W. Chen et al. Res Math Sci(2020)7:13

® Research in

https://doi.org/10.1007/s40687-020-00212-9

the Mathematical Sciences

RESEARCH

®

Check for

Energy stable higher-order linear ETD
multi-step methods for gradient flows:
application to thin film epitaxy

Wenbin Chen', Weijia Li?, Cheng Wang?, Shufen Wang? and Xiaoming Wang*'

"Correspondence:
wangxm@sustech.edu.cn
4SUSTech International Center
for Mathematics and
Department of Mathematics,
Southern University of Science
and Technology, Shenzhen
518055, People’s Republic of
China

Full list of author information is
available at the end of the article

Dedicated to Professor Andrew
Majda on the occasion of his
seventieth birthday.

@ Springer

Abstract

We discuss how to combine exponential time differencing technique with multi-step
method to develop higher order in time linear numerical scheme that are energy stable
for certain gradient flows with the aid of a generalized viscous damping term. As an
example, a stabilized third order in time accurate linear exponential time differencing
(ETD) scheme for the epitaxial thin film growth model without slope selection is
proposed and analyzed. An artificial stabilizing term At> 3%:“ is added to ensure energy
stability, with ETD-based multi-step approximations and Fourier pseudo-spectral
method applied in the time integral and spatial discretization of the evolution
equation, respectively. Long-time energy stability and an £2°(0, T; £2) error analysis are
provided, based on the energy method. In addition, a few numerical experiments are
presented to demonstrate the energy decay and convergence rate.

Keywords: Gradient flow, Epitaxial thin film growth, Exponential time differencing,
Long-time energy stability, Convergence analysis, Third-order scheme
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1 Introduction
Numerical schemes that preserve certain structures/properties for the underlying system
are highly desirable since these schemes usually perform better in terms of capturing
certain behavior of the models under approximation when compared to classical methods.
Well-known examples include absorbing boundary condition method for acoustic and
elastic wave equations in the whole space [19], symplectic integrator for Hamiltonian
systems [21], SSP and TVD for hyperbolic conservation laws [26], dispersion relation
preserving schemes for the acoustic equations [52], asymptotic preserving schemes for
the kinetic equations [31], and energy stable schemes for gradient flows, the focus of this
paper, among many others.

The desire to derive energy stable schemes for gradient flows is obvious since the energy
law is usually the most prominent property of the PDE system. In addition, for gradient
flows such as thin film epitaxial growth models, the coarsening process, which succeeds the

relatively fast phase separation process, occurs on a very long-time scale for large systems
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(or small parameter ¢ as shall be introduced below). Stability is of particular importance
for such kind of long-time numerical approximations, and an appropriate energy law of
the scheme that mimics the energy law of the original system would certainly be very
beneficial in ensuring the stability of the simulation among others.

A variety of techniques exist for developing energy stable schemes for gradient flows
such as convex splitting [20,53], invariant energy quadratization method (IEQ) [56], scalar
auxiliary variable (SAV) method [51].

On the other hand, accuracy order is another highly desirable issue. To seek higher order
in time algorithms, exponential time differencing (ETD) seems to be a very effective way
to minimize time discretization errors [29]. The basic idea of ETD is to utilize the solution
operator of the linear evolutionary equation without truncation. Since ETD cannot be
applied to nonlinear equations alone, a natural idea is to combine ETD with other methods
that can be used to efficiently approximate the nonlinear part, and multi-step method is
one of the natural candidates for such approximations [28]. The other natural choice
is the Runge—Kutta method; see [29] for ETD-RK approaches. The nonlinear term is
customary treated explicitly for efficiency in the ETD-MS approach. However, such an
explicit treatment may induce instability. Application of the ETD-MS method to epitaxial
growth model without slope selection can be found in [32] among others. Meanwhile,
the stability of these ETD-MS is non-trivial due to the instability induced by the explicit
treatment of the nonlinear term. Unconditionally stable second-order ETD-MS is derived
only recently with an artificial stabilizing term [9]. See also [14] for a slightly different
approach in terms of stabilization.

The main contribution of this paper is to formulate a general strategy for the devel-
opment of efficient energy stable higher-order linear ETD-MS algorithms for certain
gradient flows. A key ingredient of the strategy is an appropriate stabilization term which
could be interpreted as a higher-order viscous term. Roughly speaking, for an evolutionary
equation of the form

du + Lu = N(u),

dt
where L is a positive operator and N is a nonlinear operator, we apply the ETD-MS method
to

du

dt

in order to derive a kth order energy stable scheme with time-step size 7 and appropriate

d
+Lu+ Atk —17®y — N(u),
dt

choice of exponent p(k). The term AtX %Lp ®)Lu can be interpreted as a higher-order
viscous regularization part; see the Cahn—Hilliard case [43]. The artificial viscous term is
kept in the continuum version which is consistent with the spirit of ETD method. Explicit
treatment of the nonlinear term is desirable for efficiency consideration. However, higher-
order multi-step treatment of the nonlinear term leads to strong instability which requires
a higher-order artificial viscous term to stabilize the scheme. This stabilization term could
be understood as a continuum version of classical Dupont—Douglas type regularization.
Special care is needed for the explicit treatment of the nonlinear part, even with the
stabilization term, in order to ensure energy stability. Lagrangian approach seems to be an
appropriate choice in this case. We would need the nonlinear term to be “not too bad” for
such an explicit treatment to work out. We are not sure whether our approach works for
systems with stronger nonlinear term such as epitaxial growth model with slope selection.
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As a specific example, we consider the following epitaxial growth model without slope
selection. We offer a third-order energy stable ETD-MS scheme for this model. The energy
stability as well as the third-order convergence analysis will be presented.

Consider the following nonlinear diffusion equation that models no-slope-selection
epitaxial growth:

ou
ot

Vu

=Ny -V [———
1+ |Vu|?

>,xe(2,t€(0,T], &

where 2 = [0, L]%, u : £2 x [0, T] — Risascaled height function of thin film with periodic

boundary condition, and ¢ > 0 is a constant. Due to the periodic boundary condition, the
solution (x, t) is mass conservative, namely [, oulx t)dx = / o u(x,0)dx = 0.

i — g2A2 = _Vv.(Yu __

In this case, L = ¢“A*,N(u) = —V <1+\Vu|2

in the regularization term will be p(3) = 3/2, as we shall see below.

) in our general framework. The exponent

The equation (1) turns out to be the L? gradient flow of the following energy functional:
2
1
B = [ Siauf = 5 Int + vuP) d @
o 2 2

where the first term represents the surface diffusion, and the logarithm term models the
Ehrlich—Schwoebel (ES) effect which describes the effect of kinetic asymmetry in the
adatom attachment—detachment; see [18,37,38,48] for more detailed descriptions.

The reason why this model is referred as “no-slope-selection”(NSS) is based on the
fact that (1) predicts a time-dependent mound slope m(t) = O(t%) before saturation
[24,38]. On the other hand, with the ES effect term in E(u) replaced by i(|Vu|2 —1)%, the
corresponding growth equation is called slope-selection (SS), which predicts a uniform,
constant mound slope for the mound-like structures in the surface profile. Well-posedness
of the initial-boundary-value problem for both SS and NSS equations has been given by
[37,38] through the perturbation analysis and Galerkin spectral approximations.

