inequality constants, the initial data, and the domain size.

Proof. We denote a;l’* = e Kn"¢,. The numerical scheme (17) is rewritten as the following two-substage system, so that the
theoretical analysis could be carried out in a more convenient way:

a* - [
T KnGo(Kn D)o -

1 L
h h

p == Go(KnT)FN (o). (73)

Taking a discrete #2 inner product with (72) by Ai/(a;l{* + ¢y) gives
(”;{* = o, Ai/(a;;* + ¢o))N +7 (KNGhd)O’ Ai/(a;{* + ‘l’o))N =0. 74)

8
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An application of summation by parts, combined with (42), results in
5
laxay 1 = 4w ol + 7 (KnGubo, Aﬁfa};*)ﬂ + 7160l =0
Taking a discrete #2 inner product with (73) by 243\/”}1 leads to
(ah - a2} = =20 (GuF(d). £ya}) .
Again, an application of summation by parts implies that
(ah -y 280a}) . = A}l = 1y ay I3 + Ay @, - ay )l
Meanwhile, an application of inequality (50) in Proposition 2.2 reveals that
v (KnGubo. 8,0 ) +llAx(a) = a2, > <G5 ay 1
For any v,w € M(JJ‘/ , it is clear that
(Gupn ). L) =0,
Subsequently, a combination of (75)—(79) leads to
I4xay %, = 14y ol + G ap 12, +21IGY ol
<=2t (G, Py (o). ANah)N
__ T 1 30 1 2 42 1
— 2a—x) (th‘)o, Ai,a;l)N].
Regarding the first two terms on the right hand side of (80), we obtain

1 1
3 (G0 £ya)) =2 (GVV,(@0).G)V vdyal )
<HIGOV (@)Dl - 16OV A yalll

»—-L»J

< IV @Dy - IGPV A prabll g

C3

U)

© ~ ©
3 16, Vydyaylly < @C +—I|G Vv dnaylliys

7 (Gu(@o?. £ya) squ;O)vN«%)Z)nN NGV v Ayl
<NV (DDl - IGV Ayl

2 2
~ 0 07" =, &0
<CurlG Vv Ay aylly < 7 G+ 16 Vacdwa I

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)

in which Lemma 2.1, as well as the inequality (40), the first inequality in (47) and the estimates (68)—(69) have been applied in
the derivation. The last term of (80) is split into two parts, and they could be analyzed as follows, with the help of inequality (28)

in Lemma 2.5:
28 - @) (Gupo 4,y )  <2E = IV rdolin - GV e Ayrall
hPo-Apelp ) o = NPoliy h Y NANRIIN
2 = Gl Aybolly - 1GYV i Ayeayll e
<42C,C GV Ay ayll
2
28252, & 10 12
<3282C2C + E||Gh Vv dnayllys
0 0
2 = &) (Gubo. £a}) =206 =) (G 4,000, G dxca})
== (G axgoll%; + 16 A a1,
~ 16 a5 (@} = o)l )-
A substitution of (81)-(84) into (80) implies that
layayl?, - ||A.A/¢0||N +7GY a1, +T||G(5)¢0|| 2
T 2 o 672 20282 4 ) 12
_—l T AD [@CS + é—ZC +32§ C C 4 ”Gh VN'AN'ah”N.
k=) (16 Ay o2, + 16 Axcal 2. = 16 Axe(al, = bl ) |-

9

(83)

(84)

(85)
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In addition, by inequality (45) in Proposition 2.1, we obtain

5) 142 5 2
G ap 1%, + IIGY o1,

T 0 0
2= [32 (16 Vo ayal I + 16, Vv d gl )

7
o — 5 (||G(°’ANa,,||N+||G<°’AN¢0||N)]

A combination of (85) and (86) yields

(86)
A A 2 E GOv .4 2 — NG04 (a! —
IAxa 2, = HAx ol + | 2= 1GOV Ay ol + (5 = EDIGY Ay (al, = b1,
115 (0) (0) (0> z
6y?
<t ic3 TC+ 2822 ).
3¢2 &2
As a consequence, the following bound becomes available for ||4,ra! ||
~ 2~ ~ A~y
laya)l, < G2+ (§c32 + 6y2c§) éiz +328262C7r. (88)
Under the following O(1) constraint for the time step size
. 3 2 1 ~-2 1 -2
TSmln{2C3 ,Gyzc4 336 1 (89
a rough estimate could be derived for ||4,ral ||
1
= (e 1 02
layaly <@ =+ 5 +E8)" 90)
In turn, an application of estimate (25) in Lemma 2.5 implies that
lajlle < Ci(lall + lAxa}liy) < €,Cs :=Co. O (91)

Therefore, the energy estimate becomes available for the numerical solution (13)

Lemma 3.3. Assume that A > — , where A, = ,
2/1* 1 2 (0)

and C(O) =a+yCs+ > 562 + k. The time step size is taken to satisfy an O(1)
constraint (70). The numerical scheme (13) satisfies the energy-dissipation property
Ey(ay) < En(do) = Co.

(92)
1
Proof. Taking a discrete #? inner product with A we obtain
3 (t) 1 0
1+ A7) + Ep(a)) — Ex(¢9)
L2(1 tz-fz)
n . h( ) da! (t)
=/ gla, ) — g(dp), —— | dit - / B (do)s dr. (93)
0 N 0 N
By Lemma 2.7, the following identity is valid:
n( daj@) .
/ L— dt = (1,a,(t) — o)y = 0. (94)
0 N
Apply Hélder’s inequality, Young’s inequality, and Lemma 2.4, we derive the following estimate
n ' da, ()
/ g(a;, ) — g(¢o), T dt
0 N
h( )
< / lsal )~ s@o)ly dr
0 N
1 2 0) 1 2 0) 1 2
<O, da, (1) < 24, C;” | da, @ c da, (1) (95)
= = -7 s
t de L2(0,1362) 3 dr L2(0,t1562) 3'1% d L2(0,1362)

10
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Since A > 217 and A, = ﬁ, a combination (93)-(95) gives
1 L
1 1 2, [dal o |®
EN(ah) < E./\f(ah)+ 1- 3 a
L2(t),t5:62)
O\ L |ldaio |
A—- ﬁ i < Epn(dp). O (96)
L2(t),12:6?)

In addition, with the energy stability (92) theoretically justified, a similar analysis could be derived as in (66)—(69), and we are
able to obtain a much sharper bound for a!:

L
l4yajlly <Cy, 97)

la} o <llal I < Ci(lal| + 1Ay allly) < 6,C = G, 98)

IV w (@)l <9llal I3 - GollAyal iy < 9C26,E, = G, (99)
IV \ (@Dl <4llalll e - Gllayallly <466 = G, (100)

3.1.2. The estimate for ¢' at the first time step
We aim to obtain the estimates for ‘i’;,’ and establish energy estimate at the first time step.

Lemma 3.4. Assume that |a| < &, k > &2. Under the following O(1) constraint for the time step size

3",2 1 ~-2 1’\,2 1
’S{zcwmcwacz@ : (o

the bound at time step t, is valid:

lAvdhliy <Cr ldhlle < C. (102)

where C, = (202 o+ c2§2) 2 Cy=C,Cp, and C, (i = 1.....4), are defined in (66)~(69).
These constants are global-in-time and depend only on ¢, y, the Sobolev inequality constants, the initial data, and the domain size.

