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ARTICLE INFO ABSTRACT

MSC: We present an optimal rate convergence analysis for a second order accurate in time, fully
35K35 discrete finite difference scheme for the Cahn-Hilliard-Navier—Stokes (CHNS) system, combined
35K55 with logarithmic Flory-Huggins energy potential. The numerical scheme has been recently
49740 proposed, and the positivity-preserving property of the logarithmic arguments, as well as the
nggg total energy stability, have been theoretically justified. In this paper, we rigorously prove
Keywords: second order convergence of the proposed numerical scheme, in both time and space. Since

the CHNS is a coupled system, the standard #%(0,T;#?) n £2(0,T; H}f) error estimate could not
be easily derived, due to the lack of regularity to control the numerical error associated with
the coupled terms. Instead, the #*(0,T; H ,‘l) ne20,T; H 2) error analysis for the phase variable

Cahn-Hilliard-Navier-Stokes system
Flory-Huggins energy potential
Crank—Nicolson approximation

Optimal rate convergence analysis and the #*(0,T;¢?) analysis for the velocity vector, which shares the same regularity as the
Higher order asymptotic expansion energy estimate, is more suitable to pass through the nonlinear analysis for the error terms
Rough and refined error estimates associated with the coupled physical process. Furthermore, the highly nonlinear and singular

nature of the logarithmic error terms makes the convergence analysis even more challenging,
since a uniform distance between the numerical solution and the singular limit values of is
needed for the associated error estimate. Many highly non-standard estimates, such as a higher
order asymptotic expansion of the numerical solution (up to the third order accuracy in time
and fourth order in space), combined with a rough error estimate (to establish the maximum
norm bound for the phase variable), as well as a refined error estimate, have to be carried
out to conclude the desired convergence result. To our knowledge, it will be the first work
to establish an optimal rate convergence estimate for the Cahn-Hilliard-Navier-Stokes system
with a singular energy potential.

1. Introduction

A bounded domain 2 ¢ R? (d =2 or d = 3) is considered. For simplicity, it is assumed that 2 = (0, 1)?, and an extension to the
three-dimensional (3-D) domain would be straightforward.
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In the phase field formulation, a point-wise bound, —1 < ¢ < 1, is assumed for the phase variable ¢. For any ¢ € H'(Q) with
this bound, the Flory-Huggins free energy is given by

2
E(@) =/ <<1 +¢)In(1 + )+ (1 — @) In(1 — ) — %4)2 + %|V¢|2> dx, (1.1)
Q

in which ¢ > 0, 6, > 0 are certain physical parameter constants associated with the diffuse interface width and inverse temperature,
respectively; see the related Refs. [1-4], etc.

In addition to the phase field evolution, the fluid motion has to be considered in the physical process. In particular, the dynamical
equations of the Cahn-Hilliard-Navier-Stokes (CHNS) system [5] are formulated as

u,+u-Vu+Vp—vdu=—y¢pVy, 1.2)
¢+ V- (du) = Ap, (1.3)
ui=084E =In(1 + ¢) — In(1 — ) — Oy¢p — € A, (1.4)
V-u=0, 1.5)

with no-flux and no-penetration free-slip boundary conditions:
0,p=0,u=0, u-n=09,u-7)=0, on a2 x0TI (1.6)

In this system, u is the advective velocity, p is the pressure variable, and v > 0 is the kinematic viscosity. The constant y > 0 is
associated with surface tension, and term —y¢Vyu corresponds to a diffuse interface approximation of the singular surface force.
Moreover, the following energy dissipation law could be carefully derived for this coupled physical system:

v 1
Elya®) == / IVulPdx - = / IVulPdx <0, Eypg = E(@) + 5= [ull* a7
Q vJa 4

See the related PDE analysis works of various phase-field-fluid coupled system [5-7], etc.

An efficient and energy stable numerical approximation to the Cahn-Hilliard—-Navier—Stokes (CHNS) system has always been
an attractive and challenging issue, due to the highly coupled nature between the phase field evolution and fluid motion.
Many linear, decoupled and energy stable numerical schemes have been applied to the CHNS system [8-18], with a polynomial
approximation to the energy potential in the phase field formulation. With such a polynomial approximation, the singularity issue
of the energy functional has been avoided, and the linear and decoupled numerical solvers have demonstrated its advantages in
terms of computational efficiency. However, an extension of this idea to the Flory-Huggins—-Cahn-Hilliard-Navier-Stokes (FHCHNS)
system (1.2)—(1.5) will face a serious difficulty, which comes from the singularity of the logarithmic term in the Flory-Huggins
energy formulation. For example, the numerical solutions created by either the linear stabilization method [12], the invariant
energy quadratization (IEQ) method [16], or scalar auxiliary variable (SAV) method [15], may not preserve the positivity of the
phase variable at the next time step, so that the energy could even not be defined after a single-step computation. Of course,
many remedy efforts may be made, such as an extension of the energy functional definition even if the phase variable does not
preserve the positivity. On the other hand, these efforts may introduce non-physical solutions in the long-time simulation, so that
a theoretical justification of both the positivity-preserving property and energy stability for the FHCHNS system has always been
highly desirable. To accomplish these theoretical properties, an implicit treatment for the nonlinear and singular terms turns out
to be necessary. In fact, for various Cahn-Hilliard-Fluid physical systems, with a polynomial approximation in the energy potential
expansion, such an implicit numerical approach, so called the convex splitting method, has been widely used, while both the energy
stability and optimal rate convergence analysis have been extensively reported [19-25]. Meanwhile, most existing numerical works
for the Cahn-Hilliard-Fluid system have focused on the polynomial approximation version, and a theoretical numerical analysis
of the FHCHNS system, with a logarithmic energy potential, has been very limited. A pioneering work [26] proposes a first order
accurate (in time) numerical scheme for the FHCHNS system (1.2)—(1.5), in which the convex splitting approach is employed to the
chemical potential in the phase field part, and semi-implicit discretization is applied to the fluid convection and coupled terms in
the physical system. Both the positivity-preserving and total energy stability properties have been proved, and this work provides
a theoretical analysis for the FHCHNS system (1.2)-(1.5), for the first time in the existing literature.

Moreover, a second order (in time) numerical approximation to the (FHCHNS) system (1.2)-(1.5) turns out to be highly non-
trivial, since a second order numerical design for the nonlinear logarithmic terms would be very challenging to preserve both
the positivity-preserving property and the total energy stability. Such a second order accurate, finite difference scheme has been
proposed in a recent article [27], with both of these theoretical properties rigorously established. In more details, a modified Crank-
Nicolson approximation is applied to the singular logarithmic nonlinear term, while the expansive term is updated by an explicit
second order Adams-Bashforth extrapolation, and an alternate temporal stencil is used for the surface diffusion term. Furthermore,
a nonlinear artificial regularization term is added in the chemical potential approximation, and this term ensures the positivity-
preserving property for the logarithmic arguments. The convective term in the phase field evolutionary equation is updated in a
semi-implicit way, with second order accurate temporal approximation. The fluid momentum equation could also be computed by a
semi-implicit algorithm. The resulting numerical system is proven to be uniquely solvable, positivity-preserving and unconditionally
stable in terms of total energy. In fact, an iteration process is constructed to establish these theoretical properties.

A few interesting numerical simulation results have been presented. On the other hand, the convergence analysis for the FHCHNS
system (1.2)—(1.5) remained an open problem, even for the first order accurate scheme. In this article, we provide an optimal rate



W. Chen et al. Journal of Computational and Applied Mathematics 450 (2024) 115981

convergence analysis for the fully discrete second order scheme formulated in [27], which is shown to be second order accurate
in both time and space. Because of the highly coupled nature of the CHNS system, the standard #°(0,T;#?) n fZ(O,T;H}f) error
estimate could not pass through, which comes from the lack of regularity to control the error inner products associated with
the nonlinear coupled terms in the phase evolutionary equation and the momentum equation. To overcome this difficulty, the
£°0,T; H ,") n2%0,T; H;) error analysis, which shares the same regularity as the energy estimate, would be appropriate to pass
through the associated nonlinear analysis; see the related reference works [19-22,25,28], etc. Meanwhile, all these existing error
estimate works for the phase field-fluid coupled system have been associated with the polynomial approximation in the free energy
expansion. In comparison, for the CHNS system (1.2)-(1.5) with Flory—-Huggins energy potential, the highly nonlinear and singular
nature of the logarithmic error terms makes the convergence analysis even more challenging. In particular, a uniform distance
between the numerical solution and the singular limit values of +1 is needed to pass through the associated error estimate. In turn,
many highly non-standard techniques have to be involved in the theoretical analysis. First, a higher order asymptotic expansion,
up to third order accuracy in time and fourth order accuracy in space, has to be performed with a careful linearization technique.
Such a higher order asymptotic expansion enables one to obtain a rough error estimate, so that to the maximum norm bound for
the phase variable could be derived. As a direct consequence, this maximum norm bound ensures a uniform distance between the
numerical solution and the singular limit values, which will play a crucial role in the subsequent analysis. Finally, a refined error
estimate is carried out to accomplish the desired convergence result. To our knowledge, this will be the first work to provide an
optimal rate convergence estimate for the Cahn-Hilliard-Navier-Stokes system with singular energy potential.

The rest of the article is organized as follows. In Section 2, we review the fully discrete finite difference scheme and state the main
theoretical result. The optimal rate convergence analysis and error estimate are presented in Section 3. Finally, some concluding
remarks are made in Section 4.