In the epitaxial growth model field, scaling laws of the energy E, the average surface
ﬁHVu(-, t)|| have been
physically interesting quantities, and it is generally accepted that E ~ O(—Int), h(t) ~
O(t%) and m(t) ~ O(t% ); see [24,36,37,39,44]. The coarsening process is expected to scale
like L* for the NSS case (L3 for the SS case) which is long for large system (large L) [38].
Hence, long-time energy stability is needed to accurately simulate the coarsening process.

roughness h(t) = ﬁ”u(-, t)|| and the average slope m(t) =

One popular way to construct energy stable numerical schemes is to split the energy
functional into convex and concave parts and apply implicit and explicit treatments [20],
respectively; the first such numerical scheme for the molecular epitaxy growth model
is proposed in [53]. Since then, there have been various works applied to the epitaxial
growth equation under this framework, such as [8,10,12,42,45,46,50]. On the other hand,
the splitting approach is known to have difficulty in constructing unconditionally stable
higher-order schemes for a nonlinear concave term. To overcome this subtle difficulty,
one prevalent approach is to introduce an artificial stabilizing term in the growth equation,
which balances the explicit treatment of the nonlinear term; see [22,40,41,55]. In addition,
there have been some other interesting energy stable approaches, such as the invariant
energy quadratization (IEQ) [56] and the scalar auxiliary variable (SAV) methods [16,51],
etc.

Other than the approaches mentioned above, another idea to obtain higher-order tem-
poral accuracy while explicitly computing nonlinear terms is the time exponential time
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differencing (ETD) method. In general, the ETD-based scheme contains an exact integra-
tion of the linear part of the NSS equation, with the temporal integral of the nonlinear
term approximated by multi-step explicit approximation [3,4,17,29,30]. Applications of
such an idea to various gradient flow models have been reported in recent works [14,32—
35,54,57], with the high order accuracy and preservation of the exponential behavior
observed in the numerical experiments. In particular, the energy stability analysis for the
first-order (in time) scheme is established in [32]; the one for the second-order scheme is
reported in a more recent work [9]. Generalizing the idea from [9, 14] presents a third order
in time ETD-based scheme for the no-slope-selection model, in which Az? Ajz\j(u’”rl —u")
(with 7 the time step size) is added as the stabilization term with A = O(¢~2).

In this article, we propose another third order in time accurate energy stable ETD-based
scheme, with Fourier pseudo-spectral approximation in space, which avoids the singular

dependence on the coefficient in the regularization term in terms of ¢. Following the idea

39A3%
ot

positive constant independent of ¢. In addition, we apply a three level Lagrange approxi-

in [9], an artificial stabilizing term At is added in the growth equation, where A is a
mation to the nonlinear term. This approach enables us to derive a decay property for a
modified discrete energy functional, which in turn leads to a uniform in time bound for the
original energy functional. Besides, in the error analysis, we start from the continuous in
time ODE system satisfied by the error function as in [9], instead of analyzing the operator
form of the numerical error function. With a careful treatment of the aliasing error and
H? estimate of the numerical solution, we are able to derive an £°°(0, T'; £2) error estimate
for the proposed scheme.

The rest of this article is organized as follows. In Sect. 2, we present the fully dis-
crete numerical scheme. The numerical energy stability is provided in Sect. 3, followed
by £°°(0, T; H}%) and £°°(0, T; HS) bounds of the numerical solution. Subsequently, an
£%°(0, T; £2) error analysis is provided in Sect. 4, consisting of two lemmas concerning the
error of the nonlinear term at any time ¢ € [0, 7] and the error of the numerical solu-
tion at ¢ = 1, respectively. In addition, numerical experiments are presented in Sect. 5,
including temporal convergence test and simulation results of the scaling laws for energy,
average surface roughness and average slope. Finally, some concluding remarks are given
in Sect. 6.

2 Stabilized third order in time ETD multistep scheme (SETDMs3)
Some space definitions in [2] are recalled. Denote by W”*P(£2) the Sobolev space and by
Il - llmp the standard norm on W”#(£2). In particular, if p = 2, we write W"?(£2) and
|1l ywm2 as H™($2) and || - || ym, respectively. DeﬁneH{,’gr(Q) = {v € H™(£2) | v is periodic}.
Also, we follow the notations used in the Fourier pseudo-spectral method; see [5,6,13,
15,25,27,32,49], etc. Let N be a positive integer, £2xr be a uniform 2N x 2N mesh on £2,
with (2N + 1)? grid points (x;, ¥j), where x; = ih, y; = jh with h := %, 0 <ij<2N.Set
the time step size T = 1\1[; and denote t; = it for 0 < i < N;. Define M as the space of
2D periodic grid functions on 25 and let BN be the space of trigonometric polynomials
in x and y of degree up to N. In this paper, we denote C one generic constant which may
depend on ¢, the exact solution #, the initial value %y and time T, but is independent of
the mesh size /1 and time step size 7.
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Now, we introduce an interpolation operator Zy onto BN that reserves the function
value on (2N + 1)? grid points, i.e., (Zng)(x; ¥j) = g(x;, y5) for 0 < i, j < 2N:

N .
INO®Y) = > @iexp (%(kx%—ly)), withi = /1, (3)

kl=—N+1

where the coefficients {(¢;);} are given by the discrete Fourier transform of the 4N 2 grid

points:
A
@i =y D 80k 7)) exp (——(/<xl+ly,)) @
ij=1

For any g € M?¥, denote § = Zng as the continuous extension of g. When g and 8%
(|| < m)are continuous and periodic on §2, Zy has the following approximation property
([7, Theorem 1.2, p. 72]):

lo*g — 0" Ingln < Cligluph™ ™, for0 <k <m, m > 1 5)

with the discrete norm and derivatives defined below.
Given Zyg, the discrete spatial partial derivatives can be defined as:

N 2kmi
(ng)i,j = Z I3 &) k1 €Xp ( (kxz + ly})>
kil=—N+1
N

D)= Y. -

kl=—N+1

k2 2
2 ——(@c)k1 exp (—(kxz + ly;))

The operators Dy and Djz,. could be similarly defined. For any g § € MV, and g =
(g,2)7, &= @1, &)T € MN x MY, weintroduce the discrete gradient, divergence and
Laplacian operators:

D
Vng = (Dxi) , Vn-g=Dxg' + Dy’ Ang=Djg+Dg
g

Also, to measure the discrete differentiation operators defined above, we introduce the
discrete L? (denoted as £2) inner product (-, -) - and norm | - ||xr

2N
@on =1 gigp lgln=ven

i j:l
&gy =1 Z(gl,g,, +38) gy =V
bj=1
where ¢ is the conjugate of g. Similarly, we can define the discrete Sobolev norm || - || H?