Proof. The proof of this rough estimate is similar to that of Lemma 3.2. The numerical scheme (18) is rewritten as the following
two-substage system.

1%
"
B = KnGo(Ky Do, (103)

1 _ 1
¢n—ay

T

== Go(Kn7)Fy (o) — G (Ky7) [Fy(ay) — Fy(dy)] - (104)

The Egs. (103) is the same as (72), so that equality (75) is still valid. Taking a discrete #> inner product with (104) by 2Aif¢;1, and
performing a similar analysis as in (77)-(80), leads to

4y &y 1%, = 14x ol + NG DL 1% + 211G o 1%,
(1
<=2¢(GuFn (). £,4}) =27 (G [Fy(ah) = Fu(@o)] . £4}) . (105)
The first term on the right hand side of (105) could be analyzed in the same way as in (79)-(84).
Regarding the second term on the right hand side of (105), we begin with the following decomposition, based on (79):
20 (G0 [Fya)) = Fy ()] .42 ¢>},)
Lo 1)
— s (V@ )+ 3 (6 w0 L))
(1) 2 (D) 2 42 41
+7 (V@ ae)) (G @ 88)) - 2a ) (Gutal - g0 £} ) . (106)

The four nonlinear inner product terms could be analyzed in a similar way as in (81)—(82), combined with the help of Eq. (43) and
the last two inequalities in (47):
1

1
2 (6@ 2e8)) L <3IGY GOV (@I IGY w Ayt llu

8 0
<—2||G;l)VN((a;,)3)||N||G(h)VNAJ\/(ﬁ;Z“N
1 0
<—— Vi @I IIGYV Ay}l g
312

11
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1 ~ 1
<—2€3||G;"’VNAN¢,L||N < gcz + —||G;ZO)VNAN¢;,||3\/» (107)
(e 2,8}) <8+ S160V vax o) (108)
3h0’,/\/'hN3§23 NEANPRI N>
(a2 v G“’)V A
r (6@ aa;) | \[u N @A NIGEV Ayl
4 3 o &
< 5% G, Vard bl < 57°CL+ SIGPY v Ay oI (109)
r (60002 £208)) <3128 + £ 160V cay ol (110)
hiw ~ e 2477h hN

Again, the linear diffusion inner product on the right hand side of (106) is split into two parts, which are analyzed as follows:

28 -0 (6@}~ b0 4,8} )
A2IGOCOV (@) = bl IGYV A dhll g
<2V22V (@) — I IGV A bl Ly
<2V2226, || A (@l — I IIGV e Ay bl
<4V226,C1GVV y d )l < 328 C2C

20 - £ (65 @), = o). £} )
<k = NG Ap(al, — pp) |\ 1G Apr L1l
<k~ NG Ay (a) — gl IGV Al v
<2k = | Ay(a), — )l IGY A bl e

<Ak = ENC NGV A bl y < 8(k — EHC? +

& o 1
+ 7 1G Vadydylla

0
||G< TN o

(111)

(112)

in which |a| < £ and the last inequality in (48) have been applied. Furthermore, to obtain a bound for the second term on the right

hand side of (112), we apply the Cauchy inequality.
IG A 4113
Combining (105)-(113) and repeating (81)—(84), we obtain
lAndplI2, - ||AN¢0||§\/ +2lGY B2, + 2GS b2,

T 4 12;/

Sy E 62 =L C2+64£2C2C2 + 9(k —
T

&)e?

582 o 0 0
+ 5 IGY Y A I + (= EXUG Ay dolly, + 116, Ay ay Il

Based on inequality (45) in Proposition 2.1, (114) could be rewritten as

T
+ A3

&0
||AN¢;,||3\; - ||AN¢olli/ + ["‘ﬁ”G;)VNAN(b},”i/

1

282 0 2 28O, 12 © 2

+ GV Ay tollly + = (16 Ay} 13 + 16 Aol )
~ 12

3 4 C + _]/

1+ A0 [@ 3T e
This in turn implies that

C2 +64£82C2C2 +9(k — 52)5]2] .

Ay a)l2, < (%‘532 + 12y25§) g—z +64C2C2 % + 9(x — EHCPr + C2.

Under the following O(1) constraint for the time step size

r< {3C_2 1 ~-2 1/‘_2 l},

, s =G —
473 7024 ek 2 i

0 0 ~ 0
<20GY Aol + 211G A (b — doI2, < 2CF + 201Gy A (8}, — Do)l

(113)

)]- (114)

(115)
(116)

117

which is a stronger requirement than (70), a rough estimate could be derived as

1
~ ~ 1 ~ 5
4y il <& = (2c12 v +c,2.§2)2

(118)

Notice that C, is x-independent. An application of estimate (25) in Lemma 2.5 implies that

Idhlleo < Ci(lall + Ay ablly) < €, Cr :=Cy. O

12

(119)
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A modified energy is defined at ¢, as follows:

2 2
~ AC dg; (1) c dep, ()
E@)) = Ex(¢)) + —Laq || —2 + —Lgy? | 2 ., with (120)
6 At |20 02y 1242 dt 20142
(R L2(0,115¢7)
_3 \/ \/ C,=a+yC +1C +kK, (121)
(a0+2)CL L= 14530) 3 -10
1
Co=C\G,. c9=(2c12+§i2+c125) L G=g 2 (o C (9 +38) 10x1) (122)
C=a|QuIC,E oy =1+—2, 5L=a+yC2+§622+K. (123)
3
The following theorem establishes the energy estimate at the first time step.
Theorem 3.1. Assume that |a| < &2, k > £, and A 253 . The time step size is taken to satisfy an O(1) constraint (101). We have the
following energy-stability property
Ex(¢)) < E@)) < Ex(¢) +C =Cy +C, (124)

in which the global-in-time constants A and C are defined in (121)-(123).

Proof. We take a discrete #2 inner product with (14) by ¢"() and integrate form 0 to ¢,. An application of Lemmas 2.4 and 3.4,
combined with the estimates (67) and (98), reveals that
5 [0 . 0
1+ A | —— + Ex(@)) — Ex(dy,)
L2(11,12:0%)
f | ~ 0 dgp, (0
< [ (Culdh® = dolla+ Erlay = doll ) | —2— |
0
~ [hy dep} ()
+ CL/ iy = doll H o
0 t
dr |
[ Ay ~
5(71 +1)Cp 7 || —2 + éCLIIa;‘, - bl
L2(0,t1:¢2)
2
dd’},(l) a ~
<—(a1 +2)( 5 + + =-Cpllay, = ol (125)
(212 ) dt 120,22 2

3 ~ .
in which C; < C;, C; < Cyy, a, is defined in (123). Since 4 > 2/13, A= ey and lla) s lldollee < Cp, We obtain

2
o iC dep; (1)
E@h+ [1- =L (ag +2a, +4) h
h 6 ‘o dr
L2(t),tp:¢2)
2
c, NEEXG: R
+ |A- (ag +2a; +4)| 7 | —— <Epn)+C. O (126)
1222 TN P

With the energy stability (124) theoretically justified at ¢,, we are able to derive a much sharper bound for the numerical solution

b}

Ayl < C. (127)
16}l < 9L lIo < (DL + AN dLlln) < E,C =, (128)

IV N (@D <UL - GollAydhlly <9C2E,C, = C, (129)
IV A (@Dl < 41gL 11w - CollAydhlly < 4C,EC, 1= C, (130)

in which C), C,, C; and C, are x-independent, global-in-time constants. In fact, these constants have the following correlations:

Cy<C,<C5<C<Cy C<Ci<Cy<Cy € <C <G
G, <C,<Cy C sV <Cp, GG Gy <G A<

13
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3.1.3. The estimate at the second time step

Lemma 3.5. Under the assumption in Lemma 3.4 and the following O(1) constraint for the time step size

3 ., 1 2 1 an 1
— — 131

= {4C3’122C4 64C2’9K}’ (sh
the bound at time step t, is valid:

laxd3lln < Coo NId3lle < Cio, (132)
in which 59 and 510 are defined in (122), and C; (i = 3,4) are defined in (129)-(130).