2. Numerical scheme
2.1. The finite difference spatial discretization

For simplicity, we only consider the two dimensional domain £ = (0, 1)2. The three dimensional case can be similarly extended.
In this domain, we denote the uniform spatial grid size h = %, with N a positive integer. To facilitate the theoretical analysis, the
marker and cell (MAC) grid [29] is used: the phase variable ¢, the chemical potential 4 and the pressure field p are defined on the
cell-centered mesh points ((: + %) h, ( Jj+ %h)) , 0 <i, j < N; for the velocity field u = (u*, «”), the x-component of the velocity

will be defined at the east-west cell edge points (ih, ( j+ %h)) 0<i<N+1, 0<j <N, while the y-component of the velocity

is located at the north-south cell edge points ((z + %) h, jh).

1

For a function f(x,y), the notation fl_+1 el represents the value of f ((1 + %) h, <j + 5) h). Of course, f,-+1 » /i el could be
27 2 2’ ’ 2

+
similarly introduced. In turn, the following difference operators are introduced:

/; =fi1 1 /; -/

11 1.1 1.1
i+5,j+5 i—3.j+ it5,jt5 it5,j=5
c _ 2°/72 2°/73 c _ 2°J73 2272
e G - : @1
fi+1']_f"] [ —f 1
N SJ+5 iLj+5 iLj+5 iLj—5
OEDt gt == P = @2
=f fooo .. =f.1.
s _ +5.J i=5.J s _ i+5,j+1 i+3.J
(D f)yy=——— (D] f)i%#% = 7 (2.3)

The boundary formulas may vary with different boundary conditions. With homogeneous Neumann boundary condition, (2.1)
becomes

(DL syt = Dy 1 = (D511 o = D51y =00 (2.4)

0,j+3 N.j+3
The associated formulas for (2.2)-(2.3) could be analogously derived.

In turn, with a careful evaluation of boundary differentiation formula (2.4), the discrete boundary condition associated with
cell-centered function is given by the following definition, in which the “ghost” points are involved. The boundary formulas for the

edge-centered function could be similarly derived.

Definition 2.1. A cell-centered function ¢ is said to satisfy homogeneous Neumann boundary condition, and we write n-V,¢ =0,
iff ¢ satisfies

¢

=1l Onylyd T O 1 Byl 1= Gl N1 =y L

=

. 1
Jt+ 3

[SIE
[SIES

A discrete function f = (f*, f¥)T, with two components evaluated at east-west and north-south mesh points, is said to satisfy
no-penetration boundary condition, n - f = 0, iff we have
f =f =0 f, = =0,

1 1 .
0.j+3 N.j+3 i+3.0 i+5.N
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and it is said to satisfy free-slip boundary condition iff we have

X — X X — y Yy y y
fi”% - f"’%’ f“‘” iN-3 s -1 f‘, fN+ J fol g
In addition, the long stencil dlfference operator is also defined on the east-west cell edge points and north-south cell edge points:
Jit et =iy 41 foo1 o= f1
~ _ sJts il j+3 i+3,j+1 i+5,j-1
(Dxf)i'j% I T b f),+7 e v e— (2.5
With homogeneous Dirichlet boundary condition, (2.5) could be written as
APV el N B PR
~ _ J*3 —1,]+§ _ lr,j+§
(Dxf)oyj% = o = (2.6)
fN+l L1 —f L1 f L1
jts N—l,]+§ N—l,j+§
D = =- s 2.7
Dy i+ ! 7 7 2.7)
~ f:+%,1_fi+%,—1 fi+%,|
(Dyf),,r%'o = o = 2.8)
- fi+%,N+l _fi+%,N—1 fi+%.N—1
(Dyf),.%’N = h i (2.9)
For a grid function f, the discrete gradient operator is defined as
T
Vit = (0L, @) (2.10)

where ¢ = ¢, ew, ns may depend on the choice of f. The discrete divergence operator of a vector grid function u, defined on the
cell-centered points, turns out to be

(V,,-u),_+ il = (D{uY),, 4l + (D)), . (2.11)
2

The five point standard Laplac1an operator is stralghtforward:

(Ahf)r’s _ fr+l,s + frfl,s + f2;+1 + fr,sfl - 4frr,s , (212)
where (r, s) may refer to (i + —, Jj+ ), (i + —, j)and (i, j+ 5 )
For u = *, w)7, v = (0%, vy)T located at the staggered mesh points respectively, and the cell centered variables ¢, u, the
nonlinear terms are evaluated as follows [27]:

ut DY+ A Dot
ity Lty ij+y Y ity
2 - zy ) - 2, (2.13)
Ay | Dyv +u Dy
3.0 s Lty i3]

u-V,v=

T ﬁx(uxvx)i,j+% + Dy(Axy”y”x)i,H%
Vi) =] . - < s (2.14)
Dx(Axyu 12 )i+%,j +Dy(u U )H—% j

D AD), 1

Ap bV = , (2.15)
D5 A1

Vi (Agpw) = DAY, 1 1+ DE@AD), (2.16)
where the averaging operators are given by
X _ l X X X X
AxyuH%’j =7 (uiyj_% + ui¢j+% + ui+1,j—% + ui+1’j+%> , (2.17)
1
Ax¢l.j+% = E <¢i—%,j+% +¢i+%,j+%> . (2.18)

A few other average terms, such as A, |, A ¢ 4l ., could be similarly defined.
+ 1

In addition, the discrete inner product needs to be defmed to facilitate the theoretical analysis. Let f, g be two grid functions
evaluated on the cell-center points, the discrete #? inner product is given by

{f, g>c_hzzz il 8l el (2.19)

i=1 j=
If f, g are evaluated on the east-west points, (2.19) becomes:

(f 8o = 1 Z Z R ne (2.20)

i=1 j=
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If f, g are evaluated on the north-south points, (2.19) shifts into:

N
DI (2.21)

1j=

™M=

(fr8)s =1

i

Similarly, for two vector grid functions u = (*, u”), v = (v*, v”)T whose components are evaluated on east-west and north-south

respectively, the vector inner product is defined as
(u’ V>l = <MX’ Ux)ew + <uy’ Uy>n5 . (2.22)

Consequently, the discrete #2 norms, || - ||, can be naturally introduced. Furthermore, the discrete #?, 1 < p < co norms are needed
in the nonlinear analysis. For (r, s) = (i + % Jj+ %), (i + % jor (i, j+ %), we introduce

N N 1
Il s=max | 170, = (X D 5al’)?s 1<p<w, (223)

’ r=0 s=0
The discrete average is defined as f := (f,1),, for any cell centered function f. Moreover, an {-,-)_ 1» inner product and || - ||_;

norm need to be introduced to facilitate the analysis in later sections. For any ¢ € C, := {f1{f. 1), =0}, we define

(@1,0)_1p =01, 40 ' 02) e N@ll_1 = V(@ (=471 (@), (2.24)

where the operator 4, is paired with discrete homogeneous Neumann boundary condition.
The following summation by parts formula has been derived in [27]. We recall these formulas, which will be useful in the
convergence analysis.

Lemma 2.1 ([27]). For two discrete grid vector functions u = (u*, u”), v = (v*, v¥), where u*, u¥ and v*, v’ are defined on east-west
and north-south respectively, and two cell centered functions f, g, the following identities are valid, if u, v, f, g are equipped with periodic
boundary condition, or u, v are implemented with homogeneous Dirichlet boundary condition and homogeneous Neumann boundary condition
is imposed for f and g:

(v,u-Vuv), + <v, Vi ~(vuT)>1 =0, (2.25)
(W, V,f), =0, if V,-u=0, (2.26)
(v, 4%, = Vvl (2.27)
(2.28)

— (& V- (Apfu)), = (0, A fVy8), . (2.29)

The following Poincaré-type inequality will be useful in the later analysis.
Proposition 2.1. (1) There are constants Cy, C; > 0, independent of h > 0, such that ||¢ll, < Cy||Vid|lp IPll_1n < Cili@lly, for all
pelqi={fI(f ) =0}

(2) For a velocity vector v, with a discrete no-penetration boundary condition v-n = 0 on 0£2, a similar Poincaré inequality is also valid:
lvll, < Cy ||V, with Cy only dependent on <.

2.2. The second order numerical scheme and the main theoretical results

The second order in time accurate scheme has been proposed in [27]. Given u" = ((u*)", (*)"), u"~! = ((@*)"!, @*)"~!) evaluated

at the MAC staggered grid, and p", ¢", ¢"~! located at the cell-centered grid, with ||¢" ||, ‘ ¢! ” < 1, we aim to find @™, w1,
p™t1, ¢! that satisfy
ﬁn+l—un 1 (o ntk ~ntl [ NI Ry 5 T
—+3 (u 1.Vt 4y, (u"+2(u +2)T>) + V" — va, a2
1 1
=y A"V, (2.30)
n+1 n 1
¢ . ¢ +Vh' (.A ¢n+ An+ )=Ah”n+§, (231)
1 nt+ly _ n _ gty _ Y]
Mn+§=G(1+¢ ) G(1+¢)+G(1 ") -G ¢)_00 Fntl eA,,qb"*
¢n+1 — ¢n ¢n+1 — ¢n
+T(N@TH-N@), (2.32)
n+l _ fntl
u a lV,,(p"“ —p =0, (2.33)
T 2
v, -utl =0, (2.34)
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where

TS VR VO VIS P VI v

2 2 2 2 4 4 (2.35)
1 — 1 °

"tz = %u" - %u"_', a2 = %ﬁ"*l + %u”, G(x) = xIn(x),

with the discrete boundary conditions:
1
(un+l : n)l[" = 0’ an(un-H : T) = 05 an¢n+l |1' = anl'ln+z |F =0. (2'36)

The nonlinear term N'(¢") in (2.32) represents an increasing function within ¢" € (—1,1), and possesses singularity at +1, for
instance, we can choose N'(¢") = In(1 + ¢") — In(1 — ¢").

