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A STABILIZED SECOND ORDER EXPONENTIAL TIME DIFFERENCING
MULTISTEP METHOD FOR THIN FILM GROWTH MODEL WITHOUT SLOPE
SELECTION

WENBIN CHEN', WELJIA L1, ZHIWEN Luo?, CHENG WANG?* AND XIAOMING WANG*

Abstract. In this paper, a stabilized second order in time accurate linear exponential time differencing
(ETD) scheme for the no-slope-selection thin film growth model is presented. An artificial stabilizing

term ATQ% is added to the physical model to achieve energy stability, with ETD-based multi-step
approximations and Fourier collocation spectral method applied in the time integral and spatial dis-
cretization of the evolution equation, respectively. Long time energy stability and detailed £°°(0, T’; £?)
error analysis are provided based on the energy method, with a careful estimate of the aliasing error. In
addition, numerical experiments are presented to demonstrate the energy decay and convergence rate.
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1. INTRODUCTION

Consider the continuum model of no-slope-selection thin film epitaxial growth, which is the L? gradient flow
of the following energy functional:

2
1
E(u):/ 1Au? — In(1 + [Vul) dx, (1.1)
Q

where Q = [0, L)%, u :  x [0,T] — R is a scaled height function of thin film with periodic boundary condition,
and € > 0 is a constant. Here the first term in E(u) represents the surface diffusion, and the logarithm term
models the Ehrlich-Schowoebel (ES) effect which describes the effect of kinetic asymmetry in the adatom
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attachment-detachment; see [14,27,28,39]. Consequently, the growth equation is the L? gradient flow of (1.1):

ou Vu
E:—EQAz'LL—V' (m), IEEQ, tE(O,T] (12)
Taking the inner product with (1.2) by %1;7 we obtain the energy decay property for the continuous system:
dE
- *\|Ut||2L2~

The equation (1.2) is referred to as the no-slope-selection (NSS) equation, since (1.2) predicts an unbounded
mound slope m(t) = O(t3) [17,28]. On the other hand, the slope-selection (SS) case refers to the case when the

logarithm term —V - H_‘vﬁ‘z) in (1.2) is replaced by V - ((|Vu|> — 1)Vu), which predicts that mound-like or

pyramid structures in the surface profile tend to have a uniform, constant mound slope [28].
The solution u(x, ) is mass conservative, i.e.,

/Qu(x, t) dx = /Qu(x,O) dx, t >0, (1.3)

due to the periodic boundary condition. For simplicity of presentation, herein we assume u to have zero mean-
value. Scaling laws that characterize the surface coarsening during the film growth have been a physically
interesting problem; see [17,26,27,29,34]. As for the continuum model, the well-posedness of the initial-boundary-
value problem for both SS and NSS equation has been given by Li [27] and Li and Liu [28] through the
perturbation analysis and Galerkin spectral approximations. Li and Liu [29] proved that the minimum energy
scales as loge for small € > 0, and the average energy is bounded below by O(—logt) for large ¢. This implies
that long time energy stability is required to simulate the coarsening process.

One popular way to construct energy stable numerical scheme is to split the energy functional into convex
and concave parts, then apply implicit and explicit time stepping algorithms to the corresponding terms [15],
respectively; see the first such numerical scheme in [43] for the molecular epitaxy growth model. Since then,
there have been various works dedicated to deriving high order and energy stable schemes under this idea, such
as [8-10,32,37,38,41]. In particular, a first order in time linear scheme was proposed in [9] to solve the NSS
equation, with the energy stability established. On the other hand, the concave term turns out to be nonlinear
in this approach, and there has been a well-known difficulty of the convex-splitting approach to construct
unconditionally stable higher-order schemes for a nonlinear concave term. Many efforts have been devoted
to overcome this subtle difficulty, such as introducing an artificial stabilizing term in the growth equation to
balance the explicit treatment of the nonlinear term; see [16, 30, 31, 33,45]. In addition, there have been some
other interesting approaches for the stability of a numerically modified energy functional, such as a numerically
introduced variable [36], the invariant energy quadratization (IEQ) [46] and the scalar auxiliary variable (SAV)
methods [42].

Other than these direct approaches to establish the energy stability, some other ideas have been reported in
recent years to obtain higher order temporal accuracy with explicit treatment of nonlinear terms, such as the
time exponential time differencing (ETD) approach. In general, an exact integration of the linear part of the NSS
equation is involved in the ETD-based scheme, followed by multi-step explicit approximation of the temporal
integral of the nonlinear term [3,4,13,20,21]. An application of such an idea to various gradient models has been
reported in recent works [12,22-25,44,47], with the high order accuracy and preservation of the exponential
behavior observed in the numerical experiments. At the theoretical side, some related convergence analyses have
also been reported; a lower bound for the linearized stabilization parameter has been derived, and a rigorous
energy stability analysis has only been provided for the first order ETD scheme [25]. For the second and higher
order numerical schemes, a theoretical justification of the energy bound has not been available.

In this paper, we work on a second order in time accurate ETD-based scheme, with Fourier pseudo-spectral
approximation in space, and the energy stability analysis is established at a theoretical level. We use an alternate
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approach to overcome the above-mentioned difficulty, instead of applying convex splitting to the energy func-
tional (1.1). In more details, an artificial stabilizing term ATQ%?‘ is added in the growth equation, where A is
a positive constant and 7 is the time step size. Also, we apply a linear Lagrange approximation to the nonlinear
term as in [25]. This approach enables us to perform a careful energy estimate, so that a decay property for a
modified discrete energy functional is proved. This in turn leads to a uniform in time bound for the original
energy functional. In our knowledge, this is the first such result for a second order ETD-based scheme, with the
primary difficulty focused on the explicit extrapolation for the nonlinear terms. Moreover, we provide a novel
convergence analysis for the proposed scheme. Instead of analyzing the operator form of the numerical error
function, here we start from the continuous in time ODE system satisfied by the error function, which is derived
from the corresponding equations of the numerical solution. With a careful treatment of the aliasing error and
H? estimate of the numerical solution, we are able to derive an £>°(0,T; ¢?) error estimate for the proposed
scheme.