These constants are global-in-time and depend only on &, y, the Sobolev inequality constants, the initial data, and the domain size.

Proof. The proof of this lemma is similar to that of Lemma 3.4 and will be skipped for the sake of brevity. []

It is obvious that the constraint (131) is stronger than (101).
We define the following modified energy functional

2
~ iC At ()
E@™ ) :=Ex @ 0)+ =Faq | —
L2(t, e 136%)
n+1 2 n
C, de, ™ (1) AC, gt ||°
—(Z()T
2
124 dr i 6 30 L PP
c e |1*
e 30T dh oozl 4%
122 ! Lz(rn_l,rn;t’z)

The energy estimate at the second time step is established by the following theorem.

Theorem 3.2. Under the assumption in Theorem 3.1. The time step size is taken to satisfy an O(1) constraint (131). The following energy
stability estimate is valid:

Ex(@#)) < E@}) < E@}) < Ex(¢y) +C =Cy+C, (134)

in which the global-in-time constant Cis defined in (123).

)
Proof. Taking a discrete #? i , integrating from ¢, to #, on both sides, and performing an analysis

similar to (125), we get
22

depy, (1)

L2(ty,153 1’2)

d¢2(1)

(1+ A7) +En(@)) — Ex($))

N Lo |’

(v —%)a
2\/— L2(r,,r2;f2) L2(0t1 £2)

d¢§,(r)
dr

A o’
dr

S%(l +a) —L(1+ae?

612

L2(t) 15:62) L2(t) 15:62)

Lo
dr

AC ACp
"3
Since A >

2 55 4= e

d¢,,<t> c,

+ T
L2(0,11;£%) 6\/512

(135)

L2(0,t15¢2)
we obtain

a2 |’
dt

a2 |’
dr

B+ [1- St

CL
+la- =L ] 3
6 [ 122 %1"

Lo |’
dr

L2(1),t5:6%)
2

L)
dr

L2(t),t5562)

icy

A Cp
<E(¢,) + - "

+ ——axT
12223

~

< E(¢y), (136)

L2(0.t1:£%) L2(0.11:£%)

2 _
V3

As a consequence of Theorem 3.2, we are able to derive a much sharper bound for 4)%’:

with ay = ag + 20 +2, a3 = %. Based on Theorem 3.1, inequality (134) is proved. []

Ay @il < C. (137)

14
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1621100 < 192110 < C1(1021 + AN B2 lIp) < €1 Cy = Gy, (138)
IV x (@Dl <2 - CollAydplly < 9CICCp = C, (139)
IV A (@2l < 4lldEll e - CollAy )l <4CEC) =G, (140)

Remark 3.1. We notice that the Hﬁ estimate (71), (102) and (132) for a}l, qb}, and ¢?2, as well as the maximum norm estimate, is
based on a direct analysis for the numerical scheme (13)-(15), with the help of extensive applications of discrete Sobolev embedding.
However, these estimates turn out to be very rough, since the analysis does not rely on the variational energy structure. In fact, to
obtain an energy dissipation at a theoretical level, an || - ||, bound of the numerical solution at the next time step has to be derived,
due to the nonlinear term involved. Such a bound could only be possibly accomplished by a direct H? estimate, without using the
energy structure.

3.2. Preliminary estimates of ||4,r ¢ || - and [|¢7+! ||,

In this subsection, with an a-priori assumption at the previous time steps, we perform a direct analysis for numerical scheme
(16), so that the uniform-in-time ||-|| ;> and ||-||,, bound becomes available. This turn gives a global-in-time energy stability estimate
for the ETD-MS scheme (19).

To proceed the global-in-time energy stability analysis, we make an a-priori assumption at the previous time steps:

Ex@) <Ey(d) <Co+C.  k=0,12,....n. (141)

Such an a-priori assumption will be recovered at the next time step. For k =0, 1,2, ..., n, we perform a similar analysis as in (66)-(69)
and get

4y dklle <Ci, (142)
Ikl <Ihle < € (1051 + Ayl ) < 6,C =G, (143)

IV ()L <ONGE IR - Callan ¢kl < 9C26,C, = C, (144)
IV w (@ <AlEll e - CollAydhlly < 4CEC = C. (145)

We aim to obtain the rough estimate for qb;’l“. The main theoretical result of this subsection is stated in the following theorem.

Theorem 3.3. Assume that |a| < &, k > £2. Under the following O(1) constraint for the time step size

(1 3.0 1 5 1 oA
<min( —x, 202 ——C2 =72, 146
T—mm<97’( 163 7482 4 592 2 ) (146)

the bound at time step t,, is valid:
14,5 Iy < Co. (147)
15 lleo < Cio- (148)

in which 59 and 510 are defined in (122), C; (i = 3,4) are defined in (129)—(130).
These constants are global-in-time and depend only on &, y, the Soboley inequality constants, the initial data, and the domain size.

Proof. Similarly, we denote qﬁ;’l“’* = e‘KNT¢2. The evolutionary Eq. (16) could be rewritten as the following two-substage system:
¢n+l,* _ ¢n
———" == Ky oKy D). (149)

n+l _ gntl
¢h ¢h n 3 n n—1 1 n—2
e~ Gy (KD ()~ G (K o) [ 3 P (@) = 2Py @) + 3 P67

~ G Ky [ Fn @) — Fy@y )+ 5 Fn @) (150)

Taking a discrete #2 inner product with (149) by Aif(¢2+"* +¢)) gives the following estimate, following similar ideas as in (74)-(75):

lax &)™ 1% = lan o)l + = (KNGm",AiJ«ﬁ;“'*)N +7IGY 1%, =0. (151)
Meanwhile, taking a discrete #? inner product with (150) by ZAifq.’)’;l“ gives
@ =928 5 = <20 { (GuEn @ £ )
3 _ 1 _
- (6 B rv@p -2bv@y D+ S Ev@p D] )

15
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1 5 n— 1 - n
= (6 [SEw @ - Fn@y D+ SEv @] a8 ) L (152)
The term on the left hand side of (152) could be analyzed with the help of summation by parts:
@+ = gt 242 ) v = A BT IR, = AN, IR + IAp @)t = gt IR (153)
An application of inequality (50) in Proposition 2.2 implies that
w(Ky G B3 by + 1An @) = 0I5, 2 211G g 115 (154)