At the initial time step, we could take a backward evaluation of the PDE system to obtain a locally second order accurate
approximation to ¢~!. In turn, a numerical implementation of the proposed algorithm (2.30)—(2.34) leads to a second order local
truncation error at n = 0.

It is clear that the phase variable satisfies the mass conservation property, i.e.,

P = @t = e = g0, (2.37)

To facilitate the later analysis, the following smooth function is introduced: for any a > 0,
_ G(x) - G(a)

X—a

F,(x) : Vx > 0. (2.38)

Therefore, the chemical potential approximation (2.32) can be represented as:
1 L =pgl
”n+§ =F1+¢,.(1 + ¢n+l) _ Fl—(/)”(] _ ¢n+l) _ 90¢n+2 _ €2Ah¢ +2 (2 39)
+7 (M@= N(@").

Moreover, the following results are useful in the convergence analysis:

Lemma 2.2 ([27,30]). Let a > 0 be fixed, then
’ _ ' 0)(x-a)—-(G(x)—G(a))
1. Fj(x)= SO0 C0-0@)
2. F,(x) is an increasing function of x, and F,(x) < F,(a) =Ina+1 forany 0 < x < a.
3. Fl(x)= 21_;7’ for some n between a and x.

>0, for any x > 0.

The positivity-preserving property and unique solvability has been established in [27].

Theorem 2.1 ([27]). Given cell-centered functions ¢", ¢"~', with ||¢"| . |
cell-centered solution ¢™*' to (2.30)—(2.34), with )q.’;"“ H < 1, and ¢! = g,.

q&”‘l”m <land¢" = ¢! = Py < 1, then there exists a unique

Remark 2.1. The proposed chemical potential approximation (2.32) is based on a modified Crank—Nicolson discretization, combined
with a nonlinear artificial regularization. Such a nonlinear artificial regularization leads to an implicit treatment for the singular
logarithmic terms, which in turn ensures the positivity-preserving and unique solvability properties. This technique has been widely
used in various gradient flows, including the Cahn-Hilliard equation with Flory-Huggins potential [30-38], the liquid film droplet
model [39], the Poisson-Nernst-Planck system [40-43], the reaction—diffusion system [44-46], etc. The convex nature of the
singular energy part prevents the numerical solution approach the singular limit values of +1, which turns out to be the key point
in the theoretical arguments.

Now we proceed into the convergence analysis. For the CHNS system (1.2)-(1.5), the existence of a global-in-time weak solution
has been proved in [5], under a polynomial approximation to the double well energy potential. The weak solution to the CHNS
system with a Flory-Huggins phase field energy potential could be analyzed in the same fashion. Of course, the regularity of the weak
solutions is not sufficient to justify the optimal rate convergence analysis, and a strong solution to the CHNS system, with higher
order regularities, is needed in the error estimate. It was proved in [6] that unique strong solutions exist for the PDE system (1.2)-
(1.5), with a constant mobility assumption. In more details, higher order regularities could be stated as follows: for any initial data
u, € H™(Q), ¢, € H™1(Q), there is an estimate for |[u(®)||ym and |[¢p()| gms1, m > 1, globally-in-time for 2D, and locally-in-time
for 3D, under appropriate compatibility conditions between the initial data and boundary conditions [47]. Therefore, for the exact
solution (¢,.u,, p,) to the FHCHNS system (1.2)-(1.5), we could always assume that the exact solution has regularity of class R,
with sufficiently regular initial data:

bes Ugs pe € R i= H* (0,5 Cper () 0 HP (o,T;c2 (.Q)) nL® (0,T;C6 (9)) . (2.40)

per per

In addition, we assume that the following separation property is valid for the exact phase variable: for some § > 0,

-1+26<¢, <1-126, (2.41)
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which is satisfied at a point-wise level, for all ¢ € [0, T]. Define @y (-,1) := Py, (-.1), the (spatial) Fourier projection of the exact
solution into X, the space of trigonometric polynomials of degree up to and including K (with N = 2K +1), only in the Cosine wave
mode in both the x and y directions, due to the homogeneous Neumann boundary condition. The following projection approximation
is standard: if ¢, € L*(0,T; ngr(g))’ for some ¢ € N,

lon = bellioorms < CH 7 bl imorne,, YOSk<Ej=1.2. (2:42)

By @, ¢ we denote @y (-.t,) and ¢,(-.t,), respectively, with ¢, = m - At. Since @y € BK, the mass conservative property is
available at the discrete level:

— 1 1 —
¢N=@/Q‘DN('J,,,)dX=ﬁA@N(~,tm_])dx=®N 1l VmeN. (2.43)

On the other hand, the numerical solution of the phase variable is also mass conservative at the discrete level, as given by (2.37).
Meanwhile, we use the mass conservative projection for the initial data: ¢° = P,® (-t = 0), that is

), 1= Oy (p.pju1 =0). (2.44)

In turn, the error grid function for the phase variable is defined as

P =P@N — ", Yme{(0,1,2,3,...}. (2.45)
Therefore, it follows that e” = 0, for any m € {0,1,2,3,...}. Of course, the discrete norm || - ||_ 1» is well defined for the error grid
function e”.

For the velocity and pressure variables, we just take U = u, and P = p,. Accordingly, the error grid functions for the velocity
and pressure variables are defined as

" =P, U" —u" = @, "), " =P, P" —p", ¥Yme{0,1,2,3,..}. (2.46)

The following theorem is the main result of this article.

Theorem 2.2. Given initial data ¢,(-,t = 0), u,(-,t =0) € C® (), suppose the exact solution for FHCHNS system (1.2)—(1.5) is of

per
regularity class R. Then, provided t and h are sufficiently small, and under the linear refinement requirement C;h < = < C,h, we have

~ 2 ! ~ l
194"l + 181 + (G 7 X 1V0406"12) < €2 4 1), (2.47)
m=1
for all positive integers n, such that t,, = nt < T, where C > 0 is independent of = and h.
3. Optimal rate convergence analysis

Throughout the following analysis, C represents a constant that may depend on ¢, v, 6, £ and é, but is independent on /4 and

3.1. Higher order consistency analysis of (2.30)-(2.34)

By consistency, the projection solution @, the exact profiles U and P solve the discrete equation (2.30)-(2.34) with a second
order (in both time and space) local truncation error. Meanwhile, it is observed that this leading local truncation error will not be
enough to recover an a-priori Whl‘oo bound for the numerical solution to recover the nonlinear analysis, as well as the separation
property. To overcome this difficulty, we have to use a higher order consistency analysis, via a perturbation argument, to recover
such a bound in later analysis. In more details, we construct a sequence of supplementary fields, and U, &, P, satisfying

U=P,U+7°U,, + 12U, & =0y +Py(’®, | + h*®, ), (3.1)
P=1T,(P+17*P,, +hP,)), (3.2)

so that a higher O(z3 + h*) consistency is satisfied with the given numerical scheme (2.30)-(2.34), in which P y stands for a discrete
Helmholz interpolation (into the divergence-free space), and I, is the standard point-wise interpolation. The constructed fields
U,1, @1, Py, Uy, @, and P, |, which will be obtained using a perturbation expansion, will depend solely on the exact solution
(e u,, p,). In turn, we estimate the numerical error function between the constructed profile and the numerical solution, instead of
a direct comparison between the numerical solution and projection solution. Such an O(z3 + h*) truncation error enables us to derive
a higher order convergence estimate, in the || - ||, 1 norm for the phase variable and || - ||, norm for the velocity variable, which
leads to a desired || - ||, bound of the numerical solution. This approach has been reported for a wide class of nonlinear PDEs; see
the related works for the incompressible fluid equation [48-54], various gradient equations [55-60], the porous medium equation
based on the energetic variational approach [61,62], nonlinear wave equation [63], etc.
The following bilinear form b is introduced to facilitate the nonlinear analysis:

b(w,v)=u-Vv, b,(uv)= %(u -Vpv+ v, - (av)). (3.3)
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The following intermediate velocity vector is defined, which is needed in the leading order consistency analysis:
ot = urt! 4 %TV(P"H —pm. (3.4)

A careful Taylor expansion in time reveals that

(in+1 _ qn o1 =1 < 1 ek 1
T = p@2, 07 2) + VP — va0™ 2 = —y @ T vM s
T
2 s 3
+ GO 2 4+ 0(z° + h™o), (3.5)
(Dn+1 —_ " [T R 1 1
N N,v. <<1>',’V+2U"+E> = AM™3 + 22 H) 2 0 + 1), 3.6)
T
+1 +1
- G+ -G+ ") .\ G- -G -a") o <i>”+% B 245“%
- ot _ pn "t _ 0N € N
N N N N
+T(N@FH - N(@h)), 3.7)
n+l _ {in+l
U U + %V(P'H—l -PH=0, (3.8)
v. Ul =0, (3.9

4l L
where IIGS 2, IIHg 2|I, 1Kyl < C, and C depends on the regularity of the exact solutions.
The correction functions U, ;, @, and P, are solved by the following PDE system

0U, + (U, - VYU+(U-VU,,| + VP, —vAU, | = —y@, VM — ydy VM, | — G,
0B, +V - (@, U+dyU, ) =AM, — H,,