There have been quite a few physically interesting quantities that may be obtained from the solutions of the
NSS equation (1.2), such as the energy, average surface roughness and the average slope. A theoretical analysis
in [29] has implied a lower bound for the energy dissipation as the order of O(—Int), and an upper bound for
the average roughness as the order of O(t'/ 2), which in turn implies an oY 4) order for the average slope. In
particular, the O(—1Int) energy dissipation scale leads to a long time scale nature of the NSS equation (1.2),
in comparison with the O(t‘l/ 3 scale for the slope-selection version and the standard Cahn-Hilliard model.
In addition, a lower bound for the energy, estimated as v := %2 (In(4e?L~?) — 46?72 + 1) as derived in [9, 10,
43], indicates an intuitive O(¢~2) law for the saturation time scale for ¢ < min L, because of the O(— Int)
energy dissipation scale. All these facts have demonstrated the necessity of energy stable numerical approach
to accurately capture the physically interesting quantities, since the energy stability turns out to be a global
in time nature for the numerical scheme. In the extensive numerical experiments, the proposed stabilized ETD
scheme has produced highly accurate solutions, which obtain the long time asymptotic growth rate of the surface
roughness and average slope with relative accuracy within 4%.

The rest of this article is organized as follows. In Section 2 we present the fully discrete numerical scheme.
The numerical energy stability is proved in Section 3, followed by ¢°°(0,T; H?) and £>(0, T’; H?) bounds of the
numerical solution. Subsequently, an £>°(0, T; £?) error analysis is given by Section 4, consisting of two lemmas
concerning the error of the nonlinear term. In addition, numerical experiments are provided in Section 5, includ-
ing temporal convergence test and simulation results of the scaling laws for energy, average surface roughness
and average slope. Finally, some concluding remarks are given by Section 6.

2. THE STABILIZED SECOND ORDER IN TIME ETD MULSTISTEP SCHEME (SEDTMs2)

Some definitions in [1] are recalled. Consider Q = [0,L]¢. We define W™P(Q) := {v € LP(Q) | D €
LP(Q) for 0 < |a| < m}, where a = (a,...,aq) is a d-tuple of non-negative integers with |a| = Z?Zl a;, and
D, = Hle Dgi. For simplicity, we denote || - [[wm.r(q) as || - [lm,p, and the related semi-norm as | - |, . In
particular, if p = 2, we set W™P(Q) as H™(Q), and || - [|m,2 as || - || gm.

In this paper, we focus on the case when d = 2 and follow the notations used in collocation spectral method;
see [6,7,18,19,25,40]. Let N be a positive integer, xr be a uniform 2N x 2N mesh on Q, with (2N + 1)? grid
points (x;,y;), where x; = ih, y; = jh with h := ﬁ, 0 <i,5 < 2N. Denote u, as the exact solution of (1.2),
u(t) = ue(-,t)|a, be the restriction of the exact solution on Qar, 7 be the time step size N%, and t; = it for

0 <i < Ny Let HJR () = {v e H™(Q) | v is periodic}, M be the space of 2D periodic grid functions on Qyr,
and BY be the space of trigonometric polynomials in = and 3 of degree up to N. In this paper, we denote C one
generic constant which may depend on ¢, the solution u, the initial value ug and time 7', but is independent of

the mesh size h and time step size 7.

Let us firstly recall the following Berstein inequality introduced in ([40], p. 33, Lem. 2.5):
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Lemma 2.1. For any u € BY and 1 < p < oo, we have
107 ull e ) < ON™[ullLr(@), m =1 (2.1)

Now we introduce an interpolation operator Zy onto B that reserves the function value on (2N + 1)? grid
points, .e., (INf)(xwyj) = f(zuy]) for 0 < Zv.] <2N:

N

@ = Y oo (ke ), withi= V7L (22)

kl=—N+1

where the coefficients {( fc) k.} are given by the discrete Fourier transform of the 4N? grid points:

= L3 UL 2.3
s = g3 3 Tlaw) e (-2 i+ ). (23)

For any f € MV denote f = Zy f as the continuous extension of f. When f and 8®f (|| < m) are continuous
and periodic on 2, Zy has the following approximation property ([5], Thm. 1.2, p. 72):

d
|0 f — OFIn fllp2 < Ch™ F| fllm, for 0 <k <m, m > 2 (2.4)

for dimension d. Also, the following H™ bound of Zy is excerpted in Lemma 1 of [19]:
Lemma 2.2. For any ¢ € B*N in dimension d, we have
IZnellae < (V2) el k2 0. (2.5)

Given Zy f, the discrete spatial partial derivatives can be defined as:

N %kmi o, i
(Daf)ij= Y, T (fc)k,zexp(f(eri—lyj)),
k=—N+1
) al Ak?n? i
s = > o (B )
kl=—N+1

Similarly we have D, and Di. For any f, g € MN and f = (f1, f2)7, g = (91.92)7 € MY x MV, we can
define the discrete gradient, divergence and Laplace operators:

Vaf = (gﬁ) . Vnf=Duf £ D% Axf=Df+ Dif.

Also, to measure the discrete differentiation operators defined above, we introduce the discrete L? (denoted as £2)
inner product (-, -)x and norm || - ||a:

2N
(f,9w =0 Y fisij, Ifllv =V, Fns

ij=1
2N
(£.g)w =h> Y (fha + fad), lglly =V (E -

ig=1
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Similarly, we can define the discrete Sobolev norm || - ||z and the discrete Sobolev semi-norm | - [2:
2 2
Wl = | D2 1Dl | o Iflmz = | 22 I1DafIR )
la|<2 la|=2
where as above a = (a1, a2) is a 2-tuple of nonnegative integers with |a| = a1 + ag, and D, = D3 Dy?.

Furthermore, the following summation by parts formulas are available in Proposition 2.2 of [25]:
Lemma 2.3. For any f, g € MY, and £ = (f1, )7, g = (g91,92)" € MN x MN | we have the following

summation by parts formula:

(f,VN-g8n=—(Vnf.8)n, (LANGN =—(VN S, Vng)n = (Anf,9)n

Recall that the exact solution u in (1.2) is assumed to be mean value free, thus we consider the subset of
zero-mean grid functions:

MY ={ve MV | (0,1)x =0} = {ve MY | by = 0}.
Define Ly = e?A%/| s which is symmetric positive definite on MY
In turn, the spatial discretization of (1.2) becomes: Given ug € My, find @ : [0, 7] — M} such that
da

o = ~Lvi— Iv(@, Ly =A% te (0.1, (26)

a(0) = u(0), (2.7)
where for(d) = V- (mvaN"T\) Multiplying both sides of (2.6) by eV yields

defntg

dt

= —eLNth(ﬁ). (2'8)

Integrating (2.8) from ¢, to t,4+1 gives

tn+1
U(tngr) = e ENTh(t,) — / e~ Iv(tai=t) £ (4(t))dt. (2.9)
t

n

By Lemma 4.1 of [25], the error between the exact solution u(t) and the solution 4(t) of (2.9) is of order
O(N~™), given that u,.(t) is smooth enough.