and the discrete Sobolev semi-norm | - |52
h

NI
D=

el = (X2 10%€13)" gl = (2 10%¢13) ",

o] <2 lor|=2
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whereas above o = (a1, ) is a 2-tuple of nonnegative integers with |«| = a1 + a2, and
D* = D§'D§?. Furthermore, the following summation by parts formulas are available in
[32, Proposition 2.2]:

Lemmal Foranyg, g € MV, andg = (g1, 2)" € MY x MV, we have the following
summation by parts formula:

@ VN8N =—(VNg N, @ ANN =—(VNE VNN = (ANG QN

Let u, be the exact solution to (1) and define u := u, |q,,. Also, denote u(¢,) as 1] for
n > 0. The continuous form of the SETDMs3 scheme is given by:
sETDMs3: For n > 2, find u”+1(¢) : [ty tyi1] — /\/lf)\/ such that

du () sdAX ) | 5 0 . n—i
AT N +e2Ak ) = —;Ei(t — t)f (Vau™h,  (6)
where
3s s2 2s s2 s s2
L) =14 — +—, GE)=—=—2, 0= —+ —,
0(s) + 2t + 212 1) T 12 2(9) 2T + 272

X

ﬂ(x) - T|X|2,

S(Vav) := V- B(Vay).

The regularization term has the exponent p(3) = 3/2 in our general framework. Higher
exponents would also work at the expense of introducing higher-order error, especially
for the high frequency part.

Note that we have applied the Lagrange approximation to the nonlinear term. Since the
previous three steps are needed to compute the next time step, ué, k =0, 1,2 are needed
the initial step. Let u? = u(0), as for the first step, find usl(t) : [0, 1] = M()\/ such that

dal(t) P dAf’vasl ()

e +&2A%al(t) = —f(Vud), )
1 dAB 1 t _
% —Ar3Aé—?s() + 2 A3k (0) = ——f (Tnad) + (VD) (8)

As for the second step, find u2(¢) : [t, t2] — Mé\/ such that:

du?(t) A3 dAJB\/uf(t)

242 2, _ L 1, , t—T 0

Note that the following consistency identity holds:

uf“(tk) = uf(tk), fork=0,1,...,n (10)

Integrating (6)—(9) from t, to 41, we obtain the explicit expression of u}, 42 and u+1.
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sETDMs3 (matrix form):
uf“ = eiKTu? - ¢0(I<)f(uf)

- 0u00) | 37 -2t + 370

— $2(K) Ef(uz) —f@ Y+ %ﬁ(uzz)], (11)
al = e KU — oK) (),
ul =e X7 °—¢o(1<)f( 9) — p1(K)[f(al) — Fud)),
u? = e KTyl — po(K)f (ud) — 1 (K)[F(ud) — F2)),
in which

po(K) =K~ '(I — X7,

$1(K) =K1 — (Ko)™' (I — e 7)),

$(K) =K Y —2(K7) ™[I — (K7)~'Ud — e X))y,
K=eMA%,  F)=M7Y (v, M=1I-A3A%.

Because of the Fourier pseudo-spectral method applied in space, the sSETDMs3 scheme
has similar computational complexity as that of the sSETDMs2 scheme in [9].

Remark 2.1 Note that the stabilization term —ArBE-S%tL(t) can be replaced by a
Dupont-Douglas type regularization term —AtZ(A%/u”H — Ajs\/u”), similar to results
in [10,14]. It is possible to construct higher-order schemes by adding a stabilization
term A(—1)fck2ONM0 4 kMO0 g kST iy k) = k)2, or
A(—l)krk_l(Af\[u”+1 — Af\/u ) if the exact solution is smooth enough. The choice of
p(k) is based on the consideration of (1) it is small so that the artificial error remains as
small as possible, especially in the high frequency part; and (2) it is big enough so that
the artificial dissipation when combined with the original dissipation term can dominate
the nonlinear term which is treated explicitly. The minimal value of p(k) turns out to
be k/2 if we wish to keep the coefficient A bounded independent of €. As for long-time
computation, one way to accelerate convergence is to use various adaptive strategies, see
[11,23,47,58], etc. The higher-order regularization term might introduce relatively large
error for high frequency solution. Therefore, for a generic situation with random small
scale initial data, it might be reasonable to take a hybrid approach similar to the blended
linear response algorithm [1]: use an alternative higher-order method without regulariza-
tion for the initial (phase separation) stage. The ETD-MS can be applied for the coarsening
process after the elimination of very high frequency components in the solution.

3 Energy stability of sSETDMs3
For simplicity, from now on we denote || - || L2(t,8562) by || - |l L2(;562) The following inter-

polation inequality is used in this section.

Lemma 2 Foranyv e M},

4 2
IVAVIRe < IVIRAVA ANVILR - (12)
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Proof By Lemma 1, one can obtain

IVAVIZ = (Vav, Vav)y = =0 Axvn < VI ANV
IANVIE, = (Anv, AV = —(Yay, Y Aav)n < VAV IV Ayl

Substituting (13) into (14), one gets

1 2
TANVIN S VIRV ANV

A substitution of (15) into (13) completes the proof.

Consider the following numerical energy functional:

E(™ ()

47 31\ || deT1(e)
—E n+lg ot i - s N
(g ())+6 ,/10+,/30 P
[47 N [31 H AV A i(e) |2
10 30 dt LZ(In,nJrl;Zz)

2 N o3 [31 | AV Anul(z)
LZ(Iy,,ln;Zz) 120{2 30 dt

2
Lz(ln,n+liiz)

+

.3
1202

+0{ /31
6V 30

2

)
LZ(IK,L,,;ZZ)

dul (t)
dt

where

2

1 &
Enx(v) = <_§ In(1 + |Vav]?), 1) + 7||A,\/v||3\/, v e MV,

6
o= .
47 31
9+,/m+,/%

The main result of this section is the following theorem.

N

Theorem 1 Assume that
A > 1
— 2a3 2

where o« = —=2——. Then, system (6) is energy stable in the sense that
9+\/%+ %

E@™™ <E@!), Vn=>2.

n+1
Proof Taking the inner product with w on both sides of (6) gives that

du1(e) |I? AV AN I P d
H duf™ (@) + A3 dVn Anug™ (1) + = Ex (1)
& |y & VT

2 . AV t(t)
_ N n—iy _ n+1 s
—(;e,(t BVt ™) = BN 1), ——— )N.

