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Lab 4
The Limit of a Function

Objectives

1. Tolearn how to numerically estimate limits.
2. Todeveop an intuitive understanding of the limit of afunction.
3. To become familiar with left-hand and right-hand limits.

Exploration 1 Estimating Limits

Asthe values of x become close to 1 but not equal to 1, what happens to the values of
f (X = 3- x>? To answer this question, let's do the following:

* Plot f(X) = 3- x* ontheinterval 0£ x £ 2.
« Click theRectangular Tracker Tool |[1-/| to makeit active.

 Place the cursor on the upward pointing arrow 4 at theleft end of thex-axis.

* Press and hold down the mouse button and drag the arrow toward 1 along the x-axis.
Note that you can read the values of the coordinates of a point on the curve with the
tracker in the Graph window or you can read the values in the bottom two cells of the
Domain & Range window. The values in the Domain & Range window are
displayed with additiona significant digits.

1. What happensto thevaluesof f(x) asx approaches 1 from the left? .........................

* Movethe cursor to theright end of the x-axis.
* Press and hold down the mouse button and drag to the left toward 1 along the x-axis.

2. What happensto thevauesof f(X) asx approaches 1 from theright?.......................
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The Rectangular Tracker Tool providesinformal evidence that the values of f(x) ap-
proach 2 asx approaches 1. But in formal quantitative terms, can we make f (x) as close
to 2 aswe like by taking x sufficiently closeto 1? For example, suppose wewant f (x) to
be within 0.0001 units of 2, that is, suppose we want 2 - 0.0001< f(x) < 2+0.0001 (or
1.9999 < f (x) < 2.0001). How close does x have to be to 1 for thisinequality to be true?
To answer this question, let's generate a table of valuesfor x and f (X) .

» Select the Accur acy item from the Options menu and enter 15 in theupper cell.

* Click the OK button or press the Return key. The results of all calculations will
now be displayed with fifteen significant digits.

» Select New Data Table — Keyboard Entry from theWork menu.

* Double-click the Resize command in the data table command list. Enter 9 in the
command area and press the Enter key. This places nine empty rows in the data
table.

* Tofill the x-column with values of x that get closer to 1 but are less than 1; select the
x-column, double-click the Fill command, enter the fill function x(i) = 1 —
107 (i), and press the Enter key. Note that the variable i represents the row
number in the data table.

« To generate the f(X) = 3- x* vaues, sdect the x-column, double-click the
Gener ate command, enter the generating function y(x) = 3 — x" 2, and press the
Enter key. The y-columnisfilled with the valuesof f(x) corresponding to the x
valuesin thefirst column.

We say that aiswithin d unitsof L if a's distancefrom L islessthan d unitsasis
shown in the open interval diagrams below.

L-d a L L+d L-d L a L+d
—0 ; & C— —0 P : O—

This condition is expressed formally by the inequality

L- d<a<L+d
which can be simplified to

la- L|<d.

3. Istherean entry in the x-column for which f (x) iswithin 0.0001 of 2 for this entry and
for all larger valuesinthe X-ColUMN? ...,
[T SO, WAL 1S 112 e

Next, let's see what happens when we approach 1 from the right.

* Fill the x-column using thefill function x(i) = 1 + 10~ (-i) and generate the y-
column for these x values.
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4. Istherean entry in the x-column for which f (x) iswithin 0.0001 of 2 for this entry and

for all smaller valuesin the x-column? ......... If so, what iSit? ..cccoovvviviiiiiiiin..

5. Based on your answers to questions 3 and 4 above, is there anumber 6 such that if x is

within & of 1 (that is, if 1- 8 < x<1+8 ), then f (x) iswithin 0.0001 of 2 (that is,

2- 0.0001< f(X)< 2+0.0001)? ...cvvrrenans If SO, What iSA? .oovveeereeeeereeeene,

Let's represent the number 0.0001 by the symbol € , that is, let € =0.0001. The
exploration above showsthat if 1- 6 < x<1+6,then 2- e <f(x)<2+¢. If we can
find ad for any € no matter how small, then we will say that the limit of f(X) = 3- x* as x
approaches 1 isequal to 2 and we will write

. 2\ _
IX|®rrl1(3- X7) =2.

Exploration 2 The Limit of a Rational Function

Using the procedure given in exploration 1 (use thefill functions 1 — 10" (—i) and 1 +
107 (—i)), let's estimate the value of

Iim(x4 - X3+ - 1)
x® 1 (xg- 2x2+1)

(x*- X +x*- 1)
1. Canyou evduate 5 ax=17............ If not, why not?...................
(X - 2x* +1)

(x*- X +x7- 1)

2. What happensto the values of 3 > as X getsclose to 1 from the left?.........
(x - 2X +1)

(x*- X +x*- 1) '

3. What happensto the values of (x3 o +1) as X gets closeto 1 from theright?.......
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Exploration 3 TheLimit of an Algebraic Function
Using the procedure given in exploration 1 (use the fill functions 8 — 10" (—i) and 8 +
107 (—i)), let's estimate the value of
. (X}’3_ 2)
lim .
X® 8 (x- 8)
In TEMATH, x* isentered asrad(3, x).
(-2
(x- 8)

1. Canyouevauate

(-2
(x- 8)

3. What happens to the values of

Exploration 4 The Limit of a Special Transcendental Function

Using the procedure given in exploration 1 (use the fill functions —10”(—i) and
107 (—i)), let's estimate the value of
L=lim(1+ X

Notethat (1+x)** isentered as(1 + x)” (1/x). Itisknown that thislimit exists and that
L isanumber between 2 and 3.
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3. What happensto the values of (1+x)* asx getscloseto O fromtheright?..................

Exploration 5 Computers Only Simulate Arithmetic

A computer only simulates real arithmetic and it is very easy to exceed the limitations of
this simulation. Thus, you must always decide for yourself if results caculated by a
computer are correct. To see asimple example of this, do the following:

» Usethefill function x(i) = 1024 (—i) tofill the x-column of a 9-row data table.

* Select the x-column of the data table and double-click the Generate command in
the data table's command list. Enter the expression (x +1)- 1 as the generating
function exactly asit iswritten. Don't smplify this expression!

* Pressthe Return or Enter key.

1. What arethelast five y-column entriesgenerated by (X +1)- 1? .oooovviieiiiiiiiiiiiennnnn.

The errors produced above are caused by the finite precision of the computer's arithmetic
simulation. The arithmetic of most calculators and computersis correct to somewhere
between 10 and 16 significant decimal digits. However, the Macintosh's arithmetic is
correct to almost 19 significant decimal digits. This means that the Macintosh represents a

real number in aform that is roughly equivalent to +0.d,d,d, ---d,; ~ 10™. Thus, two real
numbers that differ only beyond the 19-th significant digit have identical representationsin
the computer. For example, if |x|<10 %, then x+1 and 1 both have the computer

representation 0.1000000000000000000° 10*. Thus, x +1 equals 1 in the computer's
simulation of arithmetic.

With the above in mind, try to estimate the right-hand limit below using the fill function
x(i) = 10247 (—i).
: X
lim———
@0 (x+1)- 1)
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For your generating function, you should enter the rational expression x/((x+1) — 1)
exactly asit iswritten. Don't simplify this expression!

3. Based on they-column entries in the data table, what happens to the values of —((x+);) D

asx approaches zero from the right? ...,
4. Whatisthecorrect value for this right-hand [imit?.............cc.oooiiiiii .
5. Why did the computer produce the incorrect results given in question 3.?....................
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