2.1. The ETD1 and ETDMSs2 schemes

Two exponential time differencing schemes (ETD1 and ETDMs2) have been proposed in [25], using the
energy convex splitting method. Ju et al used a similar spatial discretization as (2.9) is derived, with modified

Ly and fr(a(t)):
L.= Ly — kAN, k>0, (
fe((t)) = far(@(t)) + rANA(). (
For the ETD1, the term f.(@(t)) in [t,, tp+1] is simply approximated by fe(@(t,)). For the ETDMs2, f.(u(t))
is approximated by the linear Lagrange interpolation:
t—t,
T

fe(ﬁ(tn)) + [.fe('a(tn)) - fe(ﬁ(tn—l))L t e [tnvtn+1]'

Let up(t) be the numerical solution of ETD1 and ETDMs2. Denote uy, (ty,) as uj for n > 0. Integrating from t,,
to tp41, the following expressions are obtained in [25]:
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- ETD1:
up™t = e Theup — go(Le) fe(ufy)-
— ETDMs2:
uptt = oo — g (Lo) o) — dn (L)l feup) — fo(u ™),
in which

po(x) =2 (I —e ), pr(x) =2 ' [1— (z7) "' (T —e 7))

The convergence analysis for both ETD1 and ETDMs2 was given by Ju et al. [25]. However, a theoretical proof
of the long time energy stability of ETDMs2 was not available.

2.2. The sETDMs2 scheme
In this section we propose a second order in time stabilized exponential time differencing multistep scheme

odAaza(t)

(SETDMSs2). In order to guarantee the long time energy stability, a stabilizing term At is introduced,

in which A is a positive constant. Also, we apply the same Lagrange approximation for fur as in [25]. Define a
continuous in time function for s € [0, 7]:

N N N S N N

(s, 0(tn), 4ltn-1)) := fa(altn)) + —[far(atn)) = far(@(tn-1))]-

We present the following sETDMs2 scheme:
~ sETDMs2. For n > 1, find u2+! : [0,t,41] — M2 such that for any ¢ € (t,,,t,11],
() | ARt ()
dt dt
with ufT1(¢) := u?(t) for t € [0, t,].
The initial step is obtained as follow: Find ul : [0,#;] — M such that

= —Lyul(t) — farp(t —to,u ul™h), (2.12)

S

1 AQ 1
dugt(t) +AT2d%7?;s(t) = Lyul(t) — fur(u®), t € (0,4], (2.13)

0

S

dayul(t)

where v = u(0). In fact, as for the initial step, the stabilizing term can also be replaced by —Ar

Integrating (2.12) and (2.13) from ¢, to t,1, one obtains explicit expressions of u} and u?*! for sSETDMs2:

— sETDMs2 (matrix form). For n > 1,

uftt = e TN — o (K )Gn(uf) = ¢1(Kn)[Gar(ul) = Gar(ud ™), (2.14)
and the intial step is computed by
uy = ¢ NTUG — 9o (Kar)Gar(ul), (2.15)
in which
Ky = (I + AT?A}) T AR, Gn(v) = (I + AT*A%) ™ v (v),
Go(Kn) = KprH (I — e7FNT), $1(Kn) = KT = (Karr)7HI = e

Note that sETDMs2 and ETDMs2 have similar matrix forms for solutions at {ti}ZN:tl, and they share similar
computational complexity. Similar eigenvalue analysis in the Fourier space could also be found in a related
work [11].
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3. LONG TIME ENERGY STABILITY OF THE SETDMS2 SCHEME

In later analysis we shall make frequent use of the Gagliardo—Nirenberg inequality and Agmon’s inequality
(see [1,2,35]): for function v in R%,

1 g 1 m
1-6 0
olwssy < CHOE o I mr - L-dro(i-T)ra-0, (3.1)
1—n n_ d m
ol oy < Clloll b2 Iol5 - m> 4 venm@), (3.2
with 1 < ¢,r < o0, 0<j <m, %SHSI.
Consider the following numerical energy functional:
- 3—1||durt' (1) |
B () = Bw(ur (o) + Y21 |40
4 dt L2(ty,tng1:02)
34 1)72 [[dAnul (1) ||
L (VB2 [ dAyur () | .
24 dt L2(tyn,tni1:42)
where Ex(v) is the discrete version of the continuous energy functional E(v) in (1.1):
1 2 &? 2 N
Eyn(v) = (=51 +[Vavl), 1)+ Aol Vo e MY (3.4)
N

The main theoretical result of this section is the following theorem.

Theorem 3.1. Assume that A > %. The numerical system (2.12) is energy stable in the sense that for any
1 S n S Nt — 17

dAyur (8 ||

dt

< E(ul).

E(ul*h) + (A _ 27 \/§) 2

6

L2(tn,tnt1:£2)

Proof. We define (v) := 7= and denote

t—1tn,
T

B ot = toul,ul™h) = B(Varug) + [B(Vaul) = B(Varul™ )]
By definition we have: For any v, w € M and ¢ > 0,
In(@) =V BVA), farn(Cv,w) = Vi - By (¢ 0, w).

Taking an inner product with (2.12) by gives that: For n > 1,

duz (1)
dt

2

+ Ar?
N

= (f‘N,L(t - t'ru U‘ZL7 U’:il),

duz+ (1)

dANu @) |7, e dAnul T @0)]3
dt a2 A

dt v 2 dt

dVaupti(t)
dt>N. (3.5)

Recall that Ex-(u) = (=3 In(1+ [Vaul?), 1), + 5 | Anull, thus

d AV aunti(t) e2 d||Anun ()] 2
Byt _(_ n+1 s s N
FENER) = (<o), ) Sl
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Therefore, we can rewrite (3.5) as below:

2 2

dunti(t) dANunTL(E) d
s A,Q s —E @+1t
[ e el R 2
. d n+1 t
= (Bt ) = pVar o), T (3.0
N
Integrating (3.6) from ¢,, to t,41, we have
n+1 |2 n+1 |2
‘ du? 4 A2 dApul
dt L2(tp tng1302) dt L2(tnstnt1562)
+ Ex(u ™) = Exc(uy)
bt AV augti(t
= [ (55 - swa o), D)
tn N
bt —ty, _yy dVaul (e
s [ (a0 - ), )
tn N
= (I) + (II). (3.7)
As for (I), an application of Holder’s inequality gives
s AVpult (t
0= [ 18 0) - s | T (39
tn