(3] D
M, = 1+2 I_T(; — 0@, — 4D,
N N
V.U, =0,

combined with the homogeneous Neumann boundary condition for @, ; and M, |, no-penetration, free-slip boundary condition for
U, . Existence of a solution of the above linear PDE system is straightforward. Meanwhile, a similar intermediate velocity vector is
introduced as

A~ 1
Ut = Ut eVt - P, (3.10)
In turn, an application of a temporal discretization to the above linear PDE system for U, |, @, ,, P, and IAJTJ indicates that
Ijn+1 —un TR Lo o
LB @ 2,0 ) + 602,07 ) + VP - val
T T, T, T, T,
_ntd 1 ntd 1 1
=@ 2YM™ — 4 VM T~ G, 4+ 0(), (3.11)
1

- .l

) L +oad), (3.12)

1 1 1 1
1 nts .0 1 Nt Ants n+ s
24V (D 204+, 20 2 ) =AM 2 -H
T 7,1 N 7,1 7,1

wl <G(1+¢’;\71+12¢Zj‘)—6(1+¢;’v +f2<1>gwl)_G(1+<p';v+1)_c;(1+<p';v)>

ol g2 o 2o — o 20 ol — ot
L G(1 -t — fldngl) -G(l-o", - Tqug’l) G- O - G(1 - dt)
72 o+ 2ol — o) — 2 o —
~n+l =nJrl
0,87 - ad] 2 o (W@ e - N @R ), (3.13)
Un+1 _ I’er-l 1
7,1 7,1 +1 _
+5VPI - P =0, (3.14)
V.U =o. (3.15)

It is noticed that a nonlinear Taylor expansion has been applied in the derivation of (3.13). A combination of (3.5)—(3.9) and
(3.11)=(3.15) leads to the following third order truncation error for U, := U + t2U,,, @) = ®y + Py D,,, Py =P+ 2P,

I:JTH H T TRLUN - . 2+t cnbd el
+b0 20T ) VB —vAD =y IV
1
+7G]2 ot + hm), (3.16)
ot _ cnil Tapl gl 1
L——l4v. <<D:’+2UT+2> =AM 4 2 HTT 10t + A, (3.17)
T

8
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Ll GU+TH -G+ @) G(1-d) -G - ) stk Sntl
M, ?= - v + . . — 0D, * — 4D,
1 ot _ ot _ 1
1 1 1 1
+7 (N@H) - N @), (3.18)

Un+1 _I’jrlH—l 1 - .

- + Ev(}p1 -pH=0, (3.19)
V.Ut =o, (3.20)

where ||G,|| < C, ||H,|| £ C, and C depends on the regularity of the exact solutions. The following linearized expansions have been
used in (3.18):

N(@) = N@y +?Py®, ) = N(@y) + N (@y)T*Py®, | +O?). (3.21)

Now, we construct the spatial correction function to upgrade the spatial accuracy order. In terms of the spatial discretization, it
is observed that the velocity profile U, is not divergence-free at a discrete level, so that its discrete inner product with the pressure
gradient may not vanish. To overcome the difficulty, a spatial interpolation operator is needed to ensure the exact divergence-free
property of the constructed velocity vector at a discrete level. Such an operator in the finite difference discretization is highly
non-standard, due to the collocation point structure, and this effort has not been reported in the existing textbook literature. A
pioneering idea of this approach was proposed in [64], and other related analysis works have been reported in [21,50,65], etc.

In more details, the spatial interpolation operator P, is defined as follows, for any u € H!(£2), V-u = 0: There is an exact stream
function y so that u = V<1y, and we define

Py =V, =Dy D). (3.22)

Of course, this definition ensures V, - P (u) = 0 at a point-wise level. Furthermore, an O(h?) truncation error is available between
the continuous velocity vector u and its Helmholtz interpolation, P ;(u).

In turn, we denote IVJL pr = Py (U)). An application of the spatial discretization yields the following truncation error estimate,
with the help of straightforward Taylor expansion:

U’I'+P1H (j?PH S+l 2t 3 cntd o ntd
—’+bh(U1PH, l,,H)+vh - va, 0 = A VM2
1
+H2G, 2 +0( + k), (3.23)
dﬁ"+l dr,n - 1g, .1
L v, <Ah¢'l'+2U'l‘+PZH> AhM1h2+h2 Y0 + i), (3.24)
pu .
el GUAB) -G+ GU-B)-GU-BY ool
M, = T + YR —0,® 7 — 74,
1 1 1 1
+7 (N@) - N @), (3.25)
Un+1 Rt |
ILPH ~ " 1,PH + —Vh(Pf'H _Pln) -0, (3.26)
T 2
+1
Vi Uiy =0, (3.27)

where ||G,ll,, |H,ll, < C, dependent only on the regularity of the exact solution. Meanwhile, it is noticed that there is no O(h%)
truncation error term, which comes from the fact that the centered difference spatial approximation gives local truncation errors
with only even order terms, O(h?), O(h*), etc., because of the Taylor expansion symmetry over a uniform mesh. This fact will greatly
simplify the construction of the higher order consistency analysis in the spatial discretization.

The spatial correction functions Uy, |, @, and P, are determined by the following system

oUp 1 + Uy, 'V)Ij] + (Ij| VU1 + VP, —vAU, | = —}’@hJVMl - Y¢]VMh,l -Gy,
0@, + V- (@,,U, +® U, )= 4aM,, - H,

(] ]
My = — + — Gy, — 2AD,, ),
1+d, 1-&, '
V.U, =0.
Again, the homogeneous Neumann boundary condition is imposed for @, ; and M,, |, no-penetration, free-slip boundary condition
for Uy, ;. .Subsequethly, we denote U, | py = P (U, ), and U;’fl] o = Uiyt %TV n(Py7' = Py)). An application of both the temporal
and spatial approximations to the above system reveals that
Un+l —_yun - 1 l
n1,PH ~ “h1,PH Snts  nts
+bh(Uh1PH’ lPH)+bh(U 211 U 2 )+ VP, _VAhUhlPH
_ntl o opgl cntl +l +1
= —yAhd>:+l2 VM2 =y B, VM2 -G 4 0@+ D), (3.28)
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n+l _ pn
q)h,l (ph,l

T

+5 Antx

=N n+1 n+l
+V,- <Ahq§h’12 U ) =4M, * - H, ? +0G + 1), (3.29)

w1 <G(1+<i>';+'+h2¢;j‘)—G(1+<137+h2¢;_1) G(1+¢7+1)—G(1+q37)>
Bl T 2 Fn+1 2+ _ B2 - Hr+l _ b
h 4 ol - &) - Ry | ot — @r

1 (G(l — ot —h2¢>;j‘)—G(1 - — h*®) ) _Ga - - Ga —@7))

+ ﬁ Fn+1 2ph+1 Fn 2" Fn+1 Fn
Dt + 2oyt - &) - n2oy | ot —
ntd =n+ s 5 %
008y, — 4,7 1 (NGO - N @) ). (3.30)
Un+l _ﬁn+l
h,1,PH n1L,PH 1 1 _
— Ev,,(P;,1 -P =0, (3.31)
ViU, =0 (3.32)

A combination of (3.23)-(3.27) and (3.28)-(3.32) leads to the following O(z> + h*) truncation error for U, & and P:

Skl _ yin s 1 3 .1 M z o1 ool T
u + bh(U"+§,U”+5) + Vth _ VAhU’H'f _ _yAh¢n+5 VhM'H'z +¢, (3.33)
T
Hn+l _ pn s 13 .1 el
PT -y, (Ah<D"+§U"+§> =47 4, (3.34)
T
1 Fn+ly _ Fn _ dHntly _ _ " ~ =
1\w/[n+5 _ G(1 +¢v ) GV(I + Q") " G(1 <Dv ) Gv(l ()] —HOQBH% _€2Ah¢n+%
@+l — pn ont+l — n
+7 (M@ - N(@Y), (3.35)
rn+l _ Cn-+—l . .
U -u + %vh(p"“ - P =0, (3.36)
v, - Ul =0, (3.37)

where similar linearized expansions as in (3.21) have been utilized in (3.35), and the truncation errors ||{]l, = O(z* + A* + t2h?),
&= O(z3 + h* + 2h?). Notice that 2h% < %14 + %h“, then we obtain

NEi, < @ +hY),  11E01, < CE + hY). (3.38)

Remark 3.1. For the sake of the later analysis, we could set the initial value as @_ (-, = 0) =0 and @, (-,¢ = 0) = 0, respectively.
Then we obtain %(@T,l, 1) =0 and §(¢h,1’£= 0, so that (@, (1), 1) = (@,,(0),1) =0, (@, ,(t), 1) = (®;,,(0), 1) = 0. Moreover, by the

construction formula (3.1), it is clear that @” = @, due to the fact that Py (f) = (f, 1). This in turn implies the mass conservative
property for &:
=@, F=¢% Vnx0, (3.39)

5=ﬁ=/r)<p'lg,dx=/gqb§’vdx=@=¢_", V>0, (3.40)

where the second step is based on the fact that @ € BX, and the third step comes from the mass conservative property of @, at
the continuous level. These two properties will be used in the later analysis. In addition, since & is mass conservative at a discrete
level, we observe that the local truncation error 7, has a similar property:

=0, Vnx0. (3.41)

Remark 3.2. We recall the phase separation inequality (2.41) for the exact solution. Furthermore, by choosing sufficiently small =
and h satisfying h < 7, 7 < 1, the following separation property becomes available for the constructed profile &:

3. 3
—l+35<d<1-25 3.42
30595173 (3.42)

Since the correction function is only based on the exact solution (@, U, P) with enough regularity, its discrete Wh]‘°° norm will
stay bounded, for any k,n > 0:

M . M - Sl ‘
4]l < C*, 10l < C*. VB Il < C*, 11V, 0 |l < C*, U2 < C™. (3.43)

1
In addition, it is clear that M2 only depends on the exact solution @ and the associated correction functions, we assume a discrete
1,00
w,"> bound
o 1
v, M"™2|, < C*. (3.44)

10
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3.2. A rough error estimate

The following error functions are defined:

1

. T T L | co Ll
el =U"—u", €, 2 =U"2 —a"tz, &, =U""2 -0z,

5 1
antl _ i+l _ antl a1 oantl
e, =uUr —a", e, —E(eu+eu ),
. | 1 . . | (3.45)

9 _n+z v 1 _ s n+3 ~ N+ = =
e"=P"—p", e 2=Prl+2_pn+2, e 2=M 2_ﬂﬂ+2’
P P H

5 sty Zal sl S BT G
e;:(b”—d)", e‘d)Z:d) 7 —¢""2, ed)z:d? 7 —¢"" 2.

