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Dealina with Mutiple Boundary Conditions in [D

A simple BVP in -D
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with one roundary condition at x =a and two roundary
conditions at x = b. Question: How do we impose two
Boundary conditions at one point ?

> Technique [: R.ow Addition (leads to rectanaular (non
sQuare) system). Easyl put is this 8 cood practice 7

> Technique 2: Ghost (Fictitious) Point + R.ow
R eplacement (square system).

> : Ghost (Fictitious) Point + Strip R.ow
Move Over Column (reduced square system)

Take an easy example where N =T with 2™ order accuracy.



Technique |: R.ow Addition

For our particular case right now, the R.ow Addition
techniQue will lead to a rectanaular (auamented) system of

size (N+1) xn

Step |: Collocate the PDE all the way to the Boundaries
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In order to keep the accuracy of 2nd order, watch out for

the "non-centered” stencil weights.



Technique |: R.ow Addition

Step 2: Replace/modify the correspondina rows of soundary
conditions: (=g atx=x =a and (U, =g-) 8t x =%, =Db.
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Note: Since we factor out 5, the Dirichlet Boundary
condition u = g and u, = g €8N RBe written as
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Technique |: R.ow Addition
Step 3: Add an extra row to impose the additional
(Neumann) soundary condition (W, =wn) at x =.

0 0O O O O O71rul roj
25 + 3 L o0 Ollwl |a
L o 4 L o oflul |
lo L 1 o a4 b o |w| |
Blo o L 1 o a4 Lllus| |*s
O O 5 3 b -5 2||lw £
0O 0 0o 0o 0o o ®|lu |«
0 0 0 O W 2w 2 [

Note: Since we factor out 5, the ‘richt-sided"
Neumann Boundary condition u/, = w, can e

written as
5 (7h5Un g — 2R Un + 2hPUR) = Wi




Technique |: R.ow Addition

Step 4 Solve the resuting rectanaular system of size
(N +1) x N in least-sQuares sense.

To avoid havinag entries with varying scale due to h, You
May want to scale the system By multiplying all rows with
h3 except for the last row where we multiply By h.
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Technique 2.: Ghost (Fictitious) Point + R.ow R.eplacement

A &host or fictitious point can re added outside of the
domain as an extra dearee of freedom.
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Step |: Collocate the PDE all the way to the fictitious point.
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Watch out for the "non-centered” stencil weights.



Technique 2: Ghost (Fictitious) Point + R.ow R.eplacement
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Step 2: Madify row |, 1, and 8 to impose Boundary conditions
w =gy, U = g7, and u_’, =W
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Technique 2: Ghost (Fietitious) Point 4+ R.ow R.eplacement
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Step 3: Solve the (N +1) x (N +1) sQuare system rut you only
care apout values Of u,- - ,Un.
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Technique 3: Ghost (Fictitious) Point, SR. + MOC
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Step |: By using the extra Neumann condition
w; = w1, solve the ghost value ug in terms of
values at non chost points. Particularly, for our
example we have
, l
U =W = —5—U, + 5—Ug.
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TechniQue 3: Ghost (Fictitious) Point, SR. + MOC
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Step |: Collocate the PDE all the way to the fictitious point.
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Watch out for the "non-centered” stencil weights.



Technique 3: Ghost (Fictitious) Point, SR. + MOC

a h b
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X Xy X3 X4 Xs X X7 X

Step 3: Strip the rows of |, 7, and 8 since we dont impose
PDE there. After muttiplying BOth sides By h3, the stripped
down system is aiven as the followina:
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TechniQue 3: Ghost (Fictitious) Point, SR. + MOC

Step S: Split columvins |, 1, and 8 from the main matrix
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Note that since w = g, u1 = g7 and ug = 2hw +ug, the

additional columns Become
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Move columns with known values g, g1 and w1 to the RHS
Intearate column that contains u, with the system matrix



TechniQue 3: Ghost (Fictitious) Point, SR. + MOC

Step 6: Move over and Intearate columns.
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Step T: Solve the (N —2) x (" —2) system.
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Technique | (R.ow Addition) and Technique 2
(Ghost Point + RR)) are suitarle for roundary
value (time-independent) proglems with multiple
BCs. Techniaue 3 (Ghost Point + SR-MOC)
can Be Quite handy for the time-dependent

pProelems (or analyzina eicenvalue starility of
the DMs) with multiple BCs.




Things to do in class
Use the techniques |, 2, and 3 for the following proglems
. Write the MATLAB code (with N =20) to solve

d3u

a3 = e ™ ((3717‘ - l) sin(mx) — (717‘ - 3) o_os(ﬂx))

for x € [, 1) with muttiple Boundary conditions at x = 5
aiven By

O

u(z)=ez u/(yj) =-—e

u(—l)

Plot the numerical solution vs the exact solution

u(x) =e *sin(mx) on the same ficure. Compute | - || to
Mmeasure the error of numerical solution with respect
the exact solution

2. Using different values of n =10,I00,I000, - - -, redo
proglem | and plot the || - || Vs h IN l0& scale. Do you
orserve 2"-order converaence (ie. O(hZ) or O(N %) ?