Using the inequality |3(v) — S(w)| < |v — w| in Lemma 3.5 of [25] and reversing the order of integration and
summation, we obtain

1B(Vaus™ () = BOVaud) v < [ Vaud ™ (1) = Vavul |
t n+1

= ’/ M dl
t

‘N

dt
d n+1
<7t AVyus™ . (3.9)
dt L2 (tn tni1:02)
Substituting (3.9) into (3.8) and applying Holder’s inequality again, we get
dVuzt!|?
(<t HL , (3.10)
dt L2 (b by 1:02)
Also notice that by the interpolation inequality, we have
AVt 1P 1 [dur @) A [ dAur i) |
SYNEs W < |[SRe TANEENTs ) (3.11)
dt N 27 dt N 2 dt N
where ) is a positive constant to be decided later. Thus we arrive at
1 || durtt | 2\ || dAyuntt |
(I) < — ' Us A HL . (3.12)
2200 At e, bz 2 dt L2t tni:62)
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The term (II) could be estimated in a similar way:

it —t, AV upt(t
(U)g/ — VY HiN“ ()‘ dt
- T dt N
n th+1 4 n+1
<} dVyu? / t—t, Hvaus (t)H dt
dt Lz(tn lﬂtn’gz) T dt N
< T ’dVNu? dV puntt
T3 At e, e dt L2 (tnstns1i62)
n (|2 n+1 12
< Hvau HdVNu 7 (3.13)
2\f L2(tn_1,tn:02) 2\[ L2(tn tni1:02)

where we have applied the Cauchy—Schwarz inequality to obtain the last inequality. Again, we make use of the
interpolation inequality and get

1 du” 2 dANu” 2
In <
4V/3) 210 ,,,71,1&,”42) L2(tn1,tnit2)
n+1 (|2 )\ dA n+1 (|2
+ L ‘ dus 2 HiN” . (3.14)
AVBM At e, b, L2(tn g 132)
Substituting (3.12) and (3.14) into (3.7), we arrive at
2v3 41 || dunt!||? 1| dun |
0>(1- -
4v/3X N SV L2(tn 1 tnsl?)
2 1 dApur |2
+ A— ( f+ ) 7_2 NUs
4\/> dt Lz(tnvthrl?ez)
2 A n |2
AT | A + B (ul ) — Ex(ul), (3.15)
)
from which we can obtain the following restraints on A and A:
2 1 1 3 3
V3 + s 3tV3 (3.16)
4BA 4f A 6
2
2 3 3 2 3
A(‘[+)>L;»A 3+\/§Az +V3Y) _2+V3 (3.17)
4/3 43 6 6 6
Setting A = 3+6‘/§, (3.15) is equal to
(- 243 o ||ddncurt? 2
6 dt L2(tn tn41:02)
>\/§1'du?“2 \/§1‘du§"2
- 4 di L2 (b tnt13£2) 4 dt L2(ty—1,tn;£?)
(V34 1)72 || dApurtt|)?
+
24 dt L2 (b bns1307)
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172 |[dAyu? ||?
SR g L + () — B(u)
24 dt L2(tn—1,tni0?)
> E(u!) — B(u?). (3.18)
Thus we have proved the energy stability of (2.12). d

Remark 3.2. With a slight modification of the proof, we can obtain the energy decay property for the following
numerical energy functional:

dv /\/u

E(ul™) = Ex(ul™) (3.19)

2\f H

Applying the interpolation inequality to the LHS of (3.7), substituting (3.10) and (3.13) into the RHS of (3.7),
we see that

L2(ty tny1;02)

AV un ||
NZTH W + Ex(uf ) = Exc(u})

L2(tp,tnt1:02)

o 6+ V3T || dV gt Hde
B 6 dt L2(tn tng1:2) 2\[ L2(tn_1,tn i)
Rearranging the terms, we also have
d n+1 2
Q\F_G-F\/g TH Vyul + Ep(u TL+1)
6 dt L2 (g 1:02)

AV yun || R
] + Ex(u}) = B(ul).

L2 (tn—1,tn;t?)

2\f H

Therefore,

< B(u}),
L2(tn,tnr1502)

N n+1
E(u}) +2 (\/Z _3 +6\/§) T H dvﬁgs

so that the energy estimate E 1) < E(u") is valid under the same assumption of A as in Theorem 3.1, if we
2

(ug™
2
notice that A > (3+—6‘/§) = +‘[

Remark 3.3. The detailed analysis has indicated the necessity of the artificial regularization term in the

2
form of —ATQ%?(”, to ensure the energy stability at a theoretical level. In particular, its inner product with

dug ()

n 2
—— yields Ar? HWHN, by (3.5). Moreover, the interpolation inequality (3.11) results in a desired

n+1 2
WI , which is needed in the energy estimate associated with the nonlinear gradient parts.

control of H
Therefore, a repeated application of summation by parts formula has revealed the necessity of such an artificial

2
regularization term. Instead, if a regularization term is taken in the form of —ATQ%?@), the interpolation
inequality does not enables one to theoretically derive the energy stability. Also see [33] for the related analysis.

Given the above energy stability and the fact that u?*1(t) € M , how we are able to derive a uniform in
time bound of [|ul*!(t)[3,.
h
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Proposition 3.4. Assume that the initial solution u(0) has H2(Q)-regularity and A > 2+T‘/§. Then we have
global in time bounds for the numerical solution

En(un™) < Ex(u?), Hu?“(t)“fqz <Cp, for 0<n<N,—1, (3.20)
where Cy only depends on e, @ and |[u(0)| sz
Proof. Theorem 3.1 implies that
Ex(uf™) < E(ui™) < E(uy). (3.21)
Taking an inner product with % on both sides of (2.13) and performing a similar analysis as in (3.5)—(3.12)
yields that

2 2

du! dAnul
\ s T ar || AR + Ex(ul) - Ex(u)
dt {12 (0,r562) dt [ 120,r02)
112 2 112
< 1‘ du} 7% ||dAnug . (3.22)
2 de L2(0,7:42) 2 de L2(0,7;¢2)
In addition, the fact A > % > % indicates that
_ 1| dul|? 24— 1 ,||dAnul]]?
Bud) < 5 |5 72| 4Bty + Exlul)
2 di L2(0,7;02) 2 de L2(0,7;¢2)
< En(u)). (3.23)

Therefore, we have Exr(u?t!) < Ep(u?) for any 0 < n < N; — 1. Now we can apply Lemma 3.2 and Remark 3.3
in page 586 of [10] to derive the desired conclusion. O

Next we provide a finite time uniform H} bound for the numerical solution u?*(¢); this subtle estimate will
be used in the optimal rate convergence analysis.

