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Abstract

We present a second-order-in-time finite difference scheme for the Cahn-Hilliard-Hele-Shaw
equations. This numerical method is uniquely solvable and unconditionally energy stable. At
each time step, this scheme leads to a system of nonlinear equations that can be efficiently
solved by a nonlinear multigrid solver. Owing to the energy stability, we derive an ¢2(0,7T; H})
stability of the numerical scheme. To overcome the difficulty associated with the convection term
V - (¢u), we perform an ¢>°(0,T; H}) error estimate instead of the classical £>°(0, T’ ¢?) one to
obtain the optimal rate convergence analysis. In addition, various numerical simulations are

carried out, which demonstrate the accuracy and efficiency of the proposed numerical scheme.

Keywords: Cahn-Hilliard-Hele-Shaw, Darcy’s law, convex splitting, finite difference method,

unconditional energy stability, Nonlinear Multigrid

1 Introduction

The Cahn-Hilliard-Hele-Shaw (CHHS) diffuse interface model has attracted a lot of attention be-
cause it describes two phase flows in a simple way [I8] [I9]. It has been used to model spinodal
decomposition of a binary fluid in a Hele-Shaw cell [I5], tumor growth and cell sorting [12} [30], and
two phase flows in porous media [4]. It describes the process of the phase separation of a viscous,

binary fluid into domains. In this model, the Cahn-Hilliard (CH) energy of a binary fluid with a
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constant mass density is given by [2]:
1 1 e |o |2
B@) = | {4¢4 — 50%+ 5| Vol }dx, (L.1)
Q

where Q@ C R? (d = 2 or 3), ¢ : © — R is the concentration field, and ¢ is a constant. The phase
equilibria are represented by the pure fluids ¢ = +1. For simplicity, we assume that = (0, L,) X
(0,Ly) x (0, L,) and that 0,¢ = 0 on 05, the latter condition representing local thermodynamic
equilibrium on the boundary. The dynamic equations of CHHS model [18, [19] are given by

O =Au—V-(¢pu), in Qp:=Qx(0,7), (1.2)
u=—-Vp—ypVu, in Qp, (1.3)
V-u=0, in Qr, (1.4)

where v > 0 is related to surface tension and the chemical potential is defined as
pi=0sE = ¢* — ¢ — 2 Ag; (1.5)

u is the advective velocity; and p is the pressure. We assume no flux boundary conditions, namely

u-n =0 and J,u = 0, with n the unit normal vector on 9€:

dp Ou  Op
5= n = In 0 on 9Qp:=090 x (0,T] (1.6)
The system ((1.2)-(1.4]) is mass conservative and energy dissipative, and the dissipation rate is
readily found to be

1
8=~ [ (VuPdx > [ jufax <o (1.7)
Q Y Ja

Another fundamental observation is that the energy (|1.1]) admits a splitting into purely convex and

concave parts, i.e., E = FE, — E.:

Ec:/Q{igb4+€22‘V¢‘2}dx, Eez/Q;& dx, (1.8)

where both E. and F, are convex. Based on this observation, a first order in time unconditionally
energy stable finite difference scheme for the CHHS equations was proposed in [29], and the detailed
convergence analysis has become available in a more recent work [3]. Meanwhile, Feng and Wise
presented a finite element analysis for the system —, which arises as a diffuse interface
model for the two phase Hele-Shaw flow in [I1]. Collins et al. proposed an unconditionally energy
stable and uniquely solvable finite difference scheme for the Cahn-Hilliard-Brinkman (CHB) system,
which is comprised of a CH-type diffusion equation and a generalized Brinkman equation modeling
fluid flow. The detailed convergence analysis for the first order convex splitting scheme to the

Cahn-Hilliard-Stokes (CHS) equation was provided in [5]. In [I4], Guo et al. presented an energy



stable fully-discrete local discontinuous Galerkin (LDG) method for the CHHS equations. And
Han proposed and analyzed a decoupled unconditionally stable numerical scheme for the CHHS
equations with variable viscosity in [I5]. Some other energy stable approaches for the related models
could also be found in [20, 21|, 23], etc.

Most of the existing schemes are of first oder accuracy in time. In this paper, we propose and
analyze a second order convex splitting scheme for the system -, which turns out to be
uniquely solvable and unconditionally energy stable. A modified Crank-Nicholson approximation is
applied to the nonlinear part of the chemical potential, an explicit Adams-Bashforth extrapolation
is applied to the concave term, and an Adams-Moulton interpolation formula is applied to the high-
est order surface diffusion term. In more details, such an Adams-Moulton interpolation formula is
applied at the time steps t"*! and t"~! (instead of the standard one at t"*! and "), so that the
diffusion coefficient at t"T! dominates the others. This subtle fact will greatly facilitate the con-
vergence analysis; see the related works for the pure CH flow: [I3] with the finite difference spatial
approximation, [7] with the finite element version. In addition, a semi-implicit approximation is
applied to the nonlinear convection term, with the phase variable treated via extrapolation and the
velocity field is implicitly determined by the Darcy law at the numerical level. A careful analysis
reveals a rewritten form of the numerical scheme as the gradient of a strictly convex functional, so
that both the unique solvability and unconditional energy stability could be theoretically justified.

Meanwhile, it is noted that an optimal rate convergence analysis for the second order scheme
to the CHHS equation remains open. The main difficulty is associated with the high degree of
nonlinearity of the convection term, V - (¢u), with w the Helmholtz projection of —y¢pVu. Also,
the Darcy law in the fluid equation has posed a serious challenge in the numerical analysis, in com-
parison with the CHS [5] or Cahn-Hilliard-Navier-Stokes (CHNS) model [6], in which a kinematic
diffusion is available for the fluid. For the CHHS equation, even the highest order linear diffusion
term could not directly control the error estimates for the nonlinear terms, due to the nonlinear
convection. For the first order numerical scheme, the methodology to overcome such a difficulty
was reported in a few recent works [3, 22]. However, these analysis techniques could not be directly
applied to the second order scheme. In this article, we present a detailed analysis to establish the
full order convergence of the proposed numerical scheme, with second order accuracy in both time

and space. In more details, a nonlinear energy estimate by taking an inner product with pFt1/2,

the numerical chemical potential at time instant t+1/2

, gives an unconditional numerical stabil-
ity. Moreover, a more careful analysis for the chemical potential gradient, in combination with the
Sobolev inequalities at the discrete level, leads to an £2(0,T; H, f;) stability estimate of the numerical
solution. On the other hand, a subtle observation indicates that the estimate for the nonlinear error

associated with V- (¢u) cannot be carried out in a standard way, due to a broken structure for this



nonlinear error function. As a result, an ¢>°(0,T; H }1L) error estimate has to be performed, instead
of the classical £°°(0,T’; ?) one, since the error term associated with the nonlinear convection has
a non-positive inner product with the appropriate error test function. In addition, the ¢2(0,T; H ,?1’)
bound of the numerical solution plays a key role in the nonlinear error estimate, which enables us
to apply the discrete Gronwall inequality to obtain the desired convergence result.

The remainder of this paper is organized as follows. In Section [2| we present the fully-discrete
scheme for the CHHS equations. The ¢2(0,T; H,%) stability of the numerical scheme is further
established in Section In Section {4, we present the optimal rate convergence analysis with
the help of an ¢*°(0,7; H ,%) error estimate. In Section [5| we provide some numerical results to
validate our theoretical analysis and demonstrate the effectiveness of the proposed fully discrete
finite difference method. To solve the nonlinear equations at each time step, the nonlinear multigrid

solver is applied. Finally, we offer our concluding remarks in Section [6]

2 The fully discrete scheme and a-priori stabilities

In this section, we propose a second order in time fully discrete scheme for the system —
with the discrete homogeneous Neumann boundary conditions ((1.6)). For simplicity, we consider
the cuboid Q = (0, L;) x (0,Ly) x (0, L), such that there are N, Ny, N, € N, with h = L, /N, =
L,/N, = L./N,, for some h > 0. Let s = % > 0 for some M € N | be the time step size and
t,, = ms. We only consider the three-dimensional version of the fully discrete scheme for the
CHHS system since an extension to the two-dimensional case is trivial. For convenience, some of
the following notations are defined in Appendix [A] For each integer m, 1 < m < M — 1, given
(¢™~1, ™) € [Cq)?, find the cell-centered grid functions (¢™*1, mH+1/2 pmt1/2) ¢ [C)?, such that

m+1 _ m
% — A2 0, (AT P12y, (2.1)
m m m m 3 m 1 m—
P = (g ) — g e (et 4 e ), (2:2)
W2 = g 2 s A g2y, 2, (2.3)

with the boundary conditions n - V¢t = n . Vum /2 = n . V,p" /2 = 0 (see (A.6)-(AS))
on 02, where

T+1/2 = g¢m - %d)milv X (907 ¢) = i (@2 + ,¢2) (QO + 1/}) ? (24)

for any (,1) € [Cq]®. Note that the three component variables of the velocity vector u™ /2 e &,
are located at the staggered grid points. Furthermore, this velocity vector is divergence-free at the
discrete level; see more detailed descriptions in Remark To facilitate the unique solvability

analysis below, we could eliminate the velocity variable in the numerical scheme and rephrase it



in terms of (¢™*1, /2 pmtl/2) ¢ [Co)®. In more details, we introduce M(¢):=1 + v¢2 and

rewrite — as
¢ — 9™ = sV, - (M(AhchH/Z)VhMmH/Q) + sV (Ah¢T+1/2Vhpm+l/2) ;o (25)
Y2 — (¢, ™) — T2 62Ah<g¢m+l + i(bm—l), (2.6)
App /2 = AV - <Ah¢T+1/2vhﬂm+l/2) . (2.7)

The symbol M (Ahd;”“/ 2)thm“/ 2 represents a discrete vector field. For instance, the y-component

at a generic y-face grid point is given as

m+1/2 m+1/21Y - m+1/2 m+1/2
[M(Ah FEA ijil/%k = M(Ay9, ; jt1so k) Dybti i i

Hence, M(A¢7" )V ),umt1/2 € &, and similarly for Ap¢T/ >V, pmt1/2 and A,¢0" /2w, um+1/2,
The definitions of the discrete operators used above can be found in Appendix and are similar
to those found in [29].

