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MTHSTL/ MTHLETL
Numerical Methods for PDEs
Alfa Heryudono

UMass Dartmouth

Main references (Quotes):

Tretethen: NumPDE, ATAP, Spectral Methods in MATLAR
Forneera: PS Guide

Leveaue: NumPDE

Driscoll: Learnina MATLAR



Differentiating Laaranae Interpolant:

Goal: Compute FD weichts By differentiating Laarance
interpolant (review your MTH3L! course).

> interpolate data at stencil nodes

> differentiate the interpolant

Data (function values) at stencil locations are interpolated
By a8 polynomial of dearee 2 (2-nd order accurate):

u(x) = fJ,] (’()U‘jfl + f) (x)uj + €j+l (x)uw.

i (x)’s are Laaranae cardinal functions with conditions

) x=x
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at stencil nodes.



Construct and differentiate Laaranae cardinal functions

Construction:
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Ditferentiation:

u'(x) = E)L, (x)uj g + & (<)u; + E)-’H ()W
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FD weicghts at stencil nodes

u_ = u (%)
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Assemple everything together in a matrix style
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Forneera (1988 MathComp, 1998 SIREV)
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z-coordinates at nodes:

Weichts (one-sided FD)
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Infinite domain rut NoOt periodic case

INnfinite dimensional matrix.

u - 0
= . Uj—2
u)—’fI | -1/ O I O - ‘i}*'
7~ / — —_ . . .
Wa o =Du=gp 1" O | | |Y
[O¥ Uiy
J+ . ) )+
u,y O - O | Wi
1O 1]

Note: Diseretizing infinite domain with equally-spaced
Nnodes aives DM with a special structure

» No one-sided weights

> Toeplitz matrix: havina constant entries alona
diagonals.

» Convolution firter.




FD differentiation matrix as convolution firter

v(x): fiter  u(x): signal (data)

Continuous Discrete

0o )J=—00

(v ) () J Vo U (VEW =h Y e U

—0o0

assuming the intearal exist.

Think the convolution as a weighted moving averace of
values u(x) with weichts defined By v(x), Or vice versa.

| | |

In this case, data values U is a sianal and the derivative
operator is a8 convolution firter whose coefficients happen
10 Be chosen so that it has the effect of differentiation.

Du =



Differentiation matrices for periodic cases

Infinite domain with periodic data values. Due to periodicity,

Xo coincides with x,, NO ONe sided weights.
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Note: A special case of Toeplitz matrix

the matrix

» PDE case: periodic Boundary condition.

» Circulant matrix: entries dj; depends on (i —))
mod (N). In other words, the diagonals "wrap" around




FD differentiation as Fourier multipliers

Circulant matrix decomposition
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Solving BVP: Continuous - Discrete Analoay

A simple Boundary value proglem in I-D

du
ax = $(x) for x € [3,b)
u(b) =0n

Technique |: R.ow R eplacement
Step |: Collocate the PDE all the way to the Boundary

|
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Step 2: Replace/modidy the corresponding row of soundary
condition (u, = go) at x =b.
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Solving BVP: Continuous - Discrete Analoay

Step 3: Solve the (N +1) x (N +1) system to ortain
Uo, W, - -
TechniQue 2-: Strip rows and move over columns

Step |: Collocate the PDE all the way to the Boundaries as

usual
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Solving BVP: Continuous - Discrete Analoay

Step 2 Strip the last row that corresponds to BC. Move
the last column that is affected By BC value to the right
hand side. Note that u, = gn.
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Step 3: Solve the N x N system to ortain the unknowns

Uo, Uy« -+ yUn—|.

In some cases (dependina on the proglems and BCs),
Strip Rows - Move Columns method aives a getter
structured system matrix due to the removal of
weights corresponding to one-sided differences.




Thinas to do in class

l. Write the MATLAB code (with N =20) to solve

du _ i —x L
d—x_(ﬂeos(m) sin(nx))e ™ for x € [, 7)

u(f)=ez
using row replacement techniqQue and strip row
techniQue. Plot the Nnumerical solution vs the exact
solution u(x) = e *sin(nx) on the same figure. Compute
I oo = U — Upraatloo TO Meadsure the error of numerical
solution with respect the exact solution

2. Using different values of n =10,I00,I000, - - -, redo
proglem | and plot the || - || Vs h IN l0& scale. Do you
oeserve 2"M-order converaence (ie. O(hr) or O(N %) ?

3. Use Forneera’s tarle to create the 2"4-order
converaence of 2™ derivative differentiation matrix
on an interval [a,b] (discretized with equal spacing h).
What is the size of the stencil 7