Proposition 3.5. Assume that the initial solution u(0) has H}-regularity and A > % . Then we have the
finite time H} bound for the numerical solution

lus™ Ol < C1, for0<n < Ny —1, (3.24)
where Cy only depends on €, Q and HUOHHE'
Proof. Taking an inner product with —A%-u?*1(¢) on both sides of (2.12) leads to

LAV Anud T O3 | Ar? AV ARud ™ (@)3
2 dt 2 dt
+ e[V ARud T ()R

t—ty,— n n
= - Tl (vaN(uc )7 VNA.?\/ueJrl(t))N
t—ty, n— n
(VT VARl ) (3.25)

For any v € H }QL(Q) with periodic boundary conditions, recall that © = Zyv is the continuous extension of v. By
(2.4) we have

IVain@)llnv = VAV - B(Va0)a = [IVV - In(B(VO))]| < ClB(VO)| g (3.26)
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With an application of elliptic regularity, we get
1B(VO)|m= < CIABVO)| + 8(VD)l), for o =ag, a;™. (3.27)
We also notice that [|3(V0)|| < ||V?|| < C||AD||, and

VA 6|AT|2|VD|  2|VE2 VAT 8|V} AD[?
+|Vo)2 T (14 |Vo2)?2  (1+|Vo2)?2  (1+|Vo)?)3
< 3|VAD| + 14|Ad|2. (3.28)

AB(YD) < 5

Also, since A? has zero mean because of the periodic boundary conditions, the Poincaré inequality ||Ad| <
C||VAD|| is available. Combining this estimate with (3.1), we obtain

1B8(VD) |2 < CIVAD]| + [|AD][Z:) < CIVAD|| + Cl| AD|[[| AD|| i1 < CI VAT, (3.29)

in which we have used the H? bound of & = @7, 42+!. Substituting the above estimates into (3.25) and applying
Lemma 3.4, we see that

Ld|Vadnue T @O | AT dIVarARur T (Ol
2 dt 2 dt
+e|VARuy T (R

2
3 — n n—
< 5 VA AR a2 (1) + Ce2(IVa Anu? |3 + VA u? " 3 ). (3.30)

In turn, an integration from t,, to ¢, implies that

1 n n
5 IV Anul IR = [V AnuglI)

Ar? " "
+ = (VAR R = VAR lIR)
< Ce?7([[VaAnul |3 + IV Anul %) (3.31)

A summation from n = 1 to n shows that

Ar?

1 ,
3 [V arAnu ™3 + - IV A AR ™3

o i 1 AT
< Ore™ 3 IVa ANl + IV AnullRe + S5-IV ARl
i=0
An application of the discrete Gronwall inequality yields
IVaAnug ™y <G, (3.32)

where C depends only on &, u(0) and 7. d

4. ERROR ANALYSIS OF THE SETDMS2 SCHEME

The goal of this section is to provide an optimal rate convergence analysis for the sETDMs2 scheme (2.14).
Recall that h = ﬁ7 T= Nlt, B(v) = ﬁ
The following inverse estimate is needed in the error analysis.

Lemma 4.1. For any u € BY and 2 < p < oo,

o) < Ch G0 u) iy, 0 <k <m. (4.1)
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Proof. By (3.1) and (3.2) we have

m m m 1 1 d
o ulirey < 1025l 105wl 0= (53 ) 1

where the integer kg > (5 — %)d for 2 <p < oo and kg > g for p = oo. Hence,
sy < [ g 1o (42)

Meanwhile, an application of (2.1) (in Lem. 2.1) implies that

U] grmro () < Ch™ 0 |u|grmqy, ko > 1. (4.3)
Combining (4.2) and (4.3) leads to
_(1_1
o) < Ch~ G734 ul| g (4.4)
For k > 1, we simply apply (2.1) again:
Cp_(l_1
fulwnsg@y < CR™F 5l i g (4.5)
We get the conclusion. O

The following estimate is needed in the analysis of the nonlinear term.
Lemma 4.2. For any v, w € MN NHZ g€ MN N H2, we have
Vg
<Cl+h)(|A + ;
oo (e )| = ca+ mtavaly -+ lol)

Hv <VNw«V_/\/g(V_/\/w+VNU
N F V) + [Vaul?)

) HN < C(1+h)([[Axglly + lgln),

in which C depends only on Q, |[v|| gz and |[w]|gs.

Proof. Define © = Zyv, w = Iyw, § = Zng as the continuous extension of v, w, g, respectively. Thanks to

(2.4), we have
Vg
Vy | ——3 =|V-I
o (wsam), H (o)

Vi
( 2) +on|—ZL
14 |V 14|V || 2
For the first term on the RHS, using the Gagliardo—Nirenberg inequality (3.1), the interpolation inequality, the
H?3 bound of ||7]| and the Young inequality, we get

I7 (o) | <

For the second term, the elliptic regularity and the interpolation inequality shows that

|evivwr],.. < (| (o) + [rewel)

1+ |Vo]2 ||,
Vg - N
*C<H (e )|+t 12a1)

(4.6)

dhaltle) < Clalae + Clal i 1] e 5]
< Clgluz + Cllgllaz < Cllgll + CllAg]. (4.7)
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On the other hand, we see that

Vi
A <Té17|2>‘ < C(IVAG| + |VV§||[VVi| + [V§||VVD|? + [V§||AVD]).

Then we obtain
|8 (15%) | = gt + gl ala-+ oo + s ol
Applying Lemmas 2.1, 4.1 and the Sobolev inequality, we get

Vg 1. R . . - 1. -
H%ﬁ) < Chglae + Ch 2 glae |9 a0 + Clalla 9] + Ch gl ie 0]

< Ch Mgl + Ch=2 gl =18l ms + Cllalls= 18]35 + Ch™ |3l 210 2o
< O™+ 1)llgl e
Substituting the above estimate into (4.6), we arrive at
[vx (570 )| = 189t +cral + ca+ miale
<O+ h[Ag]+C+h)gll
= CA+h)(1Axgln + llglla)-

Similar estimates can be applied on the second part of the conclusion:

v .<V/\/w Vag(Vayw+ Vav) )
N H VA (T F [Vawl?)