We now define a fully discrete energy that is consistent with the continuous space energy

as h — 0. In particular, the discrete energy Ej, : Co — R is

1oa L, o & 2
Ep(¢) == 1 olls — B o[z + 0l |Vrol]5 - (2.8)

We also define an alternate numerical energy via

Fi(0,6) = B(6) + 1 16— 13 + 52 19a(6 — 9) 3. (29)

We can not guarantee that the energy FEj is non-increasing in time, but, we can guarantee the
dissipation of auxiliary energy F},.

For our present and future use, we define the canonical grid projection operator Py, : C°(Q2) — Cq
via [Ppoliin = v(&,&5,8&k). Set ups := Pru(-,s). Then Fp(upo,uns) — Ep(u(-,to)) as h — 0
and s — 0 for sufficiently regular w. The next theorem addresses the unique solvability and

unconditional energy stability of the numerical solutions to the scheme ([2.5) — (2.7)):

Theorem 2.1. Suppose that (¢, pie, Ue) is the sufficiently reqular exact solution to the CHHS
system —. Take ¢f7j7k = Puoe(-,ts) and suppose that the initial profile ¢° := ®°, ¢! =
®! € Cq satisfies homogeneous Neumann boundary conditions n - Vy¢° = 0 and n - V¢! = 0 on
0Q. Given any (¢™ L ¢™) € [69]27 there is a unique solution ¢ € Cq to the scheme ([2.5) —

(2.7). And also, the scheme (2.5)) — , with starting values ¢° and ¢, is unconditionally energy
stable with respect to (2.9), i.e., for any s > 0 and h > 0, and any positive integer 1 < £ < M — 1,

l ¢
S
Fr(™, 65 + 5> V™ 2|3+ > D w23 < Fu(e', ¢°) < Co, (2.10)

m=1 m=1

where Cy > 0 s a constant independent of s, h, and ¢, and w12 ¢ gg is given by (2.3).



Proof. The unique solvability proof follows from the convexity analysis, as presented in [29] for the
first order convex splitting scheme applied to the CHHS equation. We define a linear operator £

as
L(p) == —sVp, - (M(Ah TH/Q)VW) — sV, - (Ah¢T+1/2vhpu> ; (2.11)
in which
Appy = =V - <Ah¢T+l/2th) : (2.12)

with gZ)TH/ % a known function, and homogeneous Neumann boundary conditions for both p and p,,.
Following the arguments in [29], we are able to prove that L gives rise to a symmetric, coercive, and
continuous bilinear form when the domain is restricted to Cg = {peCq:(n,1)=0}; the details
are skipped for the sake of brevity and left to interested readers.
Subsequently, an inner product on CQ is introduced using £: let f, and f, € CQ and suppose
U,V E H,% are the unique solutions to £(u) = f, and L£(v) = f,. Then we define
S 1/2 1/2
(fus o) pm1 = 8(Vip, Vipv) + ; (Vhfﬂ + vAhquJr / Vs, Vi fo + 7Ah¢T+ / th) . (2.13)
The purpose of such a definition is to introduce the (-,-),-1 inner product, which will be used in

the convexity analysis below. In fact, it is straightforward to verify that

(fuafz/)g—l = (f,uaﬁ_lfz/) = (E_lf;m fu) . (2'14)
Furthermore, a direct calculation shows that
(fus f0) g1 = (L), v) = s(Vipp, Vi) + s (AhdﬂnH/QVhMa Ahdﬁnﬂ/QVhV) - %(Vhpm Vhpy)s
(2.15)
due to the fact that £L(u) = f, and L(v) = f,. Next, we consider the following functional:
1 _
G(9) =5 (6= 0" 8= ™)1 + Fel) = (6,90(6™, 0™ 7)), (2.16)
with
Fu(@) = ~=ll6l} + (6™, 6% + < ((6™)%, 62) + 22| Vaol3 (2.17)
‘ 16" 122 8 ’ g~ Iz ‘
1 m 1 m—
gel@™, 6" = =1 (@™) + 9T 4 2N (2.18)

The convexity of F, follows from the convexity of g.(¢) := %& + %Qﬁmd)?’ + %(qu)Qd)Q (in terms of
¢). And also, (+,-),-1 is an inner product. Therefore, we conclude that G is convex. Moreover, G

is coercive over the set of admissible functions

A={p€Cq:(¢p—¢™1)=0}. (2.19)



Therefore it has a unique minimizer, and in particular the minimizer of G, which we denote as

¢ = ¢t satisfied the discrete equation
L@ = ™) + 05 Fe(¢ ) = ge(¢™, 0™ 1) = C, (2.20)

in which C is a constant and ¢™*! satisfies the homogeneous Neumann boundary condition. In

other words, ¢"*! is a solution of
G — " 4 L (0pFe(¢™ ) = ge(¢™, ™)) =0, (2:21)

which is equivalent to the numerical scheme ([2.5)) — (2.7)). The proof of unique solvability is complete.

For the energy stability analysis, we look at the numerical scheme in the original formulation

[2.1)-([@.3). Taking an inner product with p*+/2 (given by (2.6)) by (2.1) yields
<¢m+1 _ ¢m’um+1/2) s (Ahum—&-l/Z?#m—l—l/Q) +s (Vh ) (Ah¢:z+1/2um+1/2)7um+1/2) — 0. (2.22)
In more detail, the leading term has the expansion

(¢m+1 o ¢m’Mm+1/2) _ (¢m+1 o qu’x (¢m+17¢m)) - 1 (¢m+1 o ¢m’3¢m o ¢m—1)

2
_ %2 <¢m+1 — ™, Ay <3¢m+1 + ¢m*1)) =10+ L+ %3 (2.23)

The estimate for I, a convex term, is straightforward:

n=q <¢m“ = 6™, (6712 + (6™)2) (67 + ¢m)>

= 1 ((mr = @m2), (@2 e 0mp) ) = (Il - 1omid). 2

For the second term I of (2.23)), a concave term, we see that
1 -
Iy = —(¢m = gm ™) = S (67 — g™, — ™)
2 2 2) 2 22 ’ '

1 1 1 _
> =2 (o™l = o™ 13) + 7 o™ = o™l = 7 o™ = 6™,

where the Cauchy inequality was utilized in the last step.

The third term I3 of (2.23)), also a convex term, can be analyzed with the help of summation

by parts:
= 3 (Ta(emt = 7). (a0t gm 1))
— % (Vh <¢m+1 _ qﬁm),Vh <¢m+1 + gbm)) + i <Vh (¢m+1 _ gbm),Vh (¢m+1 _9pm 4+ (bm*l))



= I371 + 13’2. (226)

The evaluation of I3 is straightforward:

Iy =5 (Vi(6m = 0m), 9a(6m 4 0m)) = (1o - 19a0™3). (2:27)

The estimate of the I32 can be carried out in the following way:

1372 — % th(d)erl _ (Z)m)H; . i (Vh(¢m+1 _ Qsm),Vh(d)m _ d)mfl))

1
g(HVh(cﬁm“ —¢™)l; — [|Valo™ - ¢m’1)H§>, (2.28)

v

in which the Cauchy inequality was applied in the last step. Consequently, substituting (2.27]) and

[E28) into ([2:26) yields

1 1
s > 5 (V0™ s = 900" 1) + 5 (I9a(6™ = 0™ 5 = [Vate™ = 6" ;). (229)

Finally, a combination of (2.23)), (2.24)), (2.25]) and (2.29)) results in

(6mt = om 2 > B (e — Bu(om) + ¢ (Jlom = o2~ [lom —6m12)
1
+5e2([IVa (@™t = 6™l = [IVa(e™ = ™ )3)- (2:30)

For the second term of 1} , the boundary condition n-Vjp™+1/2 lao= 0 leads to the following

summation by parts:
2
(Ahum—f—l/Q’Mm—i—l/Z) _ (vhum+1/2’vh’um+1/2> _ th“mH/QHz' (2.31)

The third term of (2.22)) can be analyzed in a similar way. With the reformulated form of the

second equation ([2.3))

LY Y m+1/2
7( u Vip ) (2.32)

AV =

we have
(o (gl 2t itf2) = = (w2, 4y gl v )

2
Hum+1/2H2 + (Vh . um+1/2,pm+1> (2.33)

—_ 2 |

2

, (2.34)

_ Hum+1/2’
2

v

in which the last step comes from Vj - u™t1/2 =0 and «™*/2.n =0 on 9.