Notice that these error functions, (e;,efl, e), are different from the earlier introduced ones, (¢",@", 5") (given by (2.45), (2.46)). In
fact, the latter ones measure a direct difference between the numerical and exact (projection) solutions, while the ones in (3.45)
correspond to the difference between the numerical solution and the constructed profiles. Due to the higher order consistency
analysis for (@, U, P), an O(z3 + h*) error estimate would be available for the ones defined in (3.45), while the original numerical
error functions preserve an O(z2 + h?) accuracy order, as indicated by Theorem 2.2. Based on the mass conservative identity (3.40),

we see that the error function e’; is always mean free: e’; =0, for any k > 0, so that its || - ||_; , norm is well defined.

Lemma 3.1. A trilinear form is introduced as B (u,v,w) = (b, (u,v),w),. The following estimates are valid:
Bu,v,v) =0, (3.46)

1
1B v.w)| < 5 [[ully (1Va¥ll o - Wl + ([ VAW, - 1Vlleo ) - (3.47)

Proof. Identity (3.46) comes from the summation by parts formula
1
B, v,v) = (b, (0,v),v), = 5((“ Vv, Vi + (V- (“VT)sV>1) =0.

Inequality (3.47) could be derived as follows:

|B(u,v,w) | =%|((u Vv W 4 (Y, - (v, wy))| = %l((u Vv, wy = (u- Vw, vy

<30 Vv wh ]+ 1@ Vw0 < 3l ([939] - 1wl + [Vw] - IVI) - O
In addition, for the nonlinear error terms associated with the singular logarithmic terms, the following preliminary estimates

will be needed in the convergence analysis; the detailed proofs will be given in Appendix.
Proposition 3.1. Given ¥ and y and denote y =¥ — y. Assume that both ¥ and  preserve a separation property:

—1+6<¥P,y<1-35, (3.48)
then the following nonlinear error estimates are available:

In(1 +¥) = In(1 £ y)ll, < Csll@lly,  IN ) = Nl < Csllwll,- (3.49)
Moreover, under a few additional conditions

IVi#lleo SC* IVl SCp i=C* + 1, Wl ST+ (3.50)
we have the further estimates

IV,y(n(l £ %) —In(1 £ y))ll, < Cs(l@lly + 1V ll2),
VN @) = N@)lly < CsUllly + 11V 1),
in which C; only depends on § and C*, independent on t and h.

(3.51)

Proposition 3.2. Assume that the numerical solution ¢" preserves the separation property, —1 + 5 < ¢" < 1 -6, as in (3.48), then the
following nonlinear error estimates are valid:

1 FHn+1 1 1
(gt Fiign(L+ ") = Fiyyn(1+¢" ), 2 =Cllel I - llef .

(e =Fi_gn(1 = ") + Fi_gn(1 = ¢"™ D), 2 =Cslief Il - e -

(3.52)

Moreover, if both ¢" and ¢"*! preserve the separation property, —1+68 < ¢* < 1-6, k = n,n+1, and the following conditions are satisfied:

V4l <€ :=C* +1, ||e’;||m <t+h, k=nn+]l, (3.53)

11
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we have the further estimates
IV ACE, 1 (1 + D" = Fiy g (1 + @™ D)y < CoUIVaelly + 1V € 1)
VA _gn (1 = D"1) = Fy_gn (1 = ¢" )l < C5(UIV e lla + V4l 1),
in which C; only depends on § and C*, independent on t and h.

(3.54)

Subtracting the numerical system (2.30)-(2.34) from the consistency estimate (3.33)—(3.37) leads to the following error
equations:

el —en wtl oz o1 WL oantd ntl

+bp@, 2, U™2) 4+ b7, 8, 2)+vhe;—m,,é 2

% Y E s "+% n
+ }’Ahe Vi M’ +r ARG T2 Ve, 2 =LY, (3.55)

A n+id 3 .l J +1 1
Ly, ( 20" 4+ A, 6 2) =ty 2+, (3.56)
1 y
e: 2 =F gl +¢"+1)—F1+¢n(1 + " = F_gn(1 = @™+ Fi_gn(1 = @™

—Hoe 3 e A,,e +3 + 17 (N@H = N@") = N(@) + N (@), (3.57)
entl _éﬂ+1 1
S Vg - =0, (3.58)
V), - el =0. (3.59)

To proceed with the convergence analysis, the following a-priori assumption is made for the numerical error functions at the previous
time steps:

11 15 7 11
lekllo, IVheklly < 7% +h%, k=nn—1, [[Vyelll, <73 +h7. (3.60)

Such an a-priori assumption will be recovered by the convergence analysis in the next time step, which will be demonstrated later.
In particular, this induction assumption is valid for » = 0 and n = 1. At n = 0, the initial data is given by a point-wise interpolation
of the projection solution, so that the numerical error is of order O(h™). At the next time step n = 1, since the second order local
truncation error is obtained in the numerical implementation of (2.30)-(2.34) from n = 0 to n = 1, the higher order consistency
analysis outlined in the last section would also be applicable, so that an O(z> +h*) consistency is available for the defined numerical
error functions.

In turn, the a-priori assumption (3.60) leads to a Whl’°° bound for the numerical error function at the previous time steps, based
on the inverse inequality, the linear refinement requirement C,2 < = < C,h, as well as the discrete Poincaré inequality (stated in
Proposition 2.1):

Clle® IIHI 0
bl s ——t <CEF +hT) <P+ m <D
he (3.61)
. C”el;”oo 5o 5
IViegllo < — <C@ri+hi)<t+h <1,

for k = n,n — 1, provided that = and & are sufficiently small. In turn, the phase separation property becomes available for ¢", in
combination with the separation estimate (3.42) for the constructed profile &:

—14+6<¢"<1-6. (3.62)
Furthermore, a Whl""’ bound of the numerical solution could also be derived:
b 3 1 - 3 1 _
18" 2 oo = 156" = 50" oo < 510"l + 519"l < 2. (3.63)
VA"l < IVAB"lleo + Vi€ lloe < C* +1=C, (3.64)
in which the Whl"” assumption (3.43) for the constructed solution & has been applied.

1
Taking a discrete inner product with (3.55) by 2é:'1+2 = éﬁ“ + e gives

1 .. ~nJrl o, 1 ;nJrl o+l ;nJrl ;n+l
;(||efl+1||§- llell3) + 28 <eu 2028, % ) +2B (02,8, 2.8, 2
] l 1 1
213 A Fo w3 &3 .
+ 2v|IV,é, 2 —(Vhe" "H +ep) —2}/(Ahe *2 Vth 2,eu 2 (3.65)

n+

+1 +1 _nel
—2}’<Ah¢n+5Vh€y z,é 2)1 +2(¢'. e, > .

12
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By the nonlinear identity (3.46) (in Lemma 3.1), it is clear that
o+l ;n+% ;n+%
Blu""2,e, *, &, =0. (3.66)

For the second term on the left hand side of (3.65), we make use of inequality (3.47) and obtain

Loz 1 _ntl 2 Zntl
z\b’(é NV z,eu2>\<||e 9,0 - I I+ 1 - 19,80 )

! nad ntl
< g a8 I+ 19,2, ) < C I - (o DIV I, (3.67)
(C*(CO + 1)) ;n+; ~ _ v ;nJrl
< T” u ||2 -IIVheu 25 < C2(3||eﬁ||% + lley 1||§)+ Ellvheu ? II;
~ - 2 .
with C, = W, and the Wh1’°° assumption (3. 43) for the constructed solution @ has been applied in the derivation. Notice that

the discrete Pincaré inequality, ||é 2 I, < C0||Vhe +2 l,, (which comes from Proposition 2.1), was used in the second step, due to
the no-penetration boundary condition for & e 7.
In terms of numerical error inner product associated with the pressure gradient, we see that

(Vpehei) = —(eh, V) - €f). =0, since Ve, =0, k=nn+1, (3.68)

in which the summation by parts formula (2.26) has been applied. Regarding the other pressure gradient inner product term, we
make use of (3.58) and obtain

(Viel, &) =(Vyen ety + —r<vhez,vh<e;“ AN
=%T<vhe;, Valet = e, (3.69)

1 2 "2 ntl o2
—ZT(llvhep 15 = IVreslls = 1Viale,™ — ey,

in which the second step comes from the fact that (Vhe:,ef1+ 1y, = 0. For the second term on the right hand side of (3.65), a direct
application of discrete Holder inequality implies that

