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ABSTRACT. In this paper, we prove the existence and uniqueness of a Gevrey
regularity solution for a class of nonlinear bistable gradient flows, where with
the energy may be decomposed into purely convex and concave parts. Example
equations include certain epitaxial thin film growth models and phase field
crystal models. The energy dissipation law implies a bound in the leading
Sobolev norm. The polynomial structure of the nonlinear terms in the chemical
potential enables us to derive a local-in-time solution with Gevrey regularity,
with the existence time interval length dependent on a certain H™ norm of
the initial data. A detailed Sobolev estimate for the gradient equations results
in a uniform-in-time-bound of that H™ norm, which in turn establishes the
existence of a global-in-time solution with Gevrey regularity.

1. Introduction. Suppose £ € N+ 1, p € 2N + 4, and s € {0,1}. (We use
the notation N := {0,1,2,3,---} and Z={--- ,—-2,—-1,0,1,2,---}.) Suppose Q =
(0,1)4, with d € N+1. We consider the following bistable energy: for all ¢ : R — R
that are Q—periodic and sufficiently regular, define

0/2 L
: 1 )
B9) =3 G2 V6l + 5> ai [V dll; (L1)
j=2 j=1

where ¢, = 1, a; := €2 > 0, and otherwise ¢j,a; € R. We point out that ¢ is usually
a small parameter. But, for the discussion herein, we will not pursue € dependences
in our estimates. Herein, || - ||, stands for the LP norm, with p > 1. Furthermore,
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IVoll, == IVl # |8l ,, where [V¢| := /Vd-Vé and |-|, , is the standard
semi-norm on WP(£2). We use the notation

V00 := ¢, V2¢:= Ap, V3¢ :=VAgp, Vip:=A%p, V°¢:=VAZp, ---. (1.2)
For k € 2N + 1, our notation is

[756]l5 = [ wa®-026). 9@ 20 ax = [ [0(a%r2g)[ax.
Q Q

The energy FE is termed bistable because it can be clearly written as the difference of
purely convex energies, according to the signs of the coefficients. Of course, if all of
the coeflicients are positive, the energy is itself purely convex, with every term being
convex. Observe that it is always true that the leading energy terms — consisting
of the non-quadratic part, CT;’ V¢||:Z, and the quadratic part, % ||VZ’S¢||; — are
purely positive and convex. This fact will play a key role in our analyses. The
variational derivative of the energy may be (formally) calculated as

5o = — V- (V|72 + cpa| VO™ + - + 4| VO[*) Vo
+ (—1)175(11A173(Z5 4 (_1)2fsa2A2fs¢ 4
+ (—1)€_1_5a4,1Az_1_5¢ + (_1)5—362A£—s¢’ (13)

utilizing periodic boundary conditions. Observe that the terms of the form —V -
(cp |Vol? -2 V¢) are nonlinear p-laplacian operators, where p > 4 is an even num-

ber.
Our principal aim in this paper is to establish the Gevrey regularity of solutions
for the following family of nonlinear gradient flow evolution equations:

Od+ (—A)’u=0, p:=06,E onQr:=Qx(0,T), (1.4)

where ¢ is )-periodic in space, and s = 0 or s = 1. Equation (1.4) is the L?
gradient flow (for s = 0) and the H~! gradient flow (for s = 1) with respect to E
n (1.1). The rates of energy dissipation along the solution trajectories are

B =—|Voul3, (1.5)

and the mass of the solution is a conserved quantity, meaning d; fQ o(x,t)dx = 0,
for all ¢ > 0. It is often useful to consider the model in the following, less compact
form:

O = (A {V - ({IV]" % + cpa|V[" ™ + - + 4| Ve|*} Vo) }

+a1Ap — aaA%p 4+ asA3p+ - + (=1) a1 Ao + (—1) 2 A .
(1.6)

The evolution equation is thus a nonlinear “parabolic” equation of order 2¢ in
purely divergence form, and, considering the periodic boundary conditions, the
mass conservation is assured.

There are a few special cases of great physical interest that we wish to point out.
The first is the epitaxial thin film model with slope selection, also known as the
regularized Cross-Newell equation [8, 14]. This equation can be obtained setting
s=0,0=2,p=4,a; =—-1:

2
06 =V - (IVO’V0) ~ A6~ A%,  Eu(@) = IVal} — L IVol3 + 5 A0
(1.7)
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It has been used as a model for thin film roughening and coarsening [19, 20, 21, 28,
29, 30, 31, 34, 35]. Some numerical works for the equation can be found in more
recent articles [6, 7, 39, 42, 44].

The second is the square phase field crystal (SPFC) model, which is obtained by
setting s =1, 4 =3, p =4, ag = —26*:

0rp = — AV - (IVP|*°V@)) + a1 Ag + 20°A%¢ + 2 A3,
1 4, M 2 2 2 e 2 (1.8)
Eure(9) = 71V6lE + 11813 — 22Vel3 + S 14613

The SPFC equation is related to another crystal growth model known as the phase
field crystal (PFC) equation [10, 11, 37, 41], which is the gradient flow

Orp = A (SpEpte) = A(¢?) + a1A¢ + 262 A% + 2 A3¢ = 0,
1 a 2 (1.9)
Bpie(®) = 71013+ 1613 — 3* IV el3 + 5 1 A0]3.

The PFC model was proposed in [10] for simulating crystal dynamics at the atomic
scale in space but on diffusive scales in time, with natural incorporation of elastic
and plastic deformations, multiple crystal orientations and defects. The natural
lattice for a crystal described by the PFC equation is hexagonal in 2D. The SPFC
model, on the other hand, predicts a “square” symmetry crystal lattice in 2D rather
than the usual hexagonal structure; see the related references [11, 15, 43]. While
the standard PFC model (1.9) is not covered by the following analysis — because
the form of the energy is different from and, in fact, somewhat simpler than what
is considered in (1.1) — our results can be easily extended for (1.9).