As a result, a substitution of (2.30)), (2.31)) and (2.34)) into (2.22)) becomes

Eh(¢m+1) o Eh(¢m) + %(HQﬁm—H o ¢m“2 - H¢m _ ¢m—1H;) 4 %€2<th(¢m+1 _ ¢m)H§



2 2
T vty ) vt o)
Y
By the definition of the alternative numerical energy, we arrive at
2 2
Fu(@" 1, 6™) = Fa(¢™, 6" 1) + 5| Va2 4 2 2] < 0. (2.36)
Y

This in turn shows that the modified energy is non-increasing in time. Summing over time for

[2:36) yields
l s ¢
Fr(™, 65 +5 > V™ 2|3+ > a3 < Fu(et ¢") < Co, VEZ1. (237

m=1 m=1

Then we obtain the unconditional energy stability for the second order scheme (2.5)-(2.7). W

Remark 2.2. It is observed that data for two initial time steps, either (¢°, ') or (=1, %), are
needed for - , since ours is a two-step scheme. In this article, we take ¢° = 9, ¢! = P!
for simplicity of presentation. Other initialization choices, such as ¢~ = ¢°, or computing ¢* by
a first order temporal scheme, could be taken. Moreover, the energy stability and the second order
temporal convergence rate are also expected to be available for these initial data choices; see the

related works for the Cahn-Hilliard model [7, [15)].

Remark 2.3. In order to assure the divergence-free property of the velocity vector at the discrete
level, we choose a staggered grid for the velocity field, in which the individual components of a
given velocity, say, v = (v¥,vY,v%), are evaluated at the (z, y, and z face) mesh points (ih, (5 +
12)h, (k +1/2)h), ((i + 1/2)h, jh, (k+1/2)h), ((i +1/2)h, (j + 1/2)h, kh), respectively. This staggered
grid is also known as the marker and cell (MAC) grid and was first proposed in [16] to deal with the
incompressible Navier-Stokes equations. Also see [2]|] for related applications to the 3-D primitive
equations.

One key advantage of this staggered grid can be inferred from the following fact: the discrete
divergence of u (given by ), specifically, Vi, - u = dyu+ dyv + d,w, is identically zero at every
(cell-center) mesh points ((i + 1/2)h, (j + 1/2)h, (k + 1/2)h). Such a divergence-free property at the
discrete level comes from the special structure of the MAC grid and assures that the velocity field is

orthogonal to a corresponding discrete pressure gradient at the discrete level; see also reference [§].

3 (*(0,T; H}) stability of the numerical scheme

The ¢>°(0,T; H}) bound of the numerical solution could be derived based on the weak energy
stability (2.37). The following quadratic inequality is observed:

1 1 1 1 1 1
§¢4 — 5(;52 > —5 which in turn yields §H¢Hﬁi - 5\|¢||§ > —iym, (3.1)



with the discrete H} norm introduced in (A.26). Then we arrive at the following bound, for any
¢ € Cq:
1oy € o 1 Lo & 2 L o 2
En(9) =z 2lolls+ 5 IVadlla — 519 = Sllollz + 5 [IVrollz — 19 = Se7lllln — 12 (3.2)
8 2 2 2 2 2 h
Consequently, its combination with (2.37)) yields the following estimate:

2

b oo+ o 3 (o o o) scuvoan o
m=1

Hy,
so that a uniform in time bound for ¢ in ¢*°(0,T; H ,%) is available:
HQﬁmHH}lb < Cy:=e"1/2C,, for any m. (3.4)

Theorem 3.1. Let ¢ € Cq be the solution to the scheme (2.5) — (2.7)), with sufficient reqularity
assumption for ®° and ®', then for any 1 < £ < M — 1, we have

l
1—6545 > IVaARG™ 5 < Ciy + CioT, (3.5)
m=1

where Cyg and Ci1, given by and , respectively, only depend on Ly, Ly, L., € and

several Sobolev embedding constants, and are independent of h, s and final time T'.

Proof. We observe that

thumﬂmu — th (52Ah(z¢m+1 n iqﬁmq) —x (¢ ™) + ¢T+1/2>

2

> [ |wnanermt+ jom)| - [ea(xiemttiom - Gon - o )| | e

2 2

in which a triangle inequality was applied in the last step. Furthermore, motivated by the quadratic
inequality |a — b|*> > $a® — b%, we have

2
o] = 3

z - th (x (™, 6m) = Com — Som )

§ m+1 1 m—1
ViAR( o™+ 107 7) 5

2
1 1 2
> et [Vadn@e™ ! + 6™ N3 = (5 1VaBe™ = "), + [Vax (674 6™,

1 2
> 3364 VrAR(Be™ ! + ¢m_1)H§ - <202 +{|Vax ("1, ¢™) HQ)

1
> o5t [Vadn@Bem + o] - 2(463 + [|Vax (6™, 6™)3). (3.7)

in which the uniform in time estimate (3.4) was utilized in the third step and another quadratic
inequality (a + b)? < 2(a? + b?) was used in the last step. An application of the Cauchy inequality
gives an estimate of the leading term in (3.7]):

[VhAR(B™ 1 + 6™ 15 = 9| VaARS™ 3 + 6 (ViAng™ L, Vidnd™ 1Y) + || Vadne™ 1[5

10



> 6(|Vatng™ | — 2| Valne™ 5 (3.8)

For the last term in 1 , by the definition of x (¢m+1, ¢m) in , a detailed expansion and

a careful application of discrete Holder inequality shows that

195 (x (6™, 6™l < Ca([|6™ 12 + 1™ 12 ([ Vrd™ ||, + 1V6™|l,) (3.9)
< CO([le™ |12, + o™ %), (3.10)
in which the uniform in time estimate was used again in the last step. Moreover, the || - ||oo

bound of ¢* can be obtained with an application of a discrete Gagliardo-Nirenberg type inequality:

3 1 3 1
164]loe < Cs (rwku b Idneh ] + qu’qu,g) < CoC [Vand® |} + CoCo b =mm + 1.

(3.11)
The detailed proof is given by [3], but we repeat it in Appendix [B| for completeness.
Therefore, a substitution of (3.11)) into (3.10)) yields
2
[9a(x (67 6m)) |, < OB (I1Vntne™ [, + I 9ndn™ ;) + O (3.12)

Motivated by the Young inequality a - b < Cga® + ab?, ¥V a,b > 0,a > 0 with a = C;C3, b =
| ViApe™ T H2 +[|[VaARG™|ly, o = 135, (note that the values of a, b and o have been redefined),

we arrive at

|70 (x (om+.0m) [ < cucte +i%§e(thAh¢m+Wb—%thAh¢"H)2+6h6€

< CoO0 4 0708 + (Hv Apd™ 2+ [V hAng™ |12 ) (3.13)

A combination of , and shows that
Hv Mm—&-l/?H 4thA ¢m+1”2 4||thh¢m||2_754thA ¢m 1”2_0107(3 14)

with Cig = 8C22 + 2(090210 + C7C§)
Going back to (3.3]), we obtain

l
gxf&w#mw20@<a+gfwwg¢m sﬂW@mmgah(mm

in which Cy; is independent on h, with a sufficient regularity assumption for ¢¥ := ®°, ¢! := !,

Inequality (3.15)) is equivalent to
l
1
f€48 Z ”VhAhgﬁmHg < Ch1 + CioT. (3.16)
16 =

This in turn gives the ¢2(0,T; H}) bound of the numerical solution. W

11



Note that Cio and Ci1, given by (3.14) and (3.15)), respectively, only depend on L, Ly, L., €

and several Sobolev embedding constants, and independent of final time 7', h and s.

Remark 3.2. We sce that Lemma has played a crucial role in the discrete £2(0,T; H}?) deriva-
tion for the numerical solution. In fact, the discrete Gagliardo-Nirenberg type inequality (B.1) is a
3-D result. In 2-D, the corresponding inequality takes the form of

6= éll, < C (IVael3~ V0 AR615 + IV6l;) , 76 > 0. (3.17)

Since this inequality is valid for any 6 > 0, we could take § < i, so that the corresponding
0%(0,T; Hfl’) bound for the numerical solution could be derived in an easier way, and the optimal

convergence analysis is expected to be less involved than the one presented in this article.

4 Optimal rate convergence analysis

The convergence analysis is carried out in three steps. Firstly, in section we obtain error
functions by using a standard consistency analysis. In the following, we provide an estimate for the
nonlinear error term in section [4.2] Finally, we recover an a-priori error assumption and present

the optimal rate error estimate in sections [4.3 and [4.4] , respectively.