(13)
(14)

(15)

(16)

(17)

(18)

(19)

(20)
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Integrating from ¢, to £, and denoting By = B(Vruk), one gets

AV A1 () |1
A 3 S
+ At —dt

durti(@e) |
dt

LZ(In,nJrl;ﬁ) L2(1n,n+1?£2)

+ Ex (™) — Exc(?)
n+1 n+1
- / t (ﬁn—mwu"“(t)) M) at
tn N

dt
i [3(t—t,)  (t — t,)? dVputi(¢)
+/tn [ LI }(ﬁn—ﬁn_b—dt )th
tn+1 t—t, (t tn) dVNM"+1(t)
_ SN : 21
+/tn [ZT i ](ﬁnz s, )th (1)

It can be easily verified that

1 [ dVau ()
181 — BVt () Iy < 72 — , (22)
L2(1mn+1;[2)
dv un—k+1 ¢
Bk — Bossally < 73 [ 4V4% () k=01 (3
dt
LZ(In—k,rz—kJrl;ez)

Substituting (22)—(23) into (21) and applying the Cauchy-Schwarz inequality, one can
obtain

RHS of (21)
” AVt |
=T \|\—

At Nz
T \/E AV (t) AV (t)
2V 10 HT Py | A g,
\/‘ H vau" 0 dV ()
L2(ly-an-132) de Ly 1:67)

dv n+1 t
<= 4+,/ ,/ H ARl (24)
4 L2(Iy1:t?)
t [47 H AVpun(2) |2 Lt [31 | dVpu—1(t) ||
4' 10 dt LZ([nfl,n?[z) 4 30 dt Lz(In—Z,n—l?Ez) '
And also, by the interpolation inequality (12), one gets
2 4 2
dVNuf(t) 2 2 duf(t) 3 2 2 dVNAN'Mf(t) 3
EErTan RS LA v Tl T
N N N
_|ddo) | P |avvavido]|’
< — | = ,Vk=>0. (25)
3| de 3a? de N
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A substitution of (25) and (24) into (21) yields

n+1
0 >EN( n+1) |: (4+ l / ) :| H du (t)
47 31\ 1
A— |4 — — 3
+[ ( ty 10+V30) 12&2}
N [31a |dul(t) |2 N [31 3
306 L2y 1it?) 30 1202

LZ(I,, n+1s Z2)

AV Axu 0 |°
d¢

Lz(ln,nJrl;lZ)
AV A (2) |2
dt

dt

—En n)__<\/’ \/’)Hciu"m

12 ([nfl,nizz)

LZ(In 1, n;zz)

/— / dVNA Nu”(t)
120[2 LZ(In_Ln}ZZ)
31 dul~ 1(t)
306 dt L2 (Iy—g,n—15%)

AV Anu1(e) ||

dr 26)

/31 13
30 1202

Sinceca = —2— and A = , one gets
9+4,/47 4 /31 3
+ 10 + 30

s (a7 . Bl\a _a [4 e o)
10 30/ 6 6 10 30/’
AN AT 1 47, [31 o8)
V1o "V30) 12a2 " 122 \V10 V30

This completes the proof of the theorem. o

L2Un—2,n—1}ez)

A direct consequence of Theorem 1 is the following corollary.

Corollary 3.1 Under the same assumption in Theorem 1, we have the following inequality,

foranyn > 2,
Ex(uf™) < E@f™) < E). (29)

The following estimates of || Var(u! — al)|| - and IV (ud — usl)||/\/ are needed in later

analysis.

Lemma 3 Assume that the exact solution u.(t) to (1) satisfies
ue € H'(Io1; H"®) N W (I, 1; H?).

Define u(t) := uc(t) | o, and denote u' = u(ty). The numerical solutions al and u! to (7)
and (8) satisfy that:

1 5 1 7
IVa (' — aD) v < Cou,(T3H™ +73),  ||Vn(u — ud) I < Cop (T3H" + T5).
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Proof To bound ||Vares(t1)|| a7, we subtract (7) from (1) and compute the inner product
with —Are,(£) on both sides:

LdIVyea®l | AT dIARea®)l

2 2
VA t
5 & 5 dt - IVa Anea(t)lln

= (Ra(t) —Anea®)y = 5 f I Anea®)l7 + ﬁnRa(t)nip (30)
where R ,( Zl 1 Ri(t) + Ry4,1(t) and
3
Rit) = (0Dl — M), Ro(®) = ~Ar N (31)
Rs(0) = [V - BOVau(0) =V - B(Vuele), | (32)
Ra1(t) = Vi - B(Vu®) — Vi - B(Varu(t)). (33)

Since

1
2\/—”A/\/ea I3 < 2\/—IIV/vea( MV Anceq ()l
2

< ore 5 IVaea®l% + _||VNANea(t)||/\/» (34)

3
we define ¢4(¢) = 5[ Varea(®)l3, + 2211 A%rea(®)]|3 and get

de
W < Lo + TR0 (35)

Integrating (35) from 0 to 1 and recalling that e;(0) = 0, one obtains
2
IVarea(t)iRr < Ve’ IRa O 72, 2y (36)

Note that R;(¢) = ﬁi(t)’g for1 <i < 3, with
N

IR1@)2 = || — €% (A%ue(t) — A2Znu(t)) 2 < Ce2H™ e (D) || pymss, (37)
- dA3 Ty u,(t) due(t)
_ 3 N Ue _ 3 e
IR2()1l2 = HAr —a | AT | ATy Tl
< co3nm due(t) —I—A‘L’B due(t) ) (38)
dt Hm+6 dt H6
IR3Oll2 = IV - [BVINUe(t)) — B(Vite(t)] 12 < ClIZnthe(t) — te() ] 2
< C”Me(t)||Hm+2hm, (39)

where we have applied the approximation property of Zy in (5). Combining with the
estimate for R4,1(¢) in (33), one arrives at

IRa(Osg 2y = CO™ + T [14eO 14 ey + 16Oy ] 40)
A substitution of (40) into (36) leads to

IVaea(t)2r < Cop, (T2H2™ 4 13). (a1)
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To estimate || Vare(t1)|| o, by subtracting (8) from (1) and computing the inner product
with —Axre(t), one gets

LdIVye®ly |, AT Al A eI ,
2 de 2 de

= (Ru® —Bxe(®) == (BTxud) = B(Varad), T Awveld)

2|V Ane®)li

1 g2 e~
< 1INl + SITxAveI + %nRug O

2
1 2 €
(2" 4 73) + IV Ane®e (42

Coue

+ 2
2¢2

where (41) and the Cauchy-Schwarz inequality have been applied. Besides, we have
R (£) == Y0 Ri(t) + Ra(t), in which

Raa(6) = 29 B(Txed) = S0 BVxn) = V- B(Vacu(e) 3)

. 0 o(f _
:/ tr —s) Df (Vpvu(s)) ds—l—/ s(t T)anf(VNu(s)) ds,
t T t

T

satisfying that
IRa2(O 2y 02y < TIR82ON oo 02y < TN (VABED G20 0y (44)

Note that e(0) = 0. Repeating the analyses as in (35)-(36), one gets

B )

2 T 3 7
IVave(t)ly < 2e'/ (7||Ru;<t)||izuo,lﬂ) + Cop (L3R 4 77)

< Cou, (T2 +T2H¥™), (45)

This completes the proof. O

Given above energy stability and the fact that u/*1() € M, we can derive a uniform
in time bound of ||u/*1(¢) ||?{2~
h

1

Lemma 4 Assume that A > 503

and the exact solution u, satisfies
ue € H' (Io1; H™*) N W2 (Io1; H?).
Then, one has a global in time bound for solutions of (6): for0 < n < N; — 1,

5 1
Ex(05™) = Ex(0s) + Co (02 + 7207, T (0l < Cyy

where Cy only depends on ¢, X, ug and u,.
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du(t)
d