Subsequently, a combination of (151)-(154) leads to
AN B 15 = IAn B2, +2IG 12, + 216G g1,
<- Zr(GhFN(¢”) 2 ¢"+1)
_ 1 _
- 20(G0 [ P - 2P @D + 3 Fn D) a4
1 _ 1 _
= 20(GP [ Py - En@y D+ S @) 20
=1+ I+ IIL. (155)

The terms on the right hand side of the (155) will be analyzed below. Because of identity (79), the term I is divided into three parts:

__ T _l n\3 A2 pn+l n\2 A2 gn+l
=1 [ 3 (Gh(¢h) Ay ) +y(Gh(¢h) Ay )M
2= (Guth A5 ) | (156)
Based on the a-priori estimate (144)-(145), the right hand side of (156) could be bounded in a similar way as in (81)-(82)
1 WN3 42 it 1 » ©) )2
- (G eyt < EC + —||G VAR, (157)
n 1 3 1
A ARG ANNES £ 1607 ay a1 (158)

The last term of (156), a linear inner product term, could be decomposed as two parts, and we apply a similar analysis as in
(83)—(84):

28 - o) (Guty Ay ) <28 - a>||vN¢;;||N||G<°)VNAN¢:“ ly
<ABECICT + ||G(0)VNAN¢"+1 2, (159)
2 - &) (G B0 ) | =t - 52)(||G;°>Aﬁ¢h|| 2 16 At 1R,
=~ G A @ = I )- (160)
A substitution of (157)-(160) into (156) yields

[ L, 3
STrac 3252

+ k= NG Ay B, + (k= NG Ay 12 = (6 = NG A (@ = $I% - (161)

2
0,
=C+4882C3C + ||G§1)VNAN¢;“||§V

The term II is divided as follows:

T [_% (GZD(¢Z>3,Aif¢"“) " 2 (G;zl)(‘ﬁz_l)B’Ai/d’ZH)N

RS 3
1 _ 3
- < (GZ”@Z 293 4 ¢n+l) 27’ (G(1>(¢h)2 A2 ¢n+1)
2 (Gg)(‘l’;_l)z’Aif‘ﬁZH) + L (GE’I)@Z—Z)Z ¢n+l>
= 3@-x) (G - 7). 42 ¢"+') +a-0 (6@ - . (162)
The six nonlinear inner product terms of (162) are bounded in a similar way as (107)-(110):
L@@ 2y <20 IOV A (163)
¥ 2556 NANDT
2 _ 8
g(G(h”(d’Z DR AT <3—§2c2+ —IIG(O)VNANqS"“llN, (164)
1 _ 1
- E(Gﬂ)(qﬁ; R A Iy _?cg + EIIGZO)V,\/ANqﬁ;“ 2. (165)
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(D gn\2 42 gn+l 2 (0) n+1
(G ()7 A58, Dy _2§2C +—|IG Vyand, IIN,
(1) 2 1 2 0) +1)2
-27(G, (@) 4 ARG <—§2 C, +—|IG,, Vi dn s
Y (D pn 32 ©)
3G @ AL Dy < _—252 cz+—||G YAy &yt

(166)

167)

(168)

The linear diffusion inner product on the right side of (162) is split into the following parts, and we apply a similar analysis as in

(111)-(112):
2
3 - (G @ — b B by <43282C3CT + §—4||G<,,°>VNAN¢;“ e

2
(@ =G, (@) = b, A2 <48E2CICT + 'f— 16V A g

k= ENG (@) - B, A0 T2 - E)CT + ||G(°)A o2
& =G @ = B, At <8 —EDCT + ||G<°>AN¢"“|| 2

The following bound is available to the second term on the rlght hand side of (171)—(172):

0 0 0
IGY Andit 12, <20GY Al + 201G A @t = oI,
2CE 421G A @ = B,
A combination of (162)-(173) gives

T J}_ 39y
T1+ A7 382 S £

C2+48082C2C + 1ﬂ( -&het

K

& 0 -& 0
+57 16 VA i I + THG; EN Al

The term III is divided into the following parts:

T 1 + 1 — +

I = 1 3 [__S(G;lz)((ﬁz)sy Aif¢7z I)N + _3 (Gf)((ﬁz 1)3, Ai/-qb;’l 1)./\/
1 — + +
_5 (G(hz)(¢;l, 2)3 ¢n I)J\/ 72 (Gf)(¢2)2 ¢n 1

- G @ A+ LGD @ AW;“)N

= @= G = D b+ = OGP = 7D

The nonlinear inner product terms could be bounded as follows:
1

L (022)(¢Z)3’Aif¢2+l )

g G(7)G(9)V.A/((¢h) ), G(O)VMAN¢n+1>

N 6 ( N
<216V (@Il - IG)V  dy i L
1
s—3||G;"’vN<<¢;>3)nN NGV N A by Ly

1
<——G GOV Ayt |
3

<R+ S ENGOV IR
s (aP@ry g %ch%lG;")waz“uiw
- (GP@r B %c%%nc;;")vwwzﬂuﬁ,,
L(eP @ 1>N<§CZ+§_2||G(O)VNAN¢ZH||§\/,
A GRCR AN s‘;ié ||G(0)VNAN¢"+I|| 2

L(aPa syt ) g—ic +&”G;,0)VNAN¢Z+1”3\/,
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in which Lemma 2.1, as well as the inequality (44), the first two inequalities in (48) and the estimates (144)-(145) have been
applied in the analysis. The linear inner product terms of (113) is split into four parts, and we analyze them separately:

R (A A W R A I
<& -GGV (@ = P Dl NGOV g Apr i e

62
<=V @) = &7l 16V Ayt Ly
V3
&5 © i+l 3028202 1 16O il (2 189
<\/§C2C1||Gh Vudydpm v <328°CCr + 24||Gh Vi dnd, s (182)
g mer, &
(@=E)G @~ ¢ 444 <ECCT + G v Ay (183)

k= )G (@ = . by
<k = NG Ay @) = Dl 16 Ayl e
<k = NG A (@) — ¢ Dl - ||G“’)AN¢”+1 ||N
Dk = EC NG Ay b Iy <8 —EDCT + ||G“”AN¢"+‘ I3 (184)
@ =GP =i, A2t <8k — & >c2 ||G“”A o2, (185)

in which the fact that |a| < £2, and inequality (49) has been applied. A combination of (175)-(185) and the estimate (173) results
in

T 2 6}/ 2 2 33 2\ 2
I < m 3§2C3 +§—C + 64£°C 7(}(’—6 )Cl
k=¢?
+ 2 100V Ay I+ B G A @) = IR |- (186)

In turn, a substitution of (161), (174) and (186) into (155) yields

5 8
4y &5 13, = NAn BpI1, + TG O IR, + G )11,

4
s[5+ 81 2 4 5922E2C2 4 970 -
1+ Az3 13¢2 &
2 2
+ i”G;,O)VNANd’ZH I3+ e = G Ay 12, + 16 e 130 (187)

It is noticed that the term (x — .52)||G(0)A N(‘f’"H qb;)”if has been balanced between (161), (174) and (186), which has played an
important role in the derivation.
In addition, the two diffusion estimate terms have the following lower bounds, as given by inequality (45) in Proposition 2.1:

5 5
TGP IR, + 7l GY BhI1,

2.2, ~0) +112 ©) 2
2 [5G Va3 1 116V A 150
7£%
+ (= G, Ay I, + 16 A b1, |- (188)

Then we arrive at

2
IAxdrt 12, — Ay gyl +

2 (0) 2
méf TGy, Vu dn #4115

+ iz(IIG(O)Awﬁ"“ I3, +1GY" A 13,)
sT( 31562 2+ 422 C2 +59282C2C2 + 97(x — gz)cz) (189)
so that the following bound becomes available:
Ayt 12, < €2 + (13—6c32 +487°C3 )2 e + 59282 C3CH e + 97(x - E)C. (190)
Under the following O(1) constraint for the time step size
r<min( xS0, @c‘;z, 2562, (191)

which is a stronger requirement than (131), a rough estimate could be derived:
1
~ 1 2
Iyl <G = (207 + z + i) . (192)
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An application of estimate (25) in Lemma 2.5 implies that

161 1l < €| + 1A @ 1) < E,Co = Cp. O (193)

3.3. Global-in-time energy stability analysis
The main result of this section is stated below.

Theorem 3.4. Assume that |a| < &2, k > &2, and
1

Here the global-in-time constant A is defined in (121). If the time step size satisfies an O(1) constraint (146), we have the following energy

estimate:

(194)

E@it) <E@)., n>2. (195)
Proof. Taking a discrete #2 inner product with “s on both sides of (12) gives
SO ar | O+ L S g (o570 )
== (fw . Ll()) (Zf(z—z)fN(qs" S ())N‘ (196)
According to (59), the following 1dent1ty is valid:
_EN(¢n+l(f)) = (f(qb;“(t» i )) 5 d Sl + D DI (197)
Integrating both sides from 1, to z,,H, combined w1th (196)~(197), we get
<" " (g<¢"“(r>>—g<¢,, Ll(t)) K
[P S o - )
+/r”th t;{’" +(t;;2")2 ( @) - g(@l ), ¢n+l()) dr =1, + 1 + 1, (198)

X . . d n+1
in which we have applied /,t"“ (l, y

)th =, q’);’[“ - ¢})n = 0. Regarding the I, term, it follows from the Holder’s inequality
and (21) that

n+1
e, [ " oo - o | 2 o

Ayt @) 2

‘d¢2“(z> ”dt <o

dgt () In
<Cir2 ” ’:h HLZ(rmrnH:f% /, i dr LT” dr |‘L2(t,,,t,,+];f2)' (199)
The terms I, and I could be similarly bounded as
L <C, /1n+1 [3(12—11”) " (t ;thn)z] ”¢n ¢Z 1” “ ¢h ( )”dl
47 Cp 79950 d¢;’, @)
LI e T i
C d¢ )2 dgt(e)
s L I ) 00)
13 /n+l t—Tt l‘") ]”¢ ¢Z 2” “ ¢h ()”
SRR (”n )
2 L2(ty_p.ty—1:6?) dr L2ty p136%)
1C d¢ L) d¢™ (1)
\/; ir “ . ”LZ(x,, e T ” }th ”iZ([m,n_H;fZ))' (201)
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For k =n—1,n,n+ 1, an application of Holder’s inequality indicates that
k k
R R R L
dr L2y 52) LAty 322 dr L2y 1y:6?)
A combination of (198)-(202) leads to

(202)

[1 CLA]” d¢h L) 2

—ay <

c et (o)
“Lz(t Jng1362) [A T 12;2]13”’:1—1)‘12(@,,[““%2)

31,49} (l)
n+1 h
+Ev@,)+ ( 12/12 ” Lz(tnfl*rtn;fz)

A ddt @) 2 Cc d¢> (t)
( H : HLZ(z,,_, t,562) + T/LpHd_hz‘ L’(z,,_,,x,,;ﬂ)) + EN(¢Z)

CLi /_ d¢,, (r)
* < 12/12 ” L2<rn Stperit?) (203)
with ¢y =4 +4/%5 el \/ . Since 4 = f v and A > 2]7, it is obvious that
+ +

30
c, A Cc, A c; cL
l—ay— > , A—ay—— > ay——. 204
U =N “e = ne @00
By (203)-(204), we arrive at
IR L ANOTE
— T
213 ) H dr HLZ(t,,,th;fz)
Then we have proved the energy stability estimate (194). []

< E(gh). (205)

B + (A

The following corollary turns out to be a direct consequence of Theorem 3.4.

Corollary 3.1. Under the same assumption in Theorem 3.4. For any positive integer n > 2, we have the following inequality

En () < E@*Y) < E¢2) < E(¢]) < Exr(dbg) + € = Gy + €. (206)

This corollary in turn recovers the a-priori assumption (141) at the next time step, so that an induction argument could be
effectively applied.
With a theoretical justification of the energy stability estimate, we are able to obtain the much sharper || - || ;> and || - ||, bound
h

for ¢Z+] .

Corollary 3.2. The same assumption in Theorems 3.4 and 3.3 are made. For n > 0, we have the following bounds for the numerical
solution:

4 A~
Iyl < g5 (Go+ C+ 07t +38hlay1) = €, (207)

160 e < Cille | + 1 ap e I ) < 6,C) = G, (208)

in which C, and C, are k-independent global-in-time constants.

Remark 3.2. For the time step constraint in Lemmas 3.2, 3.4 and 3.5, as well as Theorem 3.3, the overall O(1) constraint for 7 is
(146) in Theorem 3.3, which turns out to be the strongest one. On the other hand, the rough estimate ||4 N¢Z+1 Il ,» bound in (147)
contains a multiple factor of the ||4 J\/d’;’,_k o (k =0,1,2) bound in (142). The reason is associated with the fact that, the value of x
has not been fixed in the rough estimate, so that we need the time step size z to balance the quantity of x and the rough estimate
could be used in the induction.

Remark 3.3. For the gradient models without automatic Lipschitz continuity for the nonlinear part, a theoretical analysis of the
maximum norm of the numerical solution is needed to establish the energy stability analysis. Thus, we have to derive a rough bound
of the numerical solution. With the bound (148), we are able to choose A as in (194), so that the global-in-time energy stability
becomes theoretically available. Consequently, much sharper estimates (207) and (208) become available.

Notice that the energy stability coefficient A is an O(1) constant. The choice of A only depends on the initial energy, the domain
£, and constant parameters &2, a and y of the LB system (4).

4. Error estimates for the ETD-MS3 scheme

Denote ¢,(1) as the exact solution of Eq. (4). We assume that the exact solution ¢,(7) satisfies the following regularity (A):

¢, € HYO,T;CH N H'(0,T; HYn H30,T; H™) n L*©0,T; H"®), m>0. (209)
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Define @, as the (spatial) Fourier projection of the exact solution into B", the space of trigonometric polynomials of degree to and
including N. The following projection approximation is standard:

1PN = Pell Looo.7:1m) < CNm?k”d’e“Lw otk 0<m<k,
(

for any ¢, € L*(0,T; H ;‘w), k € N. We denote @Y, =Dy (.1,). Since Dy € BY, the mass conservation property is available at the
discrete level:

@:L/%(-,zn)dx:L/@N(~,zn_l)dx:a>7;1, vneN. (210)
2] Ja 2] Jo

Meanwhile, we denote @" as the interpolation values of @ at discrete grid points at time instant ¢,: @}, := ®y(x;,y;,1,). The mass
conservative projection is applied for the initial data:

@i = D), = Py (x;,y;,1 = 0).
The error grid function is defined as:
=" ¢t Vne(1,2,3,..).
Therefore, it follows that e” = 0, for any n € {1,2,3,...}.

