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singular anisotropic surface energy makes the PDE system very challenging at both the
analytical and numerical levels. To overcome this well-known difficulty, we perform a
convexity analysis on the anisotropic interfacial energy, and a careful estimate reveals that
all its second order functional derivatives stay uniformly bounded by a global constant.

Keywords: This subtle fact enables one to derive an energy stable numerical scheme. Moreover, a
Anisotropic Cahn-Hilliard equation linear approximation becomes available for the surface energy part, and a detailed estimate
Convexity analysis demonstrates the corresponding energy stability. Its combination with an appropriate
Energy stability treatment for the nonlinear double well potential terms leads to a weakly nonlinear,
Optimal rate convergence analysis energy stable scheme for the whole system. In particular, such an energy stability is in

Biharmonic regularization

. L terms of the interfacial energy with respect to the original phase variable, and no auxiliary
Fourier pseudo-spectral approximation

variable needs to be introduced. This has important implications, for example, in the case
that the method needs to satisfy a maximum principle. More importantly, with a careful
application of the global bound for the second order functional derivatives, an optimal rate
convergence analysis becomes available for the proposed numerical scheme, which is the
first such result in this area. Meanwhile, for a Cahn-Hilliard system with a sufficiently large
degree of anisotropy, a Willmore or biharmonic regularization has to be introduced to make
the equation well-posed. For such a physical model, all the presented analyses are still
available; the unique solvability, energy stability and convergence estimate can be derived
in an appropriate manner. In addition, the Fourier pseudo-spectral spatial approximation
is applied, and all the theoretical results could be extended for the fully discrete scheme.
Finally, a few numerical results are presented, which confirm the robustness and accuracy
of the proposed scheme.

© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

The Cahn-Hilliard flow, which models spinodal decomposition and phase separation in a binary alloy [5,6], is one of
the best known PDEs of gradient flow type. In the Cahn-Hilliard family of models, sharp interfaces are replaced by narrow
diffusive transition layers, which often leads to models that are simpler and more theoretically tractable than their sharp
interface counterparts. In crystalline solids, the energy of interfaces can change according to the orientation of that interface.
In fact, the energy of certain orientations may be large enough so that they do not naturally appear in the microstructure. In
the sharp interface case, when the surface energy density is a smooth function of the interface normal and the anisotropy is
sufficiently strong, it is known that there are missing orientations in the Wulff shape, that is, the shape that minimizes the
total surface energy for a given volume [7,47]. Crystalline anisotropy plays a very important role in the material properties
of heterogeneous solids. In the absence of anisotropy, microscopic precipitates are expected to be rotationally symmetric.
Anisotropy breaks this symmetry as certain directions are endowed with higher free energy.

Here, we consider a bounded domain Q@ c RY, d =2, 3. By ¢ we denote the phase variable (order parameter), and we

set p := V¢. The vector n:= I%I is the unit normal vector with respect to iso-contours of ¢, having the components
Ox; i .
ot Py
Vol |pl

Of course, the normal vector is defined everywhere that V¢ is non-zero. The following anisotropic Kobayashi-type [41] free
energy is proposed for consideration:

1 2
E(¢>=f (Z(¢2‘1)2+ %yz(nnmz) dx, ym) =1+alm), (11)
Q

where ¢ is an interface transition width parameter, f(¢) = }(d)z —1)% is a double well potential, y(n) is the interfacial
energy function describing the nature of the anisotropy, and « > 0 is the anisotropy strength. For four-fold anisotropy, a
common choice for the anisotropy structure function, T, is

d
I'(n) =T4(n) :=4Zn;‘ -3 (12)
i=1
Here we will mainly focus on the four-fold case, though it is straightforward to generalize this to more exotic forms of
anisotropy. In this model, the equilibrium profiles of one dimensional diffuse interfaces have different thicknesses, and,
therefore, different energies, according to their orientation in space. In other words, the thickness of the interface is used to
adjust the interfacial free energy as a function of orientation. This is in contrast to the model in Torabi et al. [51], where the
equilibrium thickness does not change with orientation. However, the latter model is much more nonlinear than the one
considered and may be the subject of a future study.

In the present model (1.1) the primary difference between isotropic and anisotropic systems is the structure of the y (n)
function. If y(n) =1 (or equivalently, @ = 0), one recovers the isotropic model, which leads to the standard Cahn-Hilliard
equation in the H~! flow. The anisotropy function presented in (1.1) has been studied in [47] and elsewhere. For small
values of «, the gradient free energy density function

.2 P 2
Gg(p):=y <|p|)lpl

remains a convex function of p. (Of course, it is convex when a = 0.) However, for sufficiently large values of «, it is
possible that G(p) can become indeterminate, non-convex and non-concave. In this case, we say that we are in the strong
anisotropy regime. There is a simple test in two dimensions to determine the strong anisotropy regime with precision. In the
two-dimensional setting, where 6 denotes the angle between the normal vector n and eq, the canonical basis vector pointing
in the x-direction, the interfacial energy function can be rewritten as y(n) = y(0) :=1 +al'(6). When y(©)+7"(6) <0, for
some angles of 6 [56], the problem is strongly anisotropic. There will be missing orientations (angles) on the equilibrium
(Wulff) shape [56]. In the case of four-fold anisotropy, I'(6) = cos(46), and, if y > 11—5 then we are in the strongly anisotropic
regime.

Define the projection matrix P:=1— n ® n, where I is the identity matrix. Let us suppose, for simplicity that ¢ is
Q-periodic. The corresponding anisotropic Cahn-Hilliard system becomes the corresponding H~! flow:

dp=An, w=¢>—¢—eV-(Y@mVé+ymVelPuhym), (13)

12/27/19, 5:42 PM

Page 2 of 29



A weakly nonlinear, energy stable scheme for the strongly anisotropi...ard equation and its convergence analysis | Elsevier Enhanced Reader

https://reader.elsevier.com/reader/sd/pii/S00219991193081497t...487221369590B6B116BD29587A6A5CD084009474CD4542BC6E191052144C3

K. Cheng et al. / Journal of Computational Physics 405 (2020) 109109 3

There have been quite a few existing numerical works for the anisotropic Cahn-Hilliard model, such as [28], where the
authors use a convexification technique and [10,56], whose authors use a stabilized time discretizations, with adaptive finite
difference multigrid solvers. Because of the highly singular nature of the surface energy, a theoretical justification of the
energy stability turns out to be a very challenging issue. A few recent works have addressed this subtle issue. For example,
a convex splitting approach is proposed and analyzed in [17] for the anisotropic system with a Willmore regularization. On
the other hand, a theoretical analysis for the energy stability is only available for the isotropic flow in [17]. A stabilized
scalar auxiliary variable (SAV) approach is studied in more recent works [9,59] for the anisotropic flow, and a stability
analysis has been provided for a numerically modified energy. However, we point out that a uniform in time bound for the
energy functional (1.1), in terms of the original phase variable, is not theoretically available in this approach.

In this article, we propose and analyze a uniquely solvable, energy stable numerical scheme for the anisotropic Cahn-
Hilliard system, with the stability in terms of the original energy functional (1.1). The key difficulty has always been
associated with the highly nonlinear nature in the chemical potential of the surface energy part. To overcome this well-
known difficulty, a careful convexity analysis is carried out for y (m), which reveals that all its second order functional
derivatives stay uniformly bounded by a global constant. As a consequence, although the surface energy itself is a non-
convex, non-concave functional, we are able to combine it with an artificial linear surface diffusion term, so that the
combined functional could become either convex or concave. In particular, a combination with an artificial negative dif-
fusion term makes it concave, which in turn leads to a linear approximation for the surface energy. Moreover, a careful
analysis demonstrates the energy stability in terms of the original phase variable, and no auxiliary variable needs to be in-
troduced. This approach avoids an implicit treatment of the nonlinear surface energy part, so that computational efficiency
can be greatly improved. Meanwhile, a convex splitting method is applied to the double well potential terms, which in turn
leads to a weakly nonlinear, energy stable scheme for the whole system.

In addition, the convergence analysis of any numerical scheme applied to the anisotropic Cahn-Hilliard system has been
an open problem for a long time. In this article, we perform an optimal rate convergence analysis for the proposed nu-
merical scheme, making use of a careful application of the global bound for the second order functional derivatives. To our
knowledge, it will be the first such result in this area.

The anisotropic phase field equation may become ill-posed with increasing values of . When the system becomes
strongly anisotropic, we introduce a bi-harmonic regularization. For the regularized physical model, all the presented analy-
ses are still available, including the unique solvability, energy stability and convergence estimates.

For simplicity of presentation, we choose the Fourier pseudo-spectral spatial approximation. The advantage of this dis-
cretization is associated with the fact all the numerical variables, such as the phase variable, its gradient, and the Laplacian
one, are evaluated at the regular grid points; no staggered finite difference mesh points are needed in the numerical imple-
mentation [17,56]. Moreover, the summation by parts formulae enable us to extend all the theoretical results to the fully
discrete scheme, including the unique solvability, energy stability (in terms of the original phase variable), and optimal rate
convergence estimates.

This paper is organized as follows. In Section 2, we provide a convexity analysis for the surface diffusion coefficients. The
numerical scheme is formulated in Section 3, where the unique solvability and energy stability are established. An optimal
rate convergence analysis is presented in Section 4. The numerical approximation for the strongly anisotropic system (with
missing orientations on the Wulff shape) is considered in Section 5, in which a bi-harmonic regularization is added. All the
theoretical results are established for this case as well. The Fourier pseudo-spectral approximation is reviewed, and the fully
discrete scheme is outlined in Section 6. Some numerical results are presented in Section 7, and concluding remarks are
made in Section 8.