Proof Taking the inner product with —= on both sides of (9), and repeating the analyses

as in (21)-(26), we get
2 AV Anul(t) 2

Ar3
+ At i

L2(I,;0%)
du?(¢)
de

du?(¢)
dt

+ Exr(u2) — Enc(ug)

L2(I,2;¢%)

dV Anul(t)
det

2 2

+ 5¢3
L2(1,2;0%) 120

2
3

5a
<
-6

L2(I1,2:0%)
dVa Anul(t) 2
de

dul(s)

o s
6 dt L2(10,1;€2) 120{2

Aas [a7\ o | dul() |
= 10/ 6

L2(Io1;¢%)

dt
i as [4a7\ 73
10 ] 1202 dt L2(I1,2;62)
n 147 o
106

2 . [47 3 | AV Anul(t)
Lz(Io,l;ZZ) 10 120{2
6

dt
where o = — s defined as above. Rearranging terms, one obtains

) 47 31\ «
E(u?) < En(ul = —]=
) = N(”S)+(V10+V3o 6
N /47+ 31\ 3
10 30 | 1202
dul(t)

On the other hand, taking the inner product with —;~ on both sides of the equation
satisfied by ul(t) and repeating the analyses as in (21)—(24), we also have

L2(I,2;¢%)

dVr Apul(t) 2

dul(t) 2

de

, (46)
L2(Io,1;¢%)

2

dul(z)
dt

L2(Io,15¢2)
dV Anul(t)
de

2
) (47)
L2(Io,1;¢%)

dul(t 2 AV A nul(e 2
H;() + A3 AV AU (t) + Exr(ud) — Ex(u)
At | r2gy52) de L2(Io150?)
2
dVaul(t) dVaul(t)
< IV = 5Ol ey | — o, trl—g . (48)
g e) 2y e)

Splitting ||VN(as1 - usl(t))|| [2(Io,1;¢2) Into three parts, combined with an application of
Lemma 3 and the Cauchy—Schwarz inequality, we arrive at

dVul(t)

IVartas = us@O) a6 | —;

L2(Ip,1;¢%)
dVNusl(t)

< VT (IVa(as = uh)lln + IV ! = ul)lln) H "

L2(Io,15¢2)
dVul(t)
de

+ VA (g — w2010 02)

L2(Io1;0%)

5t 2

4

dVul(t)

5 1
SCs,ug(tz +t2h2m)+ dr

L2(Io1;0%)
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Substituting (49) into (48), applying (12), one gets
Enr(ud) + Copy(v7 + 1212™)

9 2\ |dul(e)|”
zEN(u§)+<1——-—)H%

4 3

L2(Io,1;¢2)

9 1 AV Anul () |
+<A——-—2)13 AV Anus () . (50)
4‘ 30( dt LZ(I(),];KZ)
Meanwhile, it can be verified that
1 9 20{_ 47+ 31\ « A 9 1 _ 47+ 31 1
4 3 \V1o V30/6¢6 4 302 \V10 V30 1202
Therefore, a combination of (47), (50) and Corollary 3.1 leads to
En(™Y) < Exr(u?) + Co (3 + T2127), (51)

Finally, applying Lemma 3.2 and Remark 3.3 in [10, p. 586], we complete the proof. O

Next, we provide a finite time H. 2 bound for the numerical solution %1 (¢), which shall
be used in the convergence analysis.

Lemma 5 Assume that the initial solution u(0) has Hlf—regularity and A satisfies the
requirement in Theorem 1. Then, we have the finite time H; bound for the numerical
solution

1w @1 < C for0<n <N, —1, (52)
W
where Cy only depends on ¢, §2 and ||u(0)||HE.

Proof Taking an inner product with —Af’vu?“(t) on both sides of (6) leads to

LIV Anig Ol | AT dIAR 01

2 de 2 de¢
2

- ;ei(t — 1) (VA V- (V) Va3 @) v (53)

+ |V AL u T @) 13

Foranyv € Hf(.Q) with periodic boundary conditions, recall that # = Zyv is the contin-
uous extension of v. As in [9, Proposition 3.4], by using (5), for ¥ = @, ﬂf’l, g;:—z, one

has
IVAVA - BWIIn = IVV - INBVI))] < ClIB(VI)2 < CIVAT], (54)

in which we have used the H? bound of #. Substituting the above estimates into (53) and
applying Lemma 4, one gets

1|V Anu T 013 | A d|AR w0113
1 s Py ST SONE BTN L 2 v AL 013

2 dt 2 de
g2 2
< SNV AR IR + Ce7 Y IVa A~ I (55)

k=0
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In turn, an integration from ¢, to ¢, implies that

1 At3
= (VAN 3 = IV AN ) + = (IA3 TR — 1A 113
2 2
2
< Ce20) |[Vnanu 3. (56)
s N
k=0

Note that for » = 0 and 1 the same expression as (56) can be obtained, except that
the summation part on the RHS only contains two terms. In particular, when n = 0, the
I VNANasl ||%\f term is on the RHS. To analyze this term, repeating the process in (53)—(56)
on (7), we get

IVaAnaslir < 1+ Ce 2D Vv Anud 13 + AT ARl - (57)
Now, a summation of (56) from 0 to # shows that

}’l+1“2
s N

1 A3
IV AN TR + = AR

n
-2 i 12 0,2 3 3 .02
< Cre 2 Y | Un A I3 + 1 Vn An il + Ac?) A3l
i=0

An application of the discrete Gronwall’s inequality leads to
IV AnuHy < G (58)
where C depends only on ¢, u(0) and T. O

4 Error analysis of the sETDMs3 scheme
Here, we recall a modified version of Lemma 4.3 in [9]:

Lemma 6 Foranyv, w, Mé\/ NH}andg € MN N H?, we have

(BOA = BVAw), Vg)

1
< Cyuw(1+h) ( + —) v — wi3 + 1l Anglli + A2lglas

4k182 4)»2

where C,,,, is a constant depending on S2, ||w||H1§ and ||V||H2, A1 and Ly are any positive
constants.

Proof With Lemma 5, the proof is almost the same as in [9, Lemma 4.3], except that the
parameters in the Cauchy—Schwarz inequalities in the last step are chosen as A1 and A.00

The following estimate for the initial step error is needed in the later analysis.