_ HV'IN < V- Vg(Vw + V) )H
(1+|Vo]2)(1 + |Va|?)
H . < V- Vg(Vw + V) )H ChH Vi - Vg(Vio + V)
(1+[Vo]2)(1 + |V 14 |Vo2) (1 + [Vo|?)

‘Hz

Analyzing the first term on the RHS in a similar fashion as in (4.7), we have
Hv < V- Vg(Vw + V) )H
(1+|Vo]2)(1 + |[Vw|?)
< C(|1D\2,4|9|1,4 + 1912 + 1911,4([ 02,4 + [9]2,4)) < ClAG] + Cllgl-

The second term can also be analyzed by the elliptic regularity and the interpolation inequality:
V- Vg(Vw + V)
1+ |Vo]2) 1+ |Vw|?) ||

e IR
= H ( 1+ IVZ\ ()(Vlw++|vvv|) )) H + C(l|gll + 19| z2)-

Also notice that

HA< V- Vg(Vw + Vo) >H
(1+|Vo]2)1 + |Vw|?)

< Ol gs1gl1.00 + Cldlas + Clglral|@]s.a + Clols.a) + Clghsl@l3 6
+ Clgl1,61913.6 + Cldl1,6102,60]2,6 + Clgl2,4 (|B]2,4 + [5]2,4) -

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)
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Again we apply Lemma 2.1, (3.1), (3.2) and the Sobolev inequality as in (4.10):
Vi - Vg(Vi + Vo)
H L+ Vo)A + [Va[?) | 2
< C(lgll +1gls2) + Ch= @ | s |l o + Ch™ ]G] a2
+ ChH|gl e (] s + 115 7rs)
+Cllgll = (1@ 3gs + 15115 + 10| g2 191 )
+Ch gl m= (@]l = + 6]l a2)
<O +h Ygla= < C+n (gl + 1Ag]).
Substituting (4.13) and (4.15) into (4.12) yields that
Hv/\/ ) (VNw Vag(Vayw+ Vav) ) H
(L+ Vo) (1 + [Vaw]?)
<CA+h)Agl+CA+h)lgll =CA+h)([[Axglla + llgla),

which is the desired conclusion.

Now we present an estimate of the nonlinear term.
Lemma 4.3. For any v, w, M{)\/ NH} and g € MN N HZ, we have

(ﬁ(va) - ﬂ(va), Vg),,

- 2¢2
where Cy.y is a constant depending on Q, ||w|| gz and ||v]| g .

2
€ 1
v — H?«+ZIIAN9H3«+5H9H%7

Proof. We begin with the following identity: For any v, w € M3}’
(BVxv) = B(Taw). Vvg)

Vayw Vyw
\Y% -— 'V —— — B(V \Y%
B(Varv) " Ng) +(1+\le2 B(Viyw), N9>N

( .
_ <VN(v—w), Vg >N+ Eva [Vw]? = [Vof? o3 ng>N

1+ Vo) (1 + [Vaw

_ (vN(U — w), M% + ( Var(w - ),

Vyw - Vag(Vaw+ Vav) >
1+ Va2 N

(14 |Vav2) (1 + |Vaw|?)
An application of integration by parts gives

( Vv Vyw v )
1+ |Vaol2 1+ Vw2 VY

=—|v—w,Vy- Vg
’ 1+[Vavl2) )

I RN YR VN g(Vyw + Vo)
N A H VP F [Vawl?) ) )

Vg
< Hv—wHNHVN~ (1+ |VNU|2)H

Vaw-Vag VNerV_/\/v))H
(1+ [Vav2)(A + [Vaw]?)

+||vfw\|NHvN (

741

(4.15)

(4.16)

(4.17)
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Applying Lemma 4.2, we have the following estimate:
< Vv B Vyvw v )
T+ [Vaol? 1+ Vw2 M)
<O+ h)|v—wlnx (1Axgllx + llglla)

e? 1 1
< Aol + ol + o+ (%

1
+3) ol (1.18)

where C'is a constant dependent on ||w| g, [[v]lgz, Q- d

Below is the main result of this section.

Theorem 4.4. Assume that the exact solution satisfies u, € H*(0,T; H™4(Q)NH?(0,T; H?(Q)) with m > 0.

per
Let u(t) = uc(t)|q, and u = u(0) € Hp. Denote by {u?}N | the solution of the sETDMs2 scheme (2.14). If
the time step satisfies

T< o, (4.19)

Qo | =

then we have
u(ty) —ulllw <C(F>+N"™), 1<n<N, (4.20)

in which C > 0 is independent of T and the spatial discretization parameter N.

Proof. Define error function e(t) = u(t) — u?t(t) € MN. Below we denote uc(t,), u(t,) as u” and u”,
respectively. Subtracting (2.12) from (1.2) gives

de(t dAZ e(t
z(t) + A7—273/:( ) + EZAJQ\/e(t)
= - [f/\/.,L(t - tnvun7un71) - f./\f,L(t —tn, u?v U;hl)} + R(t)a (4‘21)

for t,, <t < tpy1, where R(¢) is the truncation error:

R() = —2(A% — A2 )u(t) + A#%

+ [VN -B(Vau(t)) =V - /B(Vue(t))‘QN]

+ (T (BTl - B(Ta )

t—1tn-1

Vv [B(Tvult) - BT
= Rl (t) + Rz(t) + Rg(t) + R4(t). (422)
Taking an inner product with e(¢) on both sides of (4.22) yields

Ldle®Ix , AT dlAne(?)
2 dt 2 dt
= (Bt =t uta), ultn-1) = ot = to, ™), Vve(®))
+ (R(1), e(t)w)
= (NL) + (R(1), e(t)) o - (4.23)

[i
Al Ane(t)F
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The truncation error term could be handled by the Cauchy—Schwarz inequality:

(R(t), () < “R%)Hif . ue(guﬁ,

The nonlinear term on the RHS has the following form:

o) =

B(Varu™) = B(Vaul), Vive(t))
—t+t,
T

(BN = B(Varuz ™), Tve(t))
An application of Lemmas 3.5 and 4.3 to (4.25) results in

C(1+h)(2+¢?)