1

1 1 1 1 1
nt+s v n+s <hts nt+s ~ N+
—2r{Ape, ZVhM 2.8y ) <2rlle, 2Ilz-IIV;,M o - 1&g 2IIz
2 An+% * 2 —n+2
<2yC* IIe ll2 - lléy “ll2 £2yCGC Ile I - 11V,€y 22 (3.70)
4y2c2(c )2 1 el
0 S350,V 33 A 2 —112
< flle,ﬁ 5+ ZIIV;,e 5 < CGllegll; + lley |I2)+ ”Vhe I|2,
1oa APClC)? . 1o . . . L. . g +3
with C; = — Again, the W, "™ assumption (3.44) and the discrete Poincaré inequality, [|l&, >[I, < CylIV he l,, have been
applied in the derivation. The local truncation error term could be controlled in a straightforward manner:
;rt-%—l ;n+l ;rt+l 4C§
267,84y P <2180 - N8y 2l < 2ClIET I - IV *ll; < TIIC'{II% IIVhe ||2 (3.71)

Subsequently, a substitution of (3.66)—(3.71) into (3.65) yields
1.
(& I - llegl13) + vIV48, i 74 = 19

[N B I 1
S =27 (A" Ve, 8 P+ 1 7lIVA( T = Il (3.72)
~ 2 —12 ~ 2 —12 4C§ 2
+ CoGlley 3 + ey 1) + CyBlley I3 + lleg 1) + —=11ET 13,

Meanwhile, taking a discrete inner product with (3.58) by Zeﬁ‘f1 gives

1 an+1 An+1
llezt 15 — l1ef; lleg™ 15

24 ettt — it 2 =0, so that [l —

1
2+ 77 IVaE = el =0, (3.73)

in which the divergence-free condition for eﬁ“ has been used. In turn, a combination of (3.72) and (3.73) results in

Lo ntl)2 n2 500, 1 12 2
=(lleg™ 113 = lleg 1) + vIIV,éy ||2+ZT(||Vh€,, 15 = 1Vaeylls)

o1 l _nt L
g—2y<Ah¢”+the ETy (3.74)
~ n2 n—12 ~ ny2 n—12 4C§ n2
+CGlleylly +lley™ 12) + CGlleglly + lleg ™ 115) + —= €715

13



W. Chen et al. Journal of Computational and Applied Mathematics 450 (2024) 115981

Now we proceed into a rough error estimate for the phase field error evolutionary equation. Taking a discrete inner product
1

with (3.56) by e::+§ leads to

1 " ntd _ntd
(el e, 2>c+||vhe ||2 (And""2Vpe, 2.8y %)y
T (3.75)

~n+f n+1 z +1
Ay T B (e T 4 L e e

with an application of summation by parts formula (2.29). The right hand side terms could be analyzed as follows, with the help
of the #* bound (3.43):

o+l ntl 5n+l o+l nt g Zoaal o S g
(Ape, Vheu U >S||€‘ lla - IVye, “llz - 11U 2||o<>SC||€‘ o 1Vhe, *ll2
Ll
+3

<(C*>2||e ||Vhe 13 < (C€H*Clle +||e"‘||)+ ||Vh,, ||§, (3.76)

i Al

1
n+d n+id n+d 1 n+>
2 2 2 2
(oY < I orn 1958yl < GG - 16 2 1B < CRIGEIE + 21,60 2 1B, 3.77)
1, ., n+% 1 n+d C, n+d
- < = n . 2 < — n . 2
e e < Tehlloa - 1Vae, < el 156 I

C2
1 2
< T—2||€;||2 ||Vh u ||2, (3.78)

in which the preliminary estimate, ||f||_; , < C,||f|l, for any 7 =0 (as stated in Proposition 2.1), has been repeatedly applied. In

terms of the first term on the left hand side of (3.75), we begin with the following expansion:

nt i . o+
(e ey Yo = Fign(1+ @) = Fiypn(1+ ") — (el 2, 7).

u . . . ol 3.79
+<e¢+l,_Fl,d)n(1_¢ +1)+F|_¢n(1—¢+l)>c—€2<€¢+l,Ah€¢ 2>c ( )

+ (LN @) = N (™), — (e N (@) = N(¢")..

The first and third terms have been analyzed in (3.52) (given by Proposition 3.2). The second and fourth terms could be bounded

as follows:
e 3, 1 3 Lo
—Oolegt ey P)e == Ooleyt, 5e¢ 3¢ e 2 =Oolleg (G el + S ey 1), (3.80)
4 1 1
—<€;+1,Ahe¢ 2>c =_< n+1 Ah( n+1 + - I ; l))c — <Vhen+l Vh( en+1 + - 1 ; l)>c
5
glth@"Jrl ||2 - -||Vh€" l||2 (3.81)

It is observed that the fifth term in the expansion (3.79) must be non-negative, due to the monotone property of N, as well as the
fact that egﬂ = Prtl _ gl

(e;+1“/\/‘((5n+l)_ N(¢n+l)>c — (q?)n+1 —¢"+1,N((i5’1+1) _ N‘(¢n+l)>c > 0. (382)

Regarding the last term in the expansion (3.79), we see that both the constructed solution @” and the numerical solution ¢" preserve
the phase separation property (3.48). In turn, an application of the preliminary error estimate (3.49) (in Proposition 3.1) reveals

that

IV(@") = N'(@")l, < Csliejllp,  so that

5 (3.83)
— (&N @) = N (@) 2 =C;liey 112 - 1€ -
Subsequently, a substitution of (3.76)—(3.83) into (3.75) yields
€ 5 V. e ,,+1 V, e —1 V.e A n+2 \vi % ;n+%
(gll ne ||2—-|| h¢ ||)+ || h;,f ||2—< P he €y P h
c?
<V Blley3+ ey 1)+ CRNEZI + — e I (384

3 1 0o _ .
+@2Cs+ S0 + 1);||€‘;+1||2 “llegll, + leegﬂ ll2- ey "o, if Cyr <1

2
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A combination of (3.74) and (3.84) gives

L”en+l ”2 + EHV en+1 ”2 + ﬁ”V en+1”2
2y w27 Tgr ATy g, MRS, T2
2
1 &2 5 2 2C;7
<Ll + SV, 12 4+ Vel 2 + CRrlCIE + —2 (16712
2y 8 8y P YV
~ 0 - (3.85)

3C c e
2 3 1 2 2, G —1)2
+@B(C*) T+ 71 + T)”ezllz +((C)" + Z)T”e'd') I3
Gyt _ - 1 _
+ 7(3”9’:11”% + e 13) + C4||€;Jrl - Negllz + 5‘90”62+1 ll2- lley "l

- o1 L.l
with C, = 2C; + %00 + 1. Notice that the term (A,¢"*2 Vhe:+2,é1+2 ), cancels each other between (3.74) and (3.84), and this fact

plays a crucial role in the error estimate. For the right hand side of (3.85), the following estimates are available, which come from
the a-priori assumption (3.60):
1, 3Gr o Lo, s Gy noos
(Z+7)||eﬁ||25 ;||ef,||25C(T2 +h?), 7”93 I5<Cr(zZ +h7),
2 2 Is ¢ 11 15
€ _ € 1 15 . 3 _ i 15
TIVaeg I3 <T@ +n7), (€ + 7,7l N3 <Cr(x2 +h7),
3C C? c? 9 13
BCYr+ 20+ D)2 < (= + DIt} < Ce2 +h?),
2y P T ¢ (3.86)
2_jenp2 ST |2 6, 48 T 2 € .5
Clelg 5 — = NEHI < Cre® + %), SVl <€ +h2),

2
3 = =0 €
Callegll2 - el < CLClIVael - lleglla < 2CPCRe2le I3 + I Vael 115,
1
2

where the fact that || f]|_ ,
back (3.85), we obtain

2
1 -1 2p92 -2 —112 € 12
Oolley I - lley o < 5CP03e e 12 + S Vaey 12,

1
2
< CilIfll,, as well as the refinement constraint C;h < = < C,h, have been repeatedly used. Going

1 3¢2 9 13 _ _ s 13
o5 leat I3 + ?llvhe;f‘ I3 <CG2 +h2)+Ce(lejll; +llef " 13) < C(x2 +h72),
y (3.87)

9 13
so that [lef [l + 1V,ef [l < (Co + DIVyefH Il < Ct +hH),

under the linear refinement requirement C; s < r < C,h, provided that = and & are sufficiently small. As a direct consequence of the
rough error estimate (3.87), an application of inverse inequality reveals that

Clleg iy 5 s
el < ——— <CT +hT) <TH+h< S, (3.88)
h3
1 C“egH“oo A3 7 1
IV eyt IIOOSTSCCI(M +hi)<t2+h<]l. (3.89)

With the help of the separation estimate (3.42) for the constructed profile &, the phase separation property becomes available for
¢"*1, at the next time step:

—14+8<¢" <16 (3.90)
In addition, a Wh"‘” bound of ¢"*! is also valid:
VA" oo < 1V D" o + IV4e) I < C* +1=Cy, (3.91)
in combination with the Whl""’ assumption (3.43) for the constructed solution ®.
3.3. The refined error estimate
Before proceeding into the refined error estimate, we derive a few preliminary results for the nonlinear error term. The following
n+ i " o+t
nonlinear error is introduced, with ¢, * = N'LE" —*4,2, *:
NLE" =F gu(1 + ") = Fiyn(1 +¢"™) = F_gu(1 - ") + F_yu(1 — 9™
n+d M . (3.92)
=008, + (N (@) = N (@) = N (@) + N (@)

We see that both the constructed solution &* and numerical solution ¢* preserve the phase separation property (3.48), for k = n,n+1,
as given by (3.42), (3.62) and (3.90). In addition, the additional conditions (3.50) are satisfied by &* and ¢*, as given by