There have been many existing works to establish the existence of Gevrey reg-
ularity solutions for time-dependent nonlinear PDEs, such as [3, 13] for 2-D and
3-D incompressible Navier-Stokes equation, [2] for Kuramoto-Sivashinsky equation,
[5, 12] for certain nonlinear parabolic equations, [18] for the 3-D Navier-Stokes-
Voight equation, [33] for models porous media flow, to mention a few. For gradient
flow-type models, Gevrey regularity solutions have been proven by [36] for the Cahn-
Hilliard equation with dimension d = 1 to d = 5. A more recent work [40] gives a
further analysis with potentially rough initial data. In addition, a few related works
for the Cahn-Hilliard model combined with certain fluid motion equation have also
been reported, such as [9] for the convective Cahn-Hilliard equation, and [32] for
the Cahn-Hilliard-Hele-Shaw model. Other than the Gevrey regularity solutions, a
more general class of analytic solutions for different models of incompressible fluid
have been discussed in [4, 16, 22, 23, 24, 25, 26, 27], etc.

A general framework to establish the existence of local-in-time Gevrey regularity
solutions for nonlinear parabolic equations

¢ —vAP+ G(, Vo) =0,

with periodic boundary conditions in R™, has been addressed in [5, 12]. The analyses
therein apply when the growth of F(r,s) := G(r,§) — r, in either the r or the §
variable, is bounded by a polynomial, and F' is assumed to be real analytic in both
variables such that it possesses a majorant. In any case, it is clear that the analyses
in [5, 12] will not cover equation (1.1) considered in this article. The reason is that
the p laplacian terms of the form V- (|V¢|PV¢), p € 2N+ 2 involve first and second
order derivatives combined in a highly nonlinear way, and these terms cannot be
recast in the form of F(¢, Vo).
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While there has been some existing work considering Gevrey regularity of solu-
tions for gradient flows with respect to the Cahn-Hilliard-type energy, no work has
been undertaken to study gradient flows with respect to (1.1). For the nonlinear
gradient flow considered here, (1.4), which covers a large class of models, the most
current result to our knowledge is the proof of a smooth solution for the epitaxial
thin film growth model (1.7), as reported by [30]: given any H™ initial data (with
m > 2), there is a unique solution with a uniform-in-time H™ estimate.

In this paper, we provide an analysis of a global-in-time Gevrey regularity solu-
tion for the general gradient flow given by (1.4) with respect to the energy (1.1).
The paper is organized as follows. In Section 2 we go over some basic notation.
In Section 3 we construct an approximate solution to the PDE using the standard
Galerkin procedure and give the leading order energy estimate. In Section 4 we
prove the existence and uniqueness of a local-in-time Gevrey regularity solution

’2'

Finally, a uniform in time H* bound H(—A)E/2 ¢(t)|| 1is presented in Section 5, so

for (1.4), with the existence time interval length dependent upon H(fA)e/ 2 %o

that a global-in-time Gevrey regularity solution may be established.

2. Notation and preliminaries. We use the standard symbols for Lebesgue and
Sobolev spaces of complex—valued functions and their norms. To begin, for u,v €
L?(Q,C) = L?(Q), we set ( = [ u( Z) dZ, where z* = a—1b is the complex
conjugate of z = a + ib. Let us also deﬁne the followmg function spaces:

L¥(Q) = {ue L*Q) | (u,1) =0},

(@) = {ue C™(RY) | uis Q-periodic} Cm () == CIm.(Q) N LA(Q),
WP(Q) = {ue WP (RY) | uis Q-periodic}, WILP(Q) := WILP(Q) N LA(Q),
Hye, (Q) = We(Q), HEL(9) = WP (Q),
H (8 == (Hl?ér(ﬂ))*,
HM(Q) = {v e H M (Q) | (v, 1) =0},
where (-, -) is the duality pairing between H_ " and H[: . Specifically, for v €
Hy i (9),

n n
v,g Ry ) = E aju(ug) = g ag (v, uk).
k=1 k=1

We denote the standard semi-norm and norm on Wmvp( )by | - lmp.o =1 |lmp
and || - || respectively, dropping the subscript m whenever m = 0.
Since the domain © = (0,1)¢ is understood in our discussion, we usually also drop
the subscript 2 in referencing the (semi-)norms.

Define the operator A to be —A paired with Q-periodic boundary conditions.
We define the range of A as R(A) := L2(€2). The domain of A is simply D(A) =
ngr(Q), and A : D(A) — R(A) is a positive, self-adjoint linear operator that
admits a compact inverse. The eigenfunctions of A may be chosen as ®z(Z) =

exp(2mid - ¥) € C’g‘e’r( ), for all @ € Z¢\ {O} =: Z4, in which case the eigenvalues

are Az = (27)%|@2 > 0. Set B := {®s | @ € Z¢}; this is an orthonormal basis for
LQ(Q) We can increase B so the resulting set is an orthonormal basis for all of
L?(2); in particular, B := B U {(I)ﬁ = 1} serves this purpose.

m,p,Q ” ’ ”m,p’
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Since A is symmetric and positive, we can define the following Hilbert spaces:
for any s > 0, set

D(A%) : = {u € [2(Q) ‘ 3 (2m)"a gl < oo, }

aeczé
(,v)pasy = »_ (2m)*|a|* iz 05, (2.1)
acLd

where ig = (u,®z) = [, u(@)e ?™¥TdF are the Fourier coefficients. For u €

D(A?®), we define
A=Y (2m)% 6] 0P (2.2)

aeczd

Then, of course, (u,v)p(as) = (A%u, A%0) and [lul|p4:) = [|A%ull,, and it is not
difficult to show that, in general, D(A®) = flggr(ﬁ). It is possible to define the

exponential operator exp(7A%) = e™" for any 7,5 > 0. To do so we introduce the
Hilbert space

D) = {u e 2() | 3 exrem s

aeczd

aal? < oo}. (2.3)

For any u € D(eTAS), define

s 25| =2s
eTA u = E eT(QTr) |&@|

aezd

*

(2.4)

[~
Qu
A
Qu

1
We introduce the Gevrey space G := D(eTA /2). This is a Hilbert space with the
inner product and norm denoted by

1 1 -
(u,v), = (e /zu,eTA /211) = Z 22 g ok fuly ==V (u,u)s. (2.5)

aezd
Observe that, for any v € G,
o (21)™ m |~ o (2n)™
uf2 =Y o > @emramas* =) o lullpamay - (2.6)
m=0 : aezd m=0 !