2. Convexity analysis for the physical energy

The key difficulty to derive an energy stable scheme for the anisotropic CH model is associated with the highly singular
and nonlinear nature of y(n). To overcome this difficulty, we have to obtain a convexity analysis for the energy func-
tional (1.1). In particular, we focus on the surface diffusion energy functional fQ G(p) dx. It turns out that, in general, this is
a non-convex, non-concave, highly singular term.

As stated earlier, we work specifically with the four-fold anisotropy function

y(@m) =1—3a + 4o (n] +nj +n3).

The eight-fold anisotropy function, for example would be treated similarly, though the precise details will differ. For the
four-fold function, we begin with the following observation:

4 4 4 4 4 4\2
PitPatPs | g2 it P2t PSS

v2m) = (1 — 30)?% + 8 (1 — 3a) (2.1

12/27/19, 5:42 PM

Page 3 of 29



A weakly nonlinear, energy stable scheme for the strongly anisotropi...ard equation and its convergence analysis | Elsevier Enhanced Reader

4 K. Cheng et al. / Journal of Computational Physics 405 (2020) 109109

_ pi+pi+p3 4D (p) e (] + P35+ p3)>
p?+p3+p3’ (p? +p2+p2)3’

A direct calculation gives the first order derivatives of g and g@®:

4p3 3= p2.—2p- 3.= p4
dpgV(p)= — =T =123,

(Zh193)

2pi 25’.:] p4 4p.2 Z:L] pz -3 Z3.=1 p4
0,8 () = —— CRNEL/> ’), i=1,2,3.

(Z?:] P?)4

Furthermore, the following lemma is needed in the convexity analysis; the proof will be given in Appendix A.

Lemma 2.1. Define

7

D{V .= 5 p{:=2, D=6, DP:=3.

The functions g, g, are twice continuously differentiable in R := R3 \ {0}, and we have the bounds

182 gV () <D, i=1,2,3, 19905, 8 V@I <D, 0,j=1,2,3, i#],
12 g@(p)| <DP, i=1,2,3, 195,05,82 @I < DP, i,j=1,2,3, i #],
forallp e R3.

12/27/19, 5:42 PM

Let us denote by GV and G@ the Hessian matrices associated with the scalar functions g, g@, respectively. The

following result is available.

Corollary 2.2. Define
K .k (k) _
H® :=6¢® +B’1, k=1,2.

Then HD and H® are non-negative definite in R3 = R3 \ {0}, provided B(()D > 1 and B(()Z) >12.

Proof. It is clear that

(k) (k) (k) (k)
(k) it (k) (k)g1 2 (k) g}k?
H™ = g2k1 822 z)B (k)gz I k=1,2,
33,1 833 &3t By

where, for brevity, gfkj) := dp,dp;8%. For the matrix H, we see that

a4 (1) > B(()l)

15
&) e

7
S —5=4zlgiyl+ gl

EHEES

(2.8)

in which estimate (2.6) of Lemma 2.1 has been used. Similar estimates could be derived for the second and third rows:

1 1 1 1 1 1 1 1
gsh+ B > g1+ 18551 &35 + By > 151 + 1g5hl.

Therefore, the matrix H® is diagonally dominant. Since it is also symmetric, it must be non-negative definite.

(2.9)

In a similar way, we can prove that H® is diagonally dominant and, therefore, non-negative definite. The details are left

to interested readers. O

We immediately have the following corollary.

https://reader.elsevier.com/reader/sd/pii/S00219991193081497t...487221369590B6B116BD29587A6A5CD084009474CD4542BC6E191052144C3
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On the other hand, based on the detailed expansions in (2.4) and (2.5), we observe that, while g, g@ e c1(R3), these
functions are not twice differentiable at 0. The Hessian matrices defined above are not well-defined at 0. To overcome this
difficulty, the following lemma is needed to treat the singularity at 0.

Lemma 2.4. Assume that f e C1(R3) satisfies the following property: f € C2(R2) and its Hessian matrix S is non-negative definite
in R3 =R3\ {0). Then f is convex over R3, and, consequently,

1
f(’%) < 5(f(:.:l) + f(xz)), Va1, X € R3, (210)
and
Vi) (% —%1) > f(®x) — f(x1), Va1, % R (211)

Proof. For any X1, x, € R3, define L = |x; —x1| and v:= ’—"ZZ—X‘ (so that |v| = 1). If the line segment from x; to x, — denoted

— —
Xx1Xy - does not pass through the origin, 0, we see that f is smooth, with non-negative definite Hessian matrix over x1x>,
—_
so that the directional derivative Dy f is increasing along the line segment x1x;.
—
In the case that the vector x1x, does pass through 0, we parameterize this vector as follows: x; +tv, for 0 <t <L,

N
and define L1 := |x1|. For any y along vector x10, we denote y(t) = x1 +tv, for 0 <t < Ly. By the Fundamental Theorem of
Calculus the following identity is valid:

t

va(y(t))=va(x1)+/D3f(x1 +év)dg, VO<t<lLs. (212)
0

Furthermore, since f € C 1(]1&3),

t
Dy (@ =Dyf () + Jim [ D3f i +8v) . (213)
0

.
Since the Hessian matrix S is point-wise non-negative definite along the segment x;0 - not including the point 0 at which

it may be undefined - we conclude that D,2, f(x1+&v) >0, for any 0 <£& < Lq. This fact implies that
Dyf(y(t2)) = Dyf(y(t1)), forany 0<t;<ty<Ly. (214)

In other words, Dy f is increasing along the segment x10, from x; all the way to 0.

N
A similar analysis could be carried out along vector 0x3, so that

t

DufY(©) =Duf @+ lim [ D3frs +Ev)ds, YLy <tsL. (215)

1
S

We can conclude, using the non-negativity of the Hessian,

Dyf(y(t2)) = Dyf(y(t1)), forany L;<t;=<t;<L. (2.16)
A combination of (2.14) and (2.16) indicates that Dy f is increasing all along the segment x1_x)2:

Dvf(y(t2)) = Dvf(y(t1)), forany O0=<t;<ty=<L. (217)

—
Since, Dy f is increasing along the segment x;X,, for arbitrary &7, x, € R, f must be convex, and the two inequalities
in (2.11) become a straightforward consequence. O

Then we obtain the following convexity result.

Proposition 2.5. Let o > 0 be the anisotropy strength parameter. Define Es(¢) := [, G(p) dX, p = V¢. Then

L. /(AN e C (AN 1 IIAII\_I,J\II2 710\

12/27/19, 5:42 PM
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Proof. We define

€(®) :=G(P) + APl = (1 = 3002 + A1) IpI> + 8a(1 — 30)g (p) + 16278 (p). (2:20)
For any p € R3, the Hessian matrix of k is precisely

K=2((1 -3 + A1 )1+ 8 (1 - 30)6 + 16076

_ ¢)) 2@
Zl80¢|1 3a/HD +1602H? if 1> 3« (2.21)

8|1 —3x|H® +16a?H® if 1<3a -
Here, for symmetric matrices A and B, A > B means that A—B is non-negative definite. Therefore, we conclude that the Hes-
sian matrix K is non-negative definite over R2 = R3\ {0}, since HV, H®, H® are non-negative definite (by Corollaries 2.2

and 2.3. In turn, with an application of Lemma 2.4, since x € C1(R*)UC%(R2), k must be convex. Since H1(¢) = [,k (p) dx,
the convexity of the functional H; is assured. O

Remark 2.6. According to the last estimate, it follows that if 0 < @ < oy, Where

36 — /362 —12
o = — 5 ~ 0.0278,

then we can take A; =0 and still be assured that H; will be convex.

As a result of Proposition 2.5, the following convex-concave decomposition for the original energy functional E(¢) exists:
define

1 1 2 1 1 &
Ec(¢) :=/ (de* + Z) dx -+ --Hi (@) =/(Z"’4 5+ 5 A+ V2|V d, (2.22)
Q Q
1 Ai€?
Ee(¢) = / (507 + S5-1V9P) d. (223)
Q

Then E=E. — E. and E. and E. are convex. It is then straightforward to devise a scheme that is unconditionally energy
stable and unconditionally uniquely solvable using the framework devised in [57].

However, we observe that the highly nonlinear energy functional Eg(¢) is placed in the convex part in the decomposi-
tion (2.22) - (2.23), which would, in turn, lead to an implicit treatment of these nonlinear and singular terms. To overcome
this well-known difficulty, we look for an alternate decomposition so that the nonlinear and singular expansions in the
energy functional is placed in the concave part, whose terms would be treated explicitly in a numerical scheme. First, based
on the expansion for G(p) = )/2(n)|p|2 in (2.1), (2.2), and (2.3), we rewrite the surface free energy as

Es(®) = / G(p)dx=(1—-3)*|Ve|* + Es(4). (2.24)
Q
where the last term contains the nonlinear and singular terms:
Es(@):= [ (301 = 3006 ) + 16076 (p))dx, P =Y. (225)
Q

Now, we define another functional:

Hy(¢) := A2 | VoI — Es(¢) = / (A2lpP? — 8a(1 - 308 (p) — 16025 (p) ) dx. (2.26)
Q

The following convexity result is available.