15



W. Chen et al. Journal of Computational and Applied Mathematics 450 (2024) 115981

(3.43), (3.61), (3.64), (3.88) and (3.91), respectively. Therefore, an application of the preliminary error estimate (3.51) (stated
in Proposition 3.1) indicates that

IV, (N(@") = NI, < C5(||€$||2 + ||V,,e;'>||2), (3.93)
IVAN(@") = N @™ Dll2 < Collley™ 1l + 1V A€l l1o)- '

Similarly, the additional conditions in (3.53) are satisfied, so that we are able to apply Proposition 3.2 and obtain (3.54). A
combination of (3.54) with (3.93) gives
1
n+s
IV, N LE"|I <Cs(IVpeylla + ||Vhe$+l 1) +6lV,2, 1l (3.94)
3 1 _ ’
<C5(IVnegllz + 11V ael 1) + oS IVaell + S 1V ael ™ 1),
in which the discrete Poincaré inequality (stated in Proposition 2.1) has been applied.
The rough error estimate (3.74) is still valid, for the velocity error evolutionary equations. Now we carry out a reﬁned rough
error estimate for the phase variable error evolutionary equation. Taking a discrete inner product with (3.56) by Ahe 2 gives

rl+I

1
s znts
. 5, - (Vhey thhe )+(Ahd> 2V,,Ahé¢2,eu2)1 395
Zapl e '
= _<Ahe VhAhed, ) n+2>l _<Cg’Ahe¢ 2>c'

The temporal discretization term could be analyzed as follows:

1 n+l _
- p <€¢ Ahe

:nJrl | .
- <e;+1 _e;’Ahe(ﬁ 2)0 — _<eg+l —e¢,Ah( n+1 Ze; 1)>C

3 |
=(Vh(e2+' —eZs),Vh(Ze;“ + Ze; e

(3.96)
1 1 -
=§<vh(e;+1 — e V(e +el)), + Z(Vh(eg“ — e Va(e = 2¢) + e ),
1 1 -
22 (Va5 = IV l15) + g IV ey = eI = V(e = e DIR)-
The estimate for the diffusion part is straightforward:
ae o bl
—(Ve VAe )——(VNLE—EVAe VAe )
h hah€y h h“h hAh€ gy
= ||thhe 2||2—<v,,j\fuz thhe¢ >c
—||thhe ||2— LN LEE, (3.97)
1V4d2 g =V, anGeptt + zerDIE 2 219,456 1E = 1Vudel 13, (3.98)

in which the Cauchy inequality has been repeatedly applied in the derivation. Meanwhile, the analysis for the right hand side terms
of (3.95) could be performed in a similar fashion as in (3.76)-(3.77):

1

~}1+l N + 5 1 ~n+l :n-ﬁ-l 5
— (Al *Vydpe, 2,02, < e, 212 - 1Vadpe, 2||2 o

m—

e
o+l o+l o+t
sc*||e¢2||2~||VhAhe¢2||232<c*)2e 2||e¢2||§ CIvaady o

<2ACHe2Bllel |13 + llely 113 + < ||VhAhe ||2, (3.99)

_n+l l
— (3 8y e SN ||VhAhé¢ 2l < CIE - 194448, ||2
<2Cie 2|03 + ||v,,A,,e ||2 (3.100)
Subsequently, a substltutlon of (3.96)-(3.100) into (3.95) yields

1 _
S5 13 = VA I2) + G-IVl = ehl3 = Vel = e5DIR)

n+

2 o1 l _ntk
+ 19,4 1R < e RIVNLE IR = (A" 2,48, 87, (3.101)

2
— — _ € —
+2(CT e Glleg 13 + llef ™ 15) +2CTe G115 + 5 1V ey 13-
Meanwhile, in the preliminary estimate (3.74), the nonlinear inner product term could be expanded as follows:

(A" 2Vhe 3 &y = (4, VN LE" & 5)
]

n+

m— —_

+e2(A, 0" ZVhAhe 28, ), (3.102)
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otk s+t gk
(A" VN LE" &, %) <I6™ 2 o - IV N LE"] - IIe 2||2

<21V N LE" |, - IV 8y : Il
2

LIV, N LE"2 + —IIV;, u Ilz. (3.103)
Its substitution into (3.74) gives

Lo bl )2 20, Vg &3 +112 2
;(llef1 ||2—||eﬁ||2)+§||V &, 2||2 _T(”Vhez ;= 1Vaeslly)

. . 4c?
<CoGle 13 + el 1) + Gyl I3 + lef™ 15 + — 17115 (3.104)

2 C2 1 n+

LIV, N LE" |2 +27e%( A, " ZVhAhe 2,éu

NI

+

M-
Finally, a combmatlon of (3.101) and (3.104) leads to

1 _
—(||Vh I3 = IV IB) + g (19 = I3 = IVl = €5 DI

€™

* 3 <||e"“||2 lleg 3 )+ r<||v,,e"+1 113 = IV pelll3 >+ ||vh4hen+1 I2

4G 1 Cle? (3.105)
S( v E)eizllvhNLEn”% + + ||e" l” )+ ”cn”2

¢, N . ) e )
+ (27 +2ACP )Gl 3 + el 1||§>+2cfe 2ligz12 + 3—2||VhAheg> 2.

o1 a+l el
Similarly, the term (Ah¢”+5 VhAhe‘;+2 s éfz ); cancels each other between (3.101) and (3.104), and such a cancellation makes the
error estimate go through. Moreover, by the preliminary nonlinear estimate (3.94), we arrive at
1 _
—(||Vh e 3 = IVaeyI3) + o= <||vh<e"+‘ —eI3 = IV, — e HI2)
<||e"“||2— llef113 )+ T(IIVhe"“ 15 = 1V ,esll3 >+ ||v,,4he"+1 112
(3.106)

~ 12 ~ 2 A~ —12 —12
scsnvhet;j I+ CollVaely 12 + G lIV et 12 + T2+ e 1)

C2c2

2
_ € -
+ 715 +2CTe2IIE 15 + 33 1Vadneg "3,
- 4yC? ~ 5
with G5 = (20 4 1)ce2, G = G5+ (692 +3(52 +2(c*)2)c2) 2 ¢ = (293J +(52 +2(CH)CZ ) 2. Notice that the discrete Poincaré
inequality (stated in Proposition 2.1) has been repeatedly applied. Therefore, with sufficiently small = and 4, an application of
discrete Gronwall inequality leads to the desired higher order error estimate

3 n+1 1
€
1VaeH s+ e I + 21V o+ (G 7 X, IVadnehl3)* < €+ h%, (3.107)
k=1

based on the higher order truncation error accuracy, [|¢7ll,, I3, < C(z3 + h*). As a result, a refined error estimate is obtained.

With the higher order convergence estimate (3.107) in hand, the a-priori assumption in (3.60) is recovered at the next time step
tn+1 .

11 15
llegH s IVaeyll, < €@+ <o +h7,
7 11 (3.108)
Ve, < '@ +hty < C(®+h¥) <c3 +h7,

nep 2

provided that r and h are sufficiently small. As a result, an induction analysis could be effectively applied, and the higher order
convergence analysis is finished.
Meanwhile, the following identity is observed:

P == (@D +HPy ), W =ey = (U + U, § == (P + R P), (3.109)

which comes from a comparison between the error functions defined in (2.45)—(2.46) and (3.45), as well as the expansion (3.1), (3.2)
for the constructed profiles. As a result, the original error estimate (2.47) is a direct consequence of the O(z> + h*) estimate (3.107)
for (e;,eﬁ, el’;), combined with the numerical error expansion (3.109). This completes the proof of Theorem 2.2.

Remark 3.3. The proposed numerical system (2.30)—(2.34) depends on ¢™*! in a highly nonlinear and singular way, because of the
same nature of the Flory—-Huggins free energy. The positivity-preserving property, stated in Theorem 2.1, only ensures the convexity
of the nonlinear approximation in the logarithmic parts. Such a rough knowledge enables one to derive a rough error estimate, by
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making use of a higher order consistency analysis. However, it is noticed that the accuracy order in (3.87) is at least half order lower
than the a-priori estimate (3.60), as well as the lower rate of the Wh]’°° errors in (3.88)-(3.89), which comes from an application of
the inverse inequality. Of course, the a-priori assumption could not be recovered by the lower accuracy rate in (3.87). Instead, the
separation properties (3.62), (3.90) are used to derive a much sharper estimate (3.94) for the logarithmic gradient error term, and
this sharper inequality leads to a refined error estimate (3.107), which keeps the higher accuracy order in the consistency analysis.

Remark 3.4. The error estimate for the pressure variable has not been reported in (2.47). In fact, based on the higher order
convergence estimate (3.107), combined with the numerical error expansion (3.109), we are able to derive an optimal rate error
estimate for the pressure variable, in the #°(0,T; H ,}) norm, for any n > 0:

IVherlly < €7@ + B < €% + 1),
V(e = 3l = V4> Py + B2 Py DIl < C( + 1), so that (3.110)
Va8 ly < IV eplly + 11V (eh = 3l < CG + k),

under the linear refinement requirement C;s < r < C,h. The H'! bound of the constructed functions, P, ; and P, ;, has also been
applied in the derivation.