Theorem 4.1. Given initial data @5, @}, &7 € C,')";“(ﬁ), with periodic boundary conditions, suppose the unique solution for the LB
Eq. (4) is of regularity class (A). Then, provided that k > &%, a < |£?|, and h,, h, and 7 are sufficiently small, we have

n+1

1
lett)ll + (&3 z layel3,)” < CN +7), (211)
iz
where C > 0 independent on the time step size = and mesh size h, and h,,.
4.1. The error evolutionary equation

For the Fourier projection solution @, and its interpolation @, a careful consistency analysis implies that

& = KNT@" — G (K1) Fy (")
- Tgl(KNr)[%FN(qb”) —2Fy(@" ) + %FN@H)]
- TQZ(KNT)[%FN((I)”) — Fy(@" )+ %FN (@”‘2)] + TR, R4 < COH" +7). (212)

In turn, subtracting the numerical scheme (16) from the consistency estimate (212) yields

e =e7KNTe" — 26 (KN T)F(@", ¢f)
- 2G,(Ky7) [%r(qs",qa';) —2F@", ¢ ) + %r(qb"-z,d;';;z)]
- 26y (Ky 1) [%F(dﬁ",q‘)'}!) —F@" ) + %F((D"‘z, ¢;’;2)] +TR", (213)

with F(®*, ¢k) = Fy (@) — Fy(¢}), k > 0. Meanwhile, we denote e"*!* = ¢Xn7¢", the error equation (213) could be rewritten as
the following two-stage system, so that the error analysis could be carried out in a more straightforward way:

en+|,* n

=— KnGo(KyT)e", (214)

—e

en+l _ en+l,*

= — G (K DI (@, gf))
— TG (Ky D) [SF@" )~ 27 @ g+ LT @2, 4]

—2G,(Ky1) [%r@", @) — F@", g1y + %r(qb"—z, ¢;—2)] +7R". (215)

4.2. The ¢°(0,T; %) n £%(0,T; Hﬁ) error estimate

Now we proceed into the convergence estimate. An application of the linear operator G, = (G,(Ky7))~! to (214)~(215) gives

G, n+lsx _ on
o ) ke (216)
T

Go(en+1 _ en+1,*)

= —1F(@",$)) + 1G,R"
T

- GO RF@ o - 7@ g+ ST @ )

21



M. Cui et al. Journal of Computational and Applied Mathematics 474 (2026) 116978
1 — — 1 — —
— 7G| @)~ F@" g + ST @ 2)]. (217)

Taking a discrete #? inner product with (216) by e"*1* + ¢ results in

”G(U)en+1,* 2
0

0 2
12, = 1GY "

+r(Kye", e KNTe") (K ye", ") =0, (218)
N N N N N

in which the summation by parts identity (40) has been applied. Similarly, taking a discrete #> inner product with (217) by 2¢"+!
yields
||G(()0)e"+l ”3\/ _ ||Gf)0)en+l,*”if + ”G(()O)(en-H oL
=27(GyR", ") 5 — 20(F(®", @), ")
— 2(GY GF@" ) — 4F(@" g1 + F@" 2, ¢2)), )

2,

- 2(GPF@", 1) - 2@ gl + F@" 2 472, ") o (219)
Meanwhile, an application of inequality (51) in Proposition 2.2 reveals that
T(KNe el *)J\/ + ”G(O)(¢n+l n+1,*)”3\/ > T(KNe"H,e"H)N'. (220)
Subsequently, a combination of (218)-(220) leads to
1G5 " 3 = IGG €I, + TRy ™)+ w(K e e
<22(GyR", ")\ = 20(F(®", @), ")
- ©(G,)GF@", ¢}) 4@, ¢17) + F@" 2, ), e
- (G, (F@",¢)) = 2F@" ;™) + F@" .9 7)), ") . (221)
A bound for the truncation error term is straightforward:
20(GoR", ™) < 7|IGY R,
In terms of the first nonlinear inner product, an application Lemma 2.5 and the first inequality in (46) indicates that

+7]IGY e I3, (222)

2Cst
— 20(F(@", ¢" ,en+1 < 5 " oMl <
F@", ¢, e" Dy T A lle" L lle™ Ml T

5 0 1
2 el GG e

’\2
T n (0) gn+1)12
<t (e + S 160 ) (223)

with Cs = 2a + x + & + 2y C, + 662 and Cg = max{ ||, || L= (0.r)xc2)- C2 }- The nonlinear inner product involving G could be bounded
as follows:

. 36,C
3 0
=306 F@" g, ¢y SCTP@ GG < =l 16y e Ly

282 81
e - L v @cgcguGgO)e"“ni/), 224)

with the inequality (49) applied in the first step. The other nonlinear inner product terms could be analyzed in a similar way, and
the following results are available:

4r G(3)(F(¢,n i), e 1+A 3( fle" l”N Zf 2 5”G(O) 2 ) (225)
G(3)(P(¢n 2,412, ") = ( fle" 2”/\/ 522 2 5”G(O) |2 > (226)
—2GIF@", @), )y < ( : e 2+ %CZCZIIG@ 2, ), (227)
ZTG;,4)(F(‘D"_1’¢2_1)9en+1)N ( e 12, + ;CZCZHG(O) o1 ”N) (228)
— tGIF@"2, ¢), e 1+A . (g”en_zllif 522 2 5”G(O) 2 ) (229)

A substitution of (222)—(229) into (221) results in

IGS e %, = IG5, + w(Kye™ !, ™) + 2(K e, ")y

C2(5 +56C2)
<GP RIE + (2= + 1)l e 2,
0 1+ Ar3)e2
28%¢ o2 & ( n—1)2 n—=22
m” ”N+4(TAT3) lle" 11 + lle ||N)- (230)
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Table 1
Temporal convergence.
T A=0.1
Error Order
/2 1.0060 x 1076
/4 1.0670 x 10~ 3.2371
/8 1.2227 x 1078 3.1253
/16 1.4605 x 107 3.0655
/32 1.7828 x 10710 3.0343
/64 21982 x 10711 3.0198
Since k > &% and Ky = (1 + A73)~' (4, + I)> + x I, we have
T 2 2 2
(K v, ) =—( (A + Doll2, + o )
NV =1 &l I+ xllvlly,
2 2
T 3 2 | 28 2 ) N
> |40 + —|lv s Yve M. 231
(S anell + Sl 2 (231)

A combination of (230) and (231) gives

T

1+ A73
&5+ 566
(1+ Az3)E2

0 0
16" I3 = 116" I3 +

£ 2
(S nane™ 2+ Sl 1)

2
0 0 &t - _
<GSR, + ( )G+ 5 s U I+ 1) (232)

+ A73)
In turn, an application of discrete Gronwall inequality leads to the desired convergence estimate:

9 n+l 9 n+l

0 T ¢ ; ¢ ; -

16 20+ ——= (5 D HAwe IR+ = Y€1, ) < O V2 4 ), (233)
1+Az i=1 i=1

in which C* is independent of 7, 2, and h,. In addition, by the preliminary estimate (46), we obtain an £#%(0,T;¢ 2y n 220, T; Hﬁ)
error estimate:

n+l

1
i 2‘};2 < i sk -
eI+ 7(& 21 Al + == 2‘1 'l ) < €N 4 19), (234)
= i=
with C** independent on 7, h, and h,. This finishes the proof of Theorem 4.1.