12/27/19, 5:42 PM
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Proof. The convexity of H, can be proved by the same technique used previously. First, we define
k(p) = Az|pI” — 8ax(1 — 30)g ™ (p) — 160°g® (p). (2.27)
Its Hessian matrix is
K=2A5I —8a(1 —3a)G? — 160>G?
> 2(4a|1 —3a(B + 8a2332>)1 —8a(1—3a)6? — 16226?

B 3) 2@
_{8a|1 3c|H®) +16*H? if 1>3«a (2.28)

| 8|1 — 3a|H® + 1602H® if 1<3«a -

Making use of Corollaries 2.2 and 2.3, we conclude that K is non-negative definite in R3. The result follows. O

As a result of Proposition 2.7, the following convex-concave decomposition for the original energy functional E(¢) be-
comes available.

Corollary 2.8. The functionals

1 1 2
Ec() = f (36%+ 5+ 5 =30+ AVl d, (2.29)
Q
Eo@) = Liol2+ En )—f Lg2 4 & o)+ AaVol) ) da (230)
e@) =187 + S Ha@) = [ (58°+ 5 (~Es@) + A21Vo1) ) d, :

Q

are convex, provided Bg) > % 362) >12,and Ay > 80{23(()2) + 4|1 — 3a|Bg). In other words, the energy E(¢) possesses a convex-

concave decomposition, E(¢) = Ec(¢) — E.(¢), using the alternate functionals (2.29) and (2.30).

We will need the functional derivative of E s, Which is

89Es ==V - ((/2m) — (1 = 3)) Vg +y M| Vo |PYy (). (2.31)

As before, we are assuming Q-periodic boundary conditions for ¢. Based on the detailed expansion in (2.1), (2.2), and (2.3),
this term could also be represented as

8pEs = —V - (8a(1 —3a)VpgV(p) + 16(!2Vpg(2)(p))

9.8V (p) 95,82 (p)
i=—V- | 8a(1-3a) | 8, () | +16a*| 8,,8? ) | |, (2.32)
3p,8V (D) 3p,8?(p)

where Vj, is the gradient with respect to p. The detailed expansions of 9, gW,i=1,2,3, j=1,2, are given in (2.4) and
(2.5).

Remark 2.9. In the convexity analysis, we focus on the four-fold anisotropy structure function (1.2) for simplicity of pre-
sentation. Of course, a more general structure function might be necessary for certain applications. For example, one may
consider a function of the form

d d d
ym=ao+asy ni+asy nt+agy n+---, (2.33)
i=1 i=1 i=1
where ¢, i=0,4,6,8,---, are constants. For this more general expression, the convexity analysis could be performed in a

similar way. For example, in the expansion of y?(n) the sixth-order term is expected to include a term in the form of

p§+ S+ p§
(0?2 + p2+p2)3’

12/27/19, 5:42 PM

Page 7 of 29



A weakly nonlinear, energy stable scheme for the strongly anisotropi...ard equation and its convergence analysis | Elsevier Enhanced Reader

https://reader.elsevier.com/reader/sd/pii/S00219991193081497t...487221369590B6B116BD29587A6A5CD084009474CD4542BC6E191052144C3

8 K. Cheng et al. / Journal of Computational Physics 405 (2020) 109109

For g® and g®, a uniform bound of the second order derivatives could be derived as in (2.6) and (2.7) in Lemma 2.1, with
bounds D?). D?), D§4), D§4), being introduced. In turn, the convexity results stated in Propositions 2.5, 2.7 and Corollary 2.8
could be similarly established, but with modified values of A1 and Aj.

3. A semi-discrete numerical scheme

A standard convex splitting scheme could be derived based on the alternate decomposition in (2.29) and (2.30) for
the physical energy E(¢). On the other hand, such a convex splitting has to introduce artificial regularization term
—Aze2 A(¢™1 — ¢™), which may be large. To reduce the size of numerical dissipation, we consider the following semi-
implicit, first-order-in-time numerical scheme:

n+1 _ 4n
¢ < ¢ =AM(¢I1-H,¢I1), (31)
M(¢n+1’¢n) — (¢n+1)3 _ ¢n _ (1 _ 3a)282A¢n+1 _ AZEZA(¢H+1 _ ¢n)
—£%V. (4a(1 —3a)Vp gD (Vo") + 822V, g? (V¢")), (3.2)

with the artificial diffusion coefficient

. 1 A
Ay = max(4a23§,2) +2a|1 - 3018y’ - 5(1-3)%, o) = 71

where A; is given by (2.19). We observe that
~ 1 A
Az = 5 max(Az — (1-3e)%,0) < 7,

which would lead to half as much numerical dissipation. The following theoretical result is available by a careful energy
analysis.

Theorem 3.1. The proposed numerical scheme (3.1) and (3.2) is uniquely solvable and unconditionally energy stable: E(¢"1) <

E@").

Proof. The unique solvability of the scheme represented in (3.1) and (3.2) comes from a standard convexity analysis. In
particular, the scheme results as the gradient of a strictly convex energy functional. The details are similar to what is
described in [57] and in several other places.

In terms of the energy stability, we take an L? inner product of Equations (3.1) and (3.2) with (—=A)~1(¢"t! — ¢") and
get

0= ((¢n+1)3,¢n+l _ ¢n) _ (¢n,¢n+l _ ¢n) + (1 _ 3a)2€2(v¢n+1’ \V/ (¢fl+1 _¢n))

1 n n 2 n ny |12
g1 = "G+ Aas? [V (67 — g7
—g2 (V : (4a(1 —30)V,gD (Vg™ + 8a2v,,g(2)(v¢")), M — ¢"), (3.3)
using integration-by-parts. The following convexity estimates/identies are valid:
n+1\3 n+1 n 1 n+1,4 n\4
(@rr12.gmt —97) = ([ @ tan— [@ntan) (3.4)
Q Q
n ,n+l n 1 n+12 ny2
(-on ot —on) = =5 ([ h2an— [@n ax). (35)
Q Q
1 1
(V"L V(@ = ¢") = S (V" IZ — IV"I) + S IV — oM. (36)

For the nonlinear surface diffusion terms, we make use of the convexity property of H,, as given by Proposition 2.7

— (8pH2(¢™), ¢"11 — ¢") > —(Ha(¢"*!) — Ha(¢™)). (3.7)
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Meanwhile, by the following identity
2A2(A¢", @™ — 9" = —Aa (V" T2 — |V 1) + A2l V(9" — 9|2, (3.9)
we arrive at
—(v : (8a(1 —30)V,g(Vo") + 15a2v,,g<2>(v¢")),¢"+‘ - ¢")
> Es(¢™!) — Es(¢") — A2lIV(e™! — ¢M)1% (3.10)
Therefore, a substitution of (3.4) - (3.6) and (3.10) into (3.3) yields

1 1 (1 —3a)%e?

0> Z(Ild)"“ llpa — "™l 4) — 5(||c/>"+‘||2 — llg™1%) + f(uwﬂ“ 12— IVe™ 1)
2 2
g . - 1-3a)? - A
+7(Es(¢"“) —Es@") +(—— + A2 - 7)82||V<¢"+1 — "M% (3.11)
Based on our choice A, = %max(Az — (1 -3a)?,0), we have
1-3a)2 - A

% + Ay — 72 >0, (3.12)

and its substitution into (3.11) results in the desired energy stability inequality:

E(¢") —E(¢" <0. (313)
This finishes the proof of Theorem 3.1. O

Remark 3.2. We refer to this scheme (3.1) - (3.2) as a weakly nonlinear scheme because only the nonlinearity associated to
the double well energy needs to be dealt with implicitly in order to obtain an energy stability result. This is an important
point, since most often this term is associated with a positivity property of the equation, and it must be treated implicitly
to maintain positivity numerically. See, for example, [15], where the singular Flory-Huggins-type double well potential is
treated. For simplicity of presentation, we focus on the polynomial approximation in the double well energy potential,
as given by (1.1), in which the positivity-preserving property is not available. Meanwhile, for the anisotropic model with
a Flory-Huggins-type double well potential - which would presumably yield a positivity property - the corresponding
convexity and energy stability analysis could be carried out in a similar way, and the details are left to future works.

Remark 3.3. The convex splitting framework, poularized by Eyre’s pioneering work [29], has been successfully applied to
various gradient model, such as the phase field crystal (PFC) equation and the modified version [1,2,27,40,53,57]; epitaxial
thin film growth models [11,14,20,52]; non-local gradient model [35-37]; phase field model coupled with fluid flow [12,13,
24,25,31,42,55]; et cetera. In this approach, the unique solvability and energy stability could be established via a variational
inequality framework.

Meanwhile, we observe that the proposed numerical scheme (3.1) - (3.2) does not come from a direct application of
convex splitting. In fact, a standard convex splitting scheme, based on the convex-concave decomposition in (2.29) - (2.30),
results in an artificial regularization in the form of —Ae2A(¢"t! — ¢"). In comparison, our proposed scheme contains an
artificial regularization in the form of —A;e2A(¢"t! — ¢"), with A; < Azl, leading to less numerical dissipation. In addition,

in the region of sufficiently small &, A, could be taken as 0, so that an artificial regularization is not needed; just the
constant coefficient surface diffusion part is sufficient to stabilize the numerical scheme.
The key reason for the significant difference is that the convexity of the constant coefficient surface diffusion term, with

. . —30)2 . e . ..

a given energy density of %”VMZ, brings more extra stabilization that can be used to reduce the size of A,. Similar
stabilization also exists in the convexity analysis of H,(¢). In turn, we make use of the additional stabilization estimates,
which in turn lead to a much reduced artificial regularization, while preserving the energy stability.