Since |ul, is finite, it follows that every H* norm of u is also finite.
Set Gy = span ({®5 | |@] < M}). The operator Py : L3(2) — Gy is the
canonical orthogonal projection:

PM’LL = Z ﬁ(;(I)&. (2.7)

|G| <M

Of course, if u € L2 (€2), then 45 = 0. One can extend the domain of definition Py,
to H37(Q), for any r € (0, 00), as follows: if u € H (), then

per per
PMU = Z u( g) (I)D-; = Z <u, (ID&>(I)&’
la|<M l&| <M

which implies that
(Paru, v) == (u, Pav), Yo € H..().

per
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Recall that (H S I_}p—;) is a Hilbert space using the standard operator norm.

per
We have the following basic properties of the orthogonal projection that we state
without proof [38]:

Lemma 2.1. Let X = H;"(Q), or D(A?), for any r,s > 0. Then, for any u € X,

per

M—o00
IPrullx < llulx, and fu—Parul x = 0. (2.8)

The results can be modified in a trivial way to accommodate functions that are not
of mean zero.

We have the following interpolation inequalities [1]:

Lemma 2.2. Let r,k,j € R, with 0 < k < j < r. Then, for any ¢ € ﬁ[ger(Q) =
D(A"/?),

r—j 3
— r—k

[ At L A 29)
2 2 2
For integer values of the indices, we have

V70, < [Vl IVl ™™, (2.10)

where a constant of 1 suffices.

Frequent use will be made of following Gagliardo-Nirenberg-type interpolation
inequality [1]:

Theorem 2.3. Let j,m € N, q,r,0 € R. Suppose 1 < q,r < o0, # <0#<1, and
1 5 /1 m 1-9
Sl (o) T 2.11
p d (7" d) Ty 311
If v € LY(Q) N Wmr(Q), then v € WIP(Q), and there ezists a constant C =

per per

C(d,j,m,p,q,r,Q) > 0 such that
0 —0
615 < C (19100, 10150 + 191, ) - (2.12)

3. Approximate solutions and uniform energy estimates.

3.1. Lower and upper bounds of the energy.

Proposition 3.1. Let E be the energy given in (1.1). For any ¢ € Hﬁgf(ﬂ) N
WLe(Q), we have

per

o2 e 112
Ci|VolE + Co V29|, — Cs < B(9) < Ca|[Vo|E + C5 [V 50, (3.1)
where Cy,--- ,Cs are positive constants that depend only on the model parameters.

Proof. First, we decompose the energy (1.1) into non-quadratic and quadratic parts:
©/2
C2; 2j
P@) =2 57 IVol, o =1

= (3.2)

2
9 ag:52>0.

4
Q) =5 > a; [V
j=1
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We begin with the lower bounds. The non-quadratic energy part obeys the following
estimate

1 lcp—2] |C4‘
P(¢) > = ||Vg|® — ==||V \% 3.3
(¢) > p|| ol — o 5 IVollg- IVoll3. (3.3)

A simple application of Holder mequahty, using || = 1, shows that ||V¢||2j <
[Vl for 2 < j < /2. Then, with the help of Young’s inequality,

1 1 1 1
a-b< —aP+ -0 with -+ -=1, (3.4)
p q p q
the following general estimate can be derived
|C2 | 02 |
5l oy < 2l ool < o 1wy + (35)
where
2 |02 | L
£ — J
Ay = 2-25 .
2 o 2-2j - p]7 7 [ 5 } : (3.6)
upon choosing
P % .- 2 2j . 2 |C
= — = = 2 . 2 . 2 b = 2 . 2 . P — .
P=gi 45 g O (2-25-¢] et (2-25- ] (3.7)
Consequently,
1 1 o
P) 2 2 (1= 50 2)IV6l — A= Ag— oo Ay
3
~ i Vo5 — Ce. (3.8)

where the constant Cg := A4+ Ag+-- -+ A,_2 > 0 only depends on the coefficients
C4,Cqy" " ,Cp—2.

The quadratic part, Q(¢), is analyzed in two separate cases: s =0 and s = 1. If
s = 0, a direct observation gives

Q)= ¢ (PIV'IP ~lar s | [V 6]~ —lar IVOIZ) . (39)

Meanwhile, an application of the interpolation inequality (2.9), with r = ¢, k =1
and k < j < £, shows that

gl |76 <layl - IV ll,™ ||V%H2“

< M; |Vl + H vio|:

(3.10)

2

where Young’s inequality was applied in the last step. We remark that the non-
negative constants My, M3, -, My_1 only depend on |asz],|as|, - ,|ar—1]| and e.
Substitution of (3.10) into (3.9) yields

2
Q®) = T |IV'¢ll; - C- Va3, (3.11)

where C7 := 1 (la1| + Ma + My + ... + My_1). As before, a simple application of
Hélder inequality, using |Q = 1, shows that V|, < [[V¢]| . The negative part in
(3.11) can be controlled as

1
Cr Vol < Cr V97, < Cs + 1o IV8llg , (3.12)
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with another application of Young’s inequality. Again, note that Cg > 0 only
depends on p and |as|, |as|, -, |ar—1| and €. Consequently, we arrive at

&2
4
Finally, a combination of the non-quadratic part (3.8) and the quadratic part (3.13)
results in

1 1
Q)2 T IV'll, = O IVl 2 1 IVl = o IVols - Cs. (3.13)

g2 2 1
B(9) 2 7 V6], + 55 IVeI; — Cs. (3.14)
Therefore, the energy estimate (3.1) with s = 0 is proven with
=t -2 o-c (3.15)
1= 5y 2= 7 3 = Cs. .

The lower bound for the case with s = 1 can be analyzed in a similar manner. We
omit the details for the sake of brevity. Likewise, the upper bounds are straightfor-
ward, in fact, easier than the lower bounds, and the details are omitted. O

Definition 3.2. Suppose £ € N+ 2, s € {0,1}, and d € N+ 1. We say that
Condition 1 holds iff £ — s > 2 and one of the following cases holds:

1. 20—s—1)<d<4(—s—1) and

1
2 d

pEE:{q€2N+4

1
q< gy i= 5_8_1} ) (3.16)

in which case H'_*(Q) — W1#(Q), or

per per
2. 2({ —s—1)=d and p € 2N + 4, in which case Hé;rs(Q) — W (), or
3. 2(l—s—1)>dand p € 2N + 4, in which case

HZ3(Q) — Ol 112 (Q) € ¢ (Q) € Whe(Q).

per per per per

Remark 3.3. Observe that the set X, defined in (3.16), is non-empty; in particular,
4 € 3. Also note that if Condition 1 holds, then 4¢ > d+4 is always satisfied. When
s =1, the last statement can be strengthened, in particular, 4¢ > d + 8.