4.1 Error equations and consistency analysis

The global existence of weak solution for the CHHS equation (1.2)-(1.4)) has been established in [11].
The solution with higher order regularities was discussed in [28], using more advanced Littlewood-
Paley theory. In more details, the regularity of L>(0,T; H*)NL?(0,T; H**2) for the phase variable,
assuming initial data in H* (s > % + 1), was established. The estimates are global-in-time for the
2-D CHHS system and local-in-time for the 3-D model. In fact, several blow-up criteria in the 3-D
case were also stated. Meanwhile, in another recent work [27], global-in-time classical solutions
were proven for the 3-D CHHS system, if the initial data is close to an energy minimizer or the
Péclet number is sufficiently small.

Based on existing theory, the regularity of the exact solution cannot be guaranteed based solely

on the regularity of the intial data. See the following lemma, excerpted from [28].

Lemma 4.1. [28] Given any initial data ¢(-,t = 0) € H®, with s > g + 1, there is a solution
¢ € L>=(0,T; H)N L?*(0,T; H*2) for the CHHS system -. In addition, such an estimate

1s global in time in 2-D, local in time in 3-D.

Therefore, with an initial data with sufficient regularity, we could assume that the exact solution

has regularity of class R:

b € R := H3(0,T;C% N H*(0,T;C*) N L0, T; C%). (4.1)

12



To facilitate our error analysis, we need to construct an approximate solution to the chemical
potential via the exact solution ¢.. In addition, we note that the exact velocity wu. is not divergence-
free at the discrete level (Vy, - u. # 0). To overcome this difficulty, we must also construct an
approximate solution to the velocity vector (again through the exact solution), which satisfies the

divergence-free conditions at the discrete level. Therefore, we define the cell-centered grid functions

Fm+1/2 =y (q)m—i—l (I)m) N q)m+1/2 . EQAh <3(I)m+1 + lq)m—1> (4 2)
5 * 4 4 ) .

untl2.= —p, (VAh@THﬂVthHﬂ) ; (4.3)

@T"Fl/?__?)q)m_ l(ﬁm_l’ (44)

T2 2
for 1 < m < M, where P}, is the discrete Helmholtz projection defined in equations (3.2), (3.3) in
[3]. We need to enforce the discrete homogeneous Neumann boundary conditions for the chemical
potential: n - VT2 = 0, for all 1 < m < M, so that, in particular, P, (Ah@T+l/2Vth+1/2>
is well defined.
With the assumed regularities, the constructed approximations I *1/2 and U™t1/2 obey the

following estimates:
VA2 og < Cra, U2 < G, (4.5)

for 0 < m < M, where the constant C15 > 0 is independent of A > 0 and s > 0.

It follows that (®,T, U) satisfies the numerical scheme with an O(s? + h?) truncation error:

R m
—= A, ITY2 g, (Ah¢* +1/2Um+1/2> L2, (4.6)
m 1 -
/2 = x (oMt om) — o] T2 _ 20, (iq)mﬂ + Zcbm 1) ; (4.7)
Um+1/2 = —P, <'}’Ahq):<n+1/2vhrm+1/2) , (48)

where the local truncation error satisfies
HTerlsz < Ciz(s® + h?), (4.9)

with s - M =T, and C13 independent of h and s.

The numerical error functions are denoted as
(Z)m — M _ ¢m, ﬂm-‘rl/Z — Fm+1/2 o Mm+1/2’ ﬁm+1/2 — Um+1/2 o um+1/2‘ (410)

Subtracting (4.6) — (4.8) from (2.1) — (2.3)) yields

Tm+1 _ Im ~
PO AV (ARG RUT 2 4, g /) 2, )

2 — gmAl/2  gmtl/2 gQAthETH/Q, (4.12)

13



where
m+1/2 §~m _ 1~m—1 m+1/2 §~m+1 1~m—1
TR = Sgm— Sgmt, PR = Sty Jgm
Nm+1/2 =x (q)m+17(1)m) —x (¢m+17¢m) 7
am-‘rl/z — _W/Ph (Ahé’in"rl/thFm-ﬁ—l/z 4 Ah¢T+1/QVh,ELm+1/2) ’ (413)
forl1<m<M-—1.
We also observe that (50 = q31 = 0, due to our initial value choices ¢° = ®°, ¢! = ®!. This fact

will facilitate the convergence analysis in later sections.

4.2 Stability of the error functions

Note that both the CHHS equation (1.2)-(1.4) is mass conservative at the continuous level: [, ¢(t)dx =
Jo #(0)dx, Vt > 0, while the numerical scheme (2.5)-(2.7) is mass conservative at the discrete level:
(¢*,1) = (¢°,1), Vk > 1. Consequently, the following estimate is available; the detailed proof could

be read in a recent work [3].

Lemma 4.2. Assume the exact solution is of regularity class R. Then, for any 1 <m < M,

1672 < Cua (V6™ ll2 +12) (4.14)
~ ~ 3 ~ 1 ~
16™ oo < Cua <||vh¢mu; VR 2E" S + [Vad™ o + h?) | (4.15)
for some constant C4 that is independent of s, h, and m.

Before we carry out the stability analysis for the numerical error functions, we assume that the

exact solution ® and the constructed solutions I', U have the following regularity:

18l o rptey < Crze [OaT™ 2| < Crp [UmHR) <Oy VISm< M-1. (416)
k) k) o0 o0

In addition, we also set the ||||oc and H} norms (introduced by (A.23) and (A.27)) for the numerical

solution ¢™ as

Mg =90 s  M3" = [|0™ (| g3 - (4.17)

Note that we have an ¢°°(0, T H}IL) and ¢£2(0,T; H}%) bound for the numerical solution, as given
by (3.3)), , respectively. Meanwhile, its £°°(0,T'; £°°) bound is not available at present. This
bound will be justified by later analysis.

The following theorem states the stability of the numerical error functions satisfying the error

equations by (4.11) — (4.13).
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Theorem 4.3. Assume the exact solution is of regularity class R. Then the error function o

obeys the following discrete energy stability law: for any 1 <m < M —1,

IVRe™ 3 = IVRe™ 13 + 5 (||vh(¢m+1 O™ = IVa(d™ — ™ Y3 + 6 24|V Apd™ 2

g2 56 s
< ?thAh(ﬁmHQ + HVhAh¢m 1H2 + 28”7’m+1/2"2 4 3028Dm+1h4
+5(Coo D" CaoD?“xuvmm“nz + V™3 + I Vh™ 1 13), (4.18)
where
DTH — ((Mén)16/3 + (Mgnfl)lﬁ/?))((M6n+1)8/3 + (Mén)8/3 F1) 41, (4.19)
D;n+1 = ((Mgn)‘l + (Mg]n—l)4 + 1)((M6n+1)4+ (M6n)4+ 1), (4.20)
Dgﬂrl — M6n+1 FMT L o)

and the constants Cag, Cog, C3g are given by —, respectively.
Proof. Taking inner product of (4 with —2A ¢m+1/2 Ah(%éerl + %émfl) gives
tii= [odm - meu (G R Al
Hwuam 25y
= —2s (Tm+1/2, Ah$m+1/2> + 2s (VhAhqg}nHﬂ, Vhﬂm+1/2>
9 (V A ¢m+1/2 Ahq;:wrl/zUmH/g) (V A ¢m+1/2 Ah¢T+l/2am+1/2>
= 25(I41 + Luo+ Lz + 1s4). (4.22)

The term associated with the local truncation error term I, ; in (4.22)) can be bounded in a straight-

forward way:

Iiq < |72 2+ HA ¢m+1/2
T 2’

<l i,

< ||pmrrz|” o Hv qsm“/zH + ‘v A ¢m“/2H . (4.23)
The regular diffusion term I, in (4.22)) has the following decomposition:

Lip = (Vadudy 2, vy a2
(V INY ARER A (Nm-‘rl/?))
— (Vaad T ) - 2wyt

= I491 + 1422+ 1423. (4.24)
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The concave term Iy 29 in (4.24) can be controlled by

Lias == (Vatnd] ", vh<;3T+1/2) Hv ¢m+1/2H +< \th ¢’”+1/2H . (4.25)

16 ‘
For the nonlinear error term I4 27 in (4.22)), we start from the following expansion

Nm+l/2 _ i(((¢m+1)2 + (¢m)2) (ém-i-l + ém)

+ <(¢m+l + (I)m+1)€£m+1 + (¢m + (I)m)(gm> ((I)m+1 + CI)m)> ] (4.26)
An application of discrete Holder’s inequality to its gradient shows that

|anm12]| < s ([l + 1™ 2 + 1™ 12 + 19™12) (V4™ + V46" |12)
+Cis (|67 g + [ 07y + 167 e + 197)
(a8™ |+ 788"y 4 198" + V527 1) (167 oo + 1671)
< Cus (208 + (MG + (MF")2) (IV6™ o + V6™ o)
+2C15 (Cia + MZ1 + M) (G + Cra) (167 oo + 167 ), (4:27)

with the ¢°(0,T; H}) estimate (3.4) for the numerical solution, the regularity assumption (4.16])
for the exact solution and the a-priori set up (4.17)) is used. Then we get