Remark 3.4. In the physical system (1.1) and (1.3) discussed in this article, the anisotropic interfacial function y (n) is only
placed in the surface diffusion part, and the double-well potential still keeps the standard type. In more recent works [50,
51], such an interfacial energy function has been placed in both the surface diffusion and double-well potential part. In this
updated model, the double-well surface density function may even become negative for sufficiently strong anisotropy. The

Aanaluircic far thic madal ic mara challanaina than tha Ana nracantad in thic articla Aand wra wrill laawva thic analucic in tha
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in which a stabilized SAV algorithm is applied to the Allen-Cahn model. Again, such an energy stability is in terms of a nu-
merically modified variable; in comparison, the stability estimate reported in Theorem 3.1 is based on the energy functional
in the original phase variable.

Remark 3.6. For simplicity of presentation, we only focus on first-order energy stable schemes for the anisotropic Cahn-
Hilliard equation. A second-order energy stable algorithm could be constructed using similar techniques of convexity
analysis, combined with the second-order backward differentiation formula (BDF2) for temporal approximation; also see
the related works [19,58] for the isotropic model. The details of the second-order schemes will be left to future investiga-
tions.

4. Convergence analysis

The following estimate is needed in the convergence analysis; its proof will be provided in Appendix B.

Lemma 4.1. For any p, p, € R3,
k k k 2
9P (1) — 35, 8® )| < (DF - DY) 11+ 0P Y 1@, k=1,2, i=1,23, (41)
j=1
where q := p, — P1.
We will assume from this point forward that B(()” = % and B(()Z) =12, so that
& _ nb® (k)
B, =Dy’ +2D,".
In this section, we look at the region of sufficiently small ¢, i.e.,
Yo :=(1—3a)? — (8a?BY” + 4|1 — 3a|B") > 0. (4.2)
In this case Az = 0. It was proved in the related work [43] that, a global in time weak solution (in the variational form)
could be established with an ngr initial data, if a Willmore regularization is applied. The PDE solution with higher order
regularity could also be derived using certain local in time analysis techniques: for any Hg'er initial data (with m > 2), there
is a solution with a local-in-time H™ estimate. In addition, the model without Willmore regularization could be analyzed in

a similar manner, under a requirement of sufficiently small «, such as (4.2). In this region, the following convergence result
is valid assuming that the PDE solution has sufficient regularity.

Theorem 4.2. Let ® be the exact periodic solution of the anisotropic CH equation (1.3) with the initial data ®(0) = ¢ € Hggr(sz),
with m sufficiently large. For the parameter « satisfying condition (4.2), suppose ¢ is the space-continuous numerical solution of (3.1)
- (3.2). Then the following error estimate is valid:

P — ¢”e°°(0:T?HEelr) +® - ¢”12(0,T;H11,er) <CAt, (43)

where the constant C > 0 is independent of At but depends on the regularity of the exact solution, the equation parameters, € and «,
and the final time T, where it is assumed that T = At - N, for some positive integer Nt.

Proof. Define & = &(-, t;). A detailed Taylor expansion implies the following truncation error:

¢Tl+] _ ¢ﬂ ~
——= A((q>"+1)3 — 0" — (1 —3)22A0™! — Ape2A(0™H! — oM
—£2y . (4a(1 —30) Vg (Vo") + 802V, g@ (v¢"))) + o, (4.4)
IR T | IS ¢ I | B DR TN DR JE S U DR U T S S
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en+1 —et
= A(((¢n+l)2 gt 4 (¢n+1)2) el _on
—(1=3a)%e2Ae™! — Aye? A" —e™)

—£?v. (4a(1 —3q) (V,,g“)(Vcb") - vpg<1>(v¢"))
+802(%g@ (VO™ - Vpg® (V")) + 7", (4.6)

Meanwhile, we recall that the exact solution to the CH equation (1.3) is mass conservative:

/(D(x, t)dxs/d>(x, 0)dx, Vt>D0.
Q Q

On the other hand, the numerical solution (3.1)-(3.2) is also mass conservative. In turn, we conclude that the numerical
error function e e H;er(Q), that is, it has zero mean:

— 1 1
ek .= a /e"dx: ﬁfeo =0, since e’=0. (4.7)
Q Q

Consequently, we define y* := (—A)~ek e A}

(2) via

—Ayk=ek, where /wkdx=0.
Q

Taking the L? inner product of the error equation (4.6) with 2¢"*1 gives

en+1 %_
le™ %

—2A282 At (A" —e™), ")

—lle™Z s +lle™! — ez +2(1 - 3e)?e? At Vet |2
per per

= 286 (((@"1)? 4+ MG 4 (11)Z) M1 M) 248", ™) + 248", Y1)
—8a(1— 3a)£2At(Vpg(1)(Vd>") — VgV (vg), Ve"“)
—16a282At(Vpg(2)(V<D") — Vg @ (Veh), Ve"“), (4.8)

where integration-by-parts has been repeatedly applied.
The following inequality is valid for the last term on the left hand side:

_ (A(e"“ _ en)’en+1) _ (V(e”“ —e"), Ve”“) > %(”Ven+1”2 — Ve ). (4.9)
The first term on the right hand side is always non-positive:

_(((¢n+1)2 +ontlgntt 4 (¢n+1)2) en+1’en+1) <o, (410)
due to the fact that a® 4+ ab + b? > 0 for any a, b € R. For the concave (expansive) term, the estimate is standard:

(" e < %(ne"n2 + e %)

Yoe? 2 12y, €7 1,2 2

< = IVe"II* + Ve %) + — eI o + el 1), (411)
4 4)/() per per

in which the following interpolation inequality has been applied in the last step:

2 -2
_ 0€ &€
ek |12 = (Vek, V(= A)"1ek) < [Vek| - ek 41 < Y25 |wek|2 + S—pek2 . (412)
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The rest of the proof is focused on the estimates for the nonlinear error terms. We begin with the following expansion
3
(Vg (V") — Vg (Ve Vet T) = — 3 (05,89 (V") — 5,89 (V4" de™ ), (414)
j=1
for k=1, 2. Applying Lemma 4.1, we get, for k=1, 2,
|(Vog® (vom) - %g® (Ve vert))|

(k)
D K
< - (IVe"? + Ve ?) + D (Ve |2 + [ Ve™ |2

p®
= %qwe"uz + |Ver 1|2, (4.15)

due to the fact that Bg‘) = ng) + ZDg‘).
Subsequently, a combination of (4.8), (4.9), (4.10), (4.11), (4.13), and (4.15) yields

le™ 12 o — lle™IZ s + Ax(IIVe™ 1 — || Ver|?)
per per
+82At(2(1 —3)% — 4|1 — 30|B — 8028 — ?) [Vert1|2

< szAt(4a|1 —3a|B{" +8a?BY + %) Ve |2
-2
€
+{=—+ 1) Atle™ 2, + leM13 ) + At T 416
(2},0 ) (™ Iy + e + Atz (416)
Meanwhile, under condition (4.2), we see that

Yo Yo
(2(1 —3)2 — 41 —3a|B" — 8a2B? — 7) — (4a|1 —3a|BY" +8a2B + ?) =15 >0.

(417)
Summation of (4.16) in time gives
n+1
le™ 12 s + A2l Ve 2 + yos? AL Y | Vek
Hper k=0
8_2 n+1 n+1

<(Z=—+2)Ac S 1k, + Ay Tk . 418
( ” ) gu I k;u i (418)

Finally, an application of discrete Gronwall inequality leads to an £*°(0, T; I:I;Jr) N2, T; Hg,er) convergence of the numer-
ical scheme (3.1)-(3.2):

n+1
le™ 1%y + yoe”At Y [Vek|? < cad, (4:19)
Hper
k=0
for any 1 <n+1 < Nr, where T = At - Nt. Note that the constant C > 0 depends on the exact solution, the physical
parameters € and «, and the final time T, but is independent on At. The proof of the theorem is completed. O

5. Strong anisotropy and missing orientations

For sufficiently large «, the system is strongly anisotropic, and the associated anisotropic Cahn-Hilliard equation may
become ill-posed. Furthermore, the equilibrium shape would have missing orientations without appropriate regularization.
With respect to modeling, this is desirable, since crystals with missing orientations are observed in nature. To overcome
the difficulty with ill-posedness, a Willmore or biharmonic regularization is usually added. The biharmonic regularization
is simpler. and it is mav be more preferred [51.54.56]1 when using the Kobavoshi-tvpe anisotropv model [411. With such a
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and the PDE system becomes

0 =n, u=9¢"—¢ -V (Y’ @Ve+ymIVeIP%ym) + ps*A%. (52)

Since fQ(Ad))de is strictly convex, the convex-concave decomposition for the total energy functional (5.1), with bihar-
monic regularization, is given by E(¢) = E.(¢) — E.(¢), with

(1.4, 1 &’ 2 2 | BE? 2
Ee@) = [ (30" + 3+ 5 =307 + A)IVOP + O ag)) ax, (53)
Q
1 2
E@) = [ (36 + S Es@)+ AalvoP)) . (54)
Q

where both E. and E. are convex.
Again, we avoid a direct application of convex splitting. Following similar ideas in the design of the numerical scheme
(3.1) - (3.2), we present the following semi-implicit, first-order-in-time numerical scheme:

¢n+1 - ¢n _ n+1 ,n
T = au e, (55)
M(¢n+1’¢n) — (¢ﬂ+1)3 _¢n _ (1 _ 3a)282A¢n+1 +582A2¢n+] _ AZSZA(d)TH-] _ ¢n)
62V - (40 (1 - 30)Vpg D (V4" + 82 Vpg® (Vg™ ). (5.6)

The unique solvability and unconditional energy stability could be similarly established as in Theorem 3.1; the details are
skipped for the sake of brevity.