If Condition 1 holds, then the quadratic diffusion term has control over the p-
laplacian terms, and we have the following:

Corollary 3.4. If Condition 1 holds and ¢ € Hﬁe_rs(Q), then the following upper
bound holds:

E(¢) < Cs ’|Vz78¢||§ + C7, (3.17)

where Cg,C7 > 0 depend only upon the model parameters.

3.2. Approximate solutions and uniform energy estimates. We may write
the gradient flow in operator form as

O+ N(9) + L(¢) +£*A%9 =0, (3.18)
denoting the nonlinear term as
N(9) = —A{V - ({IVSI"7? + cp2|VO["™" + -+ ca| V[ } Vo) }
and the indefinite (unsigned) linear term as

£(¢) = CL1A¢5 + CL2A2¢ + a3A3¢ 4.4 CL£71A€_1¢.
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We refer to the term e2A%p as the “surface diffusion” term, following the physics
literature for solid thin film models. We seek the following Galerkin approximation
of the original problem: for fixed M € N, find

such that
Oedrr + Poar (N (o)) + L(dar) + 2 Alhppr = 0, (3.19)
with ¢a7(0) := ¢ar(-,0) := Pas(¢°), where ¢° € L2(Q). Note that we have assumed,

for simplicity, that the initial data are mean zero: |Q|~! [, ¢°(Z) dZ = 0. We will
keep this convention for the remainder of the paper.

Lemma 3.5. Let ¢° € L2 (). The solution to the Galerkin approximation problem
exists for some T, = T.(M) > 0, such that g € C([0,Ty]), for all |d] < M,
and QBG,M(t) =0, for all t € [0,T.]. Furthermore, the following energy stability is
valid: E(dn(t)) < E(éa(0)), for any t € [0,T%].

Proof. The approximation problem can be recast as a system of nonlinear ODFE’s;
it has a unique solution up to some finite time 7T}, such that ¢ € C([0,T]), for
all |@d] < M. Tt is clear that ¢257M(t) =0, for all t € [0,T.], since [, ¢ (T, t)dZ =0
for all ¢t € [0,T%]. We define the test function

unr = — Py (V . (|V¢M|p72 + Cp_g‘v¢M|pi4 +- C4|V¢)M|2) V¢M)
+ (D) P a A G 4 (—1)2 P ae A gy 4 -
=+ (_1)€_l_sae—1A€_1_s¢N + (_1)K—SE2A€—S¢N. (3.20)

Observe pa € Gor N L2(Q). Testing this with the Equation (3.19) and integrating,
we arrive (after a standard energy variation calculation) at the result

(Dedar par) = deB(dar (1) = = [V par ()]
Integrating this in time, we have, for any T € [0, T}],

T
E(éa(t)) + / IV e (8)]2 dt = E(61(0)). (3.21)
O

As a consequence of Proposition 3.1, Lemma 3.5, and Corollary 3.4 the following
result is valid.

Corollary 3.6. Suppose that Condition 1 holds and ¢y € }DII‘;;S(Q). Then ¢pr and
urr, defined as in Lemma 3.5, exist for all time, and, moreover, for any T > 0

whatsoever,

T
e low (s + [ 19" (0)13 a < Co, (3.22)

where Cg depends on the initial data and the equation parameters, but is independent
of M and T.

Proof. A combination of Proposition 3.1, Lemma 3.5, and Corollary 3.4 indicates
that, for any 0 < ¢t < T,



1698 NAN CHEN, CHENG WANG AND STEVEN WISE

o[V o0} - €t [ IV o) dr < Boni () + [ IV a0 dr

< E(éum(0))
<Cs ||V~ 6n (0)||; + Cr
< Co ||[V2¢, + O, (3.23)

where Lemma 2.8 was employed in the last step. By regularity, there is a constant
constant, C1¢ such that

Cuo 1l 5ge—e < W) Fe=s = ||V S¢H2a (3.24)

per

for any ¢ € Hf;crs (). Therefore, estimate (3.22) is proven for T' = T. But, since
Cy is independent of the final time, T', the Galerkin approximate solutions do not
blow-up and can be extended up to any final time 7' > 0 [38]. O

Definition 3.7. Suppose T > 0 and ¢, : Q x [0,T] — R. We say that the pair
(¢, p) is a weak solution on the time interval [0, T iff

pe L™ (o T; Bl (Q) N W2 (2 )) n o (O,T; iﬁ(Q)),

per
NELQ(OTHSer ))a

06 € L2 (0 T; H32 (0 (3.25)

and, for almost all ¢ € [0,T],
<6t¢7 V> + (vsluz Vv ) - O Vve HSer(Q)

(3.26)
Vi ‘ ‘ ©/2 ‘
Zaj (Vj_sgb, v]—sw) + Zc2j (|v¢|2]_2 V¢’ V¢> - (M7w) = 07 v w € Hﬁers(Q)’
j=1 j=2
’ ’ (3.27)

with ¢(0) = ¢° € L2(Q), where a; = &2 and ¢, = 1, as usual.

Theorem 3.8. Suppose that Condition 1 holds and ¢° € Héef(Q). Then a weak

solution exists on any time interval [0,T], however large the final time T may be.