Remark 3.5. The accuracy order and convergence rate of the proposed numerical scheme (2.30)—(2.34) have been demonstrated
by a few numerical experiments in the recent work [27], which validates the convergence and error estimate of this article. In more
details, a few analytic functions are chosen to be the exact solutions:
¢o(x,y,1) = 0.5sin(2zxx) cos(2ry) cost + 0.1, p,(x,y,t) = sintsin(2rx), (3.111)
u,(x,y,t) = —costcos(2rx) sin(2zy), v,(x,y,t) = costsin(2zx) cos(2xy). ’
In turn, two artificial source terms have to be added to the right hand side of the Navier-Stokes equation (1.2) and the Cahn-Hilliard
equation (1.3), to make these analytic functions satisfy the PDE system. A sequence of spatial mesh and time step sizes are taken,
with h =27%, k =4, 5, 6,7, 8,9, and 7 = h. The final time is set as T = 1, and a careful comparison between the exact and the
numerical solutions have indicated the full second order convergence rate for the phase variable, velocity and the pressure. More
details could be found in [27].

Remark 3.6. The linear refinement requirement, C;2 < = < C,h, is imposed in the convergence analysis. In more details, the
requirement ¢ < C,h is used to balance the inverse inequality, as reported in the rough estimates (3.61), (3.88)-(3.89), etc.
Meanwhile, the requirement r > C,h is needed to recover the a-priori assumption (3.60), due to the z~! factor for the pressure
variable error estimate in (3.108). On the other hand, this linear refinement is just a theoretical requirement, and such a constraint
is not necessary in the practical numerical implementations.

In fact, if an even higher order asymptotic expansion is performed in space (corresponding to higher than fourth order accuracy
in space), the requirement 7z > C;h could be reduced to v > C;h%, with f, > 1. Moreover, the value of f, could grow larger, if
the spatial asymptotic expansion order becomes larger. Similarly, if a higher than third order asymptotic expansion is performed
in time, the requirement r < C,h could be reduced to = < C,h%, with 0 < & < 1, and the value of &, may become smaller if the
temporal asymptotic expansion order becomes larger. Because of these two facts, we conclude that, the convergence analysis would
always be valid for any power scaling law between r and A, as long as = — 0+, h — 0+, since an even higher asymptotic expansion
would accomplish this analysis. Of course, a theoretical justification of this conclusion will be a tedious process, although the key
scientific ideas have been reported in this article. The technical details are left to interested readers.

Various numerical experiments in an existing work [27] have also validated this conclusion, in which all the numerical examples,
with different ratios of z/h, have created robust simulation results.

4. Concluding remarks

In this paper we have presented an optimal rate convergence analysis and error estimate for a second order accurate in time,
finite difference numerical scheme for the Cahn-Hilliard-Navier-Stokes system, with logarithmic Flory—-Huggins energy potential.
A modified Crank-Nicolson approximation is applied to the chemical potential, combined with a nonlinear artificial regularization
term. The numerical scheme has been recently proposed, and the positivity-preserving property of the logarithmic arguments, as well
as the total energy stability analysis, were justified. In this paper, a second order convergence of the proposed numerical scheme,
in both time and space, has been established at a theoretical level. In more details, the #*(0,T; H, }l) n¢%0,T; H}f) error estimate
for the phase variable and the £ (0, T; #?) estimate for the velocity variable, which shares the same regularity as the energy norm,
is performed to pass through the nonlinear analysis for the error terms associated with the coupled physical process. In addition,
a uniform distance between the numerical solution and the singular limit values has to be derived, so that the nonlinear errors
associated with the logarithmic terms could be effectively controlled. To accomplish these goals, a higher order asymptotic expansion
of the numerical solution (up to the third order accuracy in time and fourth order in space) has to be performed, so that an application
of inverse inequality is able to ensure the phase separation property. A rough error estimate is used to establish the maximum norm
bound for the phase variable, so that the phase separation property becomes available for the numerical solution as well. In turn,
a more refined nonlinear error bound could be established, which is helpful to the desired convergence result. In the authors’
knowledge, this is the first work to establish a second order optimal rate convergence estimate for the Cahn-Hilliard-Navier—Stokes
system with a singular energy potential.
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Appendix A. Proof of Proposition 3.1

The following term is denoted for simplicity of presentation:

ln(l +¥)—In(1 +y)

DWW,y
Y-y

. sothat In(1 +%)—In(l +y) = D, ). (A1)

The intermediate value theorem indicates that DY, ,y) = in which &, is between y and ¥. Meanwhile, by the separation

L
1 +¢’
wise level. In turn, we arrive at

property (3.48), we see that |D(¥,y)| = 5 P <
1

IDCP, Wl < 67", so that [|In(1 +¥) — In(1 + w)ll, < IDW, wlls - 1F]l, <57 171l (A.2)
Using similar arguments, we are able to derive the other inequalities in (3.49):
01 =) = In(1 = y)ll, <57 @l INE) = NW)lly < 267 1]l (A.3)

As a result, (3.49) is proved by taking C; = 2671,
To obtain a gradient estimate of the nonlinear logarithmic error, we make use of the Taylor expansion for D(¥, y):

DW.y) = A9

Y _ 2
1 +( v) ( o1 )
1+W¥ 24 A+n) A+
in which #, is between ¥ and l”—;"", n, is between y and l’”%, respectively. Meanwhile, because of the separation property (3.48),
we observe that

Y+
-1+6<Y, v, ZW,m,nzsl—é, so that

(A.5)

”H;‘PWH <5 H(1+n1)3Hoo’ ”(1+1712)3”00S5_3, 1D Wil <671 41,

in which the last inequality comes from the additional condition that |||, = ¥ — vl < 7+ h. On the other hand, by taking a
finite difference of the expansion of D(¥,y) in (A.4), a Wh"°° bound could be derived:

1
1920 Wl < g | 2AVAP s + IVl

l‘u‘HI/ ”oo

+ e ¥+ V) (| s+ gl

||lI/|| (A.6)

(” h((1+y,1)3)Hoo H "((1+,12)3 Hoo)

(z+h? 3
24 h

r+h

<672 (c +C)+ (CF+C) 2673 +

g‘%(c* +E+1,

provided that = and A are sufficiently small. Notice that an inverse inequality has been applied at the second step. Therefore, the
following gradient estimate becomes available for the logarithmic error term:

IVA(In(l +¥) = In(l + )|y = [[V,(DE, w)@)ll,
SIDE, ¥)lleo - IVRF N2 + 1V DO, )l - 1112 (A7)

_ _ 572 ~ _
<@+ DIV, + (€ +Cp+ Dl lly.

The other logarithmic error term could be analyzed in the same manner. Inequality (3.51) is proved, by taking C; = 2max<5_1 +

1, ?(C* +C)+ 1). This finishes the proof of Proposition 3.1.
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Appendix B. Proof of Proposition 3.2

The term F, g, (1 + &™) — F4n(1 + ¢"*") could be decomposed as

Fiign(1+ @™ = Fi g (1+¢™h)
= Fpgnet (1 + @) = Fpguri (1 + ") + Fign(1 + &™) — F (1 + 9™

— Q(é)n+1’d‘)n,¢n)eg + Q(¢n,d‘)n+l,¢n+l)e;+l (Bl)
n n+1
“ “

=F' n 4 F! n+l _ + ,
14@n+l (é?)e¢ 1+¢n(§4)e¢ 2(1 +”]3) 2(1 +’74)

in which Q(a, x, y) corresponds to the following difference quotient function:
Fii,(1+y) = Fii,(1+x)=0(a,y,x)(y - x). (B.2)

Notice that the mean value theorem and Lemma 2.2 have been applied in the derivation, &; is between ¢" and &, &, is between
¢"! and P!, 73 is between &; and @"*1 y, is between &, and ¢". Because of the phase separation property for ¢", as well as for
@" and @', we see that

1 1
—1+86<m<1-6 sothat 0< —— < =571,

G 20 +my) ~ 2
(€4 Fyygun (1+ @) = Fy i (1 + @), (B.3)

eVl
gﬂ’ 21 f%))c = _” 21 Jlr 13) ”oc -l

The other nonlinear inner product turns out to be non-negative, due to the positive value of 1 + 5,:

1.
= (e el - lieyllo = 567 e I - e .

en+1
n+1 Hn+1 n+1 n+1 ¢
yFlygn(1+ @ - Fi g+ = , =) > 0. B.4
<€¢ 1+¢/ ( ) 1+¢ ( ¢ )>c <e¢ 2(1 + 1) )c (B.4)

Consequently, a combination of (B.3) and (B.4) results in the first inequality of (3.52), by taking Cs = %5‘1. The other inequality
of (3.52) could be proved in the same manner, and the details are skipped for the sake of brevity.

In addition, the gradient error estimate could be established in a similar fashion as in the proof of Proposition 3.1. With the help
of the separation property for & @ ¢! and ¢", as well the additional conditions (3.53), the following Whl’oo bounds could be
derived for Q(@"t!,d", ¢") and Q(¢", "1, pt1):

v v < 1.
0@, 8", ", 10@", ", ¢" Dl < 557",

IV,0@", @, ¢")loor IV4O(P", D", "), < M;s, only dependent on 6 and C*. ©2
Again, the technical details are skipped for the sake of brevity. By the decomposition representation (B.1), we see that
IV o (F)ygn (L + @) = Fygn(1+ ™)l
<IVAQ@™. & M)l + 11V,(Q@", &, ¢ e Dl
<NV Q@™ ", ¢l - lle} [l + 1@, D", ¢")lloo - Vel (B.6)
+ VA0, 3™, ¢ Dl - ety + 106", ™, ¢ Dllgy - 1V el
<367 Vel + 195 1) + Myl + llej 1)

Therefore, the first inequality in (3.54) has been proved, by taking C5; = max(CyMj, %6“). The other inequality in (3.54) could be
established in the same style. This finishes the proof of Proposition 3.2.
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