Theorem 5.1. The proposed numerical scheme (5.5) - (5.6) is uniquely solvable and unconditionally energy stable, that is, E (¢"t1) <
E(¢™), for any a > 0, provided Bf)“ =5 B(()z) =12, and

. 1 A
A, = max(4a23(()2) +2a1 —3a|B{" — Sa- 3a)2,o) = 71

where A1 is given by (2.18).

The convergence result is established in the next theorem, for any o > 0, even the for the strongly anisotropic regime.
The PDE solution with H? regularity has been established in [43], for the Willmore regularization with any g > 0. The
analysis with the biharmonic regularization is expected to be more straightforward. Moreover, higher order H™ estimates
would become available with the help of certain local in time analysis techniques.

Theorem 5.2. Let ® be the exact periodic solution of the anisotropic CH equation with the biharmonic regularization, with the initial
data ®(0) =¢o € Hg’gr(Q), with m sufficiently large. Suppose that o > 0 is arbitrary, but A; is chosen as in the last theorem. Suppose

¢ is the space-continuous numerical solution of (5.5) - (5.6). Then the following error estimate is valid:

(|® — ¢||goo(0,T;HEJr) + [P — ¢”£2(O‘T§H12)er) < CAt, (5.7)

where the constant C > 0 is independent of At but depends on the regularity of the exact solution, the equation parameters, €, ., and
B, and the final time T, where it is assumed that T = At - N1, for some positive integer Nt.

Proof. The proof follows the same idea as the one for Theorem 4.2, with only an addition of the bi-harmonic surface
diffusion term. For simplicity of presentation, we use the same notations as in the proof of Theorem 4.2.
A detailed Taylor expansion gives the following truncation error

q)n—H — Pn ~
2 T T Al o — (1 — 3222 A0 1 Be2 A2 _ Aap2 ArdH] _ ™
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en+1 —en

—= A((((Dn-H)Z + ot 4 (¢n+1)2) e+l _ on

—(1—3a)2e2Ae™! +582A2e"+1 — Ayl A — e
_e2v. (4a(1 - 3a)(vpg(1>(vq>") - vpg<‘>(v¢"))
+8a2(vpg<2> (Vo") — V,g®@ (v¢"))) el (5.9)
In turn, taking an L? inner product of the error equation (5.9) with 2y"*1 gives
le™ My — e + e™ T — el +2(1 —3@)%e” A Ve
+2Be% At)| A¢™ |12 — 2A28% At (A(e™TT —e™), e"HT)
_ _2At(<(¢n+1)2 +omtigntl 4 (¢n+1)2) entl, en+1) F2At(e", ey 4+ 2AL(T", Y1)
—8a(1— 3a)32At(v,,g“>(Vc1>") — Vg M(voh), Ve"“)
—16a282At(Vpg(2) (VOM) — V, g (V™) Ve"+1). (5.10)

Estimates (4.9), (4.10) (4.13), and (4.15) are still valid, and inequality (4.11) could be modified as

@ e < = <||Ve 12+ 1ve 2y + - (||e"+1 I + €I 0)- (511)
A substitution of all these inequalities into (5.10) ylelds

le™ My = €Iy + Aze®(IVEm 1% — | Ve|1%) + 286 At Ag™

< e2At(Cy Ve |2 + G| Ve ||?) + ( >t 1) At(|le™*! ||2_1 + lle" ||2 _1)
+AL T ., (512)
per
where
1
=201 - 30)? — 4|1 — 3c|B{ — 822BY — 5|
and
- 1
Co:=4a1 - 3a|By” +8a’B" + -
Meanwhile, based on the Sobolev interpolation inequality, |V f|| < || f ||1/ 3 -IAf1I>/3, we are able to apply Young’s inequality

and obtain
n+1 nt1 23 n14/3 CIB72 12 B\ aontig2
Crl Ve I” < Culle™ I, - A 3 e + S lae T, (513)
63/9 B
2 3
Cal|Ve"* < Callel, 2y AT < 2o I + S 1€, (5.14)

Going back to (5.12), we arrive at

~ 3 1
e s — e + Ao (Ve 117 — IVem|®) + S pe* At Ag™11* — - pe* At Ag" |
g2 (C3+C3Hp 22
|5+ 1) At G + e F ) + AT (5.15)
2 3 per per per

Consequently, an application of discrete Gronwall inequality leads to the desired convergence estimate of the numerical
scheme (5.5)~(5.6), in the £°°(0, T; H-1) N ¢2(0, T; H2, ) norm:

per per
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Remark 5.3. Utilizing the test function (—A)~'e™!, an £%(0,T; Hpa) N £%(0,T; H,,) error estimate is reported in
Theorem 4.2. For the anisotropic model with bi-harmonic regularization, the convergence has been improved to an
£°(0, T; I:I;Jr) N €20, T; le)er) error estimate, due to the bi-harmonic surface diffusion. Moreover, with an alternate test
function given by e™1, an £%°(0, T; £2) N ¢2(0, T; ngr) error estimate for the proposed numerical scheme, as well as an
£°(0, T; £2) N £2(0, T; ngr) error estimate for the model with bi-harmonic regularization, is expected. However, the non-
linear error estimates have to be performed in a much more delicate way, and the details are left to future works.

6. A fully discrete scheme
6.1. Fourier pseudo-spectral approximation

The Fourier pseudo-spectral method, also referred as the Fourier collocation spectral method, is closely related to the
Fourier spectral Galerkin method. However, different from the latter setting, a function can be represented on a grid, which,
in turn, simplifies the evaluation of certain operators, and can considerably speed up the calculation when using fast algo-
rithms such as the fast Fourier transform (FFT). See, for example, the descriptions in [3,8,18,21,22,32-34,39].

For simplify of presentation, we assume that the domain is given by Q = (0,1)3, Ny = Ny=N,=NeNand N-h=1.
We further assume that N is odd: N =2K + 1, for some K € N. The analyses for more general cases are a bit more
tedious, but can be carried out without essential difficulty. The spatial variables are evaluated on the standard 3D numerical
grid Qp, which is defined by grid points (x;, yj, zx), with x; = ih, y; = jh, zx =kh, 0 <1, j,k < 2K + 1. This description for
three-dimensional mesh (d = 3) can be trivially modified for the two-dimensional case (d = 2). In addition, the grid function
space is defined as

gN = {f :Z3 >R | fis QN-periodic}. (6.1)

Given any periodic grid functions f, g € Gy, the £2 inner product and norm are defined as

N-1
(f,8) =0 " fijk gk Ifla:=V(f, f). (6.2)
i,j,k=0

The zero-mean grid function subspace is denoted Gy := { fegn ’ (fily=f= 0}. For f € Gn, we have the discrete Fourier

expansion
K
fiik= Y fimnexp(2mix; +my;+nzy), (6.3)
£L,mn=—K

in which the discrete Fourier coefficients are given by

N-1
}gm,n =h3 Z fijkexp (—2mi (£x; + mx; +nxy)) . (6.4)
i, j,k=0

The collocation Fourier spectral first and second order derivatives of f are defined as

K
Dxfijk:= Z i) f{"’m,n exp (2wi(¢x; +myj +nzy)), (6.5)
£mn=—K
K
D2fijk:= Z (—47t2£2) foon.n €Xp (27i(ex; +my + nzg)) . (6.6)
L mn=—K

The differentiation operators in the y and z directions, Dy, Df,, D, and Df can be defined in the same fashion. In turn, the
discrete Laplacian, gradient and divergence operators are given by

Dxf fl
Anf = (D2 +D2+D2)F, va:=(Dyf\|, VN-(f2\2=Dxf1+Dyf2+sz3, (6.7)

12/27/19, 5:42 PM
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In addition, the following summation-by-parts formulas are valid (see the related discussions in [11,14,33,34]): for any

periodic grid functions f, g € Gy,

(f,Ang)=—(VNf,VNE), (va%\lg>=(ANf,ANg)~

(6.9)

Definition 6.1. Suppose that the grid function f € Gy has the discrete Fourier expansion (6.3). Its spectral extension into the

trigonometric polynomial space Pk (the space of trigonometric polynomials of degree at most K) is defined as

K
fs.y.2)= Y [l nexpQmi(x+my+nz)).

£ mn=—K

(6.10)

We write Sy(f) = fs and call Sy : Gy — Pk the spectral interpolation operator. Suppose g € Cper(2, R). We define the grid

projection Qp : Cper(2, R) — Gy via

Qn(®)i,jk == 8Xi, Vi, Zk)-

The resultant grid function may, of course, be expressed as a discrete Fourier expansion:

Ko .
Qn(®)i,jk= Z QN(8)¢,mneXp (2mi(Lx; +myj +nzy)).

Lmn=—K

We define the de-aliasing operator Ry : Cper(€2, R) — Pk via Ry := Sy(Qn). In other words,

K ——N .
RN Y, 2= Y  QN(&)gmnXp RTi(Ex+my +n2)).

£,mn=—K
Finally, for any g € L2(R2, R), we define the (standard) Fourier projection operator Py : L2(2, R) — Pk via

K
PN(EX, Y, D)= Y  Bemnexp@ui(tx+my+nz)),

£,mn=—K

where

e = [ 20y, 2)exp (~2mi (0x-+ my + n)) d,
Q
are the (standard) Fourier coefficients.