Proof. Since the bound (3.22) is uniform in M, there exist subsequences ¢y, and
tar,, and limit points ¢ € L™ (O T; H, S(Q)) and p € L? (O T; H? (Q)), such

per per
that ¢y, converges weakly to ¢, pas, converges weakly to p, and

||¢||Loo(o,T;H§;S(Q)) + H:[‘L||L2(O,T;chr(ﬂ)) < Chi, (3.28)

where C7; > 0 is independent of T. Passing to limits, one can prove that the pair
(¢, 1) is a weak solution to the gradient equation (1.4). The details are standard
and are skipped for brevity. O

4. A local-in-time solution with Gevrey regularity. In this section, we es-
tablish a crucial technical estimate that will be used in the Gevrey analysis of the
solution for (1.4). In a standard way, we need to analyze the Galerkin approximate
solution (3.19) and pass to the limit to obtain the desired results.
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4.1. A preliminary estimate of the nonlinear terms. We define the following
nonlinear terms: for ¢ sufficiently regular and 2-periodic, set

N(@) ===V - ([VPVe), Ny(¢):=—-ANJ(¢), pe{2.4,---,p—2}.

p

Then, using the formula
V(IVo|") = qlVe|"*H(¢)V, Vg€ 2N, (4.1)
we find
N3 (9) = =[Vo[PAG — p|Vo[P~* [H(9) V] - Vo, (4.2)
where H(¢) is the d x d symmetric Hessian matrix of ¢ with components [H(¢)], ; =
0;0;¢. Furthermore, using
A(fg) =gAf+2Vf-Vg+ fAg, (4.3)
we find
Ny (6) = A(IVP) Ap + 2V ([V@|P) - VAG + [Vh[PA%¢
+pA ([VolP~2) [H(¢)Ve] - Vo + 2pV ([Ve[P2) - V ([H(9) V] - V)
+p[VoP2A (H(9)Ve] - V).
(4.4)

This expression becomes quite a bit more complicated upon further expansion. For
instance,

V ([H(¢)V¢] - Vo) = 2H?(¢)V +[C(4) V] Vo, (4.5)
where C(¢) is the symmetric 3-tensor with the components [C(¢)]; ; , = 0;0;0k9,
and

A([H(¢)Ve]- Vo) = 2[H(¢)Ve] - VA +4[C(¢)Ve]: H(9)

+ 2H?(¢):H(¢) + [H(4) V9] - V. (4.6)

where A:B = Z?,k:l A, ;B 1, for two-tensors (matrices) A and B.
In the next lemma, we examine a single representative term of /\/;f, s=0,1.

Definition 4.1. Let p € 2N+ 2, i.e., p = 2r, r € N+ 1. Define, for u, ... u® v :
Q0 — R sufficiently regular,

N1f7*(u(1),~-~ ,u(p)ﬂ)) — H V(21 | e, (29) Al-&-sv’ (4.7)
j=1
Observe that
N3 (6o, 6,0) = (Vo V)P PA ¢ = [V A g, (4.8)

which is the first term of N (¢) (s = 0) in (4.2) and third term of N} (¢) (s = 1)
in (4.4), modulo the appropriate signs. Then, we have the following result.

Lemma 4.2. Supposep € 2N+2, s € {0,1}, u @ ... u®) v w e D(AZeTAl/Q),
7 > 0, where A = —A. Then, if Condition 1 is satisfied, the following estimate
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holds:
’( Al/Q./\/;i( ’ (2)7...’u(p)7v) A1/2Al )’

. ) 4273741 202 ; 1) 254220
[H§:1 ‘Agu(ﬂ 20 ‘Ae () =5 } ’AZU - ’Aev| 7 |Alw|T
d>20—2
f"” <1ts<t
0 ) 40—2—d . d72§+2 ¢
<cnd [ a5 o | ] el et
2(l=s5-1) 254224
P £ () z z Vi d<2(-—2
[ j:l‘AQ“] . A2'UT |Av7 w|T for Lc1ys<e
L ¢ -
[ Jabuo] ] Jabo] pawl, e 5527
(4.9)
for some C15 > 0.
Proof. Suppose p = 2r. Let us set
— A i 2 o 2 iG- T 2 & o
v(x) — Z vo_ze%rza 17 e-rA U(JJ) — v(x) — Z U&e%rza 17 . 87—27{‘041)5;,
aezd aezd
with similar notation for ™, u® ... u® w. Observe that 05 = 0, et cetera. We
have
1/2 1/2
(erA N2 D u® ) p) oA Afw)
i
2(1 20 ~(25—1) ~(24) =(2j—1) =(2j
= (=1)"(2m)PT20+s)+ Z Hug(zj 1)>u{(23) (25-1) . 5(29)
Bezd J=1
s _ @k pa=F
> ,IA]&|&|2(1+s)w2|§|%e272ﬂ'|ﬁ\
T
. 2 (2j—1) 2(2j) = S
= (v 3 TR AR, A
Bezd j=1
s e ra=g
a0 22 A= 16 i)
Now, observe that
p p p
3 (¢ ~ (¢ - (¢ -
81 = > 1a0 —jal =Y _a +al - |a| - al <o,
(=1 =1 (=1
and, consequently,
1/2 1/2
‘ (em N3 @D u® ) ) 64 Aew) ’
< (97 )P+2(1+s)+2¢ Z POIIRE ~2(1+s) |2 212
< (2m) Z H a<> vg| - |l “|ws| |8

Bezd
b a®ta=F
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p
- <¢ I1s. 0>7 (4.10)
j=1
where, for all ¥ € Q,

=2 0 |G a1, (@) = (2m)20) Y

aezd Gezd

0(z) = 2m)* S ’wa :

aezd

—»|2(1+s)827ri52-:3
)

12}52 ‘Oz

‘O_Z|2é e?wi&~f.

According to the Nirenberg inequality (2.12),
il < € [[ate

furthermore,

_CHAQM Al”u(j)H, Vie{l2, - ,p}, (411)
2

2 r 1/2 2 2 1/2 2
helly = [|atteem o ol = |4t w| . (4.12)

Since Condition 1 holds, it follows (see Remark 3.3) that 4¢ > d+ 2, and, we will
need to consider four cases in the analysis. If d > 2¢ — 2, there are two sub-cases,
Cases 1 and 2:

Case 1. If
§<2%d§€ and §<1+5§£,
we have, using Lemma 2.2,
o] < a0 5 ]
2(L= 2542—¢
R R A (R

Therefore,
‘ (e'rAl/?Ns*(u(l)7 u(2), . ’u(p)7 v), efrAl/zAéw) ‘

Case 2. If
§<2Z7d§£ and 1§1+5§§’
we have, appealing to Lemma 2.2 and the Sobolev embedding D(A‘v’/2) AN D(Al-s—s)7
HAerd rAL/? (])H < CHA2GTA1/2 (])H HAZ FAL? (])H
HAHS rAl/2 H < CHA, TA1/2U‘ .
2
Therefore,

‘ (eTAl/zN;,*(u(l), u(2)7 . ’U(P)’ v), eq—Al/zAZ,w) ‘

<CH‘AQU

a-2-¢ d=z¢42 ‘ , (4.14)