Remark 4.1. The O(z%) convergence is unconditional in the following sense: there is no restriction for z in terms of N to guarantee
the convergence estimate.

On the other hand, the first two steps of numerical scheme (17)-(19) will not lead to a loss of accuracy [32]. Instead, some
alternate explicit high-order numerical algorithms could be used, such as RK2 and RK3, to update the numerical solutions at ¢; and
t,, so that the third order numerical accuracy is preserved in the first few time steps. This approach enables one to derive the full
third order temporal convergence estimate in the above theorem. In particular, we notice that the first two time steps in the initial
approximation will not cause any stability concern, since they are treated as the initial values in the numerical scheme.

5. Numerical results

This section is devoted to some numerical experiments conducted by the developed scheme. The convergence rate, the energy
stability and mass conservation property of the ETD-MS3 scheme (16)-(19) are verified. A few different equilibrium stable phases
and structures are simulated in the 3D space.

5.1. Temporal accuracy
The temporal accuracy of the ETD-MS3 scheme (16)-(19) is verified. The computational domain is 2 = [0, 16x/ \/5] X [0, 8x],
and the parameters of LB model (1) are set as £ = 1, @ = —0.15, y = 0.25. The initial condition is given by
do(x, y) = sin V3xsin y. (235)

Let A =0.1, k = 0.01 and a uniform N x N spatial mesh is taken. To test the temporal convergence rate, we fix N = 256 and
choose 7 = r/[2,4,8,16,32,64], with r = 0.05. The temporal accuracy order is displayed in Table 1. The #2-errors ||¢™r — ¢iv ‘Il at
t = 1 are calculated between the numerical solution and benchmark solution, which is obtained by the proposed numerical scheme
(16)-(19) with N =256 and 7 = 5;—2 By Table 1, the third-order temporal accuracy is clearly observed for the ETD-MS3 scheme.
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(a) Lamellar phase (b) Cylindrical phase

Fig. 1. The 2D periodic crystals in LB model with a« = -0.15, y = 0.25.

%1078

— Lamellar Phase —— Lamellar Phase
Cylindrical Phase ar Cylindrical Phase

Mass

Eyx — Erey

10 20 30 40 50 0 10 20 30 40 50
Time Time

(a) Energy (b) Mass

Fig. 2. Numerical behavior for Lamellar (Fig. 1(a)) and cylindrical (Fig. 1(b)) phases of ETD-MS3 method with 7 = 1.

5.2. Energy stability and mass conservation property

This example is to verify the energy stability and mass conservation property of the ETD-MS3 method. The computational domain
is 2 =[0,16x/ \/5] % [0,87], and the parameters are set as &2 = 1, « = —0.15 and y = 0.25. The initial condition to the lamellar and
cylindrical phases are chosen as [53]

$o(x) = 2a, cos (G - x) + 2a, (cos (G, - x) + cos (G3 - x)) , (236)

with G, =(0,1), G,=(-V3/2.1/2). G;=(-V3/2.-1/2), x=(x.y". (237)
The lamellar phase is described by a; = v/—2a, a, = 0, and the cylindrical phase is described by a; = a, = (v + /2 — 10a)/5. Notice
that ¢, = 0.

Let A= 1, xk =0.01, r = 1 and a uniform 512 x 512 spatial mesh is taken. We calculate 2D periodic crystals of lamellar phase
and cylindrical phase, as shown in Fig. 1, to demonstrate the performance of ETD-MS3 method.

Figs. 1(a) and 1(b) display the stationary solutions of the lamellar and cylindrical phases, respectively. Corresponding evolution
of the energy and the average mass of two phases are plotted in Figs. 2(a) and 2(b). In this numerical test, the reference energy values
(12 significant decimal digits) of lamellar and cylindrical phases are given by E,,, = —16.5320740920 and E,,, = —17.3241033761,
respectively, which are the finally convergent values. The reference energies are obtained at time ¢ = 50 under the same parameters
and numerical scheme. It is clear that the ETD-MS3 method is energy stable and mass conservative. Specifically, we notice that
when A and « are lower than the restriction in Theorem 3.4, the energy also gradually decreases and is dissipative over time.

5.3. Periodic crystals

In this example, we simulate some 3D periodic crystals to demonstrate the numerical performance of the proposed method and
the richness of the model structure.

5.3.1. Double gyroid (GYR) phase
The double gyroid structure belongs to the cubic crystal system. Therefore, the 3-order invertible matrix can be chosen as

3
B =(/ \/8)13. Accordingly, the computational domain in physical space becomes Q = [0,24/67) , and the initial data can be
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(a) (b) (©

Fig. 3. The stationary periodic crystals in the LB model. 3D perspective view of the (a) GYR, (b) sigma phases. (c) 2D top view of the sigma phase.

Double Gyroid

Ex—E.

1010 1010
0 100 200 300 400 500 600 0 100 200 300 400 500 600
Time Time

(a) GYR phase (b) Sigma phase

Fig. 4. The relative energy E, — E,,, evolution of GYR (Fig. 3(a)) and sigma (Figs. 3(b) and 3(c)) phases.

chosen as

do(x.y.2) = Z Bl BT r2]
keA0
where initial lattice points set A C 7Z? contains only the ones on which the located Fourier coefficients are nonzero. The
corresponding A° of the double gyroid phase can be found in Table 1 in [54]. The parameters of LB model (4) are set as £ = 1,
a=—047, y = 0.46.

Let A=1, k =0.01, = 0.1 and a uniform 256 x 256 x 256 spatial mesh is taken. Fig. 3(a) displays the final composition profiles
of the double gyroid phase in a diblock copolymer melt. The double gyroid phase is a continuous network periodic phase [6]. Fig.
4(a) plots the evolution of the relative energy difference. The reference energy value is given by E,,, = —894.816819028, which is
obtained at time ¢ = 600 under the same set of parameters and numerical scheme.

5.3.2. Sigma phase

The second periodic structure considered here is the sigma phase, which is a spherical packed phase recently discovered in
a block copolymer experiment [55], and in the self-consistent mean-field simulation [56]. For such a pattern, we implement the
proposed algorithm on Q = [0,27.7884) x [0,27.7884) x [0, 14.1514). In fact, the initial values could be found in [56-58], and the
parameters are set as &2 = 0.65, a = —0.025, y = 0.7.