Remark 6.2. Note that, in general, for g € Cper(€2, R), Pn(g) # Rn(g), and, in particular,

. —N
Se.man F QN(g)l,m,n'

R _—_N . . .
However, if g € Pk to begin with, then 8¢ mn = QN(&)¢,m n- In other words, Ry : Px — Pk is the identity operator.

(6.11)

(6.12)

To overcome a key difficulty associated with the H™ bound of the nonlinear term obtained by collocation interpolation,

the following lemma is introduced.

Lemma 6.3. Suppose that m and K are non-negative integers, and, as before, assume that N = 2K + 1. For any ¢ € Py in RY, we

have the estimate

d
IRN@)lgr =m2 [l@llyr,

for any non-negative integer r.

(6.13)

See the recent article by Gottlieb and Wang [34] for a proof of the last result. The proof of the following estimate can be

found in [R]
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We also note the following identity:

Proposition 6.5. Suppose that ¢ € Cper(S2). Then

DxQn(9) = QN (3xRN(9)). (6.15)

Similar identities are available to the higher order derivatives.

In addition, we introduce the discrete fractional operator (—Ay)? (with y > 0):

K
v . .
AN fijki= 3. (4n2(e2+m2+n2)) PN nexp (27iex; +my; +nz), (6.16)

£,mn=—K

for a grid function f with the discrete Fourier expansion as (6.3). Similarly, for a grid function f € Gy of (discrete) mean
zero, a discrete version of the operator (—A)~” may be defined as

K
. '
AN fije= Y (47t2(£2 +m? + n2)) S nexp (2mi(ex; +my; +nz)). (6.17)
£,mn=—K
(£,m,n)#0

Observe that, in this way of defining the inverse operator, the result is a periodic grid function of zero mean, i.e.,
(—AN)7Y f €Gn.

Detailed calculations show that the following summation-by-parts formulas are valid (see the related discussions in [11,
14,33,34]): for any periodic grid functions f, g € Gy,

(f, Ang)=—(Ynf,Vng), (f,Akg)=(Anf.Ang), (f Ag)=—(VNANS,VrANg). (6.18)
We need a discrete version of the norm || - ||y-1 defined on Gn. For any f, g € Gy, we define
_ _1 _1
(f, )1 =(f, (AN Tg) =((—AnTEf, (AN 2g), (619)
so that the || - |-1,y norm could be introduced as

Ifll—i,n =+ {f, fl-in= I(=AN)"2 f 2. (6.20)

In addition to the standard ¢ norm, we also introduce the £P, 1 < p < oo, and £ norms for a grid function f € Gn:

N-1 1
1o = maxifiji, Wflpe= (B 32 1fijul?)’, 1<p<co. (6:21)
b i,j,k=0

The discrete H! and H? norms are introduced as

10 =B+ UV IS, IFI2, = 113, +IANFI3. (622)
For any ¢ € Gy, the discrete energy for the regularized system (5.1) is defined as
1 1 1 Be?
EN(9) = 11913 — SI8l15 + 4121+ Esn(@® + =~ | Angl3, (6.23)
where
EsN(®) :=(1—3a)*|VNol2 +8a(1 — 3c) (g (Vng), 1) + 16a*(g® (Vng), 1). (6.24)

6.2. The fully discrete scheme and theoretical results

Casr rirvanlicittr Af nveacantatinn wara faciie Aan tha atranalir anicateranis Cahn illiard cuctarm (E1) dn arhich A hikhasesanis
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n+1 _ 4n
¢ At ¢ — ANMN(¢H+1y ¢n), (6.25)
MN(¢H+17 ¢n) — (¢n+1)3 _ ¢n _ (1 _ 3(!)282AN¢H+1 + ﬁ82A12V¢n+1 _ AzEZAN(¢H+1 _ ¢n)
—£2vy.- <4a(1 —3a)V,g® (Vg™ + SaZVpg(z)(VNqﬁ")). (6.26)

The unique solvability and unconditional energy stability estimates follow similar ideas as in the analysis presented in
Theorems 3.1, 5.1. In particular, the summation by parts formulas (6.18) have greatly helped the fully discrete analysis. The
technical details are left for interested readers.

Theorem 6.6. The proposed numerical scheme (6.25)-(6.26) is uniquely solvable and unconditionally energy stable: En(¢"1) <

En(¢™.

Before the statement of the convergence analysis for the fully discrete scheme, we define ®y(-,t) :=Py®1(-,t) as the
(spatial) Fourier projection of the exact solution into BX, the space of trigonometric polynomials of degree to and including
K (with N =2K + 1). The initial data for the numerical scheme (6.25)-(6.26) is taken as the point-wise interpolation of
Oy at t=0; * =P, On(-,t=0), ie., ¢?jk = ®N(Xi, ¥j, 2k, t =0). In turn, the || - ||-1,x norm is well defined for the error
function between the numerical solution ‘¢‘“ and the exact projection solution ®y.

The convergence result is available for any « > 0; the technical details are left for interested readers. With initial data
with sufficient regularity, we could assume that the exact solution has regularity of class R:

® € R :=H2 (0, T; Cper()) N H! (o, T; 8 (sz)) nL® (0, T; H'"+5(sz)) . (6.27)

per per

Theorem 6.7. Let ® be the exact periodic solution with of the anisotropic CH equation with the bi-harmonic regularization, with the
initial data ®(0) = ¢ € H;,";G(sz), and with the regularity class R given by (6.27). For any o > 0, suppose ¢ is the fully discrete
numerical solution of (6.25) - (6.26). Then the following error estimate is valid:

n 1/2
1D — " ll—1.n + (ﬂszAtZ VN (®N — ¢)||§) < C(At +h™), (6.28)
k=0

where the constant C > 0 is independent of At and h but depends on the regularity of the exact solution.
7. Numerical results
7.1. Convergence test for the numerical scheme

In this subsection we perform some numerical tests to verify the accuracy order of the proposed numerical
scheme (6.25)-(6.26), including the one with 8 =0 for = 0.02 (so that (4.2) is satisfied), and the one with biharmonic
regularization coefficient 8 = 1, for an increasing value o = 0.2. The explicit treatment for the nonlinear singular parts g(*)
and g® in the surface diffusion part has greatly improved the numerical efficiency; only a weakly nonlinear term, ¢3,
needs to be handled at each time step. In this work, we make use of a preconditioned steepest descent (PSD) solver [30] to
implement the proposed numerical schemes. Such a solver turns out to be highly efficient, because of its weakly nonlinear
nature; the search direction and Poisson-like equations can be solved by using the FFT-based algorithms.

To test the convergence rate, we choose the following exact solution for (1.3) on the square domain € = (0, 1)%:

Pe(x,y,t) = % sin(27r x) cos(27 y) cos(t). (7.1)

The physical parameters are set as £ = 0.5, @ = 0.02, and we choose the artificial diffusion coefficient given by A, =
max(4csz(()2) +2a1 —3a|BY — 1(1-3w)?, 0) = AL, The final time is taken as T =1.
Due to the spectral accuracy in space, we focus on the convergence test for the temporal numerical error. In turn, we

fix the spatial resolution as N =256 so that the numerical error is dominated by the temporal ones. We compute solutions

with a sequence of time step sizes, At = NLT with Nt =100 to Nt =800 in increments of 100, and the same final time

T =1. The left part of Fig. 1 shows the discrete £2 norms of the errors between the numerical solution (6.25)-(6.26) (with
B =0) and exact solution 1(1.3) (with force terms). To obtain a precise accuracy order, we also present the least square

o Al . ~Ar— v a R T T T IR B . B T |
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107 T 10° ,
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Numerical error

10 1 107F 1
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Fig. 1. Left: Discrete £2 numerical errors for the phase variable at T = 1, plotted versus N7, the number of time steps, for the numerical scheme (6.25)-(6.26)
with g =0, a = 0.02. Right: The corresponding numerical errors for the fully discrete numerical scheme (6.25)-(6.26), with g =1, a = 0.2. The spatial
resolution is fixed as N = 256. The star line represents the numerical error plot versus N1, while the straight line is the least square approximation to the
CN; 1 curve. The least square slope is calculated as —0.9989 —0.9987, respectively. These constants have confirmed the first-order temporal accuracy of
the proposed scheme.

the temporal accuracy, and the solutions with a sequence of time step sizes: At = NLT (with Nt =100 to Nt = 800), are

computed with the same final time T = 1. The right part of Fig. 1 shows The discrete £2 norms of the errors between the
numerical solution (6.25)-(6.26) (with 8 =1) and exact solution (5.2). Similarly, we display the least square approximation
to the CN; ! curve as the straight line, and the numerical evidence reveals the slope as —0.9986. Again, an obvious first
order accuracy is verified.

In the numerical convergence test, an order O(1) value of B8 is chosen for the biharmonic regularization coefficient,
which leads to a perfect accuracy order. For a smaller value of 8, the convergence test becomes available only in a shorter
time interval, since the convergence constants presented in the estimate (6.28) is of the form of exp(CTB8~1¢~2). As the
time scale passes through O(Be2), the convergence estimate for a fixed time instant may not be observable, while the
numerical stability still persists. Meanwhile, extensive numerical simulation results have demonstrated the long time average
agreement with certain physical laws for various gradient flows in the large time scale computations with smaller values of
B and ¢, provided that the numerical method is energy stable; see the related works for the no-slope-selection thin film
growth model [11,14,20], etc. These numerical experiments have in turn demonstrated the importance of energy stability of
the algorithm, since it is a uniform-in-time property.