Afo| |A'u],
T
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If d < 2¢ — 2, two more sub-cases must be examined, Cases 3 and 4:

Case 3. If
24+d

<
1 =

N~

/
and §<1+s§€,
we have

’
2

2(L—s—1) , 25424
[ 1/2 £
‘ HAZQTA v
2

HA¥QTA”2U<J‘)H <C HAéerAlﬂu(j)‘
2

1/2 L 1/2
HAHSeTA v ‘ <C HAZeTA v
2

,
and therefore

’ (eTA1/2N;,*(U(1); u(2)7 e 7u(p)7 'U)a eTA1/2A£w> ’

p . 2(t=s-1) 254224 (415)
<cII|asu®| [ato] T |4t A"l
]:1 T T
Case 4. If oig ¢ '
Z <§ and 1§1—|—3§§,
we obtain
HA%deTAI/QUmH <c HAéeTA”Qu@’ 7
2 2
HAHSeTAl/sz <C HA%eTAmv
2~ 2’
and thus

p
‘ (eTAl/zN;,*(u(l)y u(2)7 e 7u(p)’ U)7 eTAl/ZAéU}) ‘ S C H ‘Aéu(])
Jj=1

A%v‘ |A€w’7_ .
T

T

(4.16)
The proof of Lemma 4.2 is finished. O

We summarize the analysis of the nonlinear terms in the following result:

Corollary 4.3. Suppose that Condition 1 holds, ¢ € D(AKeTAl/z), { € N+ 2
pe?2N+4, s€{0,1}, A= —A. Let N be as defined in (3.2). Then

’ (eTAl/ZNw% eTAl/QA%)

for some constant Ci3 > 0 that depends upon the parameters p and £, where

< Cua|atg| A%, (4.17)

(44727d)(p;§)+4(67175) if {;jff;;} (Case 1)
- roreglemaeat e fa22 (Ogge 9)
1= w if {gdfff;;e} (Case 3)
A Y B

(d—2€+2)(g22)+4(8+1) if {%dsz;;é} (Case 1)
R A ST

oy = 242 if {gdfff;éz} (Case 3)
1 if {‘Ei?;} (Case 4)



GLOBAL-IN-TIME GEVREY REGULARITY SOLUTION 1703

Remark 4.4. Observe that we always have 01 4+ 02 = p, regardless of the case.
Because of Condition 1, all of the exponents in the last corollary are non-negative.
4.2. A local-in-time solution with Gevrey regularity.

Definition 4.5. We say that Condition 2 holds iff o9 = p — 01 < 2.

The following theorem is the main result of this section.

Theorem 4.6. Suppose that Conditions 1 and 2 hold, and assume that ¢° €
D(A€/2). Then there exists Ty that depends upon HAZ/%SO’ 5> Such that the weak

solution is reqular and unique on (0,T.), and t — e'A""*¢(t) is analytic on (0,T,).

Proof. Considering the Galerkin approximation, ¢as(7), constructed earlier, we take
the scalar inner product of (3.19) with Apy/(7) in the space D(eTA1/2):

0= (" par (), A4 91 (0)) + (T N (6ar), AT s ()
14
3 (T A (), AT g (7)) + £ (7 Al (7), AT (7))
j=1

(4.19)

The terms above are evaluated as follows. For the time-derivative term, using
Caucy’s inequality, and Lemma 2.2, we have

(74 0 (r), A" o (7))

= (afa, [ on ()]~ AT e g (), T4 A g (7))

t=1

- %% ‘A%eTA1/2¢M(T)‘ z B (AHTleTAl/2¢M(T)7AgeTAl/z(bM(T))

_ %dir A i _ (A%qﬁM(T),AgdﬁM(T))T (4.20)
> %% A% i - § ‘AHquSM(T)’i - % ‘A%st(T) i

> g o) 5 o] 77 Iaoul - slatontoe

2 i o - (552 Wowo - (57) Wowol

For the surface diffusion term, we have

£2 (eTA“A%M(T), AfeTA“qu(T)) — 2 | Alpu ()] (4.21)
For the linear terms, we have
aj (742 406y (7), A'T 01 (7)) < oyl |4V, |40, (4.22)

for1<j<¢—1. Now,ifjgg,weget

las1 - | A 0ne |, | AGut |, < Clay - |ASon|_[A6na],

) (4.23)

r

b0+ G 14on]
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Ife>j5> g, using Lemma 2.2, we have

2(4’ J)

a5l [T, [A6na], < Clayl-|Abons| T [Aon]

(4.24)
<C14‘A2¢M’ Ae(ﬁ }

We now use the nonlinear estimate given by (4.17) in Corollary 4.3. Considering
Condition 2, we have using Young’s inequality,

(e W), A g1 (7)) < s \Aé‘ﬁM\al \A%M!”
o (4.25)

<Cys P42 ‘A%M’

Putting together estimates (4.20), (4.21), (4.23), (4.24) and (4.25) we have

g2 g2
+(52_4_8_ ) ‘A€¢M| < Cie +Cl7‘A2¢M‘
(4.26)
This in turn gives
201 , 9
‘AzgsM‘ < O +Cl7’A5¢M‘ : (4.27)
2 dT

Set v1 1= . Observe that, since 0 < g3 < 2 (Condition 2) and

p>4 (Condltlon 1),

p—0o2 _ p—2

= 1>
2—0’2 2—0’2+

= (4.28)

it follows that

2
In particular, 1 — 1 > 49 > 1. Setting y(7) := 1+ ‘A§¢M(T) ,
-

y/ S ClBy’Yl?

for some Cig > 0. Then we have the estimates

1

1 v1-1 V2
() = (1 —(n - 1)01872/”1_1(0)) v(0) < <1 - 720187y72(0)> y(0,
(4.29)

valid for 0 < 7 < T}, where
1 < 1
(11 = 1)Cisy™1(0) ~ 72C1sy72(0)
Using the stability of the L? projection, this result implies the uniform (in M)
estimate
2
y(r) =1+ |Afou(7)
for 0 < 7 < Tj, where,

on—1_ 1 . 2\ 17
Ty:= 1 HAE H
2 27171(’}/1 — 1)618 ( + (bO 2

< s (atewo) T

Tl =

¢ 2 ¢ 2
< 2y(0) =242 HAEW(O)H2 <242 HAM(O)\ L
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Thus ¢y (1) € D (Age”‘l/z), for all 7 € [0, T3], uniformly in M, provided ¢g €

D (af).