Lemma 7 Assume that A satisfies the assumptions in Lemma 5, u(0) has H hu—regularity,
and the exact solution u, to (1) satisfies the regularity

Ue € H'(0, T; Hypt7(2)) N H*(0, T5 H,y,\ (£2)).
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Then, one obtains

1 At3
Sl - ull + — VN A (utr) - ud)I3 < CH*™ + 7). (59)

Proof Recall that f(Varv) = Var - B(Varv). An application of Taylor expansion indicates
that

df (Varul) T A} (Val(l)
F(Ina}) = f(Inrud) + 7= + fo —r =D (60)
df (v EAf(Vau(l
F(Vault) = f(Vaud) + ¢t oA (’;; u0) | /0 ZA dgu( Dt - nas 61)

in which

df (v \Y% \Y% Vav|V
fON) _ g Ve ) gy, IVAvel[VavIVay 62)
dt 1+ Va2 1+ [V
Recall that M =1 — AtBAjgv, K= SZM_IAf\,. By (7) and (1), one gets
duf _
dts =M [-KMud - f(ud)], (63)
3
du(0) _
o =M ! |:—I(Mu2 —f) + ; R,-(O)} , (64)

where Z?:l Ri(0) are defined as in (31)—(32). A substitution of (60)—(64) into (7) gives

40 Aﬁ% T2 A% (e) = ~f (u(®) + éiw), (65)
with

R = ¢ <df(vcj;7(0)) _ df(Zf”g)): (66)

Ro(t) = /0 t W(t ~Ndi (67)

Rs(t) = —é /O ' M(r —DdiL (68)
Define the error function as e(t) = u(t) — u’(¢), then one gets

e 4 ar dAzlft O 4 2Aelt) = - if?i(t) + 23: Ri(o) (69)

i=1 i=1

Taking the inner product with e(¢) on both sides, and denoting

= Loz, + 42 2
wt) = S 1@y + - IV Ane@ls, (70
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one gets
d 3
c;it) + &2 Ane®)2r ||e ||N 437 Z IR + Z (0 el®), -

For (f%l(t), e(t)) A using integration by parts, the Cauchy—Schwarz inequality, and u(0) =

u?, one has
(Ri(0) e(®))
du? du?
\2Y (T dt) Vare(t)
= — e
1+ Va2 Y
N
d 0
(|n 42| — |Vn S| ) 190V
2 , Vae(t
" T+ [Vl weld)
N
3
<3| Vne®)ln Y IVARiO)ln
i=1
3
< 3(lle@®ln + 1 Ane® ) Y IVARiO)llx
i=1
< —||e<t)|| X+ —||ANe(t)|| X ( + 27r> Z IVARAO) - (72)
i=1

Next, (f?,-(t), e(t)) N with i = 2, 3 can be analyzed using (44):

3
> (Rie) )
i=2
3 d%f (Vru(t)) d%f (Vyal(t))
< o3 e(®)ln HfT + HfT
¢ L2(Io,1;¢%) £ L2(Io,15€%)
2 2
S _”e(t)”%\/ + T5 Hf(v./\/'u(t))u WZ,oc(]Orl;ZZ) + T5 Hf(v/\/ﬂsl(t)) ” WZ,DO([O‘I;ZZ)
5
< —||e(t)|| R o O g ey + 18O ) (73)

where the regularity of asl (¢) is obtained by its closed form in (11), the assumption that
u(0) has H ;l—regularity:

2 3 2
s O, ) = €T ALK2(O)| + Ct | ALK} w(0)
N N
3 2
= Cr |AJU = AT AR) P AR u(0)| = Crllu(Oln- (74)
N

Therefore, combining (71)—(73) and using Lemma 5 gives

() _ i

3 3
27
5 2 2
TR w(t) + Ct”> + (—282 +27r) E VAR (0)|I% + 37 E IR:®Ol%- (75)

i=1 i=1
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Multiplying both sides by e~ and integrating from 0 to 7, using (40) and w(0) = 0, one
gets

3 3
27
o(t) < Ct®+ (— + 27r) D IVARIOIG g, ) + 3T D IR0, )
i=1

262 ;
i=1
< CE®+n*m). (76)
This completes the proof of the lemma. ]

Below is the main result of this section.

Theorem 2 Assume that the exact solution satisfies the regularity

ue € H'(0, T; HH(2)) N H*(0, T; H,y,\(82))

per
N W>>(0, T; Hy,,(2)) N H*(0, T3 Hp,, (82)).

per

Define u(t) := u,(t)|a, and denote by {u?}fq\io the numerical solution of (11) with u? =
u(0) € H;l(.Q), Ift < 1—16, h < 1, one gets

lu(ty) — ul Iy < CE>+N), 1<n<N, (77)

with C > 0 independent on the time step size T and the spatial discretization parameter
N.

Proof Define the error function e(t) = u(t) — u*1(¢) € M Denote u,(t,) and u(t,) as
u) and u", respectively. Subtracting (6) from (1), one gets: for tp < ¢ < t;,41,

de(?) P dA}o’ve(t)

de de
2

= = >t — )V [ BN = BT | + RO (78)
i=0

+ &2 A% e(t)

in which R(£) = Y7, Ri(t), with 33| R(t) defined as in (31)—(32), and

2
Ra(t) = D4t = 6V - B(VAu"™) = Ve - B(Vvule)). (79)
i=0

Taking the inner product with e(¢) on both sides of (78), one gets:

Ldlle@)|3 = A d|VaAne®I3 | - 2
SN 2 TDNENPIN Apelt
T 2 1 + e[| Ane@®)lx

2
= tule = ta) (B ™) = BVl ™), Vvelt) -+ (R(e) elt))
i=0

= (NL) + (R(2), e(t)) o7 - (80)

The truncation error term could be bounded by the Cauchy—Schwarz inequality:

2 2
(R(E), () < ”R(;)”N N ||e<t2>||N'
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An application of Lemmas 5 and 6 (with Ay = %, Ay = % to (NL)) results in

2 2
2 1 , 7e , 7 5
(NL) = C(1+h) <8—2 + 5) Z(; le(tn—)ll + ?”ANe(t)”/\/ + Elle(t)IIN,

where C only depends on HM(O)HHZ and 2.
A substitution of (81) and (82) into (80) yields

Ldle@)l}  A7® dIIVNANe(t)IIN &2 2
N _ANTANPIN A
T T a < 18ne®lly

2 » 9
= C+7) (8% + %) S et )13 + 4l + LD (;)”N,
i=0

Denote o(t) = % le(t)l|% + ATI‘% IVAr Anre(t)[13,- Multiplying both sides by e ™% gives

d _ 2 IRl
56 Sta)(t) < |:C(1 + k) (8 )Z lle(t,— L)”N + 5 N:|

Integrating (84) from ¢, to t,.1 and multiplying both sides by €3/, one gets

srw(thrl) — w(ty)

1—e 8 2 1\ ¢ ) )
= TC(I +h) (8—2 + 5) Z let-Dllx + IR 2, .1 02y

i=0

Furthermore, since ¢* > 1 + x for x € R, it is observed that

o(tiy1) — o(ty) — 8Tw(tn+l)
<C(+h)x ( ) Z le(tn—) I3 + Z 1ROy, oy

As for R4(t), note that
2 ty—i
Ralt) = Yot = ) [ (tans = 900V BT .
t

i=0

Applying Holder’s inequality and (5) implies that
5 5
IRa@)lln = CT2 Vi - BN U I3,y p1502) < CT2 NtbeO 31,y 0502)-

Recalling the estimates of R1 ~ R3 in (37)-(39), one arrives at

4
Z ”Ri(t)ll%z(ln,nﬂ;fz)

i=1

< C(h*" + 1%) [||Ue(t)||H1(1m+1;HVn+6) + ||Me(t)||,%_[3([n71,n+1;1_[2)]‘

Page 19 of 27

(82)

(83)

(84)

(85)