7.2. Numerical simulation of anisotropic flow with biharmonic regularization

We perform numerical simulation for the anisotropic Cahn-Hilliard system (5.2) with the biharmonic regularization. The
physical parameters are chosen as: € = (0, 3.2)2, £ = 0.03, & =0.2, and initial data for the simulation are set as

(x—x0)2+(y — y0)* — 10
0.25¢

The biharmonic regularization coefficient is set as 8 = 0.0005, and we take the temporal step size as At =1073. The
time snapshots of the evolution computed by the proposed numerical scheme (6.25)-(6.26), with spatial resolution 5122,
are presented in Figs. 2. These results demonstrate the combined effects of anisotropy and coarsening; the circular profile
evolves to an anisotropic shape with missing orientation at the four corners.

(X, y,t=0)= —tanh( ) with xo = yo = 1.6, 1 = 0.8. (72)

7.3. Impact of the biharmonic regularization parameter

e T T T L
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t=0.05 t=0.1 t = 30.0

Fig. 2. Time snapshots of the evolution for the anisotropic Cahn-Hilliard model, with & = 0.2 and biharmonic regularization coefficient g = 0.0005. The
time sequence for the snapshots is set as t =0.05, 0.1, and 30. The parameters are & = 0.03, Q = (0, 3.2)2.

25

248

246 —

244 - T T~ .
242 S o BTN -
24 LI .

238 —

2.36
2.34 —

232 - : ™

23 1 | 1 | L I | 1 |
1.35 1.4 1.45 1.5 1.55 1.6 1.65 1.7 1.75 1.8 1.85

Fig. 3. Comparison of the ¢ = 0.0 iso-contour plots for numerical solutions obtained with four different corner regularization parameters, 8 = 0.004, 0.002,
0.001 and 0.0005, at t = 30. The initial data is given by (7.2), and the other physical parameters are set as & = 0.03, Q = (0, 3.2)2. As the regularization
parameter is decreased, the equilibrium ¢ = 0 iso-contour approaches the Wulff shape, which in this case of strong anisotropy has missing orientations. In
particular, a sharp corner would appear in the Wulff shape at x = 1.6 [56].

patterns are similar, while smaller regularization coefficient leads to less numerical smearing and sharper profile around the
corner area.

7.4. Simulation results using an eight-fold symmetric anisotropic function

As one more example, we present the dynamics of the initial value (7.2) using an eight-fold symmetric anisotropic
function [16,17,45,48]

d
y@ =1+a(8) @nf —10nf +n) +9). (7.3)
i=1

The physical parameters are set as: &€ = 0.03, a = 0.2, g = 0.002, At =10~%. The time snapshots of the evolution

computed by the proposed numerical scheme (6.25) - (6.26), with spatial resolution 5122, are presented in Figs. 4. An

PPV 1T aliccd Lhcd e Alaadlee alhaacecna

https://reader.elsevier.com/reader/sd/pii/S00219991193081497t...87221369590B6B116BD29587A6A5CD084009474CD4542BC6E191052144C3 Page 20 of 29



A weakly nonlinear, energy stable scheme for the strongly anisotropi...ard equation and its convergence analysis | Elsevier Enhanced Reader

https://reader.elsevier.com/reader/sd/pii/S00219991193081497t...87221369590B6B116BD29587A6A5CD084009474CD4542BC6E191052144C3

K. Cheng et al. / Journal of Computational Physics 405 (2020) 109109 21

t=0.05 t=1.0 t=30.0

Fig. 4. Time snapshots of the evolution for the anisotropic Cahn-Hilliard model, with an eight-fold symmetric anisotropic function (7.3). The time sequence
for the snapshots is set as t =0.05, 1,5 and 30. The parameters are € = 0.03, @ =0.2, Q2 = (0, 3.2)2.

Fig. 5. The evolutionary surface plots of ¢ =0 for the 3-D anisotropic Cahn-Hilliard model, with a four-fold symmetric anisotropic function and initial
data (7.4). The time sequence for the snapshots is set as t =0.05,0.1,1 and 10. The parameters are &£ =0.03, & = 0.2, Q = (0, 3.2) .

7.5. Three-dimensional simulation results

Finally, we present three-dimensional (3-D) numerical simulation results using the four-fold anisotropic function (1.1).
The initial data are given by

(X —x0)* + (¥ — y0)* + (z — 20)* — ro)
0.25¢ ’
with xo = yo = 2o = 1.6, rg = 0.8. The physical parameters are set as: & = 0.03, & = 0.2, 8 = 0.0005, At =1073. The

evolutionary surface plots of ¢ =0 for the numerical solution computed by the proposed numerical scheme (6.25) - (6.26),
with spatial resolution 1923, are presented in Figs. 5.

o(x,y,z,t=0)= —tanh( (7.4)

8. Concluding remarks

In this article, we propose and analyze an energy stable numerical scheme for the strongly anisotropic Cahn-Hilliard
model. To overcome a well-known difficulty associated with the highly nonlinear and singular nature of the anisotropic
surface energy, we perform a convexity analysis to the surface energy potential. In more details, a careful estimate reveals
that all its second order functional derivatives are uniformly bounded by a global constant. Because of this fact, we are able
to treat the nonlinear surface energy part by an explicit method, while preserving the energy stability, via an approach of
Doulas-Dupont type regularization. Such an explicit treatment greatly improves the computational efficiency. In addition, its
combination with a semi-implicit, energy stable approximation to the double-well potential part leads to a weakly nonlinear
numerical scheme. Furthermore, such an energy stability is in terms of the energy potential in the original phase variable,
and no auxiliary variable needs to be introduced. With a careful application of the global bound for the second order func-
tional derivatives, an optimal rate convergence analysis becomes available for the proposed numerical scheme, which is the
first such result in this area. For a Cahn-Hilliard system with increasing anisotropic parameter o, a biharmonic regulariza-
tion is introduced to make the equation well-posed, and the proposed numerical scheme turns out to be uniquely solvable,
energy stable and convergent. The Fourier pseudo-spectral spatial approximation is chosen as the spatial discretization, and
all the theoretical results has been extended for the fully discrete scheme. A few numerical results have also been presented
in this work, including the convergence test, simulation results of strongly anisotropic system, numerical investigation of
the impact of the biharmonic regularization parameters, etc.
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Appendix A. Proof of Lemma 2.1

For simplicity of presentation, we set x =X;, ¥ = X, z = x3. First, we recall the expansion formulas for (x2 + y2 + z2)k,

with 2 <k <5:
&+ y2+ 222 =x+ yt + 2+ 202 y% + X222 + 22, (A1)
K+ Y2 +22)3 =28+ y5 + 28 43y + X122 + Pyt + X220+ YU 4y +6x%y? 2, (A2)
K +y* +22) =8+ y® + 28 + 4Py + %822 + X% Y0 + x?2° + yB2% + y?2)

+6(x*y? + x12% + yA2h + 12 Y2 22 + X2y + K yrY), (A.3)
K+ v+ =x10 4 y10 4 2104 5:8y? + %322 + X% y8 + %222 + y822 + y22B)

+10(x8y® + x82% 4+ x*y® 4+ x428 4+ y62% 4 y425)

+20(x%y%2% + x*y52% + X2 y%28) + 30(x*y*Z2? + x*y? 2t + X yizY). (A4)

In addition, the following preliminary estimates are needed in the proof of the two lemmas.

Lemma Al Let x = (, ¥, z) € R3, and define the following polynomials:

f1(®) =8xy(—2x2y? — y222 — *Z2 + 2%, (A.5)
f2x) =2x% —2y% — 228 4 6x*(y? + 22) + 182 (y* + 2%) + 24x°y? 2% — 2(y*2? + y*2Y), (A6)
f3(x) =8xy(3y* + 62% — 6x%2% — 3y%22% — 9x?y?), (A7)
fa@®) =8xy>(x* + 4x*y? + 4x*z% — 3y* — 32%), (A.8)
fs(x) = —6x° — 6y5 —62° — 30x* (y% + 2%) 4 66x% (y* + 2%) + 48x%y?2? — 6(y*2? + y*2h), (A9)
fo®) =8x*(x* +4x®y? + 4x*2% — 3y* — 32%), (A10)

f1®) = @ +y* + 2% + fa@ P + y2 + 22
= 8xy (—8x6 y? —8x2y5 4+ 8x*y* + (6x* + 6y — 8x%y*)*
— 602 + y2)28 + (—6x° — 6y + 2x%y? + 222 y4)z2), (A11)
fs® = fs@ @ +y* + 2 + fe @ + y* +2°)
=2x10— 6y1° —62'%+ 10()<8y2 +x825) + 66(xzy8 +x%2%) — 6(ygz2 + yzzs)
+68(x%y* + x82%) — 60(x*y® + x*2%) — 6(y®2* + y*2%)

+ 80x8y% 2% + 48x%y52% + 48x%y? 25 — 60x* (y*2? + y2z*) + 66x% 422, (A12)

Then we have
|f1@)] <262 +y* +2)°, (A13)
| fa®)] < ;(x2 +y*+25? (A14)
|f1®) <36 +y* +2°, (A15)
| fs@)| < 6( + y* +2%)°. (A16)
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[8xy| <46 + ¥°).
For the first part, we make use of the Cauchy inequality:

X +y°=21%y% and 3¢y +x%yh) = 61Xy,
so that

161x°y°| <26 +y° +3x'y? +3x°y%) = 262 + y9)°.
For the second part, we make the following observation:

402 + yH)|—y222 — 22 + 24| <4 + Y1) 2P + Y2 + 22)

=4 + 2222 +4(x* + yH 4.