<
(NL) < 2e2

3e2 3
(lle(t) I + lle(tn-1)lI3r) + THANGG)H/Q\/ + §H€(t)|\/2\/7

743

(4.24)

(4.25)

(4.26)

where C' depends on [[e(t)| 3, [le(tn—1)||gz and Qx, and thus is a constant dependent only of |luo| zs and

Q.
Substituting (4.24) and (4.26) into (4.23), we obtain
1dle@®l3 | Ar* d[Axe®l3
2 dt 2 dt
C(1+h)(2+¢?)
< - 7/ 7
- 2e2

g2 9
+ o 1Axe®lix
R(®)|1
(letn) B+ lle(tan)30) + 23 + 1D
Denote w(t) = 3le(t)||3 + ATTZ)HANe(t)HE\f. Multiplying both sides by e~# gives

IR -

Sty < | TEEDEED (o) + et 13 + O

dt - 2e2
Integrating (4.28) from t,, to t,,1 and multiplying both sides by e*», we have

e Tw(tny1) — w(tn)

1—e ™ C(1+h)(2+¢?)
< L) ety + leltnn)Ie) + IRy

Since € > 1+ x for € R, from the above inequality we can further obtain that

W(tng1) — w(tn) —47w(tny1)

C(1+h)(2+ )T .
< Cth) (lett)lZe + lettnD)IB) + 3 IRilZ g anoy

< 2
i=1
Note that R;(t) = 75,»(1&)‘9 , for 1 <4 <3, where
N
IRy ()llze = Il = €% (A%uc(t) = A*Znu(t)) [l12 < Ce>h™|fue ()| rmss,
- 2
[Ra(t)lze = [|ar S8 gpe | nag, eV
dt L2 dt L2
S OTth‘ du(i(t)‘ +AT2 duli(t)‘ ,
dt Hm+4 dt H4

IRs(t)22 = IV - [B(VInue(t)) — B(Vue)] |z < Ol Tnuet) — ()] 2
< Cllue(®)llmszh™,

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)
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where we have applied the approximation property of Zy in (2.4). As for R4(t), let a(t) := V- B(Varu(t)), so
that

R4(t) _ —Ol(t) + %a(tn) — t_TtnO((tn—l)
= [ ) g g [ 12 (433)

Applying the Cauchy—Schwarz inequality and the estimate (2.4) gives that

3 3
IRa@)lla < CT2 Vv - BV N 2t 0 i0502) < OT2 el m2t, 1 t0r082)- (4.34)

Then we arrive at

4

2
D NBillLe e ,0i23)
i=1

3
=D IRillZ et triniz2y + 1RalT2 0, 000102
i=1

< COP™ 4 7%) (el st sy + 1elraeyoritrs) ) -
Substituting the above estimate into (4.29) yields
w(tn41) — w(tn) — 47w (tn41)
COLIELENT (et ) + lettan)I)
+O(h™ 4+ (||ue|\H1(tmtn+1;H,,,,+4) + |\ue||§[2(tnfl,tn+lﬂ2)) . (4.35)

<

A summation of the above inequality from 1 to n results in

n+1 n
C(1+h)(2+¢? m
wltnsn) —wlt) a7 S w(t) < CEEEEED 7 oty 3, 4 oo 44,
=2 =0

where C'is dependent of [|uellw.4(0,;mm+4), |[ue(t)l|m2(0,7;2)- Since 47 < I, we have

%w(tnﬂ) < {w + 4} Tz:;w(tv;) + O™ 4+ 74 + w(ty). (4.36)

As for the initial step, subtracting (2.13) from (2.6), we see that: for 0 <t < 7,

dfi(tt) + A7? dA?(\i/te(t) + % A%re(t) = =V - [B(Varuo) — B(Vaud)] + R (t)
_ Rl (t), (4.37)

where we have applied the set-up u® = ug, and R!(¢) iss the truncation error:

2
RU(1) = —e2(A% — A u(t) + Ar” 7‘1A$‘(”

— [V B(Vu(®)) = Vi - B(Vu(t))] = Vi - [B(Vu(t) = B(Varuo)] - (4.38)
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Subsequently, we take an inner product with e(t) on both sides of (4.37)

2 2 2
L dleWlly | AT AN 4 2 a e (o) = (et). R () (4:39)

We notice that R'(¢t) = O(7 + h™) for 0 < ¢ < 7. To avoid a loss of accuracy order in the first step, we make
the following observation, with an application of the Cauchy inequality:

(6(6), R (O < 5@ + SIRM0)Rr

Going back (4.39), we arrive at
1 T
L Lot < TIR 01

Multiplying both sides by e~ *, and integrating in [0, 7], we have

ettt —w0) <7 [ IR} o

Meanwhile, the following result estimate is available

T 2
3] IRt < IR e oy < O 1),

Since w(0) = 0, we get
w(ty) < C(r2h*™ 4 14). (4.40)

A substitution of (4.40) into (4.36) implies that
2 n
catn@+e) + 4] Y w(t) + C(h*™ + 7). (4.41)

1
§w(tn+l) S 62

i=0

Applying the discrete Gronwall’s inequality and recall that h is bounded above, we get w(tn+1) < Cr o (h2™+7%),
i.e.,

le(tns)llRr + AT?[Ane(tar) R < Oreug (B + 14, (4.42)
where Cr ¢y, is a constant dependent on ||V Anuol|ar, T and e. O

Remark 4.5. Note that in Theorem 4.4, the parameter ¢ is not involved in the requirement of time step 7, in
comparison with a previous work [33]. This improvement comes from the treatment of the nonlinear term in
Lemma 4.2, where we have bounded the nonlinear term by the sum (instead of the product) of ||Axre(t)| and
lle(®)|], and thus avoided an =2 coefficient of ||e(t)|| after applying Cauchy—Schwarz inequality to obtain an &2
coefficient of [[Apre(t)||. In fact, the restriction can be further relaxed, since we only need 47 < 1 in (4.36) for
the coefficient of w(t,+1) to be positive.

Remark 4.6. There have been some recent works for the linearized energy stable numerical schemes for various
3-D gradient flows, such as a recent paper [30] for the Cahn-Hilliard model. In fact, all the results presented
in this article could be extended to the 3-D equation, with careful treatments in the Sobolev analysis, although
the NSS equation (1.2) is of physical interests only in the 2-D case. We may consider an associated extension
for other related gradient models in the future works.
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, Discrete L2 relative error of sSETDMs2 and ETDMs2
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F1GURE 1. Temporal convergence rates of the sETDMs2, ETDMs2 schemes.

5. NUMERICAL RESULTS

In this section, we first demonstrate various numerical experiments to verify the temporal convergence and
energy stability of the sSETDMs2 scheme (2.14). In particular, a comparison with the the ETDMs2 scheme (in
[25]) are performed, with k = % in ETDMs2, and A = %, 1072, % in SETDMs2. And also, some long time
simulation results computed by the sSETDMs2 are presented, and some long time characteristics of the numerical
solution are studied, such as the energy decay rate, the average surface roughness and average slope.