We can now extract a further subsequence of ¢5; and pass to limits to obtain
our estimates for the limit point ¢, which is observed to be Gevrey regular on the
time interval (0,7%). The uniqueness analysis of the Gevrey regularity solution is
straightforward, due to the high order regularity. The details are left to interested
readers. The theorem is proven with T, = T5. O

5. Global-in-time existence of a Gevrey regularity solution. Note that the
existence time interval length T, in Theorem 4.6 for the Gevrey regularity solu-

tion depends on the initial data, specifically HA%%H . To obtain a global-in-time
2

solution with Gevrey regularity, we have to establish a uniform-in-time bound for

HA%qb(t)‘ , so that the constructed solution can be extended to any time. For the

2

case s = 0, this follows from Theorem 3.8 immediately, and we have the following:

Theorem 5.1. Suppose that Conditions 1 and 2 hold, and assume that ¢° €
D(Ae/z). If s =0, then there exists a unique global-in-time Gevrey reqular solution
to (1.4).
To establish a uniform-in-time bound for HA%(b(t)H for the case s = 1, we will
2

need another condition, namely

Definition 5.2. We say that Condition 3 holds iff when s =1,
2412 <t if d=1,

(p—2)(d2—1)+4<20 if d>2. (5.1)

Theorem 5.3. Suppose that Conditions 1 — 3 hold, s = 1, and ¢° € Io{f;er(Q) =
D (AZ/Q). Then the weak solution ¢ has the additional regularity ¢ € L (0,T;
HY (Q)), however large the final time T may be. Furthermore, we have the

per

uniform-in-time bound
|45, < Cuo, (5:2)
for allt > 0, where Cig is independent of t.

Proof. For simplicity, we only focus on the case of odd ¢. The case with an even ¢
can be handled in a similar way. Taking the inner product of (3.19) with —Afpy,
gives

Ohpar, —A'our) + €7 HA%MHi

—1 ©/2
:Zaj(*l)j (AjQSMvAZQSM) - Aed)M’ZCQjN;j(QsM) . (5.3)
Jj=1 j=2

For the temporal derivative term, since £ is odd, we have

(6, —A'bur) = (VAT 611, VAT 6r) = %dt HVAZ_quSMHZ. (5.4)
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For the lower-order linear terms, we start from an application of Cauchy’s inequality:

s (&7 énr, A Gar) | <lag| - (|87 Gl [ A Gl

(C=Das| i, 12 2 (5.5)
e L L
for all 1 < j < ¢—1. Using (3.22), we have
A7 ¢ar|ls < Co, for 1< < K_Tl (5.6)

Using Lemma 2.2, Young’s inequality, and (3.22), for % < j </{—1, we observe
that

4j—-2(£—1)

A7 s < T Aty BT < Cl)Co +gllatel?, (5:7)
for any v; > 0, for some C = C(y;) > 0, where we have used p = 2(Zé+_1j) and
4= 5= £ '&1 i) in Young’s inequality. Thus

(L =Dlajl  nj, 2 € —=1)la;j|Co (-1
E Dl prgy g <E=l g i< B0 (5:5)
(C=Dlagl 1 xj. 2 €= D]as|C(v)Co e 02
e2 : HAJ¢MH2S e2 +2(g_1) HA ¢M‘2’
for HT1< </{-1. (5.9)
Here we have taken A
€
%= g (5.10)
T2(0— 1) ay)
Putting (5.8) — (5.9) into (5.5) yields
-1 -
aj(=1)7 (AT, Aonr)
j=1
= (¢ = Dlajl |« . (¢ = Dlajl | «j 2 e 2 (5.11)
< e2 HA ¢M||2+ Z 2 HA ¢M||2+ZHA ¢||2
j=1 payreh

2 2 2
< S+ 5 aon 2+ S a%oul2 = 51+ 5 1A%

Sy = Z|a3|+ Z |a;|C(v5)

s £+1
]7+

Now, turning our attention to the nonlinear terms, we see that, after some tedious
computations — see, in particular, (4.4) — and the application of some Sobolev
inequalities, for even number p, 2 <p < p — 2,

1A (Y - ((Véal” Vo)l
< C(lonllfyre - Nonell e + lonlfiie - lontlhpae - lonlls — (5.12)

2
ol - o poe - Nonll e )-
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Recall the Sobolev embedding inequalities in R?: for any 1 € Hg‘jrd/QM( Q), >0,

1 € WE(Q) and, for some C' = C(8) > 0,

per
[llyyeoe < CO) N0 grsasors - (5.13)

By Condition 1, £ — 1 > 2, and we have, for all ¢ > 0,
pas (t)l[3r2 < C'llpas (£)l[ 57— < CCy = Cng. (5.14)

In addition, since s = 1, Condition 1 ensures that 2 + d/2 < 4 + d/2 < 2¢. Thus,
there is a 6 > 0 such that 2 + d/2 + § < 2. In particular any 0 < § < 2 works,
though we will see that we need to make § as small as possible for the results to be
most meaningful. The following interpolation inequality can be derived

20—2—-d/2-4§ d/245 2¢—2-d/2—5 d/245
parll goraers < Clloall " - ldmllgae” < CCox * ™ Nlbarll g -
(5.15)

To estimate |[¢ar|| 144245 we will need two cases. Case 1: d = 1. In this case, for
small 9,

H¢M||H1+d/2+6 <C ||¢MHH2 < CCy. (5~16)

Case 2: d > 2. In this case, for any 0 < § < 1,2 < 1+ 4d/2+4§ < 2¢, and we have
the interpolation inequality

20—1-d/2-5 d/2485-1 20—1-d/2-5 d/2485-1
||¢M ||H1+d/2+6 < C ||¢M||H22(£71) ||¢M||I;2(§ Y < CCQO e H(bM”I;z(ﬁ R )
(5.17)
Since 2 < 3,4 < 2/, we also have
2(£—2)+1 2(£—2)+1
= 7 [ 7
sl < Clindll i - loarllZo™ < CCo™ 7 [lps IIEw Y. (518)
2(6—2) 2(£—2)
onrllzza < Cllonllizp" H¢M||§}§e VS CCy% Y Nlom ||§.}§e V. (5.19)