(88)

13
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A substitution of the above estimates into (86) and summing up from 2 to n implies that

n+1 n
wltys1) — olts) — 8T 3 w(t) < C(1+ )t (8% " %) S (@) + O + 1),
i=0

i=2

where C depends on ||te 1o, 7;7m+6) and [[tte | 130, 7.422)- Since 8 < 3, one gets

o(tuy1) < CQA+h) (8% + 1) T Zw(ti) + C(H*" + %) + Co(tp). (89)
i=0

As for w(ty), because of the fact that ug = ug, for t; <t < 3, one gets

de(?) + AL dAf’ve(t)

i T + EZAi[e(t)

3
_ _EVN BV = BOVNUD]+ Y Rilt) + Ran(e), (90)
i=1

where Zl 1 Ri(t) are defined in (31)—(32), Ra4,2(¢) is defined in (43).
Similar to (83), one gets

1dlle®3 AT3d||VNAN€(f)||N+ &2
2 de 2 de

<Cl+h (% + 1) le(en) % + (1 + Z) eI

3
IR || T
+) o+ S IR

i=1

IIAN e(t) I3 (91)

Repeating the analyses as in (84)—(85), one arrives at
o(ty) < e [w(n) +C(1+h) ( + 1) tlle(t) I3 + COP™ + rﬁ)} (92)

where C also depends on ||z || w200 (g, 7;12)-

A substitution of Lemma 7 and (92) into (89) results in
2 1 - 2m 6
~o(ta1) < [CA+M) (5 +5 ) +8|1 ) wlt) + CH*" +7°). (93)
€ 2

i=0

An application of the discrete Gronwall’s inequality yields the desired convergence result,
o(tyy1) < C(H*" + 1), ie.,

le(tus1) 3 + AT Aneltui) |3 < COH™ + 78), (94)

where C is independent of /2 and 7. o
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Remark 4.1 We have taken the artificial dissipation term of the form of At* w
with p(k) = k/2 for schemes of order k in time. The value of p(k) plays a very important
role in the energy stability and in the convergence property for the numerical scheme,
both at theoretical and numerical values. For instance, to obtain a third-order temporal
accuracy, p(3) = % turns out to be a critical value to theoretically preserve the energy
stability with an O(1) artificial regularization coefficient A. In fact, the Lipschitz condition
on the nonlinear term gives (22)—(23), due to which we roughly need to control td—Adg
with the aid of the dissipation terms A7> % (—=AN)?B)yand %, thenp(3) = % is the choice
that makes A of O(1) magnitude. If the power index is taken to be p(3) < %, suchasp =1
as in an existing work [14], an energy stability has been proved with A = O(¢~2). In this
case, the artificial diffusion power has been reduced, while the corresponding coefficient
has been drastically increased, which may lead to much larger truncation error, while the
temporal accuracy order is kept unchanged. If the power index is taken to be p(3) > %, the
theoretical justification of both the energy stability and third-order convergence analysis
remains valid, with the artificial regularization coefficient A = O(1); on the other hand,
the truncation error is expected to be larger than the one with the critical power index
p3) = %, especially for high frequency part, although the temporal accuracy order is still
kept as the third order. Because of these two considerations, we take the critical value of
the artificial regularization p(3) = %, for the sake of both the theoretical property and
numerical performance.

The convergence test results for five difference values of p: p = 1, p = 1.4, p = 1.6,
p = % and p = 2 are presented in the next section, as illustrated in Tables 1, 2 and
3, respectively. It is observed that, the proposed scheme preserves very nice third-order
temporal convergence rates with a refined time step size, with all these values of p(3) and
an O(1) artificial regularization coefficient A. In fact, for all these choices of p(3) and A, the
optimal rate convergence analysis is always available. And also, an O(¢~2) requirement
for A in the case of p = 1 in the energy stability analysis turns out to be a theoretical issue;
the energy dissipation has always been observed in the practical computations even for
p =land A = O(1) case. We also observe that the errors increase as the power index p(k)
increases, consistent with our intuition that stronger artificial dissipation leads to larger

errors.

5 Numerical results

5.1 Temporal convergence of sETDMs3

In this section, we test the temporal convergence of SETDMs3. Let 2 = [0, 27]?, &% =
001, 7 =1,N = 128, A = 513 with o defined as in (18). With an additional time-
dependent forcing term, we set the exact solution to be u.(t) = e~ cos(2x) cos(2y). Also,
consider three different ways to compute u., namely using the exact value, a! or as in (8).
For this exact profile, a careful calculation gives

8u

14 2e2f[1 — cos(4x) cos(4y)]
N 16e~ %y

[1+ 2e=2£(1 — cos(4x) cos(4y))]?

g=(—1+64e%)u

[cos(4x) + cos(4y) — 2 cos(4wx) cos(4y)].
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Table1 Temporal convergence of SETDMs3 (u.(t) = e~ cos(2x) cos(2y), p(3) = 3/2)

T ul =d ul = ul by (8)

Error Order Error Order Error Order
2.50E—-03 1.25E—04 1.37E-04 0.000 1.38E—04 0.000
1.25E-03 1.40E—-05 3.152 1.72E-05 2993 1.73E-05 2.995
6.25E—04 1.35E—06 3.375 2.16E—-06 2.998 2.16E—-06 2999
3.13E-04 7.01E—08 4271 2.70E—07 2.999 2.70E—-07 3.000
1.56E—04 1.71E—-08 2.032 3.37E—-08 3.000 3.37E—-08 3.000
7.81E-05 843E—09 1.022 4.22E—-09 3.000 4.22E—09 3.000
391E-05 2.63E-09 1.682 531E-10 2.988 532E-10 2.988
1.95E-05 725E—=10 1.857 6.62E—11 3.005 6.62E—11 3.005

Table2 Temporal convergence of SETDMs3 (ue(t) = e~ cos(2x) cos(2y), p(3) = 1.4)

T ul =a ul =’ ul by (8

Error Order Error Order Error Order
2.50E—03 6.06E—05 7.33E—05 7.36E—05
1.25E—03 5.99E—06 3340 9.20E—06 2.994 9.22E—-06 2.996
6.25E—04 351E-07 4092 1.15E—06 2.998 1.15E—06 2999
3.13E-04 5.98E—08 2.554 1.44E—07 2.999 1.44E—07 3.000
1.56E—04 3.26E—08 0.874 1.80E—08 3.000 1.80E—08 3.000
7.81E—05 1.04E—08 1.651 2.25E—09 3.001 2.25E—09 3.001
391E-05 2.88E—09 1.851 2.79E—10 3.012 2.79E—=10 3.012
1.95E—05 7.60E—10 1.923 335E-11 3.057 335E-11 3.057

Table3 Temporal convergence of SETDMs3 (u.(t) = e~ cos(2x) cos(2y), p(3) = 1.6)

T ul =al ul =u' ul by (8

Error Order Error Order Error Order
2.50E—03 1.56E—04 1.68E—04 1.69E—04 0.000
1.25E—-03 1.79E—05 3.119 2.11E-05 2.992 2.12E-05 2.994
6.25E—04 1.84E—06 3.285 2.64E—-06 2.998 2.65E—06 2.999
3.13E-04 1.30E—07 3.821 331E-07 2.999 331E-07 3.000
1.56E—04 9.88E—09 3.721 4.13E—-08 3.000 4.14E—-08 3.000
7.81E—05 749E—-09 0.399 5.17E-09 3.000 5.17E-09 3.000
391E-05 2.52E—-09 1.574 6.44E—10 3.003 6.45E—10 3.003
1.95E—05 7.20E—10 1.805 7.16E—11 3171 7.16E—11 3171

Results for p(3) = %, p3) = 14, p(3) = 1.6, p(3) = 1 and p(3) = 2 are shown in
Tables 1, 2, 3, 4 and 5, respectively. Third-order temporal convergence rates have been
observed for all these values of p, as the time step size is refined. For p(3) = 1, the loss of
accuracy in the last row is due, perhaps, to rounding errors.