5.1. Temporal convergence

Throughout this subsection, we consider solving (1.2) with = [0, 272, €2 = 0.01, T = 1, and the initial
value u.(0) = sinzcosy on the uniform N x N mesh with N = 256. The time step size is set to be 7 =
0.005x% [271,272 273 274 275 2-6]. With an additional time-dependent forcing term g(t), the exact solution to
equation (1.2) is given by ue(¢) = sinz cosy cost:

—2sinx cosycost
(cost)?

1+ =5==(1 + cos 2z cos 2y)

g(t) = —sinz cosysint + 4e? sinz cosy cost +

(cost)?(cos  cos y sin 2 cos 2y — sin z sin y cos 2 sin 2y)

1+ C250% (1 4 cos 2 cos 2y)]2

To solve the molecular epitaxial growth equation with a forcing term, we applied both the sETDMs2 and
the ETDMs2 schemes. For each algorithm, we computed the relative error ||u™t — u2 || YA ||u™t|| o between the
exact solution and numerical solutions. Results are displayed in Figure 1, from which the second order temporal
convergence is clear observed. Also, different choices of the stabilization coefficient A in the SETDMs2 scheme
don’t have an evident impact on the reported error values.

5.2. Energy dissipation

In this subsection, we set = [0,12.8]2, €2 = 0.005, T = 25000 and use a random initial data. The reason
for such a choice comes from a subtle fact that, a random initial data leads to a solution with various wave
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(k=1/8) ETDMs2 att =1

) ETDMs2 at t = 1500 (k=1/8) ETDMs2 at t = 5000 (k = 1/8) ETDMs2 at t = 15000

6 8 10 12
(A1) SETDMs2 at t = 1500

2 4 6 8 10 12
(A1) SETDMs2 at t = 15000

2 4 6 8 10 12 6 8112 2 4 6 8 10 12
(A2) SETDMs2 at t = 1500 (A2) SETDMs2 at t = 5000 (A2) SETDMs2 at t = 15000

2 6 8 10 12
(A2) SETDMs2 att =1

2 4 6 8 10 12 6 8112 2 4 6 8 10 12

2 4 6 8 10 12
(A3) SETDMs2 at t = 1 (A3) SETDMs2 at t = 1500 (A3) SETDMs2 at t = 5000 (A3) SETDMs2 at t = 15000

FIGURE 2. Snapshots of the numerical solutions. The first row is for ETDMs2 and the next 3
rows are for sSETDMs2 with A = §, 1072, 2"'6\/5, respectively.

frequencies, so that more detailed and interesting phenomenon associated with different wave frequencies are
presented in the coarsening process, while a smooth initial value may yield a solution with trivial structure in
a short time.

We use a coarser uniform mesh with N = 128, and set time step size 7 = 0.001 for ¢ < 200, 7 = 0.01
for 200 < ¢t < 1000, 7 = 0.02 for 1000 < t < 2000, and 7 = 0.04 for ¢ > 2000. Whenever the time step is
changed, previous step’s solution is used as the initial data and we reuse the initial SETDMs2 step for a start.
Figure 2 shows the snapshots of the numerical solution w at time ¢ = 1, 1500, 5000, 15000, respectively. It can
be observed that the solution has saturated to a one-hill-one-valley structure at the final time. Specially, when
A in sETDMSs2 is lower than the restriction in Theorem 3.1, the numerical solution still converges to the stable
state.

Recall the discrete energy functional in (3.4), for convenience we repeat it here:

1 2
w(u) = (—5 In(1 4 |Varul?), 1) —+ %HANuHi[, vu e MV, (5.1)
N

Also, consider the average surface roughness hpr(u) and the average slope mN(u):

ha(u,t) = \/(;;Z:Ju(xi’j,t)—a(tﬂ?, with  a(t) : |Q| Z u(x; 5, 1) (5.2)
v (u,t \/ a2 2 IVulxis, ) (53)
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Energy evolution of SETDMs2 solution
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FIGURE 3. Semi-log plot of the energy Ej with €2 = 0.005 of sETDMs2 with A =
é, 1072, %. Fitted line has the form aln(t) + b, with coefficients shown in Table 1.

TABLE 1. Fitting coefficients of long time characteristics for sETDMs2.

En(t) = aln(t) +0b har(t) = at® ma(t) ~ at®
a b a b a b
A=1/8 —39.36 —54.36 0.4372 0.4867 2.133 0.2614

A=1/100 —39.38 —54.27 0.4377 0.4865 2.132 0.2614
A:% —-39.26 —54.77 0.4346 0.4879 2.137  0.2609
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FIGURE 4. The log-log plot of (1) the average surface roughness hy and (2) the average slope

m - using SETDMs2 with €2 = 0.005, A = %, 1072, %. Fitted lines have the form at®, with
coefficients shown in Table 1.
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For the no-slope-selection growth model (1.2), it has been proved that Exs ~ O(—In(t)), hys ~ O(t2) and
my ~ O(ti) as t — oco. (see [17,28,29] and references therein.) The evolution of Ex is demonstrated in
Figure 3, while hxr and mys in Figure 4. The linear fitting results are also presented in Figures 3 and 4 for the
solution of SETDMs2 in time interval [1,1000], of which the fitting coefficients are displayed in Table 1. As can
be seen in Table 1, different choices of A have little impact on the long time characteristics of the numerical
solutions.

The numerical results displayed in Table 1 have demonstrated the robustness of the energy stable numerical
solvers in the long time scale simulations. With the time step size of order 1073-1072, and such a small interface
width parameter ¢, the numerical solver is able to capture the long time asymptotic growth rate of the surface
roughness and average slope, with relative accuracy within 4%. Therefore, a second order accurate, energy stable
numerical algorithm is a worthwhile approach for a gradient flow with a long time scale coarsening process.

6. CONCLUDING REMARKS

In this paper we have presented a linear, second order in time accurate, energy stable ETD-based scheme
for a thin film model without slope selection. An unconditional long time energy stability is justified at a
theoretical level. In addition, we provide an O(72)-order convergence analysis in the ¢°°(0,T;¢?) norm, when

T < é. Moreover, various numerical experiments have demonstrated that the proposed second-order scheme is

able to produce accurate long time numerical results with a reasonable computational cost.
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