Substitution of these estimates into (5.12) leads to

d/2454+1

L for d=1
V@], = A (- (Voul? Varlly < ¢4 190l
||¢M||H2£2“71) for d>2
(5.20)

for all even integers p satisfying 2 < p < p — 2. Therefore, for some Cy; > 0, and
for any 0 < 6 <1,

B
IN(oar)lly < Cor || A9, (5.21)
where s
d/2+6+1
B e for d=1
B=19 (o2 (@rs-1)+2 for d>2 ° (5.22)
sy for d=2
where the following norm equivalence was applied in the last step:
9]l e < C|A[|, = C 11l pacy » (5.23)

for all 1 € D(AY) = H*(Q). Finally, for some Cs3 > 0, we have

(5.24)

27

2
(A0n, N (ow)) < [%u], - Cor |A6ul] < O+ 5 A%

provided 8 < 1. Observe that, if Condition 3 holds, there is always some 0 < § < 1
that ensures that 5 < 1.
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Finally, a combination of (5.3), (5.4), (5.11) and (5.24) results in

-t 201 500 2
ae [T o ||+ 52 [|A%0u | < Cs. (5.25)

_ 2
Setting y(t) := HVAZTld)MH and making use of the elliptic regularity
2

-1 2 2
HVAZQ ¢MH <Ay, (5.26)
for every ¢ € H2 (), we arrive at
dey(t) +y(t) < Cau, (5.27)

where Cy4 > 0 is independent of ¢t > 0. Integrating in time yields

=1 2 _ -1 2
VA ¢>M(0)H2+024 <et|vass ¢(0)H2+024.
(5.28)

is available. We

1 2
e = [7% ot =

Therefore, a global-in-time, uniform in M bound of HA§¢M(7§)

can now extract a further subsequence of the Galerkin approximation and pass to
limits to establish the bound for the weak solution, ¢. The proof is complete. [

As a consequence of Theorem 4.6 and Theorem 5.3, we arrive at the following
theorem, the main result of this paper.

Theorem 5.4. Suppose that Conditions 1 — 8, s = 1, and ¢° € Ifféer(Q) =
D (Af/z). Then there exists a unique global-in-time Gevrey regular solution to (1.4).

Remark 5.5. For the local-in-time solution, the mapping ¢ — etAl/zcﬁ(t) is ana-
lytic within the time interval (0,7T,). Meanwhile, let us denote by T, the Gevrey
regularity solution existence time interval length, determined by Theorem 4.6, with
||AZ/2<;50||2 < Chg, where C1g > 0 is given in Theorem 5.3. After time T, we can

only ensure that the norm of eT**A1/2¢>(t) is bounded; we cannot ensure, by the
present theory, that the norm of etAmcﬁ(t) is bounded for large time.

Remark 5.6. Before we conclude, let us check that Conditions 1 — 3 are not so
stringent as to exclude all of the interesting PDE’s introduced earlier.

e For the Slope Selection (SS) epitaxial thin film growth model (1.7), we have
the parameters, s = 0, £ = 2 and p = 4 in d = 2. Condition 1 is easily
satisfied. For the calculation of exponents, we are in Case 4, and o9 = 1.
Thus Condition 2 is satisfied. Condition 3 is not applicable.

e One can envision an SS epitaxial growth model with s =0,/ =2 and p =6
in d = 2 [43]. Thus the highest nonlinear term is a 6-laplacian. Again,
Conditions 1 is easily satisfied. For the calculation of exponents, we are again
in Case 4, and o9 = 1. Conditions 1 and 2 are satisfied. Condition 3 is not
applicable.

e For the regularized Cross-Newell (RCN) equation, the parameters are the
same as the SS equation (in fact the equation is the same), but the dimension
d = 3 may be appropriate. In this instance, Conditions 1 is satisfied. For the
RCN equation with d = 3, oo = 3/2 and Condition 2 is also satisfied. Here
exponents are calculated according to Case 2. Condition 3 is not applicable.
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e We can imagine an RCN-type equation with the following parameters: s = 0,
{ =2, p=06,and d = 3. The exponents are covered by Case 1, and o, = 2.
Unfortunately, our analysis does not cover this model, since Condition 2 fails
to hold. Condition 3 is not applicable.

e For the SPFC model (1.8), we have the parameters d = 3, s = 1, £ = 3 and
p = 4. Condition 1 is satisfied. The exponents are covered by Case 3, and
o9 = 4/3, showing that Condition 2 is once again satisfied. Condition 3 is
also satisfied, since

(p—2)(42—1)+4=5<6=20

Remark 5.7. For a gradient flow with the Allen-Cahn/Cahn-Hilliard type energy

1 a1 2 e? 2
E(¢) = 7llolli = 5llgllz + S Vel (5.29)

we see that the global-in-time Gevrey regularity solution could be derived in the
same manner, based on the fact that the degree of nonlinearity associated with ||¢||
is much lower than that of ||V}

On the other hand, the Gevrey regularity for the Cahn-Hilliard equation has
already been proved in an existing work [36].

Remark 5.8. For the sake of comparison with the Slope Selection (SS) model
(1.7), the energy for the No-Slope-Selection (NSS) epitaxial thin film growth model
is given by

1 2
E(9) :/ <2ln(1+ Vo) + Z(Agf))z) dx, (5.30)
Q
which includes a logarithmic term. The L? gradient flow with respect to this energy
is
Vo
Ohp=—p=—0,E=-V-—=— | —c2A%¢p. 5.31

For the NSS model (5.31), the existence of a global-in-time smooth solution has
been established in [30]. However, the framework to establish the Gevrey regularity
solution, as presented in this article, can not be directly applied to this problem. The
primary difficulty derives from the fact that the preliminary estimate Lemma 4.2
is not available for this gradient flow, since the nonlinear term in (5.31) is not in
a polynomial pattern; instead, the nonlinear denominator makes a Fourier-type-
analysis not feasible any more.

The analysis of the analytic solution for the NSS model (5.31) will be explored
in a future work. The techniques related to the analyticity radius for nonlinear
parabolic equations in a bounded domain, as reported by [4, 17, 22, 23, 24], are
expected to be useful for this work.
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