Therefore, a combination of (A.17), (A.19) and (A.20) yields

|1@] <2062 +y°)* +406 +y°)?2° +4(° + yH2*

<26+ Y2+ 22 =22 + ¥ + 6(* + y2) 22 + 6(% + yH)z* + 225,

so that inequality (A.14) is proved.
For f>(x), we first establish a lower bound:

o) > —2y8 —22° — 2(y*2% + y224 > —2(% + y2 + 22)°,

12/27/19, 5:42 PM
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(A18)

(A19)

(A.20)

(A21)

(A22)

where the expansion (A.2) has been utilized. To obtain an upper bound for f,(x), we look at the following expansion:

%(x2 +y2+25)° - @)

3 11 9 15
=+ (0 + 25+ X+ 2D - RO+ 2 - 3y
2 2 2 2
25
+5 02+ 22,

Furthermore, an application of the Cauchy inequality indicates that

342,324_3222 342,312 352,

> > > 22 z b > Zx?

4xy +4yz Z5 y zu, 4XZ +4yz Z5 yzs,

15 15 15 15 9 15

Zys + sztyz > 7x2y4, ZZG + ix4zz > 7)(224,
and its substitution into (A.23) leads to

7
i(x2 +y2+2%% - o) >0,

(A.23)

(A.24)

(A25)

(A.26)

so that an upper bound of f,(x) is available. As a result, (A.14) comes from a combination of the lower bound (A.22) and

the upper bound (A.26).
To bound f7(x), we begin with the following decomposition:

7@ <Q®+Q@+Q® + %,

where
QD = |6axy(—xy? — 2y +xy),
Q® .= |8xy(6x4 16yt — 8x2y2)z4‘,

Q® .= |48xy(x2 + y2)26|,

~ (M I . ~&8 ~ 6. ~a4a2 . 2 a ol
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so that
QW =64lxy|(°y* + Xy —x*yh) =64(1X Y| + Xy - 1XY°)). (A.28)
Meanwhile, the following inequalities could be derived through repeated applications of the Cauchy inequality and Young’s
inequality:
32 5 (64)\°
5x°y? +10x°y* > 10V21x7y?), X0+ 2 x°y%| > S (g) 'y, (A.29)
which in turn yields
32 5 (64\%°
x10 4+ 5x8y2 4 10x6y4 + ?|x5y5| > (10ﬁ+ S (3) X7 y3]. (A.30)
A similar inequality could be derived by a symmetry argument:
32 5 (64
y19 4+ 5x%y% + 10x*y5 + ?|x5y5| > (1oﬁ+ > (3> 1yl (A31)

Then we arrive at

64
X104+ y10 4 5x8y? + x%y®) + 108 y* + x*y®) + 3 1x°y°|

5 [(64\3°
> (10«/§+ S (5) )(|x7y3| +13y"])

64
> 5 X'y 1+ 1Y, (A.32)
3/5
where the last step comes from the fact that 10+/2 + % . (%) > % This is equivalent to

3(x10 +y104+508y% +22y%) + 10(x°y* +x4y5)) >64(1x"y3 | + 13y — 1Ky = Q. (A.33)
For the second term Q ®, we make a similar observation:

6x* + 6y4 — 8x2y2 >0,
so that

Q@ =8lxy|(6x* +6y* — 8x*y*)z* < 8lxy|(6x* + 6y*)z* =48(IX°y| + Ixy°2*. (A.34)

Meanwhile, the following inequality could be obtained with an application of Cauchy inequality:

10x82% 4 30x*y2z* > 20+/3|x%y|z%, 10y52* + 30x2y4z* > 204/3|xy° |24, (A.35)
which in turn implies that
48
Q@ <48(1y| + [xy° 2t < m(10x6 +10y5 + 30x*y? + 30x%y* Z*. (A.36)

Similar analysis could be applied to bound the third term Q ©: since

10x%z% + 10x2y%2% > 20|x%y|z® and 10y%z8 + 10x%y%28 > 20|xy? |28,

it follows that

48
Q® = [48xy (¥ + y*)Z2®| = 48(1x3y| + |xy> )2 < 20 (10x4z6 +10y%25 + 20%° yzzﬁ). (A.37)
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3(x% 4 y5) > 2max(x*y?, x2y*),
indicates that
Q@ = |8xy(—6x°% — 6y° + 2x*y? + 2x2y*Z?| < |8xy(6x° + 6y%)2%| = 48(|x” y| + |xy”|)Z°. (A.39)

Meanwhile, the following Cauchy inequalities are valid:

5x82%2 +20x8y22% > 20|1x” y|z2 and 5y%z% +20x%y%z% > 20|xy” |22 (A.40)
These imply that
48
Q@smWw+wmfs%@M+fﬁ+mwﬁ+ﬂﬁﬁ) (A41)
A combination of (A.33), (A.34), (A.37), (A41), together with the expansion (A.4) and the observation that 3 >
max (33, %). results in the desired estimate (A.15).

To analyze fg(x), we first establish its lower bound. A careful calculation reveals that
6(* +y? +25)° + fa(x)
=8x'0+40(%y? +x82%) + 96(y® + X°2%) + 24(y%2* + y*2)
+128(x8y* + x82%) + 54(y®2* + y425)
+200x6y222 + 168x2y622 -+ 168x2y226 + 120x4(y4z2 + yzz4) + 246xzy4z4
>0. (A42)
To obtain its upper bound, we carry out a similar expansion:
60¢ +y*+2°)° — fs®
=4x"0+12y" +122'° 4 20%y* + x°2%) — 36(°y® + ¥°2°) + 36(y®2* + y*2%)
—8(x8y* + x52%) + 120(x*y® + x42%) + 66(y°2* + y*z)

+40x%y2 2% + 72x% Y8722 + 72x%y? 25 4 240x* (y1 2% + y22h) + 114x%y4 24, (A43)

The following Cauchy inequalities,
9y10 4 36x%y% > 36x2y8, 9710 4 36x%2° > 36x%28, (A44)
4x8y? + 4x*y® > 8x5y4, 4x87% + 4x*7% > 8x8 74, (A.45)

when substituted into (A.43), imply that

6(x* +y*+2%)° — fz(x) > 0. (A.46)
Finally, a combination of (A.42) and (A.46) leads to the desired estimate (A.16). This completes the proof of Lemma A.1. O

Next, we proceed into the proof of Lemma 2.1.

Proof of Lemma 2.1. Based on the form for 8pig(1) in (2.4), careful calculations yield

) _ f1(p) AA47
812 (0% +p3 +p2)3’ (A47)
M f2(p)
(p)=—2P (A48
B = 2 s )

The estimate |g§1;| <2 comes from the preliminary inequality (A.13), and the estimate |g§1;| < % is based on (A.14). The

estimates for |g§1§l, |g§1;|, Ig§1;| and |g§];| could be handled by symmetry arguments.

Similarly, based on the form for dp,g@ in (2.5), careful calculations give
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The estimate |g(2)| < 3 comes from the preliminary inequality (A.15), and the estimate |g | < 6 results from the inequality

(A16).

The estimates for |g(2)| |g(2)| |g(2)| and |g(2)| could be handled by symmetry arguments. This completes the proof of

Lemma 2.1. O

Appendix B. Proof of Lemma 4.1

Proof of Lemma 4.1. For simplicity of presentation, we only focus on the first inequality (4.1); the other ones could be

handled in the same manner. We assume that p; # p,, since (4.1) is automatically satisfied otherwise. Define

l-ax

q:=p>—p1 9= L:=1ql,

so that |q| = 1. If the line segment from p; to p, does not pass through the origin, 0, we observe that aplg(” is a smooth

function over the whole line segment pﬁ;z, so that an application of the intermediate value theorem gives

3,8V (1) — 8,8V (py) = Vaplg“)(m +£9)-(p1— p2)
N
= Zgl J(P1+ED [P — P2);
j:

[CORC))

(1)

(B.1)

with for some & € [0, L]. Estimate (4.1) is a direct consequence of (B.1), using the estimates for 81,10 812 and 813 given

by (2.6) in Lemma 2.1.

On the other hand, in the case that the line segment p1—>pz does pass through the origin, 0, we parameterize the line
in two segments. For the first, we use p; +tq, for 0 <t <Ly, where L := |p;|. Since d,,g" is continuous over R3 and
differentiable over ]Rf =R3\0, the intermediate value theorem can be applied between p; and 0 and between 0 and p,,

respectively:

9,8V (1) — 3p, 80 (0) = Vpamg(])(ﬁ +£19) - pq

Z D1+ &9 (1]

3,870 — 35,8V (p) = —Vpaplg(l)(l’l +&4q9) - p>

Zg“)(p] +620)3p, [P2];

for some parameters 0 < & < L1, L1 < & < L. Meanwhile, since p1_1;2 passes through 0, we have

_ L,
pl_ qu

_L—L1~
py= I q.

Substitution into (B.2) - (B.3) reveals that

3
I8V @)~ 2,80 @) = Y (T8
j=1
[ORC))

g0+ 800

(B2)

(B.3)

(B4)

(B.5)

(B.6)

Application of the estimates (2.6) for 811 812 and g(l) yields the desired inequality (4.1), in the case that p1p2 passes

through 0.

Therefore, (4.1) is valid for any p; and p,. The other inequalities could be analyzed in the same manner, and the details

are skipped for the sake of brevity. O
Rafarancac
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