5.2 Simulation results of coarsening process
In this subsection, we set 2 = [0, 12.8]%, ¢2 = 0.005, T = 40000, A = 20%3 with « defined
as in (18) and use a random initial data within [— 0.05, 0.05]. We use a coarser uniform
mesh with N = 128 and set time step size T = 0.001.

Figure 1 shows the snapshots of the numerical solution (11) at time ¢t = 1, 1E4, 1.5E4,
2E4, 3E4, 4E4. It can be observed that the solution has saturated to a one-hill-one-valley
structure at the final time.
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Table4 Temporal convergence of SETDMs3 (u(t) = e~ cos(2x) cos(2y), p(3) = 1)
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T ul =al ul = ul by (8)

Error Order Error Order Error Order
2.50E—03 4.44E—-06 1.72E-05 1.73E-05
1.25E-03 1.10E—-06 2.007 2.15E-06 2.997 2.17E-06 2.999
6.25E—-04 541E-07 1.029 2.70E-07 2.999 2.71E-07 2999
3.13E—04 1.69E—07 1.682 3.37E—-08 2.999 3.39E—-08 2999
1.56E—-04 4.63E—-08 1.864 421E—-09 3.000 4.24E—09 3.000
7.81E—05 1.21E-08 1.936 526E—10 3.001 529E—10 3.001
3.91E—-05 3.10E—-09 1.967 6.06E—11 3.118 6.10E—11 3117
1.95E—-05 793E—10 1.966 1.58E—11 1.943 1.58E—11 1.951
Table5 Temporal convergence of SETDMs3 (u.(t) = e~ cos(2x) cos(2y), p(3) = 2)
T ul =al ul =’ ul by (8

Error Order Error Order Error Order
2.50E—03 9.62E—-04 9.70E—-04 9.73E—04 0.000
1.25E-03 1.31E-04 2.877 1.34E-04 2.857 1.34E-04 2.859
6.25E—-04 1.64E—05 2.999 1.72E-05 2.963 1.72E-05 2.964
3.13E-04 1.96E—06 3.067 2.16E—06 2.994 2.16E—06 2.995
1.56E—-04 2.19E-07 3.156 2.70E—07 2.999 2.70E—07 2.999
7.81E—05 2.11E-08 3.375 3.37E-08 3.000 3.37E-08 3.000
3.91E-05 1.10E—-09 4270 421E-09 3.000 421E-09 3.000
1.95E-05 2.60E—10 2.077 535E-10 2977 535E—-10 2977

SETDMs3 solution att =1

SETDMs3 solution at t = 2e4

Fig. 1 Snapshots of the numerical solutions

SETDMSs3 solution at t = 1e4

6 8

SETDMSs3 solution at t = 3e4

SETDMs3 solution at t = 1.5e4

6

SETDMs3 solution at t = 4e4

8

Recall the discrete energy functional in (17), for convenience we repeat it here:

En(u) = (—% In(1 + [Vyul?), 1>N

2

&
+ 7IIANu||J2v, Yu e MV,

(95)



13

Page 24 of 27 W. Chen et al. Res Math Sci(2020)7:13

Energy evolution of SETDMs3 solution
0 T T T T T
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\,A

-300 |- - 8

350 | B

-400 - e, B
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107! 10° 10’ 102 108 10* 10°
Time
Fig.2 Semi-log plot of the energy £ar of SETDMs3. Fitted line has the form aIn(t) + b, with coefficients
a= —3885b=—5524

Also, consider the average surface roughness /157 (#) and the average slope mar(u):

2
I, t) = h—22|u(xi,,,t)—u(t)|2, with 0 = = ulxiy ) (96)
2] &~ 2] &
\ M M
h2
ma(t) = | — Y [Vulxij, t)|% (97)
2] &~
\ M

For the no-slope-selection growth model (1), recall that Enr ~ O(—In(t)), hin ~ O(t%)
and mpr ~ O(t%) ast — oo (see [24,38,39] and references therein). The evolution of E s,
har and m s is demonstrated in Figs. 2 and 3, respectively. The linear fitting results for the
solution of sSETDMs3 in time interval [1, 400] are also presented in corresponding figures.
The evolution of the discrete energy for the case of p(3) = 1 with the same regularization
coefficient A as in the case of p(3) = 3/2is illustrated in Fig. 4. The difference in numerical
results is small indicating the performance of the scheme is insensitivity of the value of
p(k) despite the theoretical requirement.

We also observe that the errors increase as the power index p(k) increases, consistent
with our intuition that stronger artificial dissipation leads to larger errors.

6 Concluding remarks

We have introduced a strategy for designing higher-order in time, energy stable linear
numerical schemes by combining ETD method , multi-step method and a higher-order
continuous Dupont—Douglas type regularization for gradient flows with mild nonlinearity.
As an example, a linear, third order in time accurate, energy stable ETD-based scheme for
a thin film model without slope selection is presented. An unconditional long-time energy
stability is justified at a theoretical level. In addition, an O(z3)-order convergence analysis
is established in the £°°(0, T; £2) norm. Moreover, various numerical experiments have
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Evolution of average roughness
T T

Evolution of average mound slope
T T T T

T T

Average roughness
Mound slope

1071 & n "
107 10° 10" 10? 10° 10* 10° 107" 10° 10’ 10? 10° 10* 10°
Time Time

Fig.3 The log-log plot of (1) the average surface roughness har and (2) the average slope mas of SETDMs3.
Fitted lines have the form at®, with coefficients (1) a = 0.4113,b = 0.4983 and (2) a = 2.162, b = 0.2578

Energy evolution of sSETDMs3 solution (p(3)=1)
0 T T T T

-100 - Y q
-150 - > 1
-200 “ay -

250 - “ 1

Energy

-300 - 1
-350 - 1
-400 - e 1

-450 - e A

500 . . . . .
107 10° 10° 102 108 104 108
Time

Fig.4 Semi-log plot of the energy Exr of SETDMs3 with p(3) = 1. Fitted line has the form aIn(t) + b, with
coefficients g = —39.48, b = —52.04

demonstrated that the proposed third-order scheme is able to produce accurate long-time

numerical results with a reasonable computational cost.
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