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Starility
R ecall the ordinary differential equation (ODE:

or for simplicity (By droppina the arguments)
ue =4

There are two main starility Questions that have proved
important over the years:

[ Staeility: 1§ t > O is held fixed, do the computed values
V(t) remain pounded as the time step k - O 7

7. Eigenvalue Staerility: [§ the time step k > O is held fixed,
do the computed values v(t) remain Bounded as t — oo 7

O# course, the important Question is always: will the
Nnumerical solution aive the right answer 7

Historical Notes

Staeility is also known as "zero-stagility’ or sometimves "D-staeility" for
ODESs and "Lax stagility" or "Lax-Ritchtmyer stagility’ for PDEs. Eigenvalue
staRility is also known as "weak stagility’ or "aesolute stagility’ for ODEs ,

and "time-stagility’, "practical starility’, or "‘P-staeility" for PDEs.



First Question

£t > O is held fixed, do the computed values v(t) remain
Bounded as the time step k - O 7

Let us recall the characteristic polynomials of the linear
multistep method:

p(z)v" —ko(z)#" =0

S S
where p(z) =Y a2l 0(z) =) B2
j=0 j=0

£ we let k —» O, we ostain

p(z)v" =0
Or more precisely s ‘
Z xu" =0 (M)
j=0

Definition:
A linear muktistep formula is starle if all solutions V™ of
the recurrence relation (DN are Rounded as N — co.




R.oot Condition for Starility

Theorem

A linear muttistep method formula is staele if and only i$
all the roots of p(z) satisty 2] <I, and any root with

Iz| =1 is simple.

Proos: See Trefethen’'s or other NumPDE roOk.

A "simple" root is a root of muktiplicity |.

Theorem: Starility of standard linear muttistep formulas

> The s—step Adams-Bashforth, Adams-Moulton are
staele for all s > |

» The s—step Rackwards differentiation formulas
(BDF) are stakle for | <s < b, But unstarle for s > 1.




Theorem: First Dahlauist Stasility Barrier (I956)
The order of accuracy p Of a stakle s—step linear multistep formula
satisfies

s+2 ifsiseven,
P=<s+l ifsis odd,
s i£ the formula is explicit

Detinition: Converaence
A linear multtistep formula is converaent i£, for all IVPs satisfying

| The Lipschitz conditions (existence and uniQueness) on an
interval [O,T],

2. All starting values v°

UL 05! satissying
imvY =up, a8sk—0 forO<n<s-—I|
The solution V" satisties

Jv(t) —u@)||=0c() ask—O

uniformly for all t € [O,T].




Note:

> The choice of the Nnorm ||.|| does Nnot matter, since all
NOrms on a finite-dimensional space are equivalent. For
a scalar ODE, the Nnorm can Re replaced By arsOlute
value.

> Uniformly means that |[u(t) —u(t)| is Bounded By a fixed
function ¢(k) =0(l) as k — O, independent of t. A
converaent linear multistep formula is one that is
quaranteed to et the right answer in the limit k — O,
for each t in a Bounded interval [O, T], assuming there
are NO rounding errors.

The fundamental theorem of linear multistep formulas.

Dahlauist Equivalence Theorem
A linear multtistep formula is converaent i£ and only if it
is consistent and stagle.




STABILITY: zeros of p(z) in unit disk, simple if on unit circle

ORDER OF ACCURACY p:

plz)

/ o(z)

=logz+0O((z—1)P*)

CONSISTENCY: p = 1

Staeility, consistency, and order of accuracy as
aleerraic conditions on the rational function

p(z)/0(z)



Thinas to do in class

l. Show that BDF of steps 234 satisfy root condition for stagility. You
May use Mathematica or Mupad.

2. Which of the following linear multistep formulas are converaent 72 Are
the non convergent ones inconsistent, or unstaele, or Both ?

> L — %U“H + 7':1)” 42 ppnH,

» vr\+l — "

> oot = un o S (et g,

> 3 —ynH %k(’u_\rw?_ — 9 pn + &7,

> Nt — %(vr\JrB _vr\+l) SN+ %K@r\w e 3 gpnt +£m).

> U3 = N 2R (0T ),

3. Devise a linear comaination of two formulas: trapezoid formula and

midpoint formula that has order of accuracy higher than 2. What is the
order of accuracy of the new method ?

4. Show that the formula in numeer 3 is staele.

S. In general, is a convex linear comaination of two stakle linear muttistep
formula always starle 7 A convex linear comsination is

new formula = ax formulg + (I —a)x formulay , for O <a <I

I£ not, can you £ind a counterexample.