Let A= 1, x =0.01, = 0.1, and a uniform 256 x 256 x 128 spatial mesh is taken. Figs. 3(b) and 3(c) display the 3D and 2D view
of the volume fraction profile of the sigma phase within a unit cell. As expected, all the particles are spheres of equal size. The sigma
phase has a larger, much more complicated tetragonal unit cell with 30 atoms [59]. In this unit cell, there are five non-equivalent
types of lattice sites [60]. The relative energy evolution is plotted in Fig. 4(b). The reference energy value of E,,, = —168.393863312
is obtained at time 7 = 600 under the same set of parameters and numerical scheme.

5.3.3. Other phase structures

Other 3D periodic crystal structures are also simulated, such as the A15 phase, the body-centered cubic (BCC) phase and the
face-centered-cubic (FCC) phase, the Hexagonal (HEX) phase and the Lamellar (LAM) phase. These structures have been discovered
in a wide range of soft matter systems; the associated initial values can be found in [54].

The A15 phase is a cubic phase with two nonequivalent types of lattice sites: atoms sit at the edges and center of the conventional
unit cell in the first type lattice site, and atoms are placed along lines subdividing the cubic faces into two congruent parts in the
other type lattice site [60]. This phase is shown in Fig. 5(a), and the corresponding relative energy evolution is plotted in Fig. 6(a).
The reference energy value of E,,, = —321.103297630 is obtained at # = 1000.
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Fig. 5. Most frequently observed macrolattices. (a) A15, (b) BCC, (c) FCC, (d) HEX, and (e) LAM.
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Fig. 6. The relative energy E, — E,., evolution. (a) Al15, (b) BCC, (c) FCC, (d) HEX, and (e) LAM.

The BCC phase has one lattice point in the center of the unit cell in addition to the eight corner points [61]. This phase
is displayed in Fig. 5(b), and the corresponding relative energy evolution is shown in Fig. 6(b). The reference energy value of
E,.; = —80.9718979044 is obtained at ¢ = 300.

The FCC phase has lattice points on the faces of the cube, each giving exactly one-half contribution, in addition to the corner
lattice points, giving a total of 4 lattice points per unit cell [61]. The phase structure and energy evolution are shown in Figs. 5(c)
and 6(c), respectively. The reference energy value of E,,, = —1174.38427666 is obtained at ¢ = 300.

The HEX and LAM phase consists of periodic sheets and cylinders packed on a hexagonal lattice, respectively [6]. The HEX
structure is shown in Fig. 5(d), with energy evolution in Fig. 6(d). The reference energy value of E,,; = —5.03108865057 is obtained
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at t = 90. The LAM structure is displayed in Fig. 5(e), with the corresponding energy evolution in Fig. 6(e). the reference energy
value of E,,, = —0.02486398137 is obtained at ¢ = 300.

Specifically, the final simulation times for A15, BCC, FCC, HEX, and LAM phases are ¢ = 1000, 300, 300, 90, and 300, respectively.
These are the physical times at which the structures in Fig. 5 are obtained.

Based on these results, it is evident that the ETD-MS3 method is an efficient approach to simulate the GYR and sigma phases
while ensuring energy dissipation. In particular, the ETD-MS3 approach has been shown to be highly effective in computing various
phases.

6. Conclusions

In this article, a third-order accurate in time, stabilized ETD scheme for the LB equation is presented. The numerical scheme
is proposed by combining the ETD method with second-order Lagrange interpolation. Moreover, a continuous version of Dupont-
Douglas type stabilization term Az3 2 m % is added to ensure the energy stability. The Fourier collocation spectral spatial approximation
is adopted. Various global operators involved in the third-order ETD-based numerical scheme, as well as their inverse operators,
have been preliminarily estimated with the help Fourier eigenvalue analysis. The mass conservation property becomes a direct
consequence. In addition, we have established a global-in-time energy stability analysis for the ETD-MS3 scheme by directly
estimating the uniform-in-time || - ||H2 bound for the numerical solution. In particular, a uniform-in-time || - ||, bound for the
numerical solution and A are recovered using the Sobolev embedding from H? to L®. The O(z%) convergence analysis, in the
£%(0,T; 22N> (0,T; HZ) norm, is also provided. Extensive computational results for 2D and 3D periodic crystals have demonstrated
the advantages. Furthermore, this global-in-time energy estimate is the first such result of a third-order accurate, stabilized numerical
scheme for this physical model. This result will inspire us to explore the method for the Lifshitz-Petrich model, which is widely
applied to compute quasiperiodic structures, such as the bi-frequency excited Faraday wave [62], and explain the stability of
soft-matter quasicrystals [63]. We also believe that this approach will be of benefit to the studies of other polymeric systems.
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Appendix A. Proof of Proposition 2.1

An application of Parseval equality to the discrete Fourier expansions for f, GEIO) f and Gf) f given by (33), (38) and (41),
respectively, leads to

IF13, = LoLy D 1 il IIGE,O)fIIi/ =L, Y 1= Lo ap, (A1)
kek kex
1G9 f12, = L,L, 3 1= Lo ) IR (A2)
kexk

To prove the inequality (45), we begin with the following observation:

A+ AHA = =1+ ) +x

4 2 782 2
=20 - ten -T2 2 e - B, A3)
7£2
2 K — =
so that A A2 > 2% 2y 22 (A4)

T30+ A3 kK 14+ A37K

This in turn gives the following inequality

752
1= e’TAk 252 K —
GOfIR > LL ( pr DAl A5
G 12, kz;c i Gaaam At 13 54 VAl (A5)
Meanwhile, an application of Parseval equality to the discrete Fourier expansion of G;:))V ~NAxf and GZO)A - f indicates that
l—e ™ 3~
GOV v Ax Fllyf? =L, —Ai|fk|2, (A.6)
h TA
kek k
G ayflls? =L,L, Y, 1=t Az|fk|2 (A7)
kek

A comparison of (A.5)-(A.7) leads to the inequality of (45). The inequalities in (46) could be analyzed in a similar way as (45).
Inequalities in (47)—(49) can be directly obtained from the estimates in Lemma 2.6, and the last two inequalities in (49) comes
from Proposition 2.5 in [31]; the details are left to interested readers.
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Appendix B. Proof of Proposition 2.2

The inequality (50) comes from the article [35]; the details are skipped for the sake of brevity.
Next, the inequality (51) is proved. The corresponding expansion of the grid function g takes a standard form as

A~ i T (x;.y:)T
8ij = 2 Biell®R ] (B.1)
kek

which in turn gives the discrete inner product as

t(Ky £, N f) = L L, Y (tA)e™ ™% | fel® (B.2)
kek

Meanwhile, an application of Parseval equality to the discrete Fourier expansion of Géo)(g — e X~7) implies that

0 _ TAR ~ _ ~
1G (g — KN )2, = L,cLykZlC T B = e (B.3)
€

On the other hand, for each fixed mode frequency k, the following lower bound is valid:

1 _ 1
e kg? + l—e—_TAkbz =a* + b? +(e e 1)a2 + (l—e—_TAk - 1)b2
>a® + b? +2ab > (a + b)*, for any a,b >0, (B.4)

in which the Cauchy inequality has been applied. Then we arrive at

so that

TS VB = T 2 & (B.5)
t(Kn /e N ) + 160 (g =KV |12, 2 LL, Y (A& ] = (K yg. 2)x- (B.6)
kex

The proof of Proposition 2.2 is complete.

Data availability

No data was used for the research described in the article.
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