Iyo1 = (VhA ¢m+1/2 thH/z)
< O15 (20T, + (M2 + (M)? (HV ¢m+1H n thcbmH ) HVhA ¢>m+1/2H

: (4.28)

N R L RN e I L)

with Cig = 2012015(02 + 012), Ci7 = 2C15(Cg + 012) and Cig = Ci6 + 017(M6n+1 + Mgn) The
first part in (4.28]) can be controlled by Cauchy inequality:

ot 0 ([ i) v,

2 i % (e« o). o

with Cg = 8C%; (203, + (M2 + (Mg”)Q)Z. For the second part in (4.28)) , we observe that the
maximum norm of the numerical error can be analyzed by an application of Gagliardo-Nirenberg

type inequality in 3-D, similar to (3.11)):
- ~ 3 1 ~
7] < e (1911081 + 197 2+ 1) (1.30)
With an application of the Young inequality to the second part in (4.28]), we arrive at

culfr] - feransr ),
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< C1uCig (‘ ‘ : HVhAhGEm

o] ) [

< % (C14C1s) / th¢mH + ae? <HVhAh¢mH2/5 HV A ¢m+1/2H8/5>

16(C14C (C1aC m
S o L oy,
~m 16(C14C
< 9 (O 1 Oy vamH v Hv And” +1/2H 1 16(C14C1s)* 4
2 - m+1/2 8/5
+ae thh(Zs ) VilAno; , (4.31)
for any a > 0. Furthermore, the last term appearing in (4.31)) can also be handled by Young’s
inequality:
2/5 ~m 8/5 1 m
et [V [ [y 2 < Soet [wasid [ St [y )
We can always choose an «, such that %a < 6—14 and ga < 3%, so that the following bound is
available:

018H¢~5mH HV A df”ﬂ/z” < Caﬂs(08/3+018 th¢mH + ‘V A ¢m+1/2H

014018)

o HVhAhgbmH K, (4.33)

A similar estimate for the third part in (4.28) can also be derived as

ClsHJﬂ"HH Hv A (;5m+1/2H < C§v€(08/3+018 Hv ¢m+1” e HV A ¢m+1/2”

+5i thAhqsm“H + O?zclg)h‘*. (4.34)

Consequently, a combination of (4.28]), (4.29)), (4.33)) and (4.34) yields

Iin < (caf(cs/“” +Ch)+ 0195-2) (194" 13 + 1746™3)

e AN e (N TN
32(014018)
22
Note that Cig is involved with (Mg")* and (MJ**!)*, while Cis is involved with Mg® and Mt
As a result, a combination of (4.24]), (4.25) and (4.35)) shows that

nt, (4.35)

Lip < (0“(08/3 + Cs) + Croe™ ) (9™ M3+ I906™ I3 + V6™ 3)

(014018)
£2

B | Tadndr 2 + STt + Va8 ) + . (4.36)

Next we focus our attention on the terms associated with the convection term and the highest

order nonlinear diffusion. The analysis of this part is highly non-trivial.
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The I3 in (4.22)) can be bounded by

Iys = (VhAmmH/Q AhQETH/QUmH/Q)
IVRARET T2y - |2 - U2

IN

< cnumhqsm“/zuz A aaa™

< S Va2 + A g

< S g+ 1 (g, ey )

< S vaad g + B 9, g i g, @

in which Cyy = \fCM, so that the inequality ||¢m+1/2|]2 < C2O(||Vh¢m+l/2||2 + h*) is a direct

consequence of estimate in Lemma [£.2] Note that the regularity assumption (4.16) for the

constructed solution U is used in the derivation.

For the term Iy 4 in (4.22)), the expansion (4.13) for the velocity numerical error indicates that
Iyg = — (Ah¢T+1/2VhAhG3m+1/27am+l/2>
= 5 (Aol TR ARETTE Py (AT Y D 12))
¥ oy (AhthH/QV A ¢m+1/2 (A ¢m—|—1/2 ﬂm+1/2>>

= Iy41 + 1s42. (4.38)

The first term Iy 4 in (4.38]) can be estimated in a standard way:

R e )
< Conoap-+ 25 [Band g,
< cantong + 35 [oaangr o], fewrm ]

< CroCony (M + My HVhA ¢m+l/2H ’

m+1/2H

< CraCraCory(ME* + MJ'~ 1>|rthh¢m“/2||2 (IVadl 2|5 + h2)

e - o m
< S UIVRd™ I3 + IVae™ I3 + h*) + 2||th¢ 22 (4.39)

where Coy = 72C%,C3,03 7 (MJ")? + (M"1)?) in which we used the property ||Pyvlly, < ||,
Vv € L2, for the Helmholtz projection operator Py, in the second step [3]. Note that (M{")? and
(M"1)2 are involved in the growth coefficient.

The second term Iy 22 in (4.38) can be expanded as

Ijap = 7<Ah¢T+1/2VhAh¢§§”“/2 (A o2y ~m+1/2>)
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= v <A o7 2v,A ¢m+1/2 Py, (Ah¢T+1/2vh (Nm+1/2))>
— (Ang ARG Py (Anel TV )
—e? (Ah¢:n+1/2thh¢;1[n+l/2a Pr (AhquH/QVhAhQ;;nH/Q))

=y (Ina21 + Laa22 + 82[4,4,2,3) . (4.40)

It is observed that the third term Iy 42 3 in (4.40)), which corresponds to the highest order nonlinear

diffusion, is always non-positive:
2
Liags = = |Pu (Ang? ™ 2W0andy )| <o, (4.41)

based on the identity (u,Pyv) = (Ppu, Ppv) for any vector w,v € L?. The above inequality is the
key reason for an ¢>(0,T; H}) error estimate instead of the standard ¢>°(0,T’; £%) one.

The analysis for the second term I4 429 in (4.40) is straightforward:
m+1/2 Tm+1/2 m+1/2 Tm+1/2
Iygpo = — (Ah % ViAro; , Pr (Ah * Vo ))
| Anor 12282 (Aner AV |
< Ah¢T+1/2thh¢§§n+l/2 N Apgr T 2w, G
| :
<floe HVA¢W“WIWV$T”ﬂ

023<<Ma“> £ () | Vnand 2| war

IN

180237 (M) 4 (M~ HY)

= (IVRd™ 13 + IV rd™ " [13)(4.42)

i [

Also note that (Mg")* and (M 1)* are involved in this growth coefficient.
For the first term 14 4 2 1 of (4.40]), we start from an application of Cauchy inequality and discrete
Hoélder’s inequality:

Tans = (Al V00872, Py (A0, (m12))
< HAhw*l/thAhqzm“/?H .th ( A2y, <Nm+1/2)>H2
< e menond ], e (i)
< a7 s, o (o),

< Coa((Mg"? + (M52 [Fnndf =2 |[on (am172)| (4.43)

The remaining estimates are very similar to those for the regular diffusion. The inequality (4.27)

shows that

Coa((Mg")? + (Mg* ™) HV Ah¢m+l/2H ' th (Nm+1/2)H2
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< Cr5Con((ME")? + (M1)?) (207 + (MF™)? + (MG")?) -
(V8™ o + V46" ) - |[Vadnd] 2|

I A e |

) (4.44)
where

Cos = Coa((ME")? + (Mg"™1)?) (Ci + Crr (Mg + Mg")) - (4.45)
The bound for the first term in can be derived in the same manner as in

CusCaa( (M) + (M5*)?) (20T, + (Mg ) + (M5")?) -
<||vh<?>m+1||2 + IVa6™ ) - | Vadnd] 2|

026

< o |Tnadr o+ SR B + 1987, (4.46)

with Cas = CorCH05y (Mg")* + (Mg ™)) (20 + (Mg™H)* + (Mg")*).
The bound for the second and third terms appearing in (4.44)) follows from the proof of (4.30)-
(4.35). Hence, the following two estimates are available, and the details are skipped for simplicity

of presentation:
Cosl o[V, < CRCH? + CRITAIB + 1 [Waad

—167(01;‘018) Bt (4.47)
19

E ~
— IV»A m||2
o IVadnd™ 3+

Cosl 3 M [V 12 < R + IV B+ [ Vaad

+(;1”th}1¢3’”+ng + 167(0;24018)}»4 (4.48)
Going back to (4.43))-(4.44), we arrive at
< (C?»E,’Y(C8/3+025)+C266 )(||Vh¢m+1\|2+\|vh¢m|| Hv A gbm+1/2H
b Tad B + 19ag ) + 2T 1)

Note that Cys and 6’25/ are involved with (M"t1)8, (MF")® and (M"1)8. Consequently, a com-
bination of (4.38))-(4.42)) and (4.49) shows that

Ty — <AthA ¢m+1/2 Ah¢1n+l/2ﬁm+1/2>

IN

(C5°7(C3L° + CBs) + Case™2) (IVAG™ M3+ V6™ 13 + V6™ 3)
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3272(014018)2

]v andp 5 \|thh¢mHg+ IV g™ IB) + 3

ht, (4.50)

with Car = OC“’E’W(MS”)4 + (Mé’”‘*l)4 +1)(2CT, + (Mgt + (M) + 1)
Consequently, from (4.22)), (4.23)), (4.36)), (4.37) and (4.50)), we obtain

V™M = V™13 + £ (thwm*l ™3 = V(@™ = 6™ HI3) + ssHVhA ¢m+1/2H

- 64 CuC
< SV 1B + IV )+ 23] 2 4 AT OUCH
+5 (CRNCL + C 4+ 1) + Core ™) (1N 3 + 1IVa6™ 13 + Va6 13): (4.51)

On the other hand, a similar estimate as (3.8) could be carried out:

2

m 3~m 1~m— 3 m m—
198067218 = [Tt 4 337 h)| > SITaAm g - LIV 1 (452)

Then we get

i - - 11
IVae™ I3 — IVad™ |3 + 7 (IIVh(sb””1 FNIIE = Va(@™ = ™ II3) + 55||thh¢m+1||2

2 - 4(1
S Vadnd™ I + VA + sl 4 *”;CMC“)

+5 (CPNCL + CF) + Cone™2) (IVad™ 1 + 90 6™ 13+ 96" 3). (4.53)

< ht

For the sake of convenience, we now make the coefficient on the right side of (4.53)) explicit to
each time step. Define

= COFV(CHP 4+ C) + Cyre 2. (4.54)

Applying Young’s inequality on C3, we get

g/3 1
C2 < 40 /34 e (4.55)
Then Iy can be bounded as
7 5
I < CSOFT(ECEP 1+ 2) 4 7205 < 2007 (CSP 1) + Cyre 2. (4.56)

4 4

Recall the definition of Cy5 in , the value of which can be controlled as
C7 < Cogmax(Chg, C17) - (MF")? + (M) (MG + MF* +1). (4.57)
With the application of the following inequality
(a+Db)P < 2P7Y(aP +bP), for Vp > 1, (4.58)
the value of 0285{3 can be bounded as

C5L* < 893031 (max(Cug, Crr))¥ (MG 4+ (M=) 1O/3) (MP+1)S/3 4 (M) + 1)(4.59)
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As a result, the stability inequality (4.53)) can be rewritten as (4.18)), with the following constants:

64(1 + v2)(C14 max(Clg, 017))2

028 = 62 ) (460)
Co9 = 202’577 - max (85/3024(111&)((016, 017))8/3, 1) R (4.61)
C30 = C(2CH, + 1) 2. (4.62)

This finishes the proof of Theorem |

4.3 The result of an a-prior: error assumption

As discussed in [3], in which a first order numerical scheme was analyzed, the discrete Gronwall
inequality could not be directly applied to derive an error estimate from the stability inequality as in
the form of , since D71nJrl and D;”H do not have a uniform bound. Instead, we have to use an
induction argument to establish the convergence analysis. Specifically, we assume, as an induction
hypothesis, that the desired error estimate holds at an arbitrary time step m (0 < m < M —1).
We then use this a priori assumption to prove that S(CQQDTJrl + 030D£n+1) < 1, provided s is
small enough. Then we conclude the induction argument by proving that the error estimate holds
at the updated time step m + 1.

First, we need the following technical result, which is a direct result of Young’s inequality. The

proof is skipped for brevity.
Lemma 4.4. For any a > 0,6 >0 and 0 < q¢ < 8, we have

3=a
a-09 <bd®+r(a,b,q), Vb>0, where r(a,b,q) = %. (4.63)

8 8\ 8-a
8—q (b' 5)
We also need the following estimate of the H : ”oo norm of ¢™.

Lemma 4.5. For any s,h >0 and any 1 < £ < M, there exists a constant C31 > 0 such that

4
s> 6™ < Caulte+1) < Car (T +1), (4.64)

m=1

where ty :=s-£, and T :=s- M.

Proof. Inequality (4.64]) is a direct consequence of the discrete Gagliardo-Nirenberg type inequality
(3:11), combined with the leading order H} bound (B.4) and the ¢(0,T; H}) estimate (3.5) (in
Theorem for the numerical solution. W
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Theorem 4.6. Suppose that h and s are sufficiently small and the following error estimate is valid

up to the time step ty, :=m-s, for2<m < M —1:
L. LS -2 A A
th¢mH2 +¢€ SZ thAh¢]H2 S 032 exp (C33(tm + 1)) (S + h ) 5 (4.65)
j=1

where C32,C33 > 0 may depend upon the final time T but are independent of s and h. Then

§(Cog DT 4 Co DY) < 2 (4.66)

N =

Proof. As an application of (4.63]), the non-leading terms appearing on the right hand side of (4.19))

for the expansion of D{”H can be bounded as follows:

(Mén)w/g = 520290311(T +1) (Mé")g G (4.67)
(Mén_l)w/?) = 520290311(T +1) SR (4.68)
Then we get, for any 0 <m < M — 1,
$Cog (M%7 + (Mg 1)1/ 4 1) < m(z\w)g + ng%—l)B + 5Cs4
31 31
<X + sCs4, (4.69)

— 26
using the L2(0,T') bound for M{" := ||¢™|, in (4.64), where C34 > 0 is a constant independent of

h and s. Using the same skill, the non-leading order of Dg“rl can be bounded as follows

3
sCao (Mg + 2(Mg")* + (Mg +1) < =5 15035, (4.70)
where C1g > 0 is a constant that is independent of h and s.
Now, the leading terms appearing on the right hand side of (4.19)—(4.20)) cannot be bounded

in this way. We divide them into two groups G; and Gy as follows:

Gr = (Mg")®, (Mg (M=) 197, (Mg (Mg )", (4.71)
Ga = (Mg h)¥3 (M), (Mg )3 (Mg =) 1O, (Mg (Mg™)*, (Mg ) (Mg ~1)*. (4.72)

We must, therefore, rely upon (4.65)). This bound implies

thqf;mHz < Capexp (Ca3(T + 1)) (s* + 1'), W
HVhAh(gmHz < e 205 exp (Cs3(T + 1)) (s* + 1*) s™h. '

Using (4.15)) and setting Css := Csa exp (C33(1 + 1)), we have

3

1
2

2

[ < a3, (th&m I

~ 2
’ + |[vnd™ +h4>
2 2
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< 402, {036 (54 Jrh4) <5_1/25_1/4 + 1) +h4}

= 40124 {0366_1/2815/4 + 0366_1/2h48_1/4 + 03684 + (1 + C36) h4} . (4.74)

Under the time and space step size constraint

1
Cae /25154 4 Cagst + (1 + C36) B* < —, (4.75)
the following bound is available:
m —-1/2 v h
H¢ H <1440} Chee 7. (4.76)
Consequently, we see that
my2 m|2 m||2 im 2 ht
(M) = Jlg™% < 211e™ % +2 67| < O (1+ 57 ). (4.77)
L 1 1 12 h*
(M2 = [l < 2oL +2 6t <o (1455 (4.78)

where C37; > 0 is independent of s and h, but it does depend upon the final time 7' (at least
exponentially) and the interface parameter € (O(s~1/2)). This shows that

m\8 4 h’4 ! hlﬁ
(Mg")° < Cs7 {1+ S < 8Cy;(1+ 7) (4.79)

the bound of which is also valid for other terms in group G;. Thus, under the time and space step

size constraint

h16 A
8C37(s + h'°) < 5200 (4.80)
the following bounds are available:
m\3 m\8/3 m—1116/3 1
sCoo (M) + (Mg =)10) < (4.81)
_ 1
sCao ((Mg")® + (M) (Mg~ )*) < 2%’ (4.82)

Now we estimate terms in group Ga. We take (M t1)4(MJ")* as example. Reusing the estimate

[ET7)- (ETS) leads to

(Mg Y MYt < Cs; <1 +

sl/4

2h8

) (MZ)" < 203 (Mg™ )+ 205 2 (). (a.89)

The first term on the right hand side can be handled in the same way as (4.67):

1
- 104030031(T + 1)

202 (M4 (M8 4 Css. (4.84)
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Hence

1
8030 (20%7(M0m+1)4) < m + 8038, (4.85)

where Csg > 0 is independent of s and h. The second term on the right hand side of (4.83) can be
analyzed as follows: using Cauchy’s inequality and (4.64]), we have

hS
sC30 (QC§7M(M51+1)4> < C3oC3h® (s(Mg™™)® + 1) ,

< CgoC§7C4(T + 1)h8 + 030C§7h8. (4.86)

Under an additional constraint for the grid size

1 1
= <2oscgoc§7cgl(T +1) 2080300§7> ’ (457

we arrive at

h® 1
2 m+1y4
sC3o (203751/2(]\40 ) ) <01 (4.88)
A combination of (4.83)), (4.85)) and (4.88) yields
1
sC30 (MM MI)* < — + sCs3s. (4.89)

— 52

A similar analysis can be applied to all the other terms in group Go: under a similar constraint as

given by (4.87)), we have

_ 1

5O ((M6n+1)8/3<M6n)16/3+ (Mén—i-l)S/S(Mén 1)16/3) < %—FSng, (490)
1

sCs0 ((MFTH MG + My (M—Hh) < %6 T 5C39, (4.91)

where C39 > 0 is independent of s and h. The details of the proof are skipped for the sake of
brevity.
Therefore, a combination of (4.69))—(4.70)), (4.81)-(4.82), and (4.90)—(4.91) leads to

1
s(Cog DY 4 C30 DY) < 1+ 5(Caa+ Css + Cso), (4.92)
and under the additional constraint for the time step
1
s < ,
4(C34 + C35 + C39)
we get the desired result, estimate (4.66). N

(4.93)
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4.4 The main result: an error estimate

The following theorem is the main theoretical result of this article. The basic idea is to extend the

a-priori error estimate (4.65) by an induction argument.

Theorem 4.7. Given initial data ¢°,¢' € C%(Q), with homogeneous Neumann boundary condi-
tions, suppose the unique solution for the CHHS equation - is of regularity class R.
Then, provided s and h are sufficiently small, for all positive integers £, such that s-£ < T, we have

[+ 3 [wasndn | < s+ 19), (a9
m=1

where C' > 0 is independent of s and h.

Proof. Suppose that m + 1 < M. By summing (4.18) we obtain
m—+1

om 1 im im 1 77
[VRg™ M3 + JIVA(@™ ! = 6™)IB + 552% > IVadnd? |3
j=1

m+1
. 1 o . . .
< ||[Vie"|5 + Z‘|vh(¢0 — o M5+ E (Ca9 D] + C30D) Vi |13
i=1

m
+5y (Cog D™ + Coo D) (V|13 + VA 13)

j=0
m+1 . m+1l

+s Y |FIT2)3 + Coss > DR, (4.95)
=1 i=1

We proceed by induction. Namely, suppose that (4.65) holds. Then, if h and s are sufficiently small
— as required in the proof of the last theorem — considering 1' and using QNS_I = gzNSO = 0, we have

Lo mmpigz, 1 o "n 52
§”Vh¢ 2 + 3258 Z IViARS |5
=1

< 5 (CooDI™ + C3o DL 2 VA3 + [V )
j=0

m+1 A m+1 '
+5 > |IT7TV25 + Cogs Y DER*. (4.96)
J=1 Jj=1
Hence
~ m+1 . m ) ) o -
IVRd™ I3 + 2% > [VaARG |3 < s ) (32C2D]™ +32C50D5 ™) (2| Vi |5 + [ Vad’ ' [13)
Jj=1 j=0
+C40(S4 + h4), (4.97)
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where Cyo > 0 is a constant that is independent of s and h. Using the discrete Gronwall inequality

gives
~ m—+1 o m . .
V™[5 + €% > IVaAR@ |3 < Cuo(s* + h*)exp [ s> (96Co DI+ + 96C5 D)
j=1 J=1
< Cyo(s* + h*) exp (Car(tms1 + 1)), (4.98)

where Cy; > 0 is a constant that is independent of s and h. Consequently, the a priori assumption
(4.65)) can be justified at time step t,,4+1 by taking Css = Cyg, Cs3 = Cy1. This completes the
induction argument, and the proof of Theorem [4.7]is finished. W

Remark 4.8. The convergence analysis presented in this article is unconditional for the time step
size s in terms of the spatial grid size h, i.e., no scaling law between s and h is required for the
theoretical justification of the optimal convergence.

On the other hand, we observe that, both s and h have to be bounded by a certain constant,
namely, , and . Moreover, a detailed calculation shows that, the constants Cag,
Cs0, C31, Ca4, Cs5, C37 and Csg depend on €' in a singular way. As a result, a severe time step
and grid size constraint, s < ko, h < ¥ with kg and k1 two integers, has to be imposed for the
theoretical justification of the convergence.

In fact, such a constraint is needed for the convergence analysis for most phase field models, if
the nonlinear term is treated implicitly; see the relevant analyses in [3, [3, (6, [7, [13, [22], etc. The
authors also believe that the power index ky and k1 could be relaxed using more advanced analysis

techniques, and such an analysis will be left in the future work.

5 Numerical Experiments

In this section, we perform some numerical tests in two-dimensional space to verify the accuracy
and efficiency of the proposed numerical scheme —. The coupled systems are solved by
the Full Approximation Scheme (FAS) under the nonlinear multigrid framework in [9, 29]. Here
we omit the details for brevity; more details in [4, 29] are referred to the readers. In the following
tests, all the numerical experiments were performed with Fortran90 on Thinkpad W541 running
with Intel Core i7-4800MQ at 2.80Ghz with 7.4GB memory under the Ubuntu 14.04. The general
parameters of FAS are finest grid 2 x 2, pre- and post-smooth steps v1 = 15 = 2 and stopping

tolerance tol = 10710,
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5.1 Convergence rate, energy dissipation and mass conservation test

To estimate the convergence rate, we perform the Cauchy-type convergence as in [1}, 4} 10} 17, [25] 26]
on a square Q = [0, L,] x [0, L,| with initial condition
L (4m (2
[1 = cos ()] - [1 — cos (F1)]

é(z,y,0) = 5 Y- 1. (5.1)

The homogeneous Neumann boundary conditions are imposed for ¢, p and p. In this test, the
Cauchy difference is defined as dy = ¢p, -7/ ®n,, where h. = 2h; and 7/ is a bilinear interpolation
operator that maps the coarse grid approximation uy_ onto the fine grid (we applied nearest matlab
interpolation function). We take a liner refinement path, i.e. s = C'h. At the final time 7" = 0.8,
we expect the global error to be O(s?) + O(h?) = O(h?) under the ¢? norm, as h, s — 0. The other
parameters are given by L, = L, = 3.2, s = 0.05h, ¢ = 0.2 and v = 2. The norms of Cauchy
difference, the convergence rates, the average number of V-cycle and average CPU time for one
time step can be found in Table [I} which confirms our second order convergence rate expectation
and indicates the efficiency of the proposed numerical scheme. The evolutions of discrete energy
and mass for the simulation, associated with Table (1| for the h = g"TQQ, are presented in Figure
The energy dissipation property is clearly demonstrated in the evolutions of discrete energy in the

figure. And also, the evolution of discrete mass indicates the mass conservative property, with

fQ Qb(fﬂ, Y, O)dX = —5.12.

Table 1: Errors, convergence rates, average iteration numbers and average CPU time (in seconds)

for each time step.

he  hy 1665 Rate  #V’s  Tipu(hy)
3232 76501 x 1073 - 5 0.0012
3232 18565x 1073 2.04 5 0.0046
32 32 46141 x107% 201 4 0.0160
3232 11520x107* 200 4 0.0744
32 32 28792x107° 200 5 0.3818

5.2 Spinodal decomposition

In this test, we simulate the spinodal decomposition of a binary fluid in a Hele-Shaw cell and show
the effect of v on the phase decomposition. The simulation parameters are similar to those in [29],
with the parameters given by L, = L, = 6.4, ¢ = 0.03, h = 6.4/512, and s = 0.01. The initial data

for this simulation is taken as a random field of values qﬁg ;= ¢+ 0.05 - (2r; ; — 1) with an average
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Figure 1: The evolutions of discrete energy and mass for the simulation depicted in Table|l| for the
h =3.2/512 case.

composition ¢ = —0.05 and ri; € [0,1]. The simulation results are presented in Figures [2| and
From Figure |2 we observe that the particles indeed have a smaller shape factor for v = 4 than for
~v = 0 at same time, which coincides with the real physical states. Since larger v would improve the
fluid flow and enhance the energy dissipation. The energy evolution plot in Figure [3] implies that
the energy decay are almost the same in the early stages of decomposition. Meanwhile, it is not
precisely clear from the energy inequality that the larger « will result in a larger energy dissipation

rate [15], 18] 31].

6 Conclusions

A second order accurate energy stable numerical scheme for the Cahn-Hilliard-Hele-Shaw equations
is proposed and analyzed in this article. The unique solvability and unconditional energy stability
are proved, based on a rewritten form of the scheme, following a convexity analysis. At each time
step of this scheme, an efficient nonlinear multigrid solver could be applied to the nonlinear equa-
tions associated with the finite difference approximation. At the theoretical side, an ¢2(0,T; H }3;)
stability of the numerical scheme is established, in addition to the leading order energy stabil-
ity. As an outcome of this estimate, we perform an ¢*°(0,7T; H %) error estimate for the numerical
scheme, and an optimal rate convergence analysis is obtained. A few numerical simulation results

are presented to demonstrate the accuracy and robustness of the proposed numerical scheme.
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A Discretization of space

A.1 Basic definitions

Here we use the notation and results for some discrete functions and operators from [29]. We
begin with definitions of grid functions and difference operators needed for the three-dimensional
discretization. We consider the domain € = (0, L) x (0, Ly) x (0, L.) and assume that N,, N, and
N, are positive integers such that h = L, /N, = L,/N, = L,/N., for some h > 0, which is called
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the spatial step size. Consider, for any positive integer N, the following sets:

En = {i-h |i=0,...,N}, Cn:={(i—1/2)-h|i=1,...,N)}, (A.1)
Cy o= {(i—1/2)-h|i=0,...,N+1)}. (A.2)

The two points belonging to Cx\Cn are the so-called ghost points. Define the function spaces

CQ::{cb:CNIXCNyXCNZ —R}, EG:={d:EN,XCN,XCn, — R}, (A.3)
EL={¢:Cn,xEN,*CNn, = R}, E§={¢:Cn,xCn,xEN, = R}, (A.4)
Eq = EE x EY x &&. (A.5)

The functions of Cq are called cell centered functions. In component form, cell-centered functions
are identified via ¢;;r:=¢(&,&;,&k), where & = (i — 1/2)-h. The functions of &F, et cetera,
are called face-centered functions. In component form, face-centered functions are identified via
fi+%7j7k = f(£i+1/27£ja£k)a ete.

A discrete function ¢ € Cgq is said to satisfy homogeneous Neumann boundary conditions, and

we write n - V¢ = 0 iff at the ghost points ¢ satisfies

G0k = P1jky PNy jk= PNot1,jk (A.6)
Giok = it ks DiNy k= Pi,Ny+1,k> (A7)
Gijo = Gij1, i N, = PijN.+1- (A.8)

A discrete function f = (f%, f¥, f5)T ¢ Eq is said to satisfy the homogeneous boundary conditions

n - f =0 iff we have

flﬂ;m}k =0, flgffz+1/2,j,k: 0, (A.9)
Lok =00 finy 1= 05 (A.10)
Figap =00 fijn.41=0- (A.11)

This staggered grid is also known as the marker and cell (MAC) grid and was first proposed in [16]
to deal with the incompressible Navier-Stokes equations. Also see [24] for related applications to

the 3-D primitive equations.

A.2 Discrete operators, inner products, and norms

We introduce the face-to-center difference operator d,:£8 — Cq, defined component-wise via

1

dzfz’,j,k = E(fiJr%,j,k - fifé,j,k)) (A‘12)
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with dyzggy2 — Cq and d, : £ — Cq formulated analogously. Define V- : gg — Cq via
Vi fi=dof* +dyf¥ +d. f7,
where f = (f%, f¥, f*)T. Define A,:Cq — E3 component-wise via
Ap@iyt jp = %(%g‘,k + Pit14k),
with Ay,:Co — Sg and A, :Cq — &G formulated analogously. Define Ay, :Cq — fg via,
And = (Aed, Ay, A:0)" .
Define D, :Cq — £4 component-wise via
Digi1jn = %(¢i+l,j,k — Qijik)-
Dy,:Cq — E}yz and D, :Co — £§ are similarly evaluated. Define Vj,:Co — gg via
Vid:= (Dot Dy, D:9)" .
The standard discrete Laplace operator Ay, : Co — Cq is just
Apg =V - Vyo.

We define the following inner-products:

L M N
(6,0) =0 D" Gi i Y ¢, € Ca,
i=1 j=1m=1
1 L M N
(F0le =50 DD 0 D (fis jwbint i+ Fimt w0t ) ¥ fr9 € E8.
i=1 j=1 m=1

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

[-,-]y and [-,+], can be formulated analogously. For f = (£, f¥, f*)1,g = (¢, ¢%,9°)" € Eq we

define the natural inner product

(f.9)=1"g"], + 1. ¢"], + Y, 9.,

(A.21)

which gives the associated norm || f|l, = /(f, f). Analogously, for ¢,¢ € Cq, a natural discrete

inner product of their gradients is given by
(Vh¢7 V}ﬂ/’) = [qusv qup]x + [Dy¢a Dgﬂ/}]y + [DZ¢7 DZUJ]Z .
We also introduce the following norms for cell-centered functions ¢ € Cq:

[l oo == max ¢ ;i
1,7,k

3J s
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1
lell, =", 1)r, 1<p<ooc. (A.24)
In addition, we define
1
19461, := (IDe0l” . 1, + [Dyol? . 1, + D=1, 11.)” (A.25)

In the case of p = 2, it is clear that (V,¢, Vo) = [|[Vro|3-
In addition, we introduce the discrete H ,% and H ,? norms, which are needed in the stability and

convergence analysis:

1617 = N5+ 1Vrali3, (A.26)
1617 = 615 + 1Vr113 + 12115 + [V rAngll3, (A.27)

for any ¢ € Cq.

A.3 Summation by parts formulas

For ¢, € Cq and a velocity vector field u € 59, the following summation by parts formulas can

be derived. If v satisfies the homogeneous Neumann boundary conditions, we have

(¢, Apy) = — (Vio, Vi) (A.28)

If w-n =0 on the boundary, we get

(0, Vi -u)=—(Vpo,u). (A.29)

B Proof of the Gagliardo-Nirenberg Inequality in Lemma

Lemma B.1. [3] If the cell-centered grid function ¢ € Cq satisfies the discrete homogeneous
Neumann boundary conditions n.- Vy$ = 0, as defined in Appendiz[A] then

_ 3 1
|6 —¢|..<C (HVM;&H; IVhArglls + ||Vh¢||2> ; (B.1)
where ¢ = ﬁ (¢,1), and Cy > 0 is a constant that is independent of h.

For simplicity of presentation, we assume N, = N, = N, =: N isodd and L, = L, = L, =: L.

The general case can be analyzed in the same manner, with more technical details involved.

Proof. Due to the discrete Neumann boundary conditions for ¢ and its cell-centered representation,

it has a corresponding discrete Fourier Cosine transformation in quarter wave sequence:

N-1
AN Irx; mmy; nmzy,
Gijk = E QU nPom,pn COS T oS cos——,

£,m,n=0

(B.2)
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)
1, if£#0, m+#0,n#0,

\/g7 if one among £, m,n is 0,

\/%, if two among £, m,n are 0,

Vi ifl=m=n=0,

where z; = (i — $)h,y; = (j — 3)h, 2 = (k — 5)h. Then we make its extension to a continuous

with Qpmn =

function:
= lrx mmy  nmz
IN
or(z,y,2) = Z U, P0m m COS — €OS —— cos ——. (B.3)
£,m,n=0
Parseval’s identity (at both the discrete and continuous levels) implies that
N 1 N-1
S 1ianl = N0 D 108l (B.4)
i,5,k=1 £,m,n=0
1 N-1
9 -
Ioelze = gL* D 190mal” (B.5)
£,m,n=0
Based on the fact that h/N = L, this in turn results in
N 1 N-1
2 2 7
l6ll; =h* > 16ial = Iorlie = gL° > 167mal™ (B.6)
1,5,k=1 £,m,n=0

For the comparison between the discrete and continuous gradient, we start with the following

Fourier expansions:

Pit1,5k — Pijik

(Da®)iv1j2.4k = h
Nl N (T /o mmy; N2k
= Z QY DD g, ST cos cos , (B.7)
e mnBEOLm, L L L
mn=
= Inx mmy nmwz
00w (2,y,2) = Z Oéz,m,nVWé\fm,n sinTcos T oS (B.8)
£,m,n=0
with o
2sin 9H I
2L
_ — B.9
I o W 7 (B.9)
In turn, an application of Parseval’s identity yields
1 N-1
9 .
1Dl = g% > |l 2mal’ (B.10)
£,m,n=0
1 N-1
2 N
10:0p (72 = GL* D> [eP67mal” (B.11)
£,m,n=0

35



The comparison of Fourier eigenvalues between |uy| and || shows that
2
—vel < |l < vef, for 0<E<N-1. (B.12)
T

This indicates that
2
—0e¢rllL2 < 1D26ll; < [|0:¢F]l 2 - (B.13)

Similar comparison estimates can be derived in the same manner to reveal

2
_IVérllz < [Vadllz < [[Vépll . (B.14)

It can be proved analogously that

4
A%l < [Andllz < [[AdrllL2, (B.15)

8
3IVAGF2 < [IVhArd[2 < [VASE]| 2. (B.16)

Meanwhile, we observe that the discrete average of ¢ and the continuous average of ¢p are

identical:
_ & N —
¢ = 9] > Gk = 0008000 = 9] /Q ¢p(z) de =: ¢F. (B.17)
i1

As a result, we see that
16— @l < ll¢r — 6

<c (H¢F 1 IV AGElE, + 6w — qzum)
(B.18)

3 1

<c (||v¢F|| 5V Asel, + ||V¢F||L2)
3 1

<c (nwn; IVanollF + th¢|r2) |

in which the 3-D Gagliardo-Nirenberg inequality, Sobolev embedding and Poincaré inequality were
applied, and the equivalence estimates (B.14)), (B.16|) were recalled in the derivation. The proof of
Lemma [B.1] is